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I  conceive  that  these  things,  King  Gelon,  will  appear  incredible  to  the  great  majority  of  people  who  have  not 
studied  mathematics,  but  that  to  those  who  are  conversant  therewith  and  have  given  thought  to  the  question  of 
the  distances  and  sizes  of  the  earth,  the  sun  and  moon,  and  the  whole  universe  the  proof  will  carry  conviction. 
And  it  was  for  this  reason  that  I  thought  the  subject  would  be  not  inappropriate  for  your  consideration. 

—  Archimedes,  Arenarius,  translated  by  T.  L.  Heath. 


INTRODUCTION. 


The  work  now  offered  to  the  public  constitutes  the  second  volume  of  the 
author's  Researches  on  the  Evolution  of  the  Stellar  Systems,  of  which  the  first  ap- 
peared in  1896.  Various  circumstances  have  operated  to  retard  the  continuation 
of  this  work,  such  as  the  undeveloped  state  of  the  subject  and  the  necessity  of 
additional  researches  along  several  lines  calculated  to  throw  further  light  upon 
the  Laws  of  Cosmical  Evolution.  Some  delay  has  also  arisen  from  the  author's 
constant  occupation  with  official  duties  and  with  other  investigations  in  Theoretical 
and  Practical  Astronomy  and  the  related  branches  of  Natural  Philosophy.  But 
if  this  delay  has  been  the  means  of  introducing  increased  clearness,  confidence 
and  certainty  into  a  subject  heretofore  involved  in  well-nigh  impenetrable  darkness, 
obviously  it  will  not  have  been  without  some  solid  advantages  to  Science. 

Heretofore  so  much  has  been  written  on  Cosmical  Evolution,  and  so  little 
conclusively  proved,  by  the  establishment  of  rigorous  criteria,  based  on  the  necessary 
and  sufficient  conditions  required  in  mathematical  discussions  to  ensure  the 
validity  of  the  reasoning,  that  not  a  few  eminent  mathematicians  have  despaired 
of  ultimate  success.  And  even  those  who  have  continued  the  search  for  a  general 
Law  of  Cosmical  Evolution  have  become  less  hopeful  of  finding  a  natural  process 
sufficiently  comprehensive  to  embrace  within  its  scope  the  two  principal  types 
of  systems  observed  in  the  actual  physical  universe.  It  has  seemed  scarcely 
admissible  to  postulate  a  Cosmical  Process  which  would  explain  the  planetary 
system,  on  the  one  hand,  with  its  numerous  very  small  bodies  revolving  in  nearly 
circular  orbits  about  greatly  predominant  central  masses,  and  thus  representing 
a  development  resulting  in  a  mass-distribution  which  is  essentially  single;  and 
the  stellar  systems,  on  the  other,  made  up  of  double  and  multiple  suns  and  having 
mass-distributions  which  are  essentially  double  and  multiple,  and  component 
stars  revolving  in  orbits  characterized  by  a  wide  range  of  eccentricity. 

Under  the  circumstances  it  was  not  entirely  obvious  that  a  single  Law  could 
be  discovered  which  would  account  for  the  development  of  Cosmical  Systems  of 
such  remarkably  opposite  types.  And^but  for  the  persistent  labors  of  Professor 
Sir  G.  H.  Darwin,  during  the  past  thirty  years,  this  effort  might  have  been 
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largely  or  wholly  abandoned.  At  any  rate  the  efforts  of  this  illustrious  geometer 
and  natural  philosopher  have  been  a  constant  source  of  inspiration  to  other  in- 
vestigators. For  even  when  his  results  have  turned  out  to  be  special  rather 
than  general  in  character,  they  have  thrown  a  steady  beam  of  light  into  some 
dark  corner  of  the  subject,  because  they  rested  on  the  exact  analysis  of  definite 
causes. 

The  problems  of  Cosmical  Evolution  have  now  engaged  the  attention  of  the 
present  writer  for  more  than  a  quarter  of  a  century;  and  this  happens  to  have 
occurred  at  a  time  when  great  progress  and  rapid  changes  were  taking  place  in 
nearly  all  branches  of  the  Physical  Sciences.  To  discriminate  between  results 
which  were  temporary  and  permanent,  to  recognize  that  which  was  mechanically 
sound  and  therefore  observationally  admissible,  to  distinguish  true  from  deceptive 
appearances  in  the  observations  and  photographs  of  celestial  objects,  and  thus 
sift  out  the  general  tendencies  from  a  multitude  of  special  phenomena,  have  been 
far  from  easy  problems.  For  in  spite  of  much  labor  and  research,  by  the  most 
eminent  mathematicians,  even  the  origin  of  our  own  solar  system  has  remained 
profoundly  obscure;  notwithstanding  three  centuries  of  telescopic  exploration, 
since  the  time  of  Galileo,  with  the  accumulated  results  of  many  distinguished 
observers,  from  whose  combined  labors  the  planetary  system  is  at  length  becoming 
well  understood.  Yet  we  should  not,  perhaps,  be  altogether  surprised  at  this 
continued  darkness  and  uncertainty  respecting  the  processes  of  planetary  genesis; 
for  on  the  traditional  conceptions  handed  down  by  Laplace,  this  hypothetical 
development  of  the  solar  system  presented  problems  of  extreme  difficulty,  arising 
from  the  incompleteness  of  the  theory  of  gravitation.  And  although  it  is  at 
length  shown  that  Laplace's  hypothesis  is  erroneous,  it  formerly  was  difficult 
to  establish  this  defect,  and  still  more  difficult  to  suggest  any  substitute  which 
was  free  from  objections.  Criticism  which  is  merely  destructive  and  not  con- 
structive is  seldom  effective;  and  therefore  the  darkness  continued,  in  spite  of 
the  great  importance  of  the  subject  for  our  general  conceptions  of  Astronomy. 
So  long  as  a  solution  of  the  problem  was  not  forthcoming  the  Science  of  the  heavens 
appeared  at  a  distinct  disadvantage. 

As  was  pointed  out  in  a  recent  address  to  the  Astronomical  Society  of  the 
Pacific,  it  has  long  been  considered  somewhat  of  a  reproach  to  Astronomy  that 
the  processes  of  Cosmogony  have  remained  so  obscure  that  definite  laws  could 
not  be  established  regarding  even  the  mode  of  formation  of  the  solar  system, 
while  still  less  was  known  about  the  laws  for  the  development  of  other  systems 
in  space.  In  view  of  the  great  progress  of  the  Physical  Sciences  since  the  time 
of  Laplace,  one  is  compelled  to  recognize  that  this  criticism  of  the  oldest  and 
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most  exact  of  the  Physical  Sciences  is  not  wholly  unjust  and  without  a  certain 
foundation.  Not  only  has  the  failure  of  researches  in  Cosmogony  effected  Astron- 
omy adversely,  but  it  has  also  narrowed  the  field  of  effort  in  several  of  the  related 
sciences.  This  should  not,  however,  occasion  surprise  among  those  who  study 
the  history  of  the  Physical  Sciences.  For  as  Cosmogony  depends  on  the  other 
Sciences  for  its  fundamental  data,  any  circumstance  which  has  effected  them 
adversely,  would  also  retard  the  development  of  Cosmogony  itself,  and  vice  versa. 

In  addition  to  the  natural  difficulties  inherent  in  the  development  of  a  complex 
and  dependent  Science  like  Cosmogony,  another  has  arisen  from  the  demoralization 
of  spirits  due  to  the  disappointments  of  previous  investigators.  Those  who 
have  labored  for  years  without  gaining  any  satisfactory  light  on  the  subject  may 
easily  convince  themselves  that  there  are  no  definite  laws  of  Celestial  development ; 
or  imagine  that  such  laws  as  exist  are  the  outgrowth  of  various  processes  —  under 
repulsive  and  even  explosive  forces,  as  well  as  under  the  more  familiar  attractive 
forces  of  gravitation.  The  investigator  who  has  repeatedly  failed  will  readily 
persuade  himself  that  Nature  has  few,  if  any,  simple  laws.  .  This  mistaken  tendency 
of  many  minds  is  strengthened  and  confirmed  by  the  diversity  of  process  ap- 
parently required  to  harmonize  discordant  phenomena;  and  unfortunately  the 
love  of  novelty  thus  awakened  often  predominates  over  the  simple  love  of 
truth. 

Accordingly  from  these  various  causes  it  has  come  to  pass  that  we  have  a 
multitude  of  theories,  most  of  which  have  no  foundation  whatever,  and  should 
never  have  been  advanced.  The  promulgation  of  theories  wholly  devoid  of 
foundation  is  injurious  to  Science,  and  simply  aids  in  the  propagation  of  error. 
When  nothing  is  known,  however,  almost  any  hypothesis  which  unites  and  har- 
monizes phenomena  is  philosophically  justifiable,  and  may  be  of  some  value, 
at  least  for  the  time  being;  but  when  means  exist  for  confronting  hypotheses 
with  observations,  so  as  to  establish  contradictions  with  known  phenomena, 
it  is  idle  and  vain  to  entertain  any  hypothesis  which  is  not  free  from 
contradiction. 

Heretofore  most  of  the  theories  of  Cosmical  Evolution  proposed  have  been  in- 
volved in  some  inconsistency.  Indeed  most  of  them  have  been  directly  con- 
tradicted by  obvious  phenomena  which  admit  of  no  dispute;  and  yet  several  of 
these  baseless  speculations  have  continued  to  circulate  in  publications  of  acknowl- 
edged scientific  standing.  The  vague  and  chimerical  theories  put  forth  by  persons 
of  obscure  mind  merely  serve  to  muddy  the  stream,  so  that  very  few  can  penetrate 
beneath  the  surface;  and  this  leads  a  considerable  body  of  observers  to  concen- 
trate attention  chiefly  on  superficial  phenomena,  which  have  the  double  fascination 
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that  they  are  apparently  obvious  and  at  the  same  time  may  be  grasped  without 
much  preliminary  training  and  labor. 

But  sagacious  investigators  are  not  misled  by  such  palpable  deceptions.  They 
are  accustomed  to  look  beneath  the  surface,  and  realize  fully  that  hard  work, 
often  extending  over  many  years,  and  far  into  every  branch  of  the  related  Physical 
Sciences,  is  the  price  which  must  be  paid  for  discoveries  of  real  value.  Until 
results  can  be  obtained  which  admit  of  no  contradiction,  scrupulous  workers 
prefer  to  wait  for  more  light,  and  thus  they  have  been  able  heretofore  to  make 
but  few  positive  advances  in  developing  a  science  of  Cosmogony. 

It  was  only  after  a  secure  observational  foundation  had  been  laid  by  the 
School  of  Alexandria,  and  tested  by  the  mathematical  criteria  of  the  ancient 
geometers,  that  Astronomy  took  on  the  character  of  an  exact  science,  which  it 
has  ever  since  maintained.  If,  with  our  vastly  greater  experience,  we  are  able  to 
follow  the  incomparable  example  of  the  Greeks,  it  will  soon  be  possible  to  elevate 
Cosmogony  to  the  rank  of  a  real  Physical  Science.  For  my  part  I  believe  that 
such  an  advance  can  be  made  at  the  present  time,  if  we  properly  utilize  the  results 
already  accumulated  by  Astronomical  research;  but  there  doubtless  are  others 
of  less  sanguine  temperament,  whose  faith  is  correspondingly  doubtful.  They 
hesitate  to  try  the  experiment  in  Cosmogony  which  Timocharis,  Hipparchus, 
and  Ptolemy  carried  to  a  successful  conclusion  in  Astronomy.  The  triumph 
of  the  Geometry  of  Aristarchtts,  Apollonius  and  Archimedes  will  scarcely 
inspire  the  confirmed  sceptic  with  confidence  in  the  ultimate  discovery  of  the 
Laws  of  Cosmical  Evolution,  because  his  scepticism  is  based  on  failure,  and  nothing 
but  success  will  remove  it. 

The  remarkable  and  somewhat  unexpected  success  achieved  by  Darwin 
about  1879,  when  he  recognized  the  considerable  part  played  by  Bodily  Tidal 
Friction  in  Cosmical  Evolution,  was  shortly  afterwards  largely  offset  by  the  visible 
disappointment  felt  by  Poincare,  over  his  now  celebrated  researches  on  the 
figures  of  equilibrium  of  rotating  masses  of  fluid  (Acta  Mathematica,  Vol.  VII, 
1885),  which,  as  he  justly  remarked,  are  scarcely  applicable  to  the  solar  system, 
because  the  ideal  homogeneity  necessarily  assumed  by  the  mathematician  is 
essentially  inconsistent  with  the  heterogeneity  characteristic  of  the  hypothetical 
solar  nebula.  Nor  was  much  encouragement  to  be  derived  from  the  complete 
despair  of  Newcomb,  and  the  hopelessness  of  Hall.  If  a  personal  recollection 
may  be  recorded  in  this  connection,  it  may  be  added  that  as  far  back  as  1890, 
when  the  writer  was  a  post-graduate  student  at  the  University  of  Berlin,  Newcomb 
expressed  himself  in  a  letter  as  follows :  "  Your  interest  in  the  origin  of  the  heavenly 
bodies  is  a  very  natural  one,  but  I  have  little  hope  that  any  of  these  problems  can 
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be  definitely  settled  in  our  time.  I  have  formerly  given  much  attention  to  these 
questions  myself,  but  have  found  the  whole  subject  so  unsatisfactory  that  I  have 
entirely  given  it  up." 

Accordingly,  important  as  were  some  of  the  concrete  results  already  attained 
or  then  anticipated  by  the  leading  mathematicians,  there  was  little  in  this  situation 
twenty  or  twenty-five  years  ago  to  hold  out  a  promising  outlook  to  the  young 
investigator.  Still,  in  spite  of  a  feeling  of  despair  noticeable  in  the  opinions  of 
experienced  and  eminent  astronomers,  it  always  seemed  to  me  that  there  was 
some  hope  left,  and  that  years  of  labor  might  eventually  be  rewarded  with  dis- 
coveries of  value. 

For  as  a  logical  and  necessary  consequence  of  the  establishment  and  verifi- 
cation of  the  law  of  universal  gravitation,  and  the  great  development  and  per- 
fection of  that  theory  by  the  illustrious  geometers  of  the  past  two  centuries,  it 
appeared  quite  clear  that  in  all  probability  the  next  great  historical  problem  to 
engage  the  attention  of  the  student  of  the  starry  heavens  would  be  a  general 
Theory  of  Cosmical  Evolution.  Whether  or  not  it  could  yet  be  satisfactorily 
solved,  this  was  undeniably  the  great  problem  of  the  future;  but  twenty-five 
years  ago  not  even  an  approximate  solution  had  been  attempted,  and  the  whole 
process  of  Cosmical  Evolution  was  involved  in  profound  darkness.  Moreover, 
it  then  seemed  almost  hopeless  to  anticipate  any  rapid  clearing  up  of  the  subject, 
and  few  believed  that  solid  progress  in  the  solution  of  the  problem  ever  would 
be  achieved. 

Fortunately  while  thus  confronted  with  problems  which  often  seemed  utterly 
bewildering,  the  writer  was  able  to  remain  more  hopeful  than  many  investigators 
of  experience,  as  he  labored  incessantly  for  the  introduction  of  principles  giving 
greater  uniformity  and  certainty  in  our  Theories  of  Cosmogony.  In  the  vigorous 
and  wholesome  enthusiasm  of  youth  he  was  rash  enough  to  share  Newton's 
view  that  the  ultimate  laws  of  Nature  are  simple,  and  to  feel  that  there  surely 
must  be  a  general  law  of  Cosmical  Evolution,  if  it  could  only  be  discovered.  This 
investigation  has  now  extended  over  a  long  time,  but  it  has  never  seemed  advisable 
that  one  should  be  hurried  in  a  search  after  ultimate  truth ;  for  it  is  obvious  that 
safety  in  the  final  conclusions  is  greatly  to  be  preferred  to  immature  results  which 
could  serve  no  lasting  purpose.  At  length  after  twenty-two  years  of  reflection 
and  professional  research  these  persistent  efforts  have  been  crowned  with  the 
discovery  of  a  great  and  simple  law  of  Nature,  and  the  verification  of  its  truth 
beyond  my  most  sanguine  expectations. 

In  these  brief  remarks  it  is  not  necessary  to  dwell  at  too  great  length  upon 
the  results  established  in  this  volume,  but  it  will  be  seen,  as  was  pointed  out  in 
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Astronnmische  Nachrichten  No.  4308,  and  to  the  Astronomical  Society  of  the 
Pacific,  Jan.  30,  1909,  that  nearly  all  of  our  reasoning  since  the  time  of  Laplace 
has  been  vitiated  by  a  false  premise,  to  the  effect  that  the  planets  had  been  de- 
tached from  the  sun  by  acceleration  of  rotation,  when  the  matter  of  this  globe 
was  originally  expanded  into  a  nebula  filling  their  orbits,  and  rotating  in  equi- 
librium, under  conditions  of  hydrostatic  pressure,  and  that  the  satellites  had  been 
detached  from  the  planets  in  the  same  way.  All  this  reasoning,  on  the  shedding 
of  planets  and  satellites,  under  the  supposed  influence  of  the  accelerated  rotation 
of  the  relatively  large  central  bodies  which  govern  their  motions,  is  now  invalidated. 
And  it  is  at  last  demonstrated,  in  more  ways  than  one,  but  especially  by  means 
of  the  important  criterion  proposed  by  Babinet  in  1861,  and  heretofore  very 
generally  overlooked,  that  the  planets  and  satellites  could  never  have  been  de- 
tached by  rotation,  with  the  existing  moments  of  momentum,  and  must  therefore 
have  been  captured  and  built  up  in  a  Resisting  Medium  revolving  as  a  whirling 
vortex,  and  essentially  devoid  of  hydrostatic  pressure.  In  this  way  and  in  this 
way  only  can  these  small  bodies  have  been  formed,  and  their  orbits  reduced  in 
size  and  transformed  into  such  singular  circularity. 

The  remarkable  roundness  of  these  orbits  is  a  natural  phenomenon  of  the 
first  order  of  importance.  And  owing  to  the  dominant  influence  exerted  by 
this  conspicuous  circularity  upon  our  fundamental  conceptions  throughout  the 
whole  History  of  Astronomy,  it  may  not  be  lightly  passed  over,  but  obviously 
calls  for  an  appropriate  analysis.  In  the  course  of  many  centuries  it  has  been 
successively  remarked  by  Plato  and  Aristotle,  Hipparchus  and  Ptolemy, 
Copernicus  and  Tycho,  Kepler  and  Galileo,  Newton  and  Laplace,  Hill  and 
Darwin.  Indeed  Nature's  apparent  preference  for  the  circle,  as  illustrated  by 
the  paths  of  the  planets,  has  been  contemplated  with  wonder  and  astonishment 
from  the  earliest  ages  of  Science.  This  property  among  the  orbits  of  the  five 
major  planets  known  to  the  ancients  was  the  principal  circumstance  leading  to 
the  development  of  the  Ptolemaic  System  of  Astronomy,  which  continued  in 
use  till  the  time  of  Copernicus.  It  was  this  singular  circularity  also  that  so 
greatly  increased  the  labors  of  Kepler  in  discovering  and  proving  the  elliptical 
law  of  the  planetary  motions.  After  several  failures  in  tedious  calculations 
based  on  observations  of  the  bodies  moving  in  the  rounder  planetary  paths,  this 
great  astronomer  at  length  found  that  Mars  had  an  orbit  which  was  sufficiently 
eccentric  to  enable  him  to  demonstrate  from  the  observations  of  Tycho  Brahe 
that  the  path  was  a  true  ellipse,  and  not  an  eccentrically-placed  circle,  as  had 
been  supposed  since  the  time  of  Hipparchus. 

The  four  large  satellites  of  Jupiter  discovered  by  Galileo  in  1610,  were 
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soon  found  to  exhibit  in  their  orbital  motions  about  that  planet  the  same  circu- 
larity that  was  already  familiar  in  the  case  of  the  orbits  of  the  major  planets 
about  the  sun;  and  the  tendency  to  perfect  roundness  in  the  paths  of  the  satellites 
has  so  often  been  confirmed  by  other  discoveries  made  during  the  past  three  cen- 
turies that  this  property  has  naturally  attracted  the  attention  of  all  philosophic 
observers.  The  planet  Uranus,  added  to  our  system  by  Herschel  in  1781, 
along  with  Neptune,  discovered  from  the  theoretical  researches  of  Adams  and 
Leverrier  in  1846,  both  preserve  the  striking  circularity  of  orbit  which  originally 
called  forth  the  admiration  of  the  Greek  geometers ;  and  the  orbits  of  the  satellites 
of  these  remote  planets  have  likewise  proved  to  be  perfectly  circular,  at  least  so 
far  as  may  be  judged  from  the  finest  observations  made  with  the  largest  modern 
telescopes. 

The  fact  of  this  wonderful  roundness  of  the  orbits  of  the  principal  planets 
and  satellites  excited  the  speculative  curiosity  of  Kepler  and  Newton;  but  at 
that  early  date  the  cause  of  the  phenomenon  necessarily  remained  very  obscure. 
In  due  time  it  was  noticed  also  with  equal  surprise  by  Clairaut,  Euler  and 
Lagrange,  but  these  great  geometers  have  left  us  no  record  of  their  conclusions 
as  to  how  the  property  arose.  Together  with  the  slight  inclination  and  common 
direction  of  motion,  the  small  eccentricity  of  the  orbits  was  one  of  the  principal 
points  of  departure  in  the  celebrated  researches  of  Lagrange,  Laplace,  and 
Poisson,  on  the  stability  of  the  solar  system,  with  which  the  famous  mathe- 
maticians of  the  18th  century  were  so  greatly  occupied. 

Though  all  these  illustrious  geometers  followed  the  Greeks  in  admiring  Nature's 
apparent  preference  for  the  circle,  no  one  of  them  attempted  to  explain  the  round- 
ness of  the  planetary  paths  till  Laplace  promulgated  his  celebrated  Nebular 
Hypothesis  (cf .  Exposition  du  Systeme  du  Monde,  Note  VII  et  DERNiERE,Paris,  1796) , 
and  accounted  for  this  circularity  of  the  orbits  by  a  rotation  of  the  central  masses 
which  had  detached  the  attendant  bodies  quite  gently  and  set  them  revolving  in 
paths  of  correspondingly  small  eccentricity. 

This  explanation  of  Laplace  naturally  carried  with  it  the  great  prestige  of 
the  illustrious  author  of  the  Mecanvpie  Celeste,  and  has  now  been  very  generally 
accepted  by  astronomers  for  more  than  a  century.  And  yet  it  may  easily  be  proved 
to  be  untenable  and  altogether  devoid  of  foundation.  In  fact  it  is  demonstrated 
in  this  volume  that  the  roundness  of  the  orbits  of  the  planets  and  satellites  is  to 
be  ascribed  to  the  secular  action  of  the  nebular  resisting  medium  formerly  per- 
vading our  solar  system;  and  that  these  bodies  have  never  been  detached  from 
the  much  larger  central  masses  which  now  govern  their  motions,  by  acceleration 
of  rotation,  as  was  supposed  by  Laplace;   but  have  all  been  captured,  or  added 
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from  without,  and  have  had  their  orbits  reduced  in  size  and  rounded  up  under 
the  secular  action  of  the  nebular  resisting  medium.  It  is  now  definitely  proved 
that  it  was  this  resisting  medium  and  nothing  else  which  has  given  the  paths  of 
the  planets  and  satellites  that  remarkably  round  form  which  has  always  been 
equally  admired  by  the  astronomer,  the  geometer  and  the  natural  philosopher. 

Over  two  thousand  years  ago  this  beautiful  property,  still  so  characteristic 
of  our  system  as  fully  explored  by  the  most  powerful  telescopes  of  the  present 
time,  was  remarked  with  admiration  by  Aristarchus,  Apollonius,  Archimedes, 
and  other  ancient  geometers.  It  was  likewise  a  subject  of  constant  discussion 
among  the  natural  philosophers  of  the  classic  period.  But,  although  they  were 
eloquent  in  their  descriptions  of  the  beauty  and  order  of  the  Cosmos,  and  made 
this  feature  of  the  heavenly  motions  one  of  the  leading  doctrines  in  the  schools  of 
Athens  and  Alexandria;  yet  in  general  the  Greek  sages  were  content  to  follow 
Plato  in  ascribing  this  property  to  a  wise  provision  of  the  Deity,  and  it  not  un- 
naturally escaped  their  attention  that  there  might  be  a  profound  physical  reason 
for  this  almost  perfect  circularity  of  the  planetary  paths.  In  the  light  of  modern 
researches  on  stability,  it  is  worthy  of  remark  that  even  at  that  early  epoch,  the 
circularity  of  the  orbits  was  held  to  be  very  effective  in  securing  the  order  of  the 
system  of  the  world,  which  some  of  the  ancient  philosophers  believed  destined 
to  endure  forever,  and  others  for  a  very  long  period.  This  circularity  was  also 
the  principal  circumstance  leading  to  the  final  adoption  of  the  ancient  system  of 
eccentrics  and  epicycles,  which  continued  in  unbroken  usage  for  fourteen  centuries. 
It  has  exercised  an  equal  fascination  over  the  minds  of  the  greatest  modern  geo- 
meters—  Newton,  Euler,  Lagrange,  Laplace,  Poisson,  Gauss,  Hansen, 
Newcomb,  Hill,  Darwin,  Poincare  —  but  has  always  been  erroneously  explained 
on  Laplace's  original  hypothesis,  of  a  gradually  accelerated  rotation  which 
detached  these  bodies  quite  gently  from  the  central  masses  which  now  govern 
their  motions. 

Accordingly,  it  should  not  seem  altogether  unexpected  if  the  discovery  of 
the  true  physical  cause  of  the  circularity  of  the  orbits  of  the  planets  and  satellites 
should  give  us  also  the  great  secret  of  the  development  of  our  solar  system.  Nor 
would  it  appear  inappropriate  if  such  a  long-sought  discovery  should  prove  of 
particular  interest  to  the  astronomer,  the  geometer,  and  the  natural  philosopher, 
each  of  whom  has  been  especially  favored  by  circumstances  arising  from  the 
circularity  of  the  planetary  paths. 

For  in  past  time  the  labors  of  the  practical  astronomer  have  been  greatly 
diminished  by  this  simple  and  advantageous  arrangement  of  the  System  of  the 
World.     This  favorable   circumstance  of    the  small  eccentricity,  together  with 
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the  slight  inclination  of' the  orbits  and  common  direction  of  motion,  was  also  the 
essential  basis  of  the  theoretical  researches  of  Lagrange,  Laplace,  and  Poisson, 
on  the  Stability  of  the  Solar  System,  which  constitutes  one  of  the  most  splendid 
achievements  of  the  great  mathematicians  of  the  eighteenth  century. 

The  pure  geometer,  in  turn,  has  drawn  on  the  circular  movements  of  the 
heavenly  bodies  to  illustrate  problems  in  the  various  branches  of  his  recondite 
analysis.  It  thus  almost  appears,  as  was  long  ago  suggested  by  the  Greeks,  that 
the  attention  of  the  Deity  is  given  to  the  illustration  of  the  Science  of  Geometry. 

Finally,  the  natural  philosopher  still  sees  in  the  planets  and  satellites,  revolving 
in  the  depths  of  space,  the  most  beautiful  and  magnificent  models  of  the  invisible 
systems  of  the  molecules,  atoms  and  electrons,  which  are  introduced  to  account 
for  the  physical  properties  of  matter.  May  we  not  hope  that  he  will  also  gain 
from  the  processes  of  resistance  here  disclosed  some  conception  of  possible  modes 
of  molecular  transformation,  decay  and  change,  which  heretofore  have  remained 
so  deeply  mysterious? 

The  principle  resulting  from  the  discovery  and  verification  of  the  processes 
of  spiral  development,  under  the  action  of  a  Resisting  Medium,  will  not,  however, 
prove  to  be  more  useful  in  the  interpretation  of  the  phenomena  of  molecular 
physics  and  of  our  solar  system  than  in  that  of  other  systems  observed  in  the 
sidereal  universe.  It  has  just  been  remarked,  not  without  some  measure  of 
justice,  that  an  important  premise  handed  down  from  the  days  of  Laplace,  and 
then  believed  to  be  correct,  but  now  shown  to  be  false,  has  operated  to  retard 
our  progress  in  Cosmical  Evolution  for  nearly  a  hundred  years;  but  in  the  early 
part  of  the  19th  century,  the  time  was  not  yet  ripe  for  the  throwing  off  of  this 
fatal  delusion.  The  results  which  follow  from  the  correction  of  this  false  premise 
will  contribute  greatly  to  the  progress  of  the  Physical  Sciences,  and  are  sufficiently 
striking  to  be  worthy  of  the  attention  of  the  natural  philosopher. 

To  the  investigator  of  the  phenomena  of  the  Physical  World,  no  question  is 
ever  more  important  than  that  of  the  correctness  of  the  premises.  This  conclusion 
is  deserving  of  more  emphasis  than  it  has  heretofore  received.  The  remarkable 
generalization  and  improvement  in  our  Theories  of  Earthquakes,  Mountain  For- 
mation and  kindred  phenomena  connected  with  the  Physics  of  the  Earth,  established 
in  four  memoirs  recently  published  in  the  Proceedings  of  the  American  Philosophical 
Society  held  at  Philadelphia,  are  sufficiently  impressive  to  afford  us  tangible 
proof  of  the  wisdom  of  making  the  strictest  examination  of  the  premises  underlying 
our  reasoning.  This  point  is  too  often  overlooked  by  those  who  confidingly  follow 
beaten  paths. 

One  of  the  most  remarkable  but  inevitable  results  now  clearly  established, 
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is  the  great  and  even  paramount  part  played  by  the  resistance  of  the  Nebular 
Medium  in  the  development  of  Cosmical  Systems.  This  will  hereafter  give  the 
Theory  of  the  Resisting  Medium  the  highest  importance  in  all  researches  relating  to 
the  History  of  the  Universe.  Heretofore  this  subtile  physical  cause,  which  has  left 
so  profound  an  impress  upon  the  size  and  shape  of  the  orbits  of  the  planets  and 
satellites,  has  scarcely  been  thought  of  in  connection  with  the  origin  of  the  solar 
system  or  of  other  similar  systems  existing  in  space.  And  yet  there  still  exists 
in  the  anomalous  motions  of  the  satellites  of  Mars,  Jupiter,  and  Saturn  the  most 
decisive  evidence  of  the  capture  of  these  bodies  under  the  action  of  a  Resisting 
Medium,  which  has  left  unmistakable  survivals  to  bear  witness  to  the  mode  in 
which  these  systems  were  formed. 

Tidal  Friction,  as  developed  by  Professor  Sir  G.  H.  Darwin,  has  been  the 
only  generally  recognized  cause  which  might  have  modified,  in  any  appreciable 
degree,  the  orbits  of  the  heavenly  bodies.  And  as  the  laborious  researches  on 
Comets,  carried  out  by  various  astronomers,  but  more  especially  by  Encke, 
Winnecke,  Von  Haerdtl,  Moller,  Bohlin,  and  Backlund,  showed  but  very 
slight  or  insensible  resistance  in  the  solar  system,  at  the  present  time,  it  was  natural 
that  the  Secular  Effects  of  a  Resisting  Medium  as  an  agency  of  transformation  in 
Cosmical  Evolution  should  have  been  largely  of  wholly  lost  sight  of.  For  with 
the  theories  then  current  no  specific  illustrations  of  the  secular  effects  of  the  con- 
tinued operation  of  a  Resisting  Medium  readily  occurred  to  the  mathematician. 
Hereafter  the  extreme  circularity  of  the  orhits  of  the  planets  and  satellites  will  stand  as 
an  everlasting  witness  to  the  Secular  Action  of  this  great  Physical  Cause. 

The  results  here  brought  out  are  too  far  reaching  to  justify  any  present  attempt 
at  estimating  the  relative  cosmical  importance  of  the  two  antagonistic  forces 
which  are  always  at  work  in  stellar  systems :  namely,  a  Resisting  Medium  decreasing 
the  major  axis  and  eccentricity  of  the  orbits;  and  Tidal  Friction,  expanding  and 
elongating  these  orbits,  as  was  long  ago  shown  by  Professor  Sir  G.  H.  Darwin, 
(Phil.  Trans,  and  Proc.  Roy.  Soc,  1878-1882),  and  pointed  out  in  my  Inaugural 
Dissertation  at  the  University  of  Berlin  in  1892,  and  still  further  emphasized  in 
the  first  volume  of  this  work,  with  especial  reference  to  the  Double  and  Multiple 
Stars. 

To  have  continued  to  overlook  the  great  modifications  produced  by  the  Secular 
Action  of  the  Resisting  Medium,  which  is  always  to  be  conceived  as  composed  of 
cosmical  dust,. true  physical  matter,  not  ether,  would  have  left  a  very  grave  defect 
in  our  Theories  of  Cosmogony.  It  is  fortunate,  therefore,  that  in  the  second 
volume  of  this  work  we  are  able  to  recognize  clearly  the  two  antagonistic  causes 
in  their  true  relationship.     Detailed  treatment  at  present  would  be  inadvisable, 
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and  therefore  we  must  leave  to  the  future  the  further  development  of  the  Secular 
Effects  of  these  two  great  physical  causes,  which  have  left  a  profound  impress 
upon  the  size  and  shape  of  the  orbits  of  all  cosmical  systems. 

This  second  volume  will  be  of  especial  interest  to  the  thoughtful  reader,  from 
the  light  it  throws  upon  the  problem  of  the  development  of  the  planetary  system, 
the  solution  of  which  has  been  one  of  the  ultimate  objects  of  Physical  Science 
from  the  earliest  ages;  and  from  the  enlarged  philosophic  view  it  affords  us  of 
the  millions  of  such  similar  systems,  with  habitable  planets,  which  may  now  be 
confidently  inferred  to  exist  in  the  immensity  of  space.  Nor  will  the  light  shed 
upon  the  constitution  and  laws  of  movement  in  clusters  be  less  acceptable  to  the 
student  of  the  starry  heavens.  For  in  all  probability,  we  could  not  have  derived 
this  knowledge  of  the  spiral  movements  of  clusters  empirically,  from  direct  ob- 
servation, in  less  than  a  thousand  years.  The  vastly  greater  cosmical  vortices 
whirling  with  intricate  helical  motion  in  the  Magellanic  Clouds  and  in  the  larger 
Cloud  Masses  of  the  Milky  Way,  could  hardly  be  disclosed  by  direct  measurement 
in  even  a  million  years ;  and  yet  the  modern  photographic  plate,  by  recording  the 
continuous  lines  of  nebulosity  along  which  the  streams  are  moving,  may  reveal  to 
us  the  true  character  of  these  cosmical  vortices,  as  seen  in  projection  among  the 
stars.  Such  unexpected  revelations  seem  truly  appropriate  to  this  saeculum 
mirabile.  Thrice  happy  those  who  have  lived  to  see  the  light  of  this  glorious  day! 
An  ephemeral  mortal,  dwelling  on  a  tiny  planet  attached  to  a  sun  of  inferior 
magnitude,  may  survey  the  uncounted  millions  of  similar  suns  scattered  throughout 
the  immensity  of  space,  and  trace  the  progress  of  an  orderly  development  extending 
over  immeasurable  aeons  of  time! 

The  past  ten  years  have  brought  to  light  the  most  conclusive  evidence  of 
the  prominent  part  played  by  Repulsive  Forces  in  Nature.  The  delicate  Labora- 
tory experiments,  independently  made  by  Lebedow,  Nichols  and  Hull,  have 
established  the  radiation  pressure  of  light  on  an  observational  basis,  and  this 
result  has  been  confirmed  by  the  further  theoretical  researches  of  Arrhenius, 
Schwartzschild,  and  others,  along  the  lines  originally  pointed  out  by  Maxwell 
in  1873,  and  by  Bartoli  in  1876.  In  fact,  the  radiation  pressure  due  to  the  waves 
of  light  had  been  foreseen  by  the  illustrious  Euler  as  early  as  1746,  but  the  theory 
of  this  great  mathematician  was  strongly  opposed  by  De  Mairain  and  others, 
and  nearly  a  century  and  a  half  elapsed  before  it  could  be  satisfactorily  confirmed. 
Moreover,  the  observational  researches  now  being  made  by  various  astronomers 
on  the  visible  repulsion  from  the  Sun  of  the  matter  in  the  tails  of  comets,  are 
continually  adding  specific  examples  of  cosmical  repulsion  based  on  the  exact 
measurement  and  photography  of  celestial  objects.     It  is  worth  while  to  recall 
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that  the  theory  of  the  repulsion  of  the  tails  of  comets  was  first  announced  by  Kepler 
in  1618,  and  thus  it  has  taken  nearly  three  centuries  for  the  doctrine  of  Repulsive 
Forces  to  become  well  established. 

But  since  we  now  have  positive  proof  of  the  Repulsion  of  particles  of  matter 
due  to  Light  and  Electric  Forces,  our  theory  of  the  Nebulae  would  be  wholly 
incomplete  without  some  suggestion  as  to  how  these  masses  arise.  If,  then, 
very  finely  divided  matter  is  continually  being  expelled  from  all  well  developed 
stars,  and  the  particles  becoming  coarser  by  the  recognized  process  of  the  precipi- 
tation of  ions  in  the  celestial  spaces,  it  manifestly  suffices  to  imagine  these  fine 
particles  drifting  hither  and  thither  throughout  the  universe,  and  here  and  there 
forming  immense  clouds  of  cosmical  dust.  Thus  have  the  nebulae  arisen.  And 
the  forms  and  distribution  of  these  cosmical  clouds  are  to  be  explained  on  the 
same  principles.  The  condensation  of  this  cosmical  dust  forms  stars,  and  its 
subsequent  expulsion  from  the  maturer  stars  again  forms  nebulae.  In  certain 
regions  this  matter  will  inevitably  gather  into  fairly  dense  streams,  and  the  meeting 
or  simply  the  gravitational  settling  and  coiling  up  of  these  streams  of  cosmical  dust 
is  what  forms  the  spiral  nebulae,  and  leads  to  the  development  of  cosmical 
systems. 

It  always  happens  that  new  views  lead  to  new  problems,  and  vice  versa, 
and  these  may  eventually  modify  profoundly  all  our  former  conceptions  of  the 
universe.  Thus  it  is  manifest  that  the  several  new  lines  of  thought  struck  out  in 
this  work  may  suggest  many  difficult  problems  which  will  call  for  detailed  mathe- 
matical treatment  by  the  future  investigator.  But  until  an  outline  of  the  theory 
as  a  whole  is  laid  before  the  public  and  its  essential  truth  clearly  recognized, 
these  investigations  cannot  be  considered  very  urgent,  and  the  treatment  of  such 
special  problems  must  therefore  be  left  to  the  future.  These  researches,  for  example, 
might  deal  with  the  potential  of  a  nebulous  coil  of  uniform  density,  given  dimensions 
and  constant  curvature;  the  stability  of  segments  of  a  spiral  nebula;  certain 
special  cases  of  the  problem  of  three  bodies;  the  processes  of  growth  in  the  building 
up  of  nuclei  in  such  a  nebula;  the  rates  of  change  in  the  eccentricity  of  the  orbit 
when  the  law  of  density  of  the  resisting  medium  varies;  the  probability  of  a  figure 
of  equilibrium  developing  at  a  center,  through  the  settling  or  casual  impact  of 
two  streams  of  cosmical  dust;  the  conditions  required  for  the  rupture  of  figures 
of  equilibrium  of  rotating  masses  of  fluid,  etc.,  etc. 

But  such  details,  important  as  they  are  sure  to  become  in  time,  scarcely 
come  within  the  scope  of  the  present  volume,  the  aim  of  which  is  to  lay  a  secure 
foundation,  rather  than  to  treat  any  one  of  the  many  problems  suggested  by  the 
general  theory.     Our  knowledge  is  not  yet  sufficiently  ripe  nor  is  there  urgent 
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demand  for  the  treatment  of  these  special  problems.  What  we  need  at  present  is 
not  mathematical  details  of  the  treatment  of  individual  problems,  but  correct 
outlines  for  the  development  of  a  rational  and  consistent  Theory  of  Cosmical 
Evolution.  When  we  have  adequate  understanding  of  the  great  laws  of  Nature 
to  enable  us  to  formulate  a  problem  in  definite  terms  it  will  not  be  so  difficult  to 
develop  the  required  mathematical  solution. 

If  the  views  here  adopted  are  admissible  it  is  clear  that  heretofore  we  have 
not  even  had  a  correct  foundation  on  which  to  build.  And  hence  the  tracing  of 
such  a  general  outline  is  at  present  the  most  urgent  desideratum  of  Science.  The 
conspicuous  failures  of  the  past  century,  so  often  directly  attributable  to  false 
premises  underlying  a  great  body  of  reasoning,  afford  a  sufficiently  impressive 
warning  of  the  worthlessness  of  elaborate  structural  details,  when  the  theory  itself 
reposes  on  insecure  grounds.  Until  a  good  foundation  can  be  laid  it  is  idle  to 
dwell  on  the  details  of  the  superstructure. 

Different  persons  will  naturally  form  different  estimates  of  the  importance 
of  the  several  lines  of  research  now  being  prosecuted  by  astronomers  throughout 
the  world,  and  it  is  not  well  to  be  too  intolerant  of  labors  which  seem  to  serve  no 
present  purpose.  In  some  cases  unexpected  discoveries  will  follow  from  the 
simplest  observations,  and  thus  the  whole  trend  of  our  thought  may  be  greatly 
changed.  But  on  the  other  hand,  when  we  contemplate  the  vast  masses  of  data 
now  being  accumulated  by  observers,  and  consider  how  difficult  it  will  be  to 
deduce  from  these  records  any  generalizations  which  will  aid  the  mind  in  grasping 
the  problems  of  the  Universe,  and  remember  how  completely  such  work  absorbs 
the  energies  of  all  our  observatories,  the  greatest  as  well  as  the  smallest,  one  can 
scarcely  avoid  some  distrust  of  present  tendencies.  We  are  confessedly  slaves 
to  tradition  and  precedent.  We  go  on  accumulating  records  with  little  regard  to 
their  present  or  future  use,  and  we  rarely  try  to  use  wisely  those  already  accumu- 
lated ;  so  that  one  eminent  astronomer  has  well  said  that  we  are  in  danger  of  being 
crushed  under  the  load  of  our  observations. 

One  true  principle  gives  unity  and  mental  connection  to  millions  of  isolated 
facts,  and  it  is  only  by  means  of  such  principles  that  the  observed  facts  can  be 
interpreted.  Why  not  therefore  give  a  little  more  attention  to  the  discovery  of 
principles?  All  the  important  epochs  in  the  past  history  of  science  have  been 
made  in  this  way ;  yet  this  very  tendency,  to  the  development  of  new  conceptions 
and  the  introduction  of  new  physical  laws,  is  the  one  which  to-day  is  least  en- 
couraged. Few  are  supported  or  upheld  in  breaking  away  from  the  leading 
strings  of  tradition.  Journals  and  Learned  Societies  are  nearly  all  ultra  con- 
servative, and  very  timid  about  entertaining  new  thought.     It  is  only  daring 
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individuals,  not  aggregations  of  men,  who  have  the  courage  to  lead  the  way. 
Under  the  circumstances  can  any  one  be  surprised  that  years,  decades,  and  even 
centuries  pass  by  without  giving  birth  to  one  grand  principle,  one  new  physical 
law? 

■  Perhaps  some  one  will  reply  by  repeating  the  well-known  fallacy  that  the  age 
of  great  discoveries  has  now  passed;  that  the  important  discoveries  of  the  future 
are  to  be  sought  in  the  fifth  place  of  decimals.  But  in  view  of  the  discoveries  in 
Radium  and  Molecular  Physics  made  within  the  past  ten  years,  such  argument 
is  not  likely  to  make  much  of  an  impression  on  the  modern  student.  Improvement 
in  the  values  of  our  Astronomical  and  Physical  Constants  is  undoubtedly  im- 
portant, but  with  vast  domains  of  Astronomy  totally  unexplored,  we  are  not 
justified  in  spending  all  our  efforts  in  hair-splitting  over  the  fifth  decimal  place, 
or  in  cataloguing  a  few  more  thousand  of  the  millions  of  stars  which  stud  the 
firmament. 

It  is  the  settled  conviction  that  we  have  largely  neglected  our  opportunities 
to  advance  the  true  science  of  the  heavens,  such  as  Kepler,  Galileo,  and  Newton 
would  have  thought  worth  while,  which  has  led  to  most  of  the  advances  set  forth 
in  this  work.  Discoveries  are  seldom  made  by  those  who  follow  beaten  paths. 
These  well  trodden  grounds  are  inviting,  to  be  sure,  and  always  paths  of  least 
resistance;  but  for  this  very  reason  not  to  be  chosen  by  the  sagacious  and  ex- 
perienced explorer. 

Having  discovered  and  proved  the  true  process  by  which  our  solar  system 
was  formed  and  the  stellar  systems  greatly  modified,  it  is  impossible  for  the  writer 
to  entertain  any  doubt  of  the  importance  of  the  part  played  by  the  Resisting 
Medium  in  the  past  history  of  the  Universe.  That  we  should  not  have  seen  this 
result  before  will  be  one  of  the  wonders  of  the  future.  But  let  us  not  go  to  the 
extreme  of  ascribing  too  great  an  influence  to  the  effects  of  resistance. 

Although  the  presence  of  resistance  surpassing  the  effects  of  tidal  friction 
produces  round  orbits,  yet  we  are  not  on  that  account  justified  in  concluding  that 
the  absence  of  resistance  would  leave  the  orbits  nearly  parabolic,  and  thus  point 
to  the  origin  of  binaries  from  the  accidental  approach  of  single  stars.  The  argu- 
ment of  Poincare,  carefully  set  forth  in  this  volume,  against  the  frequent  close 
approach  of  separate  stars,  when  contrasted  with  the  observed  great  abundance  of 
double  stars,  is  complete  and  unanswerable.  Beyond  doubt,  therefore,  the  double 
stars  as  a  class  have  originated  from  the  division  of  nebulae.  This  may  arise 
sometimes  from  starlike  condensation  in  the  coils  of  spiral  nebulae,  under  resistance, 
as  in  the  formation  of  the  planets,  but  we  may  still  believe  that  it  is  frequently  aided 
by  the  process  of  fission  indicated  by  the  researches  of  mathematicians  on  the 
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figures  of  equilibrium  of  rotating  masses  of  fluid.  To  what  extent  the  two  pro- 
cesses are  involved  together  in  spiral  nebulae  must  be  left  to  the  future  to  determine. 
At  present  it  is  sufficient  to  know  that  double  stars  arise  from  the  development  of 
nebulae,  and  not  from  the  accidental  approach  of  separate  stars. 

Accordingly,  although  we  must  at  present  be  contented  with  a  mere  outline 
of  Nature's  mighty  processes,  we  may  feel  sure  that  future  progress  will  confirm 
and  extend  the  laws  here  brought  to  light.  And  with  a  secure  foundation  already 
laid  and  confirmed  both  by  mathematical  theory  and  by  the  observation  of  stellar 
systems,  nebulae,  and  clusters,  in  the  most  remote  regions  of  the  firmament, 
one  may  not  hesitate  to  believe  that  Cosmical  Evolution  will  soon  take  its  place 
among  the  exact  sciences. 

The  photographs  of  nebulae  and  clusters  made  by  Roberts,  Keeler,  Barnard, 
Ritchie  and  Perrine,  and  carefully  reproduced  in  this  volume,  are  sufficiently 
remarkable  to  be  deserving  of  more  than  passing  notice.  Though  the  discovery 
of  the  prevalence  of  the  spiral  type  among  the  nebulae  is  due  chiefly  to  Roberts 
and  Keeler,  neither  of  these  distinguished  astronomers  has  explained  satisfactorily 
how  the  spiral  form  originates.  The  author  is  not  aware  that  any  general  theory 
of  the  spiral  nebulae  at  all  similar  to  that  here  outlined  has  been  offered  before, 
and  yet  he  cannot  doubt  that  it  embodies  the  substance  of  an  ultimate  truth. 
The  photographs  afford  durable  and  convincing  illustrations  of  the  formation  of 
whirlpool  nebulae  by  the  automatic  winding  up  of  two  or  more  streams  of  Cosmical 
dust.  Indeed  two  such  streams  cannot  meet  or  a  single  stream  settle  to  equilib- 
rium without  giving  rise  to  rotation  about  a  center,  and  thus  producing  a  whirling 
vortex,  which  eventually  leads  to  the  development  of  a  Cosmical  System. 

It  is  difficult  to  imagine  a  simpler  or  more  direct  explanation  than  the  one 
here  adopted  of  the  spiral  nebulae.  By  studying  the  photographs  of  these  re- 
markable objects,  in  connection  with  the  known  laws  of  motion,  in  such  whirling 
systems,  as  brought  out  in  this  volume,  we  are  enabled  to  detect  various  stages  in 
the  processes  of  Cosmical  Evolution.  The  visible  whirling  of  these  spiral  nebulae, 
along  with  the  lines  of  spiral  movement  clearly  traceable  in  certain  nebulous 
clusters,  afford  overwhelming  testimony  to  the  truth  of  the  New  Theory;  and 
the  sublime  spectacle  presented  by  millions  of  these  splendid  Cosmical  Vortices 
shining  in  the  remotest  regions  of  the  firmament,  offers  the  most  incontestible 
proof  of  the  continuation  of  Nature's  Mighty  Creative  Processes.  The  theoretical 
possibility  of  such  atomic  whirlpools  was  dimly  foreseen  by  Leucippus,  Democritus, 
and  other  natural  philosophers  among  the  Greeks,  but  the  Theory  was  never 
before  so  beautifully  illustrated  as  in  these  photographs  of  the  gigantic  systems 
now  observed  in  the  actual  Physical  Universe. 
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The  simple  theory  here  developed  may  hereafter  require  some  extension  or 
modification  to  explain  phenomena  not  yet  brought  to  light,  but  obviously  we 
are  not  justified  in  introducing  the  consideration  of  exceptions  till  the  theory 
itself  is  established  as  a  whole.  After  the  general  truth  is  clearly  recognized  it 
"will  be  time  to  consider  what  apparent  exceptions  may  arise  under  certain  special 
conditions. 

Professor  Sir  G.  H.  Darwin  has  justly  remarked  that  "the  problems  of 
Cosmical  Evolution  are  so  complicated  that  it  is  well  to  conduct  the  attack  in 
various  ways  at  the  same  time.  .  .  .  Although  the  several  theories  may  seem 
to  some  extent  discordant  with  one  another,  yet,  as  I  have  already  said,  we  need 
not  scruple  to  carry  each  to  its  logical  conclusion."  Thus  we  have  chosen  to  carry 
this  simple  theory  to  its  logical  consequences,  without  denying  that  slight  modifi- 
cations may  some  day  be  required,  but  holding  that  in  all  probability  they  will 
be  in  degree  and  not  in  kind.  A  Theory  of  Cosmical  Evolution  which  explains 
satisfactorily  so  many  phenomena  of  the  heavens  may  justly  lay  claim  to  the 
designation  universal. 

Not  the  least  remarkable  among  the  several  interesting  results  which  follow 
from  the  New  Theory  of  the  Origin  of  the  Solar  System  is  the  conclusion  that 
several  unseen  planets  revolve  beyond  Neptune,  some  of  which  may  be  bright 
enough  to  be  discovered  by  photography.  At  that  great  distance,  however, 
the  orbital  motion  will  be  very  slow.  And  long  exposures  will  be  required  both 
because  of  this  slow  motion  and  because  of  the  faintness  of  the  light,  due  to  the 
probability  that  the  discs  may  be  smaller  than  that  of  Neptune,  and  the  increased 
feebleness  of  the  sun's  light  at  the  great  distance  of  these  unseen  planets.  The 
extreme  circularity  of  Neptune's  path  points  unmistakably  to  a  resisting  medium 
once  sufficiently  dense  to  have  greatly  reduced  the  size  of  that  orbit  and  to  have 
transformed  it  into  an  almost  perfect  circle;  and  therefore  it  is  impossible  to 
believe  that  the  solar  system  terminates  at  the  present  known  boundary.  It  is 
more  likely  to  be  found  to  extend  to  a  distance  approximating  100  astronomical 
units.  A  diligent  and  persistent  search  for  unseen  planets  beyond  Neptune, 
therefore  offers  the  prospect  of  important  discoveries,  and  cannot  be  too  strongly 
commended  to  the  attention  of  astronomers. 

In  the  course  of  this  volume  several  topics  are  touched  upon  incidentally, 
such  as  the  probable  spiral  movement  of  molecules,  atoms  and  electrons,  which 
will  be  of  interest  to  a  wider  range  of  workers  in  Natural  Philosophy,  of  which 
Astronomy,  Cosmical  Physics,  and  Cosmical  Evolution  may  be  regarded  as  the 
sublimest  parts. 

During  the  progress  of  thisjinvestigation  the  author  has  had  the  advantage 
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of  friendly  suggestions  from  a  number  of  eminent  astronomers:  Sir  William 
Huggins,  Professors  G.  W.  Hill,  Suante  Arrhenius,  Karl  Bohlin,  G.  V. 
Schiaparelli,  C.  L.  Doolittle,  A.  O.  Leuschner,  R.  T.  Crawford,  and  Mr. 
P.  H.  Co  well,  regarding  certain  points  of  theoretical  interest;  Professors  E.  C. 
Pickering,  E.  E.  Barnard,  Max  Wolf,  G.  W.  Ritchie,  C.  D.  Perrine,  and  W.  W. 
Campbell,  in  relation  to  the  photography  of  the  nebulae  —  an  observational  inquiry 
in  which  the  Director  of  the  Lick  Observatory  courteously  afforded  opportunity 
for  a  careful  examination  of  the  whole  of  the  unsurpassed  collection  of  nebular 
photographs  taken  with  the  Crossley  Reflector  at  Mt.  Hamilton;  Professors 
George  Davidson,  and  Charles  Burkhalter,  and  Mr.  Otto  Von  Geldern,  of 
San  Francisco,  and  Mr.  A.  E.  Axlund,  who  have  given  several  timely  suggestions. 
He  is  deeply  indebted  also  to  President  Benjamin  Ide  Wheeler,  Profes- 
sors Irving  Stringham,  and  M.  W.  Haskell,  and  Librarian  J.  C.  Rowell,  of 
the  University  of  California,  for  the  freedom  of  the  University  during  the  past 
five  years,  and  for  the  kindly  proffer  of  every  facility  which  would  contribute 
to  the  completion  of  this  investigation.  The  generous  spirit  manifested  at  the 
University  of  California  in  the  promotion  of  Scientific  Inquiry  is  beyond  all  praise. 

While  all  of  these  gentlemen  and  others  have  contributed  something  to  the 
completion  of  the  Theory  here  developed,  the  author  alone  is  responsible  for  the 
somewhat  radical  departure  from  the  beaten  paths  heretofore  followed  by  most 
investigators,  and  for  the  defects  which  the  published  Theory  may  be  found  to 
contain.  If  it  is  confirmed  by  time  and  experience  these  unavoidable  defects  will 
not  wholly  obscure  the  considerable  advance  now  made  in  our  knowledge  of  the 
Geometry  of  the  Heavens.  For  I  venture  to  believe  that  the  theory  of  the  evo- 
lution of  the  orbits  of  the  stars  is  Celestial  Geometry  of  the  highest  interest,  and 
will  constitute  a  useful  application  of  the  most  beautiful  of  the  Mathematical 
Sciences.  This  seems  all  the  more  appropriate,  because  it  was  the  study  of  the 
Spiral  of  Archimedes,  as  treated  in  the  splendid  edition  of  Torelli,  1792,  which 
first  suggested  to  me  the  idea  that  the  spiral  of  the  celebrated  Geometer  of  Syra- 
cuse might  find  application  to  the  figures  of  the  nebulae,  and  thus  led  to  the 
development  of  the  new  theory  of  the  spiral  nebulae  here  set  forth. 

Finally,  it  is  only  just  to  record  my  deep  sense  of  obligation  to  Mrs.  See, 
without  whose  approval,  constant  support  and  unfailing  interest,  this  volume 
could  hardly  have  been  brought  to  a  conclusion  and  published. 

Blue  Ridge  on  Loutre, 

Montgomery  City,  Missouri, 

May  6,  1909. 


CHAPTER  I. 


Methods  for  Finding  the  Orbits  and  Spiral  Paths  which  a  Particle  may 
Describe  under  Central  Forces  Varying  as  Some  Power  of  the  Distance. 

§  1.     General  Considerations  on  the  Theories  of  Cosmogony. 

Since  the  discovery  of  the  laws  of  the  planetary  motions  by  Kepler  (1619), 
the  establishment  of  the  law  of  universal  gravitation  by  Newton  (1687),  and  of 
the  velocity  of  light  by  Roemer  (1675),  it  has  been  generally  believed  that  the 
greatest  physical  laws  operate  uniformly  throughout  the  sidereal  universe.  Ac- 
cordingly, it  is  not  remarkable  that  hope  has  been  entertained  by  more  than  one 
daring  investigator  of  finding  a  general  law  of  cosmical  evolution.  If  such  a 
cosmic  process  exists  and  is  really  universal  in  character,  it  should  explain  the 
development  of  the  solar  system,  with  its  numerous  planets  and  satellites,  all 
revolving  in  nearly  circular  orbits  about  central  bodies  of  greatly  predominant 
mass,  and  at  the  same  time  account  in  a  simple  and  natural  way  for  the  double 
and  multiple  stars  and  clusters,  systems  of  a  wholly  different  type,  made  up 
apparently  of  double  and  multiple  suns,  the  luminous  components  of  which  are 
always  equal  or  comparable.  In  the  solar  system  the  mass  distribution  is  essentially 
single,  for  nearly  all  of  the  matter  of  the  primordial  nebula  has  gone  into  the 
central  bodies,  leaving  the  attendant  planets  and  satellites  relatively  insignificant; 
whereas  among  the  double  and  multiple  stars  disclosed  by  the  telescope  and 
spectroscope  in  the  immensity  of  space,  the  mass  distribution  is  correspondingly 
double  and  multiple.  Such  a  fundamental  difference  between  the  types  of  systems 
now  known  to  constitute  the  order  of  the  universe  may  well  excite  the  wonder 
of  the  natural  philosopher. 

The  problem  offered  to  our  contemplation  of  explaining,  if  possible,  such 
varied  phenomena  by  a  single  physical  law  is  undoubtedly  stupendous.  Indeed 
it  has  been  thought  by  some  to  be  one  of  the  most  difficult  which  has  ever  engaged 
the  attention  of  the  human  mind.  And  since  our  efforts  for  laying  a  secure  foun- 
dation for  the  Science  of  Cosmogony  have  been  only  partially  successful,  many 
investigators  have  become  less  hopeful  of  obtaining  a  general  solution  of  the 
problem,  while  not  a  few  apparently  have  given  up  the  expectation  of  discovering 
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any  really  fixed  and  definite  laws.  Indeed  this  feeling  of  despair  has  been  publicly 
expressed  recently  by  one  of  the  greatest  mathematicians  of  the  age.  Owing  to 
the  wholly  unsatisfactory  outcome  of  the  careful  attention  which  he  formerly 
gave  to  the  subject,  Professor  Newcomb  "still  retains  a  little  incredulity  as  to 
olir  power  in  the  present  state  of  science  to  reach  even  a  high  degree  of  probability 
in  Cosmogony"  (cf.  Popular  Astronomy,  November,  1906,  p.  572).  Views 
almost  identical  with  these  were  expressed  by  Professor  Newcomb  to  the  present 
writer  in  1890,  so  that  recent  progress  has  not  been  such  as  to  inspire  him  with 
confidence  in  our  ability  to  penetrate  the  mystery  which  surrounds  the  origin  of 
the  planetary  system.  This  despair  was  naturally  somewhat  augmented  under 
the  disappointment  felt  by  Poincare*  and  DarwinI  in  their  brilliant  efforts  to 
test  the  nebular  hypothesis  of  Laplace  by  the  calculation  of  the  figures  of 
equilibrium  of  a  mass  of  fluid  animated  by  rotation  and  subjected  to  the  pressure 
and  attraction  of  its  parts.  Both  of  these  eminent  investigators  had  found  the 
detached  mass  relatively  so  very  large  that  the  results  evidently  were  inapplicable 
to  the  conditions  which  obtained  in  the  formation  of  our  solar  system. 

While  the  later  efforts  of  the  present  author  to  explain  the  genesis  of  stellar 
systems  from  nebulous  masses  by  means  of  the  figures  of  equilibrium  calculated  by 
Poincare  and  Darwin,  and  the  subsequent  development  of  these  double  stars 
under  the  secular  action  of  tidal  friction,  appear  to  have  inspired  considerable 
confidence  in  our  ability  to  account  for  the  evolution  of  double  and  multiple  stars, 
it  seems  to  be  felt  that  the  origin  of  the  solar  system  remains  as  mysterious  as 
ever.  Speaking  with  recognized  authority  on  this  subject,  in  his  Presidential 
Address  to  the  British  Association  at  Capetown,  1905,  Professor  Sir  G.  H.  Darwin 
justly  observes  that  in  spite  of  all  that  has  been  done  on  the  evolution  of  the 
planetary  system,  "nevertheless  it  is  hardly  too  much  to  say  that  every  stage  in 
the  supposed  process  presents  to  us  some  difficulty  or  impossibility."  Though 
one  may  dissent  from  a  few  of  the  lines  of  argument  adopted  by  Darwin,  it  is 
undeniable  that  his  address  is  by  far  the  ablest  exposition  of  the  subject  which 
has  appeared  in  recent  years  J. 

Notwithstanding  this  somewhat  discouraging  state  of  affairs,  as  regards  the 
progress  of  cosmical  evolution,  it  must  be  remembered,  that  every  physical  science 
goes  through  a  formative  stage;  and  until  the  fundamental  laws  are  recognized, 
the  outlook  always  is  very  unpromising.     As  the  processes  at  work  among  the 

*  "  Sur   l'equilibre  (Tune  masse  fluide  animee  d'un  movement  de  rotation."     Acta  Mathematica,  Vol.  VII,  1885. 

t  "  Figures  of  Equilibrium  of  Rotating  Masses  of  Fluid."     Phil.  Trans.,  Roy.  Soc,  Vol.  178,  1887. 

t  The  reader  may  consult  also  papers  by  Moulton,  in  the  Astrophysical  Journal,  Vol.  XI,  p.  103-130,  1900; 
and  especially  Vol.  XXII,  No.  3,  October,  1905.  The  present  writer,  however,  believes  this  last  paper  to  be 
thoroughly  unsound. 
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stars  extend  over  vast  ages  and  are  therefore  largely  hidden  from  our  view,  even 
when  we  compare  the  successive  stages  of  growth  seen  in  different  objects,  such  a 
difficult  science  as  Cosmogony  should  not  be  expected  to  prove  an  exception  to 
this  general  rule.  For  whilst  vast  masses  of  data  have  been  recently  gathered  by 
the  researches  of  astronomers,  these  accumulated  treasures  have  as  yet  given  us 
but  little  insight  into  the  great  truths  which  undoubtedly  lie  hidden  close  beneath 
the  surface  indications  of  Nature. 

In  recent  years,  as  observations  have  increased,  an  adequate  theory  of  the 
spiral  or  whirlpool  nebulae  has  become  a  recognized  desideratum  of  Astronomy. 
The  real  meaning  of  these  vast  whirlpools  of  nebulous  matter  has  long  been  per- 
plexing to  the  observer,  and  equally  bewildering  to  the  mathematician*  who  is 
occupied  with  the  great  problems  of  Celestial  Mechanics.  Up  to  the  present  time 
it  has  been  very  difficult,  if  not  impossible,  to  interpret  the  movements  apparently 
indicated  in  the  whirlpool  nebulae;  and  scarcely  less  hazardous  to  attempt  to 
imagine  the  connection  which  must  naturally  subsist  between  the  spiral  and  the 
other  nebulae  and  the  systems  of  multiple  stars  scattered  so  abundantly  throughout 
the  immensity  of  space.  It  is  obvious,  however,  that  real  continuity  may  be 
assumed  to  exist,  even  between  these  widely  different  classes  of  objects;  and  until 
the  true  order  of  nature  is  clearly  made  out,  our  theory  of  the  development  of 
the  heavenly  bodies  necessarily  remains  very  incomplete. 

Some  eminent  investigators  may  doubt  whether  the  time  has  yet  come  for 
an  attempt  at  the  solution  of  this  great  problem,  which  has  more  or  less  occupied 
the  attention  of  natural  philosophers  from  the  earliest  ages  of  science.  Without 
underestimating  the  value  of  traditional  and  contemporary  opinion,  the  writer  is 
convinced  that  the  occasion  is  auspicious  for  an  approximate  solution  which  will 
throw  decided  light  upon  some  of  the  deepest  secrets  in  Nature ;  and  as  this  outline 
will  stimulate  research  and  open  up  new  lines  of  thought,  he  does  not  hesitate  to 
advance  the  theory  at  which  he  has  arrived  after  a  continuous  series  of  investi- 
gations on  this  subject  extending  over  many  years. 

§  2.     Historical  Resume  and  Statement  of  the  Problem. 

The  first  spiral  nebula  noticed  in  the  telescope  was  disclosed  in  April,  1845, 
by  the  great  reflector  of  Lord  Rosse,  who  gave  considerable  attention  to  these 
objects,  and  sketched  a  number  of   them   with  so   much   care   that  they  have 

♦The  celebrated  French  Mathematician  Poincare,  in  an  address  to  the  Astronomical  Society  of  France  (cf. 
Bulletin,  April,  1906),  has  even  suggested  that  the  spiral  nebulae  may  be  other  Milky  Ways,  and  that  Stratanoff 
may  be  correct  in  regarding  the  Milky  Way  itself  as  a  gigantic  spiral  nebula. 
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long  figured  in  our  handbooks  of  Astronomy.  The  great  whirlpool  nebula  in 
Canes  Venatici,  Messier  51,  is  especially  famous  from  Lord  Rosse's  drawings; 
and  it  still  remains  one  of  the  finest  specimens  of  the  spiral  nebulae  known. 
Accordingly,  spiral  nebulae  were  quite  unknown  to  Laplace;  for  the  existence  of 
such  objects  had  completely  escaped  the  attention  of  the  elder  Herschel  in  his 
unparalleled  explorations  of  the  heavens.  And  even  after  Lord  Rosse's  un- 
expected discovery  in  1845  and  his  publication  of  a  list  of  fourteen  of  these  objects 
five  years  later,  no  further  advance  of  importance  was  made  for  nearly  forty 
years.  New  interest,  however,  was  awakened  by  Dr.  Isaac  Roberts'  unexpected 
discovery  in  1887,  that  the  great  nebula  in  Andromeda  is  really  annular  or  spiral 
in  character,  with  dark  lanes  between  the  whirls.  Dr.  Roberts'  later  photo- 
graphs added  much  to  our  knowledge  of  spiral  nebulae,  and  gave  representations 
of  their  forms,  which  are  highly  satisfactory.  But  it  was  chiefly  Keeler's  work  at 
the  Lick  Observatory,  with  the  Crossley  Reflector,  which  emphasized  the  preva- 
lence of  the  spiral  form  as  most  typical  of  the  nebulae.  Important  contributions 
have  been  made  to  the  subject  also  by  Barnard  and  Ritchie  of  the  Yerkes  Ob- 
servatory, and  by  Max  Wolf  of  Heidelberg.  Dr.  Wolf  has  photographed  large 
regions  of  the  heavens  and  shown  that  heretofore  only  a  small  percentage  of  the  ex- 
isting nebulae  have  been  recognized.  The  latest  work  shows  that  the  new  nebulae 
are  both  large  and  small,  and  of  all  possible  forms,  and  the  various  investigators 
agree  with  Keeler's  estimate  that  the  number  of  nebulae  in  the  sky  observable 
by  modern  means  is  certainly  not  less  than  120,000,  and  maybe  very  much  greater. 
Indeed  Professor  Perrine,  in  Lick  Observatory  Bulletin,  No.  64,  estimates  the 
total  number  of  the  nebulae  at  about  a  million.     His  account  is  as  follows: 

"Professor  Keeler,  soon  after  beginning  his  program  of  work  with  the 
Crossley  Reflector,  showed  that  the  number  of  nebulae  is  very  much  greater 
than  had  been  supposed.  He  conservatively  placed  the  number  within  reach  of 
that  telescope  at  one  hundred  and  twenty  thousand.  His  program  comprised 
the  taking  of  photographs  of  one  hundred  and  four  of  the  brighter  nebulae  and 
clusters  located  in  all  parts  of  the  sky  within  reach  of  the  telescope,  i.e.,  north 
of  declination  —  25°.  The  recent  completion  of  this  program  enables  us  to  revise 
his  estimate. 

"  In  fifty-seven  of  the  regions,  seven  hundred  and  forty-five  new  nebulae  have 
been  discovered.  Almost  all  of  them  are  very  small  and  faint.  The  regions  in 
which  no  new*  ones  were  found  were,  as  a  rule,  those  surrounding  the  clusters 
and  very  large  nebulae.  There  were  one  hundred  and  forty-two  known  nebulae 
in  these  regions,  making  the  total  number  of  nebulae  observed  eight  hundred  and 
eighty-seven,  an  average  of  eight   and   one-half   per  region.     As  it  would  take 
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sixty-two  thousand  such  photographs  to  cover  the  entire  sky,  the  results  indicate 
five  hundred  thousand  as  the  corresponding  number  of  nebulae  within  reach  of 
the  Crossley  Reflector.  This  assumes  that  the  small  portion  observed  represents 
fairly  the  entire  sky.  It  is  well  known  that  the  nebulae  are  much  more  numerous 
in  some  parts  of  the  sky  than  in  others.  This  is  a  tendency  which,  so  far  as  we 
know,  affects  large  and  small  nebulae  alike.  The  fact  that  a  considerable  number 
of  other  subjects  than  the  nebulae  (presumably  non-nebulous  regions)  are  included 
in  the  program,  indicates  that  the  portion  observed  is  fairly  representative  of  the 
whole  sky. 

"Longer  exposures,  more  sensitive  plates,  and  more  perfect  photographs 
will  undoubtedly  reveal  some  nebulae  which  do  not  now  appear  and  others  which 
are  confused  with  the  faint  stars.  It  seems  probable,  therefore,  that  the  number 
of  the  nebulae  will  ultimately  be  found  to  exceed  a  million." 

It  will  readily  be  understood  that  owing  to  the  great  distances  of  the  fixed 
stars,  small  faint  nebulae  can  not  be  detected  even  with  the  most  powerful  in- 
struments of  the  present  time.  And  nebulae  situated  near  stars,  whether  they 
be  large  or  small,  are  reduced  in  distinctness  and  not  infrequently  have  their  light 
largely  or  entirely  extinguished  by  contrast ;  so  that  the  discovery  of  faint  nebulae 
becomes  increasingly  difficult  as  the  stars  grow  in  brightness  and  density  on  the 
background  of  the  sky.  Moreover,  it  has  long  been  supposed  that  the  radiation 
emitted  from  the  stars  is  partially  absorbed  by  cosmical  dust  pervading  the  regions 
of  space  which  it  traverses,  so  that  the  light  of  the  remoter  stars  is  entirely  cut  off. 
If  this  be  true  of  the  stars,  which  shine  as  sharp  points,  it  must  be  much  more  true 
of  the  nebulae  which  are  obscure,  cloud-like  masses  of  various  sizes,  shining  with 
a  feeble  light,  and  in  many  cases  certainly  quite  dark.  Accordingly  there  can  be 
scarcely  any  doubt  that  the  number  of  the  nebulae,  if  we  could  see  all  that  really 
exist  in  the  heavens,  would  be  approximately  the  same  as  that  of  the  stars,  which, 
with  our  present  means  of  exploration,  maybe  taken  at  about  two  hundred  million.* 

Under  the  circumstances  it  becomes  advisable  to  subject  the  whole  theory  of 
the  nebulae  to  a  searching  examination,  in  the  hope  of  obtaining  additional  light 
on  the  processes  by  which  cosmical  systems  are  formed.  This  will  necessitate  an 
examination  of  the  principal  laws  of  central  forces,  together  with  the  resulting 
orbits  and  spiral  paths,  and  a  comparison  of  the  forms  of  the  nebulae  with  the 
possible  paths  of  a  particle  moving  freely  under  these  various  laws  of  force.  In 
the  theory  of  the  nebulae,  which  are  seen  from  but  one  point  of  view,  account  will 
have  to  be  taken  also  of  the  effects  of  projection  on  the  forms  of  the  various  curves 

*  In  his  suggestive  address  on  the  Milky  Way  and  the  Theory  of  Gases,  above  referred  to,  Poincare  estimates 
the  total  number  of  stars,  including  the  dark  bodies,  at  a  thousand  million. 
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and  spirals.  This  difficulty  has  seemed  so  formidable  to  previous  investigators 
that  few  have  dared  to  believe  that  the  true  figures  of  the  nebulae  ever  could  be 
discovered.  But  even  if  the  method  developed  in  this  work  should  not  always 
prove  adequate  for  attaining  so  desirable  a  result,  it  will  at  least  make  clear  the 
fact  that  no  regular  geometrical  figure  is  capable  of  accounting  for  the  spiral  forms 
of  the  nebulae,  and  therefore  that  they  are  not  mathematical  figures  of  constant 
form,  but  in  fact  chance  spirals,  varying  more  or  less  from  one  nebula  to  another. 
The  introduction  of  figures  depending  on  chance,  or  accidental  circumstances  in 
the  fortuitous  approach  of  clouds  of  cosmical  dust,  is  no  doubt  less  satisfactory 
to  the  orderly  mind  of  the  mathematician  than  curves  of  geometrical  regularity ; 
yet  even  this  simplification  will  prove  to  be  a  great  gain  to  the  astronomer  who 
has  been  bewildered  by  the  confusion  and  hopelessness  heretofore  encountered  in 
the  study  of  the  nebulae. 


§  3.     The  General  Differential  Equations  for  the  Laws  of  Force  for 
Central  Orbits  and  Spirals. 

The  problem  of  central  forces  is  a  very  old  one.  It  was  quite  fully  treated, 
by  geometrical  methods,  in  Newton's  Prindpia;  and  it  is  now  treated  with  much 
greater  simplicity  and  elegance  by  analytical  methods,  which  may  be  found  in 
various  works  on  Dynamics.  It  must  suffice  here  to  recall  the  conclusions  at 
which  mathematicians  have  arrived,  and  to  determine  the  laws  of  force  for  the 
different  orbits,  and  especially  the  several  spirals,  which  might  possibly  represent 
the  figures  of  the  nebulae  observed  in  the  immensity  of  space.  In  the  principal 
works  on  Dynamics  it  is  shown  that  the  criterion  for  the  law  of  attraction  P  is 
supplied  by  either  of  the  following  differential  equations: 

P  =  AV  gjj  +u),  •        (1) 


h?dp 


*-  =  Z.  <*> 


where  h  =  the  constant  of  areas  and  represents  twice  the  actual  area  swept  over 
by  the  radius-vector  of  the  particle  in  an  element  of   time,  r  =  radius- vector, 

u  =  - ,  p  =  perpendicular  from  the  center  of  force  on  the  tangent  to  the  orbit, 

and  6  =  angle  in  polar  coordinates  (cf.  Whittaker,  Analytical  Dynamics,  p.  77; 
Tait  and  Steele,  Dynamics  of  a  Particle,  7th  edition,  pp.  123-135;  Routh's 
Dynamics  of  a  Particle,  p.  197,  et.  seq.). 
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In  the  application  of  these  general  formulae  to  particular  curves,  the  equations 
of  which  are  known,  the  following  formulae  are  very  useful: 

1    J^_    1  _    i    (duY ) 
P* "  mo*  + 1*  ~  "  +  {jej 

(3) 

p  = 


>  *  (sy 


(cf.  Williamson's  Differential  Calculus,  §  183). 

The  general  solution  of  the  problem  to  find  the  law  of  force  when  the  orbit  is 
given  is  perfectly  satisfactory,  and  the  above  equations  apply  to  every  case  which  can 
arise.  But  the  converse  problem,  given  the  law  of  central  force,  to  find  the  orbit, 
is  not  capable  of  such  simple  treatment,  because  different  initial  conditions  specified 
by  the  velocity  and  direction  of  the  trajectory  will  in  general  give  different  paths. 
Thus  in  general  for  one  law  of  force  there  may  be  n  paths,  and  the  problem  admits 
of  multiple  solution  only.  In  the  case  of  gravity,  however,  the  solution  is  unique, 
the  curve  being  always  a  conic  section,  whatever  be  the  initial  conditions  of  the 
motion,  as  was  shown  by  Newton  in  the  Principia,  in  1687. 

Accordingly,  it  follows  that  the  above  equations  give  the  law  of  the  force 
when  the  body  traces  out  any  given  curve,  but  the  solutions  in  general  are  not 
unique;  in  other  words,  other  curves  may  be  described  under  the  same  law  of 
force,  but  with  different  initial  conditions. 

It  will  be  advisable  to  recall  here  the  forms  of  the  orbits  for  forces  of  the  type 

P  =  £  t    where  /x  is  the  acceleration  at  unit  distance. 


§  4.     First  Case.     »  —  —  1    ,    P  =  /»r. 

The  orbit  is  an  ellipse,  with  origin  of  force  at  the  centre  of  the  curve.  This 
problem  was  treated  by  Newton  in  the  Principia  (Lib.  I,  Prop.  X,  Prob.  V.), 
and  the  solution  is  also  unique  for  the  converse  problem. 

In  this  first  case  it  may  be  advisable  to  illustrate  the  analytical  method  of  treat- 
ment. Under  the  action  of  a  central  force  having  the  intensity  /u,  at  the  unit  of 
distance,  we  shall  have   P  =  pr,   and  the  differential  equations  of  the  motion  are 


-    -  flX,  J 

(4) 


*'--"* 
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The  integrals  of  which  are 


x  =  A  cos  \Vfit  +  B\, 
y  =  ^'co8  \\/pt  +  B'\, 


(5) 
(6) 


A,  B,  A',  B'  being  the  constants  of  integration,  to  be  determined  by  the  initial 
conditions  of  the  motion.  If  we  consider  the  particle  projected  with  a  velocity  V, 
from  a  point  on  the  axis  of  x,  at  the  distance  a  from  the  centre,  and  in  a  direction 
making  an  angle  \jj  with  Ox;  then  at  the  initial  epoch  t  =  o,  and  x  =  a,  y  =  o, 


dx        T^  dy       „   . 

— -  =  V  cos  tb     ,     -^  =  K  sini/r. 
dt  Y     '     dt  r 


Fig.  1. 
Accordingly  equations  (5)  and  (6)  give 

x  =  a  =  A  cos  B, 

y  =  o  —  A'  COS  B', 

dx 


j-  =  V  cos  \f/  =  —  As/p  sin  B, 
-£  =  Fsin  ^  =  -  A'-^-smB'. 


(7) 
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When  we  expand  the  cosines  in  (5)  and  (6)  and  substitute  the  expressions  in  (7) 
involving  V,  for  the  arbitrary  constants  of  integration,  we  get 

FCOS  <ir    .         ,—  /- 

*  = — r—  sin  V  fit  +  a  cos  V  fit.  .  (8) 

Vsinxl/   .       /— 

Y  sin  V^.  (9) 


These  equations  give  the  values  of  x  and  ?/  for  any  time,  and  thus  afford  a  complete 
solution  of  the  problem.  But  to  ascertain  the  form  of  the  curve  described,  we 
must  eliminate  t,  and  then  we  have  the  equation  of  an  ellipse 

2 

(a:  sin  ^  -  y  cos  ff  +  yiy1=  a2  sin2  ^.  (10) 

If  now  we  make  </»  =  90°  ,  sin  \jt  =  1  ,  cos  \p  =  o,  which  is  equivalent  to  rotating 
the  curve  in  its  own  plane  till  the  apsidal  points  fall  on  the  x-axis,  we  shall  get 

*  +  £*--*    ,    or     S  +  #-L  (11) 

where  -^  =  p  >  in  the  usual  form  of  the  equation  for  the  ellipse  in  terms  of  its  inter- 
cepts. It  is  noticeable  that  the  values  of  x  and  y  in  equations  (8)  and  (9)  will  be 
the  same  at  the  time  t  and  t  +  -7=  ,  and  hence  the  time  of  a  revolution  is  -7=  ; 

V  fi    '  Vfx  ' 

and  it  appears  that  the  period  is  independent  of  the  dimensions  of  the  ellipse,  but 
depends  wholly  on  the  intensity  of  the  central  force,  the  time  of  a  revolution 
being  inversely  as  the  square  root  of  /x.  Tait,  whose  discussions  we  have  here 
followed,  remarks  that  if  (*  were  taken  as  negative  in  (4),  so  that  P  =  —  /^r,  the 
resulting  curve  would  be  an  hyperbola  described  with  0  as  a  centre,  and  the  particle 
would  necessarily  always  remain  on  one  branch  of  the  curve  (cf.  Tait  and  Steele, 
Dynamics  of  a  Particle,  7th  edition,  p.  116). 


§  5.    Second  Case. 


=  ix. 


In  this  case  the  force  is  constant,  however  the  distance  may  vary,  and  we  are 
led  to  Galileo's  Theorem  (cf.  Newton's  Principia,  Lib.  I,  Prop.  X,  Prob.  V, 
scholium) . 

There  is  no  case  of  constant  force  in  Nature;  but  in  the  case  of  projectiles 
near  the  surface  of  the  earth  the  force  may  be  taken  to  be  nearly  constant  for  small 
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altitudes;  and  whatever  be  the  direction  and  velocity  of  projection  the  path  is 
a  parabola.  Hence  we  see  that  a  constant  force  gives  an  infinite  variety  of  para- 
lx)lic  motion,  or  an  infinite  system  of  parabolas,  according  to  initial  conditions. 
Here  the  solution  is  also  unique.  The  parabolas,  however,  do  not  have  a  common 
vertex,  nor  do  their  axes  coincide  in  position,  though  they  are  all  parallel  to  the 
direction  of  gravity  and  have  a  common  direction  in  space. 

Galileo's  Theorem  or  the  Theory  of  Parabolic  Motion  Under  Constant  Acceleration. 
Let  the  axis  of  x  and  y  be  as  shown  in  the  figure,  with  the  centre  of  the  earth  in 
the  direction  of  the  X-axis,  then  we  have  for  the  movement  of  any  particle 
under  gravity 


d'x 


(12) 


Y 
M 

P 

K 

L/                / 

/ 

O 

a( 

S 
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X 

Fig.  2. 


Integrating  once  we  get 


dx 
dl 


V  =  gt  +  C, 


(13) 


where  C  is  the  constant  of   integration.     Suppose  the  particle  projected  from  0 
downward  with  the  velocity  V,  then  when  t  =  o,  v  =  V;   and  hence  C  =  V,  so  that 


dx 
dt 


=  v  =  V  +  gt. 


Integrating  again,  we  have 


x=  C  +  Vt  +  bgP. 


(14) 
(15) 
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When  t  =  o,  x  =  a,   and  thus  C  =  a,  so  that 

x  =  a+   Vt  +  ^gt\  (16) 

This  is  the  general  integral  for  the  vertical  motion  under  constant   acceleration. 
If  a  particle  be  projected  along  the   F-axis  with  constant  velocity  v,  we  have 

^-  =  v    ,    y  =  vt  +  C.     We  may  take  this  constant  C"  so  that  it  shall  vanish 

when  t  =  o,  as  the  particle  passes  the  axis  OX.     Hence,  if  x  be  reckoned  in  the 
same  way,  we  shall  have  for  t  =  o,  a  =  o,  and  V=  o;    and  therefore 

x  =  Igt*     ,     t*  =  2gx     ,     t  =  V2gx  =  ? » 

v 

also 

y3  -  4/fe,  (17) 

where 

Thus  the  equation  of  the  motion  of  a  particle  under  a  constant  acceleration 
is  always  a  parabola 

y*  =  4/&, 

but  the  position  of  the  vertex  may  be  varied  by  changing  the  direction  of  the 
projection  from  0. 


§  6.     Third  Case.     «  =  1    ,    P  =  ±. 


Professor  W.  H.  H.  Hudson,  of  King's  College,  London,  and  Mr.  C.  G. 
Whitmell,  of  Leeds  (cf.  Journal  of  British  Astronomical  Association,  Vol.  XIV, 
No.  8,  June  24, 1904),  have  considered  this  case.     The  polar  equation  to  the  curve  is 


r=a«-?.  (18) 


where  a  and  b  are  arbitrary  constants,  e  the  Naperian  base,  and  p  the  perpendic- 
ular from  the  origin  upon  the  tangent  to  the  curve.     Mr.  Whitmell  gives 

0  =    faxe-2*  -  l)-^dx.  (19) 

where    *  =  log  (?)   ,  and    X  -  J    and   p  -v^_±_  ,  (20) 
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which  is  available  for  tracing  the  path.  It  is  obvious  that  r  must  be  less  than  a, 
and  p  can  never  exceed  r;  so  that  r  varies  between  two  values,  a  maximum  and  a 
minimum,  at  both  of  which  limits  r  =  p.  The  path  found  by  Mr.  Whitmell 
has  the  following  form: 


B  2 
Fig.  3. 


The  curve  is  not  re-entrant  unless  the  apsidal  angle  ACB  is  commensurable  with 
a  right  angle;  and  in  general  the  graphical  method  is  not  sufficiently  rigorous  to 
decide  the  question.  By  varying  the  limits  a  and  b  we  obtain  an  infinite  variety 
of  curves.  But  as  it  is  shown  in  dynamics  that  in  a  central  orbit  there  cannot  be 
more  than  two  apsidal  distances  (cf.  Tait  and  Steele,  §  146),  it  follows  that 
however  the  path  may  vary  it  will  preserve  the  same  limits  throughout  its  course 
whether  exactly  re-entrant  or  not. 


§  7.    Fourth  Case,     n  =  2    ,    p  = 


i* 


This  is  the  celebrated  case  of  Nature,  corresponding  to  universal  gravitation. 
The  curve  is  always  a  conic  section.  It  was  fully  treated  by  Newton  in  the 
Principia,  in  1687.     Here 

_     h'u*  h*         1 

~  a(\-e')  ~  a  (I—  e2)    r»' 

And  the  solution  is  unique.     Since  the  force  varies  according  to  the  law  of  inverse 
squares,  only  a  conic  section  can  be  described;   but  the  type  of  conic  varies 
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according  to  the  initial  velocity.     If  p  be  the  acceleration  at  unit  distance,  then 
the  conditions  are: 

(1)  V  >  —      ,     e  >  1,     orbit  an  Hyperbola,  \  . 

2„  I         Centre   of 

(2)  V1  =  — -      ,     e  =  1,     orbit  a  Parabola,       \    force  always  (21) 


(3)  V1  <  -£.     ,     e  <  1,     orbit  an  Ellipse. 


in  the  focus. 


r 


These  results  are  so  familiar  that  they  do  not  here  call  for  detailed  discussion; 

but  we  may  remark  that  when  the  force  is  repulsive,    P  =  —  * ,     the  curve  is  the 

opposite  branch  of  an  hyperbola  such  as  might  be  described  under  an  attractive 
force,  and  obviously  the  particle  recedes  to  infinity.  The  particle  could  be  made 
to  approach  the  repulsive  focus  only  by  projecting  it  in  that  general  direction 
with  considerable  velocity;  after  nearing  the  focus  till  the  velocity  was  overcome 
it  would  again  recede  indefinitely. 

This  theory  is  illustrated  by  the  particles  of  the  tails  of  certain  comets  which 
are  falling  to  the  sun  with  considerable  velocity,  and  begin  to  be  repelled  from  the 
sun  more  powerfully  than  they  are  attracted  by  the  sun's  gravity.  Certain 
particles  of  the  corona  are  carried  away  in  the  same  manner,  chiefly  by  the  powerful 
radiation-pressure  of  the  sun's  light,  which  Arrhenius  has  carefully  investigated 
in  Lick  Observatory  Bulletin,  No.  58.  The  exact  shape  of  the  path  pursued  depends 
on  the  intensity  of  the  forces  at  work,  but  if  the  repulsive  force  varies  inversely 
as  the  square  of  the  distance  the  path  is  hyperbolic,  with  the  sun  in  the  other 
focus.  It  is  supposed  that  the  repulsive  forces  operating  in  the  tails  of  comets 
depend  largely  on  electric  charges,  and  as  these  charges  may  become  dissipated 
with  increased  distance,  the  hyperbola  on  which  they  are  started  is  modified  by 
the  dissipation  of  the  charge,  or  the  path  becomes  a  varying  hyperbola  with  the 
sun  in  the  other  focus.  If  the  repulsion  should  entirely  cease  and  the  particle 
did  not  then  have  a  velocity  sufficient  to  carry  it  indefinitely  away  from  our  sun, 
it  might  again  move  in  an  ellipse  till  brought  into  the  region  where  the  repulsive 
forces  are  predominant.  Thus  it  appears  that  while  much  matter  circulates 
about  our  sun  in  ellipses  practically  undisturbed  save  by  the  attraction  of  the 
planets,  other  matter  is  violently  repelled,  with  such  velocity  that  it  never  returns  to 
our  system;  while  yet  other  particles  suffer  temporary  repulsion  to  great  distances, 
but  when  the  electric  charge  is  dissipated,  and  the  velocity  not  too  great,  they 
again  come  under  the  sway  of  central  gravity  and  at  length  return  to  the  sun. 
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All  these  varied  movements  are  possible,  and  apparently  verified  by  the  phe- 
nomena witnesses  among  the  bodies  which  traverse  the  solar  system.  And  no 
doubt  similar  phenomena  take  place  about  other  fixed  stars  observed  in  the  im- 
mensity of  space. 

As  respects  intensity  it  may  be  noted  that  Light,  Heat,  Magnetic  and  Electric 
Forces,  the  Radiation-Pressure  depending  on  Light,  as  well  as  Universal  Gravi- 
tation —  the  principal  natural  forces  operative  at  great  distances,  some  attractive 
and  some  repulsive  —  all  act  according  to  the  law  of  the  inverse  square  of  the 
distances,  evidently  because  the  expansion  of  space  or  the  solid  angle  subtended 
by  a  body  depends  on  this  law. 

The  only  natural  forces  known  to  obey  laws  different  from  the  law  of  the 
inverse  squares  are  chemical  and  molecular  forces  operating  at  very  small  intervals, 
but  becoming  insensible  at  sensible  distances.  It  has  long  been  known  that  the 
laws  of  force  in  such  phenomena  as  capillarity  and  molecular  action  depend  on  a 
higher  power  than  that  of  the  inverse  squares.  Maxwell  found  the  equations 
most  easily  integrated  when  the  law  was  taken  to  be  inversely  as  the  fifth  power, 
and  this  has  been  generally  assumed  to  hold  in  molecular  attractions,  but  it  cannot 
be  said  to  be  demonstrated. 

It  is  shown  in  Chapter  II  that  the  law  of  attraction  in  many  spirals  is  a 
combination  of  two  powers,  as  the  third  and  fifth,  in  the  case  of  the  spiral  of 
Archimedes.  Since  few  molecular  motions  are  really  permanent  it  may  be  that 
their  paths  are  infinite  coils  such  as  the  spiral  of  Archimedes  or  the  other  spirals 
of  that  general  type.  The  movement  of  particles  on  such  expanding  or  contracting 
paths  would  explain  many  molecular  phenomena  relating  to  stability  and  decay, 
as  well  as  the  variation  of  the  forces  with  an  inverse  high  power  of  the  distance. 
We  shall  see  later,  however,  that  such  complex  laws  of  attraction  are  not  at  work 
at  the  great  distances  separating  cosmical  bodies  in  the  heavenly  spaces,  though 
in  some  cases  it  may  happen  that  the  figures  of  the  nebulae  roughly  resemble 
these  spirals. 


§  8.     Fifth    Case,     n  =  3    ,    P  -  £. 

In  this  case  the  paths  described  are  called  Cotes'  Spirals,  from  Roger  Cotes, 
the  friend  of  Newton,  of  whom  the  great  philosopher  said:  "If  Mr.  Cotes  had 
lived  we  should  have  known  something."  The  particle  is  supposed  to  move 
under  an  attraction  varying  inversely  as  the  cube  of  the  distance,  and  to  be  pro- 
jected from  a  given  point  with  any  velocity  in  any  direction. 
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Since 
we  have 

d?u  P 

or 

dhi  P 

This  differential  equation  of  motion  becomes,  when  P  =  ixu3, 

§3+u-^u  =  o,  (23) 

and  the  integral  involves  exponential  or  circular  functions  according  as  £  is  greater 
or  less  than  unity;   that  is,  according  as  the  velocity  at  an  apse  is  less  or  greater 

kit 

than  the  velocity  from  infinity.     For  —  =  -  a  _   ~  = » a  constant;  and  when 

e  =  1,  and  a  =  oo,  the  velocity  is  that  of  the  parabola.  To  classify  the  paths 
described  according  to  the  circumstances  of  projection,  several  cases  must  be  con- 
sidered. For  the  sake  of  continuity  of  thought  a  clear  conception  of  the  method 
is  needed,  and  for  this  purpose  it  suffices  to  condense  the  discussion  of  Tait  and 
Steele,  which  is  substantially  as  follows: 

I.     Take  £  >  1    ,      and  let    £,  -  l  =  k*     ;     then   our   differential   equation 
(22)  becomes 

£-"»-*  (24> 

and  the  integral  involves  exponentials 

u  =  Ae»  +  Be-".  (25) 

Species  I.    The  arbitrary  constants  A  and  B  have  the  same  sign,  and 

^=  k(Ae» -Be-»).  (26) 

If  a  be  the  value  of  A  corresponding  to  an  apse,  then  when 

6  =  a     ,     ^  =  o  =  Ae»  -  Be-".  (27) 

da 
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Suppose 


Ae*  =  Be-" 


2a' 


then  the  integral  equation  (24)  becomes 


aw-^e4'*-     +e-*"— >{ 


(28) 


(29) 


When  A  =  a,  this  equation  gives  au  =  1,  or  r  =  a,  the  apsidal  distance.  As  .A 
increases,  w  increases, or  r  diminishes;  and  when  6  =  oo  ,  u  =  oo,  or  r  =  o;  and 
hence  the  curve  forms  an  infinite  number  of  convolutions  about  the  pole,  and  being 
symmetrical  on  both  sides  of  the  apse,  is  of  the  form  shown  in  the  figure. 


Fig.  4. 


Species  2.     Let     £2  >  l    ,    B  =  o    ,        and    then    equation     (25)     becomes 


u  =  A? 


2a 


or 


an  =  e* 


(30) 


which  is  the  equation  of  the  logarithmic  or  equiangular  spiral.  If  we  had  supposed 
A  =  o,  instead  of  B  =  o,  the  nature  of  the  resulting  curve  would  not  have  been 
changed. 
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Species  3.     Let  p  >  l     ,    and  B  negative;  then  equation  (25)  becomes 

u  =  At?  -  Be-"'.  (31) 

If  we  put  u  =  o,  when  6  =  a,  we  obtain  as  for  species  1, 

au  =  ${««'-•>  -  •-*«'—>!.  (32) 

And  when  0  =  a,  w  =  o,  or  r  =  oo.     As  0  increases  r  decreases,  and  when  6  is 
infinite  r  =  o;   so  that  the  curve  has  an  infinite  number  of  convolutions  around 

the  pole.     There  is  an  asymptote  to  the  curve  parallel  to  OA  at  a  distance  | . 


Fig.  5. 


II.     Species  4.     Let  £  =  1,  and  the  general  differential  equation  (23)  becomes 


the  integral  of  which  is 

au  *=  0  —  u. 

This  is  the  equation  of  the  reciprocal  or  hyperbolic  spiral. 


(33) 
(34) 


III.     Species  5.     Let  /*  <  1    ,    and  let  l =  k\  then  by  equation  (23)  we  get 


2? 


-f    fc2M    =    O, 


the  integral  of  which  is 


au  —  cos  A;  (6  —  a). 


(35) 
(36) 
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If  we  differentiate  we  obtain 


Jo 


—  k  sin  k  (0  —  «). 


(37) 


It  appears  that  a  is  the  value  of  6  corresponding  to  an  apse,  and  a  is  the  apsidal 
distance.     The  curve  has  asymptotes  and  is  of  the  form  shown  in  the  figure. 


Fig.  6. 


It  will  be  seen  from  this  discussion  how  varied  are  the  paths  which  a  particle 
may  describe  under  a  force  varying  inversely  as  the  cube  of  the  distance  when 
set  in  motion  with  any  velocity  in  any  direction.  These  various  species  of  Cotes' 
spirals  are  by  no  means  similar,  but  they  do  not  differ  among  themselves  much 
more  widely  than  do  the  various  types  of  conic  sections,  corresponding  to  central 
forces  varying  inversely  as  the  square  of  the  distances. 

The  case  of  the  logarithmic  spiral  is  of  most  interest  in  connection  with  the 
nebulae;  but  even  this  simple  curve  is  found  to  be  inapplicable. 


§  9.    Sixth  Case.     »  =  4 


? 


It  does  not  seem  necessary  to  treat  this  case  and  the  cases  involving  higher 
powers  of  the  distances  at  length.  We  shall  merely  remark  that  the  particles 
may  describe  a  great  variety  of  spiral  curves,  two  of  the  simplest  being: 
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(1)  A  circle  with  0  in  the  centre; 

(2)  A  cardioid  with  0  at  its  cusp. 

Both  of  these  results  require  special  conditions  in  the  velocity  and  direction  of 
the  trajectory  when  the  particle  is  started. 


Fig.  7. 


It  may  be  remarked  that  for  any  power  of  the  central  force  a  circle  is  a  possible 
orbit,  but  it  is  only  a  single  curve  out  of  the  large  number  of  paths  which  may 
be  traced  under  various  initial  conditions. 


Here  in  n 


§  10.     Seventh  and  Ninth  Cases. 
5,  and  n  —  7,  and 


P  = 


P  = 


(1)  In  the  first  case,  n  =  5,  it  is  found  in  general  that  the  radius- vector  r  is 
an  elliptic  function  of  the  angle  0.  In  one  special  case  the  path  is  a  circle  with  0 
on  the  circumference.  In  the  case  of  the  inverse  fifth  power  of  the  distance  the 
path  is  generally  very  complex,  and  it  is  difficult  to  see  why  such  orbits  were 
assumed  for  the  molecules  of  matter  under  conditions  of  average  behavior. 
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(2)     The  inverse  seventh  power  presents  a  great  variety  of  results.    We  shall 
only  mention  the  case  of  the  Lemniscate  of  Bernouli  with  0  at  the  Node. 


Fig.  8. 


No  forces  acting  according  to  any  of  these  higher  powers  are  known  to 
operate  in  Nature,  and  accordingly  we  need  not  further  elaborate  the  discussion  of 
the  paths  which  might  be  pursued. 


CHAPTER  II. 


Investigation  of  the  Laws  of  Attraction  for  Particles  Moving  in  Partic- 
ular Plane  Spirals;  and  of  the  Projection  of  these  Paths,  with 
Especial  Reference  to  the  Figures  of  the  Nebulae:  Comparison  of 
Theory  with  Observations. 

§  11.     The  Problem  Presented  by  the  Nebulae. 

In  order  to  ascertain  whether  the  spiral  nebulae  really  represent  particles 
pursuing  exact  mathematical  curves  under  given  forces,  it  becomes  necessary 
to  inquire  critically  into  the  nature  of  the  laws  of  attraction  under  which  particles 
might  describe  these  curves.  After  we  have  found  the  required  laws  of  attraction 
corresponding  to  the  several  curves,  it  will  remain  to  determine  whether  the 
curves  involved  are  contradicted  by  the  geometrical  appearances  of  the  nebulae, 
and  whether  these  laws  of  attraction  are  also  inadmissible  on  physical  grounds. 
This  somewhat  exhaustive  mode  of  reasoning  is  rendered  necessary  by  virtue  of 
the  fact  that  we  see  the  figures  of  the  nebulae  only  in  projection,  as  viewed  from 
one  point  in  space,  and  it  seems  unlikely  that  any  other  projection  ever  will  be  avail- 
able to  the  inhabitants  of  this  planet.  Consequently  we  must  exhaust  all  known 
means  of  involving  the  assumed  curves  and  laws  of  attraction  in  contradiction 
with  known  phenomena. 

Even  when  this  method  is  carried  out  one  may  still  imagine  that  he  has  not 
exhausted  all  possible  forms  of  spirals,  but  only  those  known  to  us;  and  also 
that  physical  laws  of  attraction  or  repulsion  may  exist  in  the  depths  of  space 
of  a  nature  quite  different  from  anything  yet  recognized  upon  the  earth,  either 
between  large  masses  of  matter  acting  on  one  another  at  considerable  distances, 
or  between  very  small  masses  acting  at  distances  corresponding  to  those  of  our 
molecules  and  atoms,  which  are  hopelessly  below  the  limits  of  vision  with  any  of 
the  appliances  now  known  to  Science. 

In  regard  to  the  first  of  these  questions,  it  may  indeed  be  said  that  other 
spirals  may  yet  be  discovered  with  properties  somewhat  different  from  those  now 
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known;  yet  the  species  of  spirals  already  determined  are  many,*  and  if  the  nebulae 
do  not  approach  any  of  these  types,  or  do  not  show  by  comparison  with  them 
great  regularity  of  figure,  it  would  manifestly  be  impossible  that  such  regular 
properties  could  be  given  to  the  nebulae  by  new  discoveries  to  be  made  hereafter. 
Thus  the  main  test  turns  more  upon  the  -perfect  regularity  of  the  figures  of  the  nebulae 
compared  to  any  geometrical  figure  whatever,  than  upon  our  ability  to  exhaust 
the  possible  supply  of  these  curves.  The  spirals  at  our  disposal  are  so  varied, 
regular  and  numerous  that  they  may  be  taken  as  representative  of  all  which 
could  possibly  exist;  and  if  the  nebulae  depart  from  them  all,  or  show  conspicuous 
discontinuities,  or  breaks  inconsistent  with  geometrical  regularity,  we  may  justly 
conclude  that  the  observed  spirals  are  not  true  geometrical  figures,  but  only 
chance  figures  devoid  of  regular  mathematical  properties. 

In  regard  to  the  second  of  the  above  questions,  it  suffices  to  say  that  if  the 
laws  of  attraction  or  repulsion  varied  in  different  regions  of  the  universe,  we 
might  expect  matter,  light  waves  in  the  ether,  and  even  space  itself  to  change 
with  location,  which  is  contrary  to  the  principles  of  Natural  Philosophy.  Moreover, 
our  own  solar  system  itself  was  at  one  time  undeniably  a  spiral  nebula,  of  which 
the  traces  are  now  partly  but  not  wholly  obliterated;  and  the  properties  of  the 
matter  still  observed  in  the  solar  system  ought  therefore  to  hold  also  among  the 
other  nebulae  observed  in  the  remotest  regions  of  space.  And  in  our  solar  system 
the  chief  attractive  and  repulsive  forces  at  work  are  gravity,  electric  and  mag- 
netic forces,  and  the  repulsion  of  light — for  large  distances  and  considerable  masses; 
and  atomic  and  molecular  forces — for  small  particles  acting  at  insensible  distances. 
As  the  laws  are  found  by  experiment  to  be  the  same  for  matter  upon  the  earth, 
and  for  that  reaching  us  in  the  cosmical  dust  which  continually  rains  down  upon 
our  planet  from  the  heavenly  spaces,  we  may  justly  conclude  that  they  are  common 
also  to  the  matter  observed  in  other  parts  of  our  planetary  system,  and  generally 
to  all  matter  whatsoever  throughout  the  sidereal  universe. 

To  hold  that  the  forces  dominant  in  the  nebulae  may  be  different  from  those 
acting  at  large  distances  in  the  solar  system  and  everywhere  varying  as  the  law 
of  the  inverse  squares,  and  to  liken  them  rather  to  the  forces  which  in  our  regions 
of  space  operate  only  between  minute  particles  at  insensible  distances,  would  be 
to  introduce  into  the  science  of  Natural  Philosophy  the  most  contradictory  principles. 
It  is  inconceivable  that  the  forces  depending  on  the  law  of  the  inverse  squares  of  the 
distances  can  be  dominant  among  cosmical  masses  here,  but  quite  dormant  among  the 

*  An  excellent  discussion  of  the  general  theory  of  spirals  will  be  found  in  Loria's  Spezielle  Algebraische  und 
Transcendente  Ebene  Curven,  Theorie  und  Geschichte,  B.  G.  Teubner,  Leipzig,  1902.  Translated  from  Italian 
into  German  by  Schutte. 
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nebulae ;  while  the  more  complex  forces  depending  on  inverse  higher  powers  of  the 
distances  known  to  be  inactive  here  should  be  really  dominant  there.  Accordingly, 
to  determine  the  forces  at  work  among  the  nebulae,  it  suffices  to  find  the  laws  of 
attraction  for  the  particular  spirals  which  might  be  imagined  to  exist  in  the  im- 
mensity of  space,  and  to  study  these  laws  of  attraction  in  combination  with  the 
theory  of  the  projection  of  the  spirals,  the  geometrical  figures  of  which  are  well 
known. 

§  12.     The  Spiral  of  Archimedes. 

This  curve  is  described  by  a  particle  moving  uniformly  along  a  line  that 
revolves  uniformly  about  a  fixed  point,  which  thus  becomes  the  pole.  The  equation 
of  the  Spiral  of  Archimedes  is 

r  =  a6.  (38) 

In  this  case 


dr 

do 


'    f 


1  _  oV  +  rW  _  a"  +  r\ 
dp        2o?r  +  r* 


r       VaT+l^      '      dr       («■+**)" 

Hence,  by  the  general  formula  (2),  we  get 


(39) 


(40) 


Fig.  9. 


In  other  words,  the  law  of  attraction  for  a  particle  describing  the  spiral  of  Archi- 
medes varies  as  the  inverse  cube  and  the  inverse  fifth  power  of  the  distance 
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combined.  And  this  result  for  the  spiral  of  Archimedes  is  quite  typical  of  spiral 
movement  in  general.  There  are  few  spirals  for  which  the  law  of  attraction  proves 
to  be  extremely  simple.  As  we  have  already  seen,  the  logarithmic  or  equiangular 
spiral  is  one  of  these  exceptions,  the  law  of  attraction  in  that  case  varying  inversely 
as  the  cube  of  the  distance.  But  in  nearly  all  the  spirals  which  the  writer  has 
investigated,  the  law  of  central  force  is  made  up  of  two  terms,  varying  as  inverse 
powers  of  the  distance,  always  higher  than  the  second. 

Maxwell's  reference  of  molecular  forces  to  functions  varying  as  the  inverse 
fifth  power  of  the  distance  and  the  belief  among  physicists  that  this  power  is  too 
high,  leads  one  to  ask  whether  the  law  of  the  Archimedean  spiral  or  some  of  the 
other  related  spirals  might  not  give  a  better  representation  of  the  phenomena 
than  has  heretofore  been  obtained. 

It  will  be  shown  hereafter  that  the  figures  of  the  spiral  nebulae,  so  far  as  they 
can  be  said  to  be  approximately  of  one  type,  correspond  as  nearly  to  the  spiral 
of  Archimedes  as  to  any  other.  If  the  course  of  time  should  prove  molecular 
movements  to  be  spiral  in  character,  and  of  about  the  same  type  of  spiral  as  the 
average  spiral  observed  among  the  nebulae,  it  would  give  remarkable  unity  to 
our  conceptions  of  the  physical  universe,  whether  the  systems  concerned  be  vast 
nebulae  or  infinitesimal  molecules,  with  their  minuter  subsystems  of  atoms  and 
electrons. 

So  far  as  we  can  now  see,  the  paths  described  by  the  elements  of  a  nebula 
are  not  exact  mathematical  curves;  neither  are  the  motions  permanent,  but 
slowly  changing.  The  instability  of  molecular  mechanism,  especially  emphasized 
by  the  transformations  made  known  in  the  researches  on  radio-activity,  apparently 
point  to  molecular  systems  not  unlike  those  seen  among  the  nebulae  scattered 
so  abundantly  throughout  the  immensity  of  space. 


§  13.     The  Law  of  Attraction  for  the  Logarithmic  or  Equiangular  Spiral. 

As  is  well  known  this  spiral  was  invented  by  Descartes.     The  equation  of 
the  curve,  in  its  simplest  form,  is 

r  -  a'.  (41) 

dr       .  ,  fdr\*  1        log2  a  +  1  r 

-=  log  a.a>  =  r  log  a     ;      (^  j  =  r»  log«  a     ;     -,  = ^—     ;    *  =  (1  +  log,  o),  5 

*« 1  (42) 

dr       (l+logaa)»  v     ' 


LOGARITHMIC    OR   EQUIANGULAR   SPIRAL. 


43 


Therefore,  by  means. of  these  values,  we  find 


*-?i-S<i+i*.>. 


(43) 


Fio.  10. 


Accordingly  in  the  logarithmic  spiral  the  force  varies  inversely  as  the  cube  of  the 
distance;  and  the  expression  for  the  attractive  force  becomes  extraordinarily 
simple. 

If  \jt  be  the  angle  between  the  tangent  to  the  curve  and  the  radius- vector, 
we  have 

,       ,  d$  r  1 

tan  i/f  =  r  —  =  —. =  = =  m, 

T  dr      r  log  a      log  a 

the  modulus  of  the  system  of  logarithms.  If  the  base  a  =  e,  the  Naperian  base, 
then  log  a  =  1,  tan  xfj  =  1,  $  =  45°;  so  that  in  this  case  the  radius- vector  cuts 
the  curve  at  the  constant  angle  of  45°.  But  in  the  more  general  case  the  tangent 
of  the  angle  between  the  curve  and  the  radius-vector  is  equal  to  the  modulus 
of  the  system  of  logarithms.  By  means  of  this  property  of  equiangularity  we 
have  a  criterion  which  may  be  applied  to  the  nebulae,  to  ascertain  whether  their 
figures  are  logarithmic  spirals. 
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§  14.     The  Law  of  Attraction  for  the  Lituus. 
The  equation  of  this  curve  is 


r26  -  a*. 


And  we  have 


dr 

d$ 


r  fdrV1        r»_  1 


1  +  A6\ 

3  m  Z5  ' 


P    = 


Vi  +  to1 


■   p>  = 


dp  1 


(44) 


(46) 


a+40-y/2  '  dr    vrn^ 


By  the  formula  for  the  law  of  attraction,  we  get 

p  _hi  dp  _  h1  i  4a2  J 


(46) 


Fig.  11. 


Therefore  in  the  Lituus  the  central  force  varies  inversely  as  the  cube  and  fifth 
power  of  the  distance  combined.  The  expression  for  the  central  force  here  has 
the  same  general  form  as  in  the  spiral  of  Archimedes,  although  neither  the  forms 
of  the  equations  in  the  two  cases,  nor  the  curves  themselves  are  very  similar. 
This  similarity  in  the  form  of  the  law  of  central  force  holds  for  a  great  number  of 
spiral  paths,  but  the  coefficient  for  the  term  involving  the  inverse  fifth  power  of 
the  distance  varies  from  one  spiral  to  another.  It  is  only  in  a  few  simple  spirals 
that  this  term  entirely  disappears,  and  gives  a  law  of  attraction  depending  simply 
on  the  inverse  cube  of  the  distance. 
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§  15.     The  Law  of  Attraction  for  the  Hyperbolic  or  Reciprocal  Spiral. 
The  equation  of  the  curve  is 


rO  =  a.  (47) 

And  hence 

dr  ra 

d$=  ~  a 


/*»\«      r*  1  _  r*  +  aa. 

\d~e)  ~~  a1      '     p~'~      rW     ' 


ra  dp  a*  r*a* 

Therefore,  by  the  general  formula,  we  have 

_       As  dp      Aa 

The  law  of  attraction  in  this  case  is  exceedingly  simple,  depending  wholly  on  the 
inverse  cube  of  the  distance.  The  law  of  attraction  is  the  same  as  for  the  equi- 
angular or  logarithmic  spiral,  but  the  constant  coefficient  is  different  in  the  two 
cases,  being  simply  h?  for  the  Hyperbolic  Spiral,  and  /i2  (I  +  log2  a)  for  the 
Equiangular  Spiral. 

It  is  shown  in  works  on  Dynamics  that  the  velocity  of  a  particle  at  each  point 
of  its  path  is  inversely  proportional  to  the  perpendicular  from  the  centre  on  the  tangent 
at  that  point.  For  if  v  be  the  velocity,  s  the  distance  passed  over  by  the  moving 
particle  revolving  through  the  angle  0,  we  have  at  once 

_ds  _ds   dO  _ri  d$  _  h 
~  di~  d~0  di  ~  p    di  ~  p' 

(cf.  Tait  and  Steele,  Dynamics  of  a  Particle,  §  141.)  An  inspection  of  any 
spiral  therefore  suffices  to  indicate  whether  the  velocity  changes  rapidly,  for 
it  always  varies  inversely  as  p,  and  becomes  very  large  when  p  is  small,  and  vice 
versa. 

§  16.     The  Law  of  Attraction  for  the  Parabolic  Spiral. 
The  equation  of  the  curve  is 

(r  -  o)a  =  4ca6.  (50) 

Accordingly  we  get 

dr  _  2ca  +  a  /dr\*  _  oa  (2c  +  l)a  1        aa(2c  +  l)a  +  r\ 

dd  r  '    \d~e)  ^  '     p  ~  ~      ~~W 


r* dp  _  ra  [3aa  (2c  +  l)a  +  r4]  , 

Va>(2c  +  iy+r*      '      dr  =     [aa(2c  +  l)a  +  r«]"a  ' 


(51) 
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And  when  we  apply  the  general  formula  for  the  central  force,  we  find  the  following 
law  of  attraction 

It  turns  out  that  the  law  of  attraction  for  the  Parabolic  Spiral  is  rather  complex, 
which  should  not  be  wholly  unexpected,  in  view  of  the  manner  in  which  the  spiral 
is  constructed  by  making  the  axis  of  the  parabola  the  circumference  of  a  circle 
of  radius  a,  instead  of  a  straight  line. 

After  one  convolution  about  the  circle  has  been  made,  the  spiral  begins  to 
overlap  the  previous  convolution,  so  that  the  spaces  separating  the  outer  coils 
are  narrower  than  that  separating  the  inner  one  from  the  circle.  In  this  respect 
the  properties  of  the  parabolic  spiral  are  somewhat  different  from  those  of  most 
spirals,  which  ordinarily  are  quite  uniform  throughout  their  length. 


§  17.     The  Laws  of  Attraction  for  Spirals  Resembling  that  of  Archimedes,  but 
with  Exponents  of  the  Angle  Which  are  Greater  than  1  and  Less  than  2. 

A  spiral  of  the  general  form  r  =  a#",  where  n  >  1  and  n  <  2,  may  be  said 
to  resemble  the  Spiral  of  Archimedes,  but  the  coils  separate  more  rapidly  as  they 
recede  from  the  pole.  Spirals  of  this  type  are  of  considerable  interest  in  connection 
with  the  figures  of  the  nebulae,  which  usually  have  coils  widening  out  with  the 
increase  of  distance  from  the  centre.  We  shall  first  consider  the  two  cases  in 
which  n  =  f  and  n  =  2. 


First  case. 


9a*$  +  4rs. 


dr      3  fdr\*      9  19   a*6      1 


4r* 


Therefore 


Second  case. 


P  ™  V9a30  +  4rJ     '      dr  ~  (9aa0  +  4r2)1^  '  (     > 


Aa  dp      h}(.       9  as0\ 

/l  =  7(1+4  7j-  <54> 


aO*. 


dr       o  a  fdr\"       a   u»  1        WP  +  r*  r1  .     dp       (8a202  +  r*)r       /ccx 
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Therefore 

*■_£*-£{.  t:?£}.  m 

§  18.     The  Laws  of  Attraction  for  Spirals  with  Other  Fractional  Exponents  of  the 

Angle,  Namely  |,  and  f . 

The  following  two  spirals  closely  resemble  that  of  Archimedes,  because  the 
fractional  exponents  of  the  angle  do  not  differ  greatly  from  unity,  which  was  em- 
ployed by^'the  geometer  of  Syracuse. 

Third  case. 

r    .  '     dO      3  '     \d0)        9  ' 

1        l&a.W'*  +  9r2  _  3ra  dp  _  r(96«3fl2/3  +  27 r2) 

~p~>  W~  '     P  ~  VlWffw  +  1^      '      dr  "  (16a2^  +  9r2)8"'  '     ' 

Therefore 

_       h*  dp       hU  .        96   aW  ) 


Fourth  case. 


Therefore 


au*         dr     5  a         fdrY     25  «h 

1  =  25«afl»  +  16ra  _  4ra  . 

/>'  ~  16r*  '     P  ~  v/25aJ^  +16r2' 

dp  _    2OOaa0*  +  64r« 
ifr  ~  (25aa0»  +  l&ry ' 


§  19.     77ie  Laws  0/  Attraction  for  Spirals  with  Angular  Exponents  of  f  and  f . 

The  following  spirals  will  suffice  to  conclude  the  theory  of  these  curves  of 
the  general  form  r  =  aO"     ,    n  >  1    ,    n  <  2. 

Fifth  case. 

1_  _  36aa0"*  +  25rs 5ra  dp  =  (3&0a?6m  +  125r*)r 

y»  -  25r*  ''     *  "  V36a*0"  +  25rs      5      <*>"  "    (36a2^6  +  25ra)""  ' 
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Therefore 

A«  dp  _  A'  $  1       360aJ^ 

Sixth  case. 


•  rfr        rV  125r»     J  l     ' 


1  _  2ha%P»  +  9r' 3I-3      rfp  =  (lSOaW  +  27r»)r     ' 

p*  ~  9?~  '     P  "  V25aJ^«  +  9r»     J      dr  "    (25a'0*  +  9^)^ 

Therefore 

/>«  dr       r«  ^  27r»      5  V     ' 

It  will  be  seen  from  this  series  of  spirals  that  the  law  of  attraction  in  these 
curves  has  the  general  form 

where  N  is  a  numerical  coefficient,  and  q  is  an  exponent,  usually  a  fraction,  proper 
or  improper,  but  always  less  than  2.  The  law  of  attraction  in  all  these  spirals 
is  therefore  quite  complicated. 


§  20.     Other  Possible  Forms  of  Spirals. 

A  great  many  other  forms  of  spirals  besides  those  here  investigated  could 
evidently  be  imagined.  In  most  cases  the  laws  of  attraction  would  be  very 
complex,  and  the  results  therefore  of  little  interest  in  our  present  inquiry.  In 
addition  to  the  form  r  =  ad"  we  might  mention  the  closely  analogous  form 
r  =  an0,  which  differs  from  that  above  treated  only  in  the  fact  that  the  exponent 
relates  to  the  base  rather  than  to  the  angle.  It  is,  however,  a  matter  of  no  practical 
consequence  whether  we  have  the  motion  from  the  pole  uniform  and  the  rate 
of  motion  in  the  angle  alone  variable,  as  in  the  form  r  =  ad",  considered  in  the 
preceding  sections;  or  whether  we  take  the  angular  motion  to  be  uniform  and 
the  motion  from  the  pole  alone  variable,  as  in  the  form  r  =  an6.  The  result  in 
the  two  cases  is  practically  the  same,  for  it  makes  no  essential  difference  which 
quantity,   a  ojr  6,   is  subjected  to  successive  changes  of  exponents. 

To  illustrate  this  we  shall  now  consider  the  two  simplest  cases,  n  =  f  and 
n  =  2.     In  the  first  case, 

r  =  a*'*6.  (66) 
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and 


dr  =  aw  ■.  (tx   ->  •   1    a'  +  r* 


d6  '      \dd)    "  '      jA  r*  '     '    ~  Va*  +  r2 

,  _  r*  dp  _r  (2a8  +  r2) 

*    "  (a*  +  r2)1"2      '      aV  =  (a'T^f*  ' 


(67) 


Therefore 


r>       h1   dp       A2  C  .        2a8  ) 

In  the  second  case, 

r  =  a*0.  (69) 


and 


aV 
50  = 

■'  ■  (S)'- 

1        a*  +  r> 

7''  = 

r6 

dp       r  (2a*  +  r*) 

(a4  +  rJ)8/J      ' 

dr  _    (a*  +  j-2//2 

Therefore 

p  _ 

AJ  a>       A2  C 

'2a*  ) 

Va*  +  r2 


(70) 


(71) 
r     —         'v  > 

Consequently  we  see  that  the  expression  for  the  attractive  force  is  always  of  the 
same  general  form,  namely,  one  depending  on  the  inverse  third  and  inverse  fifth 
powers  of  the  distances,  whether  the  equations  for  the  spirals  are  of  the  form 
r  =  a0n  or  r  =  an6.  The  spirals  are  therefore  in  the  two  cases  of  the  same 
general  type,  though  differing  somewhat  in  properties  and  mode  of  construction. 

Thus  the  cases  already  considered  seem  to  be  the  only  ones  of  much  interest, 
and  we  may  proceed  with  our  inquiry  without  fear  that  we  have  overlooked  any 
important  class  of  spirals.  If  the  observed  figures  of  the  nebulae  show  no  regularity 
compared  to  these  standards,  we  may  have  no  hesitation  in  concluding  that  their 
figures  are  naturally  and  inherently  irregular,  and  follow  no  geometrical  law  what- 
soever, but  depend  wholly  on  chance. 

§  21.     On  the  Projections  of  Plane   Spirals  in  Space,  and  on  the  Mathematical 
Criteria  for  the  Recognition  of  Particular  Spirals  Among  the  Nebulae. 

If  we  consider  an  orbit  or  other  geometrical  figure  lying  in  a  plane  which 
cuts  the  plane  tangent  to  the  celestial  sphere  at  an  angle  i,  it  will  be  clear  that 
all  lines  in  the  figure  drawn  perpendicular  to  the  line  of  nodes  will  be  shortened 
by  the  factor  cosi.  The  only  radius  vector  of  an  orbit  or  plane  spiral  path  which 
will  not  be  shortened  by  projection  is  that  coinciding  with  the  line  of  nodes.  Any 
other  radius  vector  will  be  shortened  by  the  factors   cos  i  sin  u,    and   become 
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/•  cos  i  sin  u,  where  u  is  the  argument  of  the  latitude,  or  angular  distance  in  the 
plane  of  the  orbit,  reckoned  from  the  ascending  node. 

Thus  the  projection  of  any  spiral  will  leave  some  geometrical  elements  of 
the  figure  unchanged,  in  certain  parts  of  the  circumference;  and  we  may  utilize 
the  criteria  thus  supplied  for  the  recognition  of  particular  spirals,  in  case  they 
should  really  exist  among  the  nebulae.  The  uncertainty  in  this  subject,  arising 
mainly  from  the  supposed  difficulty  of  establishing  decisive  criteria,  seems  to  have 
discouraged  investigators  from  entering  upon  this  comparison  of  the  actual  nebulae 
as  seen  in  projection,  with  the  mathematical  figures  of  spirals  of  known  properties. 
We  shall  now  apply  these  general  conceptions  to  some  particular  spirals,  which 
will  illustrate  the  general  theory  of  these  criteria  for  the  rejection  of  spirals  pro- 
posed for  the  explanation  of  the  nebulae. 


§  22.     The  Projection  of  the  Spiral  of  Archimedes. 

We  have  already  seen  that  the  equation  of  this  curve  is  r  =  ad.  The  property 
of  the  spiral  of  Archimedes  most  easily  recognized  in  any  projection  of  the  path  is 
evidently  the  equal  intervals  between  the  successive  spires,    PQ  =  QR,   &c.  =  2air. 
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For,  however  .this  spiral  be  projected,  one  diameter  will  remain  unchanged;  and 
moreover  the  intervals  between  the  spires  in  any  other  direction  will  be  shortened 
by  the  same  constant  factor,  the  apparent  radius  vector  becoming 
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r'  =  r  cos  I  =  n  .  2air  .  cos  I,  (72) 

where  I  is  the  latitude,  defined  by  the  equation 

sin  I  =  sin  i  sin  u.  (73) 

As  the  reduction  factor  cos  I  is  common  to  each  of  the  successive  intercepts 
between  the  n  spires  seen  in  any  direction,  they  would  all  be  shortened  in  the  same 
proportion,  and  the  intercepts  along  any  radius  vector  always  remain  of  constant 
length,  though  in  general  they  would  vary  along  different  radii  vectores  drawn 
from  the  centre.  The  intercepts  coinciding  with  the  line  of  nodes  should  have 
the  maximum  apparent  length.  Accordingly,  if  the  spiral  of  Archimedes  exists 
among  the  spiral  nebulae,  this  criterion  will  serve  for  its  immediate  recognition; 
and  we  need  do  nothing  more  than  compare  the  intercepts  between  the  spires 
in  any  direction.  The  more  unequal  these  intercepts  prove  to  be,  the  more  em- 
phatically we  are  obliged  to  reject  this  curve  as  representing  the  figures  of  the 
nebulae. 

In  an  attempt  to  test  the  validity  of  the  Spiral  of  Archimedes,  we  have  applied 
this  criterion  to  the  following  nebulae:  Messier  33  Trianguli,  Messier  51  Canum 
Venaticorum,  Messier  101  Ursae  Majoris  —  as  photographed  by  Ritchie  at  the 
Yerkes  Observatory;  and  to  Messier  61,  Messier  74  Piscium,  Messier  77  Ceti, 
Herschel  I  53  Pegasi,  Herschel  I  55  Pegasi,  Herschel  V  41,  Messier  18  Ursae  Majoris 
—  all  photographed  by  Keeler  and  Perrine  at  the  Lick  Observatory ;  Messier 
81  Ceti,  and  the  great  Nebula  of  Andromeda  —  photographed  by  Roberts.  It 
was  generally  found  that  the  criterion  fails  and  that  the  departure  of  the  figures 
of  the  nebulae  from  that  of  the  Spiral  of  Archimedes  is  conspicuous  and  unmistake- 
able.  It  is  only  in  rare  cases  that  the  intervals  between  successive  spires  are  equal 
in  any  direction,  and  the  irregularities  are  conspicuous  in  almost  every  nebula. 
Accordingly  we  are  obliged  to  conclude  that  the  convolutions  in  the  nebulae  do 
not  correspond  to  the  Spiral  of  Archimedes. 

§  23.     The  Projection  of  the  Logarithmic  or  Equiangular  Spiral. 

The  equation  of  this  curve  is  r  =  a'.  The  property  of  the  curve  most  easily 
recognized  is  the  equal  angles  made  by  the  radius  vector  with  the  tangent  to  the 

t spiral.  This  angle  is  always  constant  and  the  tangent  of  it  equal  to  the  modulus 
of  the  system  of  logarithms.  As  we  see  the  spirals  only  in  projection,  and  not 
as  they  really  are,  this  property  of  equiangularity  obviously  will  not  be  preserved 
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in  the  outlines  traced  upon  the  plane  tangent  to  the  celestial  sphere.  In  some 
cases,  however,  no  doubt  the  angle  i  would  be  small  or  insensible,  and  the  pro- 
tected figures  of  the  spirals  agree  sensibly  with  the  real  ones. 

If,   for  example,   the  radius  vector  be  at  the  node,   then  we  shall   have 
•  /  =  r  cos  I  =  r,   because  the  latitude  is  zero ;  but  in  the  more  general  case  where 
r*  is  not  at  the  node,  we  have  for  the  argument  of  the  latitude  u, 

tan  u  =  sec  t  tan  (p  —  SI),  (74) 

where  p  is  the  position  angle  of  the  point  in  question.  Suppose  the  angle  between 
the  radius  vector  and  the  tangent  to  the  curve  to  be  #,  tan  #  =  modulus  of  the 
system  of  logarithms.  And  let  the  arguments  of  the  latitude  for  two  points  of 
the  nebula  be  ux  and  u2.  Then  our  equation  is  tan  ux  =  sec  i  tan  (p^ —  SI), 
which  must  be  satisfied. 

From  the  equation  r  =  a,  we  may  calculate  r  and  6  in  the  real  spiral;  and 
hence  we  get 

tan  !<2  =  tan  (m,  +  9)  =  sec  i  tan  (pt  —  &), 
tan  (m,  +  &)       tan  (pt  —  Q) 


tan  ux  tan  (pt  —  SI) 


(75) 


If  this  equation  is  not  satisfied,  it  will  indicate  that  the  spiral  is  not  equiangular. 
The  point  p2  must  be  found  from  r  =  a  ,  when  a  and  6  are  known  ,  and  r'  =  r  cos  12. 
When  the  inclination  is  small  these  tests  will  be  easily  applied,  for  then  the  in- 
clination can  be  almost  neglected,  especially  if  the  variations  in  the  angle  #  are 
large.     For  then  no  change  in  u  will  materially  effect  the  observed  angle  &' . 


§  24.     Practical  Tests  of  Certain  Spirals. 

The  best  way  to  test  the  Logarithmic  or  Equiangular  Spiral  is  to  apply  it 
to  a  spiral  nebula  of  symmetrical  form  as  free  as  possible  from  distortion  by  pro- 
jection. Messier  74  Piscium,  as  photographed  at  the  Lick  Observatory,  is  such 
a  symmetrical  nebula.  It  is  found  to  fail  in  this  case,  and  it  may  be  presumed 
to  fail  in  all  -other  cases.  It  will  be  seen  later  that  this  spiral  fails  quite  generally 
when  subjected  to  this  rigorous  test,  and  hence  we  are  obliged  to  reject  the  logarith- 
mic spiral  as  representing  the  figures  of  the  nebulae. 
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The  Lituus  of  Cotes.  The  equation  is  r20  =  a2.  In  this  case  there  is  an 
asymptote  corresponding  to  an  infinite  branch,  or  rather  two  infinite  branches, 
one  positive  the  other  negative;  for  when  6  =  o,  r  =  ±  as.  As  the  spiral  nebulae 
do  not  have  infinite  branches,  we  may  reject  this  curve  as  inapplicable.  It  is 
found,  moreover,  that  the  coils  of  the  Lituus  do  not  correspond  to  the  figures  of 
the  nebulae  where  they  are  well  defined. 

The  Hyperbolic  or  Reciprocal  Spiral,  r  =  y  may  be  rejected  for  the  same 
reason;  and  in  general  all  spirals  with  asymptotes  are  excluded. 

The  Parabolic  Spiral,  with  equation  (r  —  a)2  =  4ca0,  when  drawn,  is  found 
to  give  wider  coils  near  the  centre  than  further  out  from  the  origin,  on  account  of 
the  overlap  as  the  successive  coils  are  wound  around  the  circle  of  radius  a.  And 
since  the  observed  nebulae  have  their  widest  coils  on  the  outside,  we  need  not 
dwell  on  this  curve,  because  it  is  shown  by  observation  to  be  inapplicable  to  the 
nebulae. 

The  methods  here  given  may  be  extended  to  any  suggested  spiral,  and  some 
criterion  developed  which  will  show  the  spiral  in  question  to  be  applicable  or 
inapplicable  to  the  nebulae,  in  spite  of  the  fact  that  they  are  always  seen  in  pro- 
jection, with  only  one  visible  outline  in  each  case.  A  general  objection  to  most 
complex  spirals  is  that  the  law  of  force  is  very  complex,  and  does  not  correspond 
to  gravity,  even  as  modified  by  the  action  of  repulsive  forces,  such  as  those  de- 
pending on  the  pressure  of  light  or  electric  charges. 


§  25.     Further  Consideration  of  the  Spiral  of  Archimedes,  with  Allowance  for  the 

Uncertainty  of  the  Photographs. 

Having  now  excluded  the  other  spirals  from  consideration  by  some  con- 
tradiction with  observed  phenomena,  it  remains  to  examine  more  critically  the 
two  spirals  which  have  the  closest  resemblance  to  the  observed  figures  of 
the  nebulae.  We  shall  first  discuss  the  Spiral  of  Archimedes  and  afterwards 
consider  the  Equiangular  Spiral. 

The  Spiral  of  Archimedes  has  equal  intercepts  between  the  successive 
coils,  and  as  the  parts  of  lines  in  any  direction  are  foreshortened  in  the  same 
proportion  by  projection,  this  same  property  is  preserved  in  the  figure  of  the 
spiral  as  projected  on  the  plane  tangent  to  the  celestial  sphere.  Consequently 
unless  the  intercepts  between  the  coils  in  any  given  direction  are  equal,  though 
in  general  they  will  be  unequal  in   different  directions,  owing  to  varying  fore- 
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shortening  in  projection,  we  may  conclude  that  the  figures  of  the  nebulae  do  not 
correspond  to  the  Spiral  of  Archimedes. 

Now  in  applying  this  simple  criterion  to  the  heavens,  it  is  necessary  to  bear 
in  mind  the  limits  of  possible  errors  of  observation,  and  the  fact  that  the  photo- 
graphic plate  depicts  actinic  activity  rather  than  mere  quantity  of  matter,  which 
in  some  places  might  be  rather  obscure,  owing  to  lack  of  chemical  activity.  Thus 
a  certain  margin  of  uncertainty  must  be  admitted  to  allow  for  the  effects  of  unequal 
luminosity  upon  the  sensitive  plate.  But  nevertheless  if  the  nebulae,  as  observed 
in  many  well  authenticated  cases,  violate  the  Archimedean  conditions,  we  shall 
have  to  reject  this  spiral  as  not  representing  a  law  of  nature.  We  have  applied 
these  criteria  to  the  available  photographs  of  nebulae  taken  at  the  Lick  and  Yerkes 
Observatories  and  by  Roberts  at  Starfield,  England.  And  the  failure  of  the 
Archimedean  spiral  has  been  so  general  and  so  conspicuous  where  the  photographs 
were  clear  and  indisputable,  that  we  have  been  obliged  to  give  up  any  hope  that 
the  figures  of  the  nebulae  could  be  thus  represented. 

In  a  few  cases  the  criteria  seem  to  be  approximately  fulfilled.  But  in  almost 
all  other  cases  there  were  obvious  contradictions.  The  discordances  were  so 
decided  as  to  be  quite  conspicuous,  even  when  a  wide  margin  for  the  uncertainty 
of  the  photograph  was  allowed ;  and  as  the  contradictions  are  much  more  numerous 
than  the  agreements  with  the  Archimedean  criteria,  it  is  obvious  that  we  are 
not  justified  in  adopting  this  spiral  as  corresponding  to  a  law  of  nature. 


§  26.     Further  Consideration  of  the  Logarithmic  or  Equiangular  Spiral  toith 
Reference  to  Possible  Errors  of  Observation. 

The  property  of  equiangularity  makes  it  easy  to  test  the  Logarithmic  Spiral 
where  the  angle  of  projection  is  insensible.  In  other  cases  the  criterion  is  more 
difficult  to  apply,  and  owing  to  the  uncertainty  attaching  to  photographic  results, 
in  which  intensity  of  actinic  radiation  rather  than  density  of  matter  is  depicted, 
there  are  cases  which  do  not  admit  of  solution  with  any  considerable  degree  of 
confidence.  But  if  there  are  a  number  of  cases  of  very  small  or  zero  inclination, 
so  that  the  spiral  obviously  is  seen  without  appreciable  distortion  by  projection, 
it  becomes  possible  to  adopt  or  reject  the  Equiangular  Spiral  as  a  curve  applicable 
or  inapplicable  to  the  heavens.  Now  when  we  study  the  nebulae  as  depicted  on 
the  plates  taken  at  the  Lick  Observatory  and  elsewhere,  we  find  that  several 
most  excellent  specimens  of  small  or  zero  inclination  of  the  spirals  really  exist, 
and  hence  these  criteria  can  be  safely  applied.     For  example  the  nebulae  Messier  51 , 
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Messier  61,  Messier  74;  Messier  33,  and  Messier  101,  show  very  little  evidence  of 
distortion  by  projection,  and  we  are  therefore  justified  in  taking  the  observed 
angles  as  very  nearly  the  true  ones.  Now  these  are  not  constant,  either  in  different 
parts  of  the  same  nebulae,  or  in  different  nebulae  compared  to  one  another.  The 
angles  made  by  the  radius  vector  with  the  tangent  to  the  coils  vary  all  the  way 
from  0°  to  45°,  which  is  much  too  large  to  be  ascribed  to  errors  of  observation.  We 
are  therefore  justified  in  concluding  that  the  angles  are  not  equal,  and  the  spirals 
are  not  logarithmic;  though  there  is  often  a  fairly  close  approximation  to  this 
curve  for  a  single  case.  It  is  noticeable,  however,  that  the  angle  between  the 
radius  vector  and  the  tangent  to  the  curve  not  only  is  not  constant  in  any  one 
case,  but  also  different  in  different  cases,  as  if  corresponding  to  different  systems 
of  logarithms;  so  that  there  is  evidently  no  correspondence  to  any  system  of 
logarithms  whatsoever. 

Thus  the  similarity  of  figure  always  breaks  down  at  some  point  sufficiently 
clear  and  well  defined  to  leave  no  doubt  that  the  spiral  cannot  be  considered, 
within  admissible  limits  of  uncertainty,  to  be  truly  equiangular  in  any  one  case, 
and  still  less  is  this  true  of  all  the  different  cases  where  the  angles  vary  so  greatly. 
Consequently  the  law  of  attraction  operating  in  the  observed  spirals  cannot  agree 
with  that  of  the  inverse  cube  of  the  distance,  under  which  alone  a  particle  may 
describe  the  Logarithmic  Spiral. 


§  27.     On  the  Comparison  of  the  Other  Spirals  with  the  Photographs  of  the  Nebulae. 

We  have  dwelt  at  some  length  on  the  observational  proof  that  neither  the 
Spiral  of  Archimedes  nor  the  Logarithmic  Spiral  could  be  considered  to  apply  to 
the  figures  of  the  nebulae.  As  we  have  seen  the  Archimedean  Spiral  represents 
a  law  of  attraction  varying  as  the  inverse  cube  and  inverse  fifth  power  of  the 
distance  combined,  and  is  therefore  typical  of  the  forces  operating  in  a  great 
number  of  spirals.  On  the  other  hand  the  Logarithmic  Spiral  represents  a  force 
varying  simply  inversely  as  the  cube  of  the  distance,  without  any  term  depending 
on  the  inverse  fifth  power;  and  is  therefore  less  typical  of  spirals  in  general 
than  is  the  Spiral  of  Archimedes,  which  follows  a  more  complicated  law  of 
attraction. 

Now  it  is  tedious  to  dwell  at  length  on  each  of  a  long  list  of  spirals,  and  we 
have  therefore  found  it  more  practicable  to  treat  these  spirals  by  types,  selecting 
the  Spiral  of  Archimedes  as  the  simplest  of  these  depending  on  complicated  laws  of 
attraction;  and  the  Logarithmic  Spiral  as  the  most  typical  of  the  spirals  depending 
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on  very  simple  laws  of  attraction.  As  both  of  these  types  fail  conspicuously 
to  represent  the  actual  figures  of  the  nebulae,  we  may  safely  infer  that  all  other 
spirals  of  the  same  general  type  would  also  fail,  both  from  the  nature  of  the  curves, 
and  from  the  nature  of  the  central  forces  under  which  they  might  be  described. 
If  the  photographs  are  sufficiently  sharp  to  make  entirely  clear  the  failure  of 
the  selected  types  of  spirals,  they  would  also  make  clear  the  failure  of  the  other 
related  curves,  representing  both  simple  and  complex  laws  of  central  force. 


§  28.     The  General  Character  of  Chance  Spirals. 

If,  therefore,  we  give  up  the  expectation  that  any  regular  geometrical  spirals 
can  be  found  to  represent  the  figures  of  the  nebulae,  the  question  at  once  arises 
whether  spirals  depending  wholly  on  chance  would  appear  to  tend  towards  an 
approximate  type.  This  is  an  important  question,  and  before  we  can  answer  it 
we  must  examine  the  conditions  of  the  problem  very  carefully.  Let  us  first 
assume  that  the  spiral  nebulae  most  frequently  arises  from  the  approach  and 
mutual  coiling  up  of  two  streams  of  cosmical  dust.  At  first  they  would  resemble 
cometary  nebulae,  with  the  heads  and  necks  curved,  but  with  tails  nearly  straight. 
At  a  later  stage  of  development  the  coiling  would  have  gone  on  so  far  that  only 
the  ends  of  the  tails  would  be  free  of  bending.  All  the  rest  of  the  swarms  would 
have  become  involved  in  the  winding  up  of  the  two  streams  under  the  force  of 
their  mutual  attraction,  and  by  virtue  of  the  difference  of  initial  relative  motion. 
As  the  winding  up  became  more  and  more  complete,  the  coils  near  the  centre  of 
the  spiral  would  show  increasingly  regularity  of  figure,  while  the  exterior  parts 
would  present  the  principal  evidences  of  irregularity.  This  is  what  actually 
appears  among  the  nebulae,  in  such  cases  as  Messier  51,  Messier  61,  Messier  101, 
and  Messier  33.  Accordingly  we  may  conclude  that  the  regularity  of  the  figure 
of  a  nebulae  depends  to  a  large  extent  upon  its  stage  of  development. 

Now  there  are  obviously  all  stages  of  development,  from  the  cometic  nebulae 
with  curved  necks,  to  the  aged  nebulae  in  which  the  coils  have  become  dense  and 
regular.  In  our  search  for  spiral  nebulae  we  are  most  impressed  with  those  which 
show  symmetry  of  figure,  and  approximation  towards  a  normal  type;  while  the 
unformed  and  but  little  developed  spirals  are  scarcely  noticed,  because  they  do 
not  tend  towards  a  definite  type. 

We  conclude,  therefore,  that  the  tendency  towards  a  type  noticed  among  the 
spiral  nebulae  is  a  natural  outcome  of  chance  movement,  at  that  stage  of  develop- 
ment where  the  effects  are  conspicuous. 
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§  29.     Chance  Spirals  Tend  Towards  a  Type,  with  only  an  Approximate  Geometrical 

Figure:  Meaning  of  the  Wings  Shown  by  the  Spiral  Nebulae, 

and  the  Temperature  of  the  Nebulae. 

This  proposition  is  sufficiently  clear  from  what  precedes,  and  need  not  be 
dwelt  upon  here.  It  is  obvious  that  the  individual  nebulae  should  exhibit 
irregularities  depending  on  the  imperfection  of  their  development.  The  approxi- 
mate geometrical  figure  towards  which  the  nebulae  conform  seems  to  be  a  type 
combining  the  properties  of  the  Spiral  of  Archimedes  and  of  the  Logarithmic  Spiral. 
The  Spiral  of  Archimedes  has  all  its  spires  at  equal  distances,  whereas  in  the  nebulae 
the  outer  spires  are  frequently,  if  not  generally,  a  little  wider  than  those  near  the 
centre;  on  the  other  hand  the  spires  as  we  go  outward  from  the  centre  do  not 
separate  so  rapidly  as  in  the  case  of  the  Logarithmic  Spiral.  A  mixture  of  these 
two  spirals  thus  seems  to  give  the  type  most  common  among  the  nebulae.  In 
the  older  nebulae  no  doubt  the  tendency  approaches  the  Spiral  of  Archimedes;  in 
the  newer  nebulae  it  more  nearly  resembles  the  Logarithmic  Spiral. 

While  these  appear  to  be  the  average  tendencies,  it  must  be  expected  that 
chance  irregularities  will  be  very  numerous,  and  often  more  conspicuous  than  the 
normal  types  the  nebulae  are  supposed  to  approach.  This  state  of  affairs  is 
confirmed  by  observation  and  justifies  our  interpretation  of  the  figures  of  the 
nebulae  as  wholly  the  effect  of  chance,  and  of  the  stage  of  development  attained 
in  the  individual  case.  As  the  coiling  up  of  the  streams  of  cosmical  dust  would 
sometimes  give  smoother  figures  than  in  others,  owing  to  the  initial  conditions  of 
motion,  the  stage  of  development  could  not  certainly  be  inferred  from  the  observed 
appearance  of  the  coils,  though  this  might  often  be  done  with  a  high  degree  of 
probability. 

If  the  above  view  of  the  origin  of  spiral  nebulae  be  admissible,  it  will  follow 
that  in  the  winding  up  of  the  two  original  streams  of  cosmical  dust,  there  should 
appear  outside  of  the  nebulae  surviving  evidences  of  the  original  direction  of 
these  streams,  in  the  form  of  projecting  wings  or  ansae.  These  opposite  wings 
are  observed  on  many  nebulae,  and  their  meaning  does  not  appear  to  be  open  to 
question.  Before  the  two  streams  united  to  form  a  spiral  nebula  they  were,  no 
doubt,  largely  or  wholly  dark;  but  as  the  central  mass  coiled  up  it  became  luminous 
throughout  the  interior,  and  even  a  short  distance  beyond  the  borders  of  the  last 
coil.  Hence  the  visibility  of  the  ansae  or  wings  projecting  from  the  spiral  nebulae. 
Whether  the  luminosity  depends  on  collisions  producing  light  and  luminescence 
among  the  particles  of  cosmical  dust  which  compose  a  nebula,  or  whether  electric 
or  radio-active  forces  are  at  work  and  increase  in  intensity  when  the  two  streams 
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begin  to  wind  up,  we  need  not  consider  at  present.  Possibly  both  of  these  sources 
of  light  may  be  available.  In  any  case  the  nebulae  are  certainly  at  very  low 
temperature.  If  the  temperature  were  appreciably  above  that  of  the  celestial 
spaces,  these  rare  masses  would  cool  down  in  a  short  time  to  the  absolute  zero, 
because  in  such  rare  masses  the  heat  could  not  be  retained.  This  does  not  imply 
that  there  may  not  be  a  very  considerable  elevation  of  temperature  in  the  central 
or  denser  parts  of  certain  nebulae.  But  if  the  spiral  nebulae  be  the  outcome  of 
chance  swarms  of  great  rarity,  practically  devoid  of  hydrostatic  pressure  in  the 
coils,  it  will  follow  that  the  temperature  is  everywhere  very  low,  except  where 
centres  are  being  developed  for  the  evolution  of  planets  and  components  of  multiple 
stars.  Planets  develop  in  rare  masses  devoid  of  hydrostatic  pressure,  if  we  may 
judge  by  the  example  of  the  solar  system;  and  while  they  may  be  highly  heated 
within,  the  surrounding  nebulosity  itself  is  at  very  low  temperature. 

A  familiar  illustration  of  spiral  movement  may  be  noticed  in  the  revolving  spray 
used  for  watering  the  lawn.  The  movement  thus  arising  is  not  exactly  identical 
with  that  seen  in  the  nebulae,  but  so  closely  analogous  to  it  as  to  be  worthy  of 
attention.  The  water  flows  out  under  steady  pressure,  and  two  opposite  twigs 
of  the  spray  are  curved  so  as  to  give  by  reaction  a  couple  about  the  axis  of  rotation, 
and  the  reaction  of  the  flowing  stream  keeps  it  whirling  backward.  As  the  spray 
rotates,  it  seems  to  carry  the  streams  of  water  along  with  it,  whereas  the  particles 
in  the  stream  really  move  forward,  and  others  rush  out  to  take  their  places,  so 
as  to  make  the  stream  continuous.  Notwithstanding  this  forward  motion  of 
the  individual  particles  of  water,  the  stream  itself  forms  backward  with  the  whirling 
of  the  spray,  and  thus  presents  to  the  eye  a  striking  analogy  to  the  phenomena  noticed 
in  the  nebulae,  where  streams  are  coiling  up  under  their  mutual  attraction,  and  thus 
revolving  much  like  the  spray  on  the  lawn.  In  the  heavenly  spaces,  as  in  this 
experiment  here  on  the  earth,  the  whirling  movement  is  in  the  direction  which  the 
streams  take  in  going  towards  the  center. 

§  30.     Final  Conclusions  Regarding  the  Central  Forces  Operating  in  Nature. 

The  treatment  of  Central  Forces  given  in  these  two  chapters,  in  connection 
with  that  given  in  Volume  I  of  these  Researches,  is  believed  to  be  sufficient  for 
all  philosophic  purposes ;  but  it  may  be  well  to  remark  that  this  discussion  does 
not  claim  to  exhaust  all  that  has  been  accomplished  by  mathematicians  on  this 
very  extensive  subject.  It  has  been  deemed  advisable  to  restrict  this  brief  account 
to  the  simpler  and  more  practical  results,  which  do  not  involve  the  use  of  the  tran- 
scendental functions,  such  as  the  elliptic  integrals  and  the  elliptic  functions,  which 
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have  at  length  become  so  very  important  in  modern  analysis.  Those  who  wish 
to  examine  laws  of  attraction  of  the  general  type  P  =  \isf,  other  than  those  con- 
sidered in  Chapters  I  and  II  of  this  volume,  may  consult  Whittaker's  Analytical 
Dynamics,  pp.  79-86. 

It  is  easily  shown  that  the  time  is  given  by  the  integral 


hj 


r^dO  +  constant  ; 

and  therefore  the  problem  of  motion  under  central  forces  is  always  soluble  by 
quadratures,  when  the  force  is  a  function  of  the  distance  only,  as  was  long  ago 
remarked  by  Laplace  in  the  Mecanique  Celeste  (Liv.  II,  Chap.  I,  §  2). 

When  P  =  fir',  and  v  =  5,  3,  1,0,  —  2,  —  3,  — 5,  —  7,  and  many  fractional 
values  besides,  the  problem  is  shown  to  be  reducible  to  circular  or  elliptic  func- 
tions. Cases  with  v  =  5,  3,  0,  — 4,  — 5,  — 7,  lead  to  elliptic  integrals;  but  on  in- 
verting the  integrals,  we  may  obtain  the  solution  in  terms  of  elliptic  functions. 
Whittaker  gives  the  solution  for  a  case  in  which  v= — 5,  and  finds  the  time  in  terms 
of  the  Weierstrassian  elliptic  functions  (loc.  cit.,  pp.  82-84).  These  results  are 
of  profound  interest  from  a  mathematical  point  of  view,  for  they  extend  the 
domain  of  the  higher  analysis  introduced  by  Weierstrass,  Schwartz,  and  other 
great  mathematicians;  but  they  are  too  purely  theoretical  in  character  to  be 
entered  upon  in  this  work,  which  must  have  in  view  chiefly  application  to  the 
systems  actually  observed  in  the  physical  universe. 

In  the  standard  work  on  Dynamics  just  cited,  Whittaker  remarks  that  it 
has  been  shown  by  Bertrand  and  Koenigs  that  of  all  the  laws  of  force  which 
give  a  zero  force  at  an  infinite  distance,  the  Newtonian  is  the  only  one  for  which  all 
the  orbits  are  algebraic  curves,  and  also  the  only  one  for  which  all  the  orbits  are 
closed  curves.  In  accordance  with  these  results,  it  has  been  shown  by  elaborate 
investigations  carried  out  on  visual  binaries,  in  Volume  I  of  these  Researches,  and 
by  exact  spectrographic  investigations  since  made  on  many  spectroscopic  binaries, 
at  the  Lick  Observatory  and  elsewhere,  that  the  Newtonian  law  holds  true 
among  double  and  multiple  stars  of  every  known  kind  throughout  the  sidereal 
universe. 

The  spiral  paths  shown  in  the  nebulae,  however,  are  neither  closed  curves, 
nor  any  kind  of  algebraic  curves;  because  the  spirals  are  often  broken,  so  as  to 
become  more  or  less  discontinuous,  and  markedly  irregular.  Yet  it  is  not  to  be 
inferred  from  this  circumstance  that  central  forces  different  from  gravity  are  at 
work  among  the  nebulae.  On  the  contrary,  since  gravitation  is  found  by  obser- 
vation to  govern  the  motions  of  the  stars,  and  the  nebulae  pass  by  insensible  gradations 
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into  stellar  systems,  as  is  conclusively  shown  in  this  volume,  it  necessarily  folloirs 
that  the  central  forces  operating  in  the  nebulae  can  be  nothing  else  than  universal 
gravitation:  which  is  a  last  and  sufficient  proof  that  the  observed  figures  of  the  nebulae 
are  chance  spirals,  and  therefore  necessarily  depart  from  any  kind  of  geometrical 
regularity. 


CHAPTER  III. 


Theory  of  the  Motion  of  a  System  of  Bodies  Subjected  to  Their  Mutual 
Gravitation,  and  of  the  Invariable  Plane  Discovered  by  Laplace  in  1784. 

§  31.     On  the  Origin  of  Cosmical  Systems  from  Certain  Initial  Conditions 

of  Mass  and  Motion. 

In  order  to  keep  in  mind  a  clear  conception  of  the  mechanism  of  the  planetary 
system  and  of  the  similar  systems  existing  in  space,  it  becomes  advisable  to  con- 
sider the  theory  of  the  motion  of  such  a  system  of  bodies  and  of  the  Invariable 
Plane  by  which  it  is  characterized.  In  the  planetary  system  all  of  the  principal 
bodies  revolve  near  a  fundamental  plane,  which  is  also  a  plane  of  maximum  areas ; 
such  a  plane  exists  in  every  system  of  bodies  revolving  freely  under  the  mutual 
gravitation  of  its  parts,  and  undisturbed  by  extraneous  influences.  This  plane 
was  discovered  by  Laplace  in  1784  (cf.  Oeuvres  Completes  de  Laplace,  Tome 
XI,  pp.  548-551),  and  is  called  the  Invariable  Plane  of  the  system,  because  no 
mutual  action  of  the  attracting  bodies  can  ever  disturb  it.  When  our  whole  solar 
system  is  transported  along  in  its  secular  motion  through  space,  this  plane  remains 
rigorously  parallel  to  its  original  position  among  the  fixed  stars. 

It  will  be  seen  below  that  the  position  of  the  Invariable  Plane  is  determined 
by  the  masses,  their  mutual  distances  and  the  initial  velocities  and  directions 
with  which  they  are  started ;  so  that  the  variation  of  these  initial  elements  would 
shift  the  position  of  the  plane  of  maximum  areas;  but  when  they  are  once  given  in 
the  starting  of  the  system,  its  position  is  thereafter  forever  fixed,  and  nothing 
but  external  forces  can  ever  disturb  it.  As  the  universe  is  constructed  on  an 
immense  scale,  with  vast  spaces  intervening  between  the  systems  which  compose 
it,  each  system  carries  with  it  an  invariable  plane  which  remains  parallel  to  its 
original  position. 

An  examination  of  the  theory  of  the  motion  of  an  infinite  system  of  bodies 
subjected  to  their  mutual  gravitation  will  therefore  throw  light  upon  the  develop- 
ment of  cosmical  systems  from  spiral  nebulae.     These  whirling  vortices  originate 
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by  the  chance  approach  or  settling  of  streams  of  nebulosity  drifting  hither  and 
thither  in  the  general  movements  of  the  universe.  We  shall,  therefore,  give  this 
mathematical  theory  with  some  care,  because  a  correct  understanding  of  it  is 
essential  for  the  interpretation  of  the  phenomena  presented  by  the  solar  system 
and  by  the  partially  developed  systems  seen  in  the  spiral  nebulae. 

§  32.     On  the  Differential  Equations  of  the  Motions  of  a  System  of 
Bodies  Subjected  to  their  Mutual  Gravitation. 

Suppose  a  system  of  n  +  1  rigid  bodies,  whose  masses  are  respectively  Mt , 
mx ,  nh ,  m^  .  .  .  ra„ ,  revolving  without  constraint  and  subject  to  the  action  of  their 
mutual  gravitation.  Let  0$,  Or),  0£  be  a  system  of  rectangular  axes  fixed  in 
space  and  £ ,  17,- ,  £,  the  coordinates  of  the  centers  of  gravity  of  these  masses 
referred  to  this  origin. 

We  shall  designate  the  distance  between  any  two  masses  m{  and  m,  by  A(J  ; 
and  therefore 

A%  =  (fc  -  &  +  (*  -  VjY  +  %  -  Q*  (76) 

When  i  =  0,  the  mass  will  be  M0 ,  and  its  coordinates  f0 ,  Vo ,  Co-  The  forces 
which  any  mass  ra,  exert  upon  the  mass  M0  are  evidently 


Mflh      £i  ~  £o  %i      Vi  -  Vo  M0rt^      &  -  {„ 

AJ  '     Ao.i       '      52  '     A„,x       '      Ac!,  '     Ao,, 


(77) 


We  have  therefore  the  following  differential  equations  for  the  motion  of  M0  under 
the  action  of  the  system  of  bodies 

3/„5°.  =  M^-LZ-^h  +  M6m2^h    +....+  ^«.5^,    ] 

In  like  manner  the  action  of  the  system  upon  the  mass  mt  would  be 


d%             „  f0  -  £,  ,  &-£,   ,            ti-d^  ,  L-tt 

"h-nr  -  wiJ/o-Vr-  +  OTimJ- TTs-  +  mimt>     A  »     +•••■+  ^m,-^-—-1, 

at                                      £Al,0  ^Al,2                                    £Al,S  i\l,» 

mi-j72  "      ^1^0            A,  +     W|W1            A     ,            +  mim»            A     ,            +  •      •       •      •         +     mi™»            A     ,           '        /                  (79) 

"f                                       ^Al,0  UM                                    ^'.»  ^l.n 

«,         »•               ™    TUT  M   —   »•  i     .v.,  ™     »»  ~   *>'     i  *™  »»,     »»   ~~   »1      i  i      ™  ™     "   ~~   M 

al                           £-H,o  ^Ai,j                         ^1,8  ZAi,« 
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And  in  general 

with  corresponding  equations  for  the  other  coordinates  vt,  £»• 

Lagrange  has  simplified  the  treatment  of  these  equations  by  the  intro- 
duction of  the  force  function: 


u=-7—  +  -*r-  +  -T—  +••••+  -r— >    \   *-0     ,    j-1 

<LAo,l  i-i0,2  i-iO^  £Ao,n 


7  =  » 


m.m.,        m.m.  ni.m,, 

a^+ a^  +  ••••  +  A^' 

«3P  .......   +!£if/<_2     ,    y_8     ,     ....    ./  =  „,     <80) 


A„-,„ 


»■»»—!        ,      j  mm  n  . 


^   A^' 

(=0      .7=1 

Now  since 

^Ao,,  _  to  -  f ,  3AM       *,  -  &  3Ao^  _  &  -  £8  3Ao,„  _  &  -  L      /Jm 

94   '      A,,,,      '       a*.   '      AM       '      9*.   "      A*      '     dt0   ~~AZ"'(    } 

we  have 


3*.  A„2,      V(a  A„J,      »f0  Ao!»      9*o  "   '   '   '    "       A0fn      3f, 

Whence 


(82) 


%  =  *-&  +  ****£  +  ^'^T  +  •  •  •  •  +  ^"-^-       (83) 

Therefore  equation  (77)  gives 

Md^-dU         K**-dU         Md^mmdU 

wi.-r^  =  —  r-       ,        to, 


<fc'        3*.      '  '  <ft2         »Vl      '         '    d?       -dt 


d%  _dU  d\  _   dU  d%  _dU 

^Ji^-JI,    '     mid^-d^    '    m*~d#-vi;  ;  (84) 


d%,      dU  d"Vn  _  VU  d^n_dU 
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The  integration  of  this  system  of  3n  +  3  differential  equations  of  the  second 
order  would  give  the  motion  of  the  n  +  1  bodies;  but  in  spite  of  the  labors  of 
the  greatest  geometers  of  the  past  two  centuries,  this  has  not  yet  been  accomplished 
with  entire  rigor  and  generality,  except  in  the  simple  case  where  n  equals  1.  In 
this  case  of  the  problem  of  two  bodies  the  result  is  undisturbed  motion  in  a  conic 
section,  which  Newton  obtained  in  his  Philosophiae  Naturalis  Principia  Mathe- 
matica,  1687. 

§  33.     Integrals  for  the  Motion  of  the  Center  of  Gravity. 
If  we  differentiate  the  force  function, 

<=n-l     ;=n 

m,m, 


MS2S 


we  shall  obtain 


(=0         j=\ 


1=  n 


dU  -^   tj,  —  r;,  . 


whence 


These  equations  give 


i=n — 1  f=» — 1    j=n 

2l£-  2  2*v*'jaV' 

i=0  (=0         fal 


(=ii—1  _„  _•«  fan— 1      fan 

ni.m 


±  vs' ^  -^rSI  r*  "AT 


8 
1=0         fcl 


(85) 


„9U         dU  \A      tni-vi, 


(87) 


If  in  the  second  members  of  these  equations  we  change  i  into  j,  and  conversely, 
the  elementary  terms  become  equal  and  of  contrary  sign,  and  thus  the  summation 
vanishes, 
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1=1,-1    „    TT  I      "      1 

Zff-  ■  2(« 


9C      „  v-i/>9CT  9J7' 

-  ^I 


(88) 


(=0  (=0 

(=11-1  1=11-1 

1=0  1=0 

Using  these  relations  in  equations  (84)  we  get 

S>,§-0     ,     2-.g-0     ,     |-,g'-0..  (8,) 


=11-1 

dU 


Also 


i=o       s  ' 


i=0 
i  =  n 


d%         d>£ 


If  we  integrate  equations  (89),  denoting  the  arbitrary  constants  of  integration  by 
«, ,  <Li  ;  bx ,  b2;  c, ,  c^ ;  we  shall  find  successively 


i  =  0  t'=0  t'=0 


^  »<fc  =  a,<  +  a2     ;       ^  m,i?.  =  i,«  +  J,     ;       ^T  m,^  =  c^  + 

i     0  1=0  1=0 

These  six  equations  show  that  the  motion  of  the  center  of  gravity  is  rectilinear 
and  uniform,  and  are  known  as  the  integrals  of  the  motion  of  the  center  of  gravity. 
They  may  be  put  under  the  following  form 


i  =  n 


i=0  i=0 


i  =  n  t=n 

a 


i=0  »=0 

i=0  t'=0 

which  exhibits  the  constants  a-if  b2,  <%,    as  functions  of  the  time.     Accordingly 
we  see  that  the  integrals  of  (84)  are  of  the  required  type,  namely, 
I 
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constant-  f($0,   Vo,   Co, ^     ,     ^     ,     ^ )•  (93) 

It  is  easily  recognized  that  equations  (91)  have  the  following  physical  significance: 
That  however  the  masses  of  the  system  may  interact  upon  one  another,  the  center 
of- gravity  is  not  thereby  affected  and  must  preserve  its  state  of  rest  or  of  uniform 
motion  in  a  right  line. 


'B' 


§  34.     General  Integrals  of  the  Areas  and  of  the  Vis  Viva  for  a  System  of  Bodies. 

If  we  multiply  equations  (90)  by  dt  and  integrate,  denoting  the  arbitrary 
constants  by  a3 ,  b3 ,  c3 ,  we  shall  get 

%»-2-.(tj-,2)*i ! 

which  are  the  General  Integrals  of  the  Areas.  Hence  the  important  theorem  that 
the  sums  of  the  areas  described  on  the  coordinate  planes  by  vectors  drawn  from 
the  origin  to  the  n  +  1  bodies  of  the  system  multiplied  by  their  respective  masses 
are  proportional  to  the  time.     If  now  we  multiply  the  equations  (84)  by 


2#. 

2drj0 

2d£0 

zafc 

2dVl 

2dlt 

2#, 

2dVl 

2d£, 

dt 

'        dt 

'       dt      ' 

dt 

•       dt      ' 

dt      ' 

dt 

'       dt      ' 

dt 

(95) 


etc., 

and  add  the  results,  observing  that  the  Force  Function  U  contains   explicitly 
only  the  coordinates     £ 0 ,  i)0 ,  £0 ;  f t ,  17, ,  &  ;  £, ,  r).Z)  Jj ;  etc. ;     so  that 
dU_dUd£0       -dUdVa       dU  dZv        9U  Mi       VU  dVl        9U  d^ 

~dt  ~  af0  ~dt  +  W^0  ~dt  +  y&  ~d7  +  ^dJx  ~d~t  +  y^  ~dl  +  tf£i  Hi  + 

+  91.  dt  +  aVn  dt  +  y£„  dt  '. 
we  shall  find 

(2jU,  d%        2d*,  d*r,a    ,2d^d%\  /2dg  d%        2drlld\        2d^  d%\ 

°\dt     dt1  +    dt     d?  T    d*    dt*)^     H\dt     dtJ  +    d*     d*'  +    d*     *V 

+     "\  d<     d*2  +    d*     d*2  +    dt    dt2)' 
This  expression,  may  be  written  in  the  unexpanded  form 

di2.m\dP+-d¥  +  W)  =  ~dT  ■  (9T) 


(06) 


TEN  COMPLETE  GENEEAL  INTEGEALS  FOE  THE  MOTION  OF  A  SYSTEM  OF  BODIES.    67 

If  we  multiply  this  expression  by  dt,  and  then  integrate,  adding  an  arbitrary 
constant  h,  we  shall  obtain  a  new  general  integral  of  the  system 

»-2-.(£+£+§")-"-      -  m 

This  is  the  integral  of  the  living  force  or  Vis  Viva. 

§  35.     The  Ten  Complete  General  Integrals  for  the  Motion  of  a  System  of  Bodies. 

These  ten  general  integrals,  viz:  six  for  the  motion  for  the  center  of  gravity, 
three  for  the  conservation  of  areas,  and  one  for  the  Vis  Viva,  are  the  only  rigorous 
general  integrals  hitherto  obtained  for  the  motion  of  a  system  of  n  +  1  bodies. 
As  the  differential  equations  are  of  the  second  order,  there  would  be  required  in 
the  general  problem  of  n  +  1  bodies  6w  +  6  integrals  of  which  only  the  ten 
here  mentioned  are  known;  so  that  even  in  the  simplest  case  of  three  bodies,  the 
general  problem  is  insoluble,  though  a  few  special  solutions  have  been  discovered. 
One  of  these  is  Lageange's  solution  with  the  three  bodies  at  the  corners  of  an 
equilateral  triangle  revolving  with  uniform  velocity.  As  the  eighteen  integrals 
required  for  the  complete  solution  of  the  problem  of  three  bodies  cannot  be 
obtained,  geometers  have  had  to  restrict  themselves  to  particular  solutions  de- 
pending on  special  conditions  of  mass,  distance  or  motion  in  space. 

In  his  important  discussion  of  the  planetary  integrals  in  the  Acta  Mathe- 
matical Vol.  XI,  Peof.  H.  Beuns,  of  Leipzig,  has  proved  that  there  are  no  more 
general  integrals  of  an  algebraic  character.  Poincaee  afterwards  demon- 
strated in  a  prize  memoir  published  in  the  Acta  Mathematica,  Vol.  XIII,  and 
somewhat  extended  in  Les  Methodes  Nouvelles  de  la  Mecanique  Celeste,  Tome  I, 
Chap.  V.,  that  the  problem  of  three  bodies  has  no  new  uniform  transcendental 
integrals,  even  when  the  restriction  is  introduced  that  the  masses  of  two  of  the 
bodies  shall  be  quite  small  with  respect  to  the  third  or  central  body  of  the  system. 
At  present,  therefore,  mathematicians  have  little  hope  of  finding  any  more 
general  integrals,  but  a  great  number  of  special  devices  are  introduced  for  throw- 
ing light  on  the  nature  of  the  movement  in  certain  cases.  Probably  there  is  no 
general  solution  of  the  problem  of  three  bodies,  but  an  infinite  number*  of  particular 
solutions,  depending  on  the  initial  conditions. 

*  In  his  Mecanique  Celeste,  Tome  I,  p.  101,  Poincare  concludes  that  even  in  the  restricted  problem  of  three 
bodies,  where  one  of  them  is  a  particle,  and  the  other  two  revolve  in  circles,  there  is  a  quadruple  infinity  of 
periodic  solutions,  depending  on  the  period  of  the  infinitesimal  body,  the  constant  of  energy,  the  moment  of 
conjunction,  and  the  longitude  of  conjunction.  Darwin  has  shown,  however,  that  this  quadruple  infinity  may 
be  reduced  to  a  single  infinity  (cf.  Periodic  Orbits,  p.  100).  When  the  problem  is  not  restricted,  the  total  number 
of  solutions  would  probably  be  an  infinity  of  infinite  order  (cf.  also  Whittaker,  Analytical  Dynamics,  pp.  380-381). 
The  word  infinite  used  above  is  to  be  understood  in  the  general  sense,  without  regard  to  the  order  of  the  infinity. 
The  restricted  problem  of  three  bodies  is  further  treated  in  Chapters  VIII-X. 
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§  36.     Laplace's  Invariable  Plane  in  Any  System  of  Bodies. 

If  we  examine  the  elements  y,^'  -  L-^  ,  etc.,  included  under  the  summation 
sign  in  the  second  members  of  (94),  we  shall  find  that  these  elements  represent 
Hie  double  areal  velocity  of  the  masses  w^,  as  projected  on  the  coordinate  planes. 
The  arbitrary  constants  a3 ,  63 ,  c3 ,  represent  the  sums  of  these  areas  projected  on 
the  coordinate  planes,  each  multiplied  by  the  corresponding  masses,  for  all  the  bodies 
of  the  system;  and  these  constants  are  proportional  to  the  time.  The  areas  de- 
scribed by  the  projection  of  the  radii  vectores  of  the  several  bodies  on  the  coordinate 
planes  are  the  projections  of  areas  actually  described  by  the  radii  vectores  of  the 
bodies  in  space.  Now  the  system  of  coordinates  may  be  revolved  into  any  position, 
and  therefore  so  as  to  make  two  of  the  constants  in  (94)  vanish  and  the  third  equal 
to  VaJ  +  V  +  c,"  ,  as  was  first  remarked  by  Laplace.  Hence  we  may  imagine  a 
resultant  or  principal  plane  of  projection  such  that  the  areas  traced  by  the  pro- 
jection of  each  radius  vector  on  this  new  plane  when  again  projected  on  the  co- 
ordinate planes,  each  areal  velocity  being  multiplied  by  the  corresponding  mass, 
will  be  respectively  equal  to  the  second  members  of  the  equations  (94). 

Let  a,  ft,  y  be  the  angle  formed  by  the  normal  to  this  new  plane  with  the  co- 
ordinate axes  Of,  Or),  0£  and  let  K  denote  the  sum  of  the  areas  traced  on  this  plane 
in  a  unit  of  time  by  the  radii  vectores,  each  area  being  multiplied  by  the  corre- 
sponding mass ;  then  it  will  be  found  that  the  sum  K  is  a  maximum,  and  its  pro- 
jections on  the  coordinate  planes  for  the  element  of  time  dt  will  be 

ajlt  =  n^jj  =  .fiT  cos  adt     ;     b^dt  =  n„j  =  K  cos  fidt     ;     csdt  =  nf  f  =  If  cos  ydt  (99) 

Therefore  we  have 

a,  =  K  cos  a     ;     bs  =  IT  cos  /3     ;     e8  =  K  cos  y     ;     K*  =  res2  +  632  +  c33 .  (100) 

The  angles     a,  ft,  y    are  defined  by  the  relations 

cos  a.  =  —  a*         ;      cos  ft  =  3        ;      cos  y  =  —  C"  —  ■         (101) 

V«8*  +  V  +  c32  Vas'  +  b*  +  c3*  V«82  +  V+«.S 

As  these  angles  are  constant  it  follows  that  the  principal  plane  of  projection  remains 
parallel  to  itself,  whatever  be  the  motion  of  the  system  of  bodies.  This  remarkable 
plane  was  discovered  by  Laplace,  A. D.  1784,  and  is  called  the  Invariable  Plane  of 
the  system.  Such  invariable  planes  characterize  the  planetary  system  and  the 
other  similar  systems  existing  in  the  immensity  of  space;  and  are  the  only  known 
geometrical  elements  of  a  perfectly  invariable  nature  yet  disclosed  in  the  changing 
physical  universe. 
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Since  the  positions- of  our  coordinate  planes  are  arbitrary,  we  may  suppose 
that  of  f,  17  to  coincide  with  the  invariable  plane  of  the  system,  this  will  give 
cos  /?  =  0,  cos  y  =  0,  and  therefore  b3  =  0,  c3  =  0.  And  since  K  is  not  altered 
by  shifting  the  coordinate  planes,  the  vanishing  of  b3  ,  o3  from  the  second  member 
of  the  equation 

K*  =  as*  +  V  +  6,«  , 

renders  a3  a  maximum.  Thus  it  appears  that  the  invariable  plane  is  also  a  plane 
of  maximum  areas  (Mecanique  Celeste,  Liv.  VII,  Chap.  XVII).  Moreover,  since 
the  position  of  the  axes  of  $,  -q  in  this  plane  are  arbitrary,  it  follows  that  for  every 
plane  perpendicular  to  the  invariable  plane,  the  sum  of  the  areas  traced  thereon 
by  the  projection  of  their  radii  vectores,  each  multiplied  by  the  corresponding 
masses,  is  zero. 

§  37.     Transformation  of  the  Equations  for  the  Invariable  Plane. 

It  is  therefore  natural  to  take  this  plane  as  the  plane  of  f,  17;  and  to  place 
the  origin  of  coordinates  at  the  center  of  gravity  of  the  system.  If  the  center  of 
gravity  of  the  system  has  a  uniform  rectilinear  motion  in  space  the  origin  of  co- 
ordinates will  move  with  it,  and  at  any  time  we  shall  have 

U-n^  +  At     ;     H=H0  +  Bt     ;     Z  =  Z0  +  Ct     ; 

where  the  subscripts  zero  denote  the  coordinates  at  the  epoch  t0,  and  A,  B,  C 
are  the  component  velocities  of  the  new  origin  moving  with  the  center  of  gravity 
relatively  to  the  old  origin  fixed  in  space.  As  the  origin  of  the  coordinates  Of,  Or),  0£ 
is  now  at  the  center  of  gravity  of  the  system,  it  is  easy  to  put  the  preceding  equations 
under  a  somewhat  different  form,  which  seems  desirable.     Let  us  put  for  brevity 

K' dt ' 

then  we  have  \ 

51  "'<(*•;&  ~  v'ddf)=  M°Ko  +  ™iKl  +  m*K*  +••••+  "wt-J 

And 


(=«— 1 


l-{4 


dt       Vi  dt 


^  >«;  -  (M0K0  +  mlK1  +  nhKz+ mnKn)(M0  +  m1  +  m3+ +»»„)  (103) 


)=i 


The  part  of  the  right  member  of  this  expression  depending  on  the  factor  M0  is 

M<,K0  (M0  +  mi  +  m2  +   ....    +  ra„_i)  +  M0  (m^  +  m2K2  +  m3K3  +....+  m^K^)      (104) 
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and  a  similar  expression  holds  for  the  part  depending  on  any  mass  m, .  We  shall 
now  show  by  expansion  that  whatever  be  the  origin  of  coordinates  we  shall  have 
identically 

(105) 


(=«-i         «-» 


+  2"*2%S-  2"*5S3: 

The  first  term  of  the  second  member  of  this  expression,  when  expanded,  becomes 
Xf*i  [6 .  6>]  +  ^i«i  [6 .  60  +  -*>•  [& .  &]  +    •  •  •  •    +  nx  [£„ ,  6,3    .    (*  -  0) , 

»h»»»[^ifi]  +  wtima  [&»fi]  +     •  •  •  •     +  «H».  [£,,  £]     .     (»—  1)  i 

w2m8  [f„  £J  +     ....     +  mjnn  [£, ,  f  J     ,     («  =  2)  ,  )   (106) 


+  ™»-im»  [£„,  £„_,]     ,     (i  -  B  -  1)  . 

where  the  bracket    [£■,  £■]    is  an  abbreviation  for  the  long  brace  in  (105).     The 
last  two  terms  of  (105)  become 

>    (107) 

M0-g  +  m>-^  +  ■  ■  ■  ■   +  m»-i-^r)- 

The  part  (106)  and  (107)  depending  on  M0  is 

+  M0  {  Z0  (^  +  *,|  +"...+  ^fe)  -  »(„,§  +  „,§  +  .  . .  +  mJ-^)  \  }(108) 

The  part  of  this  expression  depending  on  M0  mx  is 

Mam,  j  ft ,  fij  +  (^  +  ^o  ~  »g,  ~  V&»)  |  .  (109) 

Using  the  full  expression  for  [&  _  £0]  this  becomes 

Mm     5  (£  -  6>)  Qfyi  ~  dVo)  ~  (Vi  ~  Vo)  (dZi  ~  dto)  +  6A1  +  6-rf??o  -  W#i  ~  VidZ\  ?  \ 

1  M  aw) 

In  like  manner  the  parts  depending  on    M0  m?  ,  M0  rrh  ,  ■  ■  ■  ■   M„  ra„_,   are 
easily  seen  to  be 

M„mt  (KQ  +  JQ     ;     M0m3  (K0+  Kt)     ;     ....     Jlf0w_,  (K0  +  £"_)  . 


GEOMETRICAL   SIGNIFICANCE    OF   THESE    EQUATIONS.  71 

Consequently  the  whole  expression  depending  on  M0  becomes 

M0*K0  +  M0m1  (K0  +  Kx)  +  M0m2  (K0  +  K,)  +  .  .  .  .   +  M,mn_x  (K0  +  K„_,)  ) 

=  M0K0  (M0  +  m,  +  m2  +  .  .  .  .  +  m„_,)  +  M0  (mxKx '+  mj£2  +....+  7,in_lK„_l)  ,  J  * 

This  is  identical  with  the  right  member  of  (104)  and  hence  the  equation  (105)  is 
established.  This  equation  (105)  holds  for  any  origin  of  coordinates,  and  by 
fixing  the  origin  at  the  center  of  gravity,  we  have 

<=«— 1  <=n-l 

2-f-O     ,       2>,t  =  0;  (m) 

<=0  i=0 

<=n-l 

so  that  the  last  terms  of  (105)  disappear.     And  on  putting  Cx  =  V  (^17,  — 17,^,), 

(=0 

with  similar  expressions  for  Ct ,  C3,  in  the  first  member,  we  have 

c^2%-  22  m>m>  \ fe "  ^ (<^  ~ dVi)  dt  (Vs  ~ Vi)  (d*J  ~ rfQ  I 

C2^my _ 22^^ I (* " ^ w ~ ^ dt (^ " c<) (d* ~ %) }>  }      (113) 

f=n  fen— 1  ^n 

^2^=  2  2m<w>  * 


<ft 

(«  -  *)  <<*C  -  O  -  &  -  «  (*&  - 

-  **) 

dt 

(C  -  tt  (#,  -  ««)  "  ft  -  6)  «p  - 

-#«) 

A 

/=1  (=0      i=\ 


§  38.     Geometrical  Significance  of  These  Equations. 

In  deriving  these  equations  Laplace  observes  (Mecanique  Celeste,  Liv.  I, 
Chap.  V,  §  22)  that  the  second  members  multiplied  by  dt  express  the  sums  of  the 

projections  of   the  elementary  areas   described   by  each   of   the  —^2 — -    right 

lines  connecting  the    ^—^ —     pairs  of  bodies  in  a  system  made  up  of    n  +  1 

masses ;  one  of  the  bodies  being  supposed  to  move  about  the  other  considered  at 
rest,  and  each  area  being  multiplied  by  the  products  of  the  two  masses  connected 
by  the  right  lines.  It  is  easy  to  show,  as  Laplace  pointed  out,  that  the  plane 
passing  constantly  through  any  one  of  the  bodies  of  the  system  relatively  to  which 
the  function 

y  y        <  ft  -  fc)  (*&  -  %)  -  (vj  -  vd  frtfy  -  #«)  ? . 

(=0      }=\ 

is  a  maximum,  preserves  its  parallelism  during  the  motion  of  the  system,  and  that 
this  plane  is  parallel  to  the  plane  passing  through  the  center  of  gravity,  and  rel- 
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atively  to  which  the  function     2'"'r'~^  ~  Vi~dt)     ^  a  maximum-    The  second 

(=0 

members  of  (113)  are  zero  for  all  planes  passing  through  the  same  body 
perpendicular  to  the  plane  of  maximum  areas.  These  two  functions,  which 
represent  areas,  and  relative  areas  respectively,  each  multiplied  by  the  corre- 
sponding masses,  thus  have  exactly  analogous  properties. 


§  39.     Integrals  for  the  Absolute  Motion  in  Space. 

Since  we  can  observe  only  the  relative  motion  of  the  heavenly  bodies,  it  is 
usual  to  refer  their  motions  to  the  center  of  the  sun.  We  shall  therefore  determine 
the  relative  motions  of  nix ,  m^ ,  m^  .  .  .  .  mn  about  M0  considered  as  the  centre  of 
their  motions.  Let  x,  y,  z,  be  the  coordinate  of  M0  and  & ,  £> ,  ...  £ „  ; 
Vi>  V2,  ■  ■  ■  Vn  ;  £i ,  L ,  Cs  ■  ■  ■  L  those  of  m, ,  m2 ,  m3  ...  mn .  Then  we 
shall  have  x  +  £,  ;  y  +  r)i  ;  z  +  £,  ;  for  the  coordinates  of  m,  and  similar 
expressions  for  any  other  body.  Let  rlf  rt,  r3  .  .  .  rn  be  the  distances  of  the 
bodies  m^,  m^,  m^  .  .  .  mn    from  M0 ;   then 


And  we  shall  have  for  the  motion  of  M0 , 


d*x 

di* 

d''y 

d¥ 

t'=n 

d*z 

d? 

(114) 


The  action  of  M0  on  any  body  ra;  taken  in  a  direction  opposite  to  the  origin  will  be 


s 


The  sum  of  the  reactions  of  the  w-bodies  mx ,  m^     ....    mn     upon  any  mass 
rrij   will  be  given  by 

1    VU  1    3U  1    DU 

Accordingly,  any  body  w,  will  have  its  motion  defined  by  the  differential  equations : 
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7'i 


d3(x  +  Q        MJj  _     1_  dU 
dt3         +     r*  m}d$j 

d2(!/  +  V.)         MoVj         1    dU  _ 


dt3 


+ 


mj.dr,; 


d*(z  +  Q         MjXj         1  VU 

„  a  .  ..      ■ 


dt3 


Substituting  for 


d*x 

di3 


dhj  d3z 

It3      '     di3 


their  values  in  (115),  we  shall  have 


dt3 


—   r 


m4i     l  EE 


I    '  -. 

^r  m-rii         1 


dt3  "*      r,8         Li   r*        m.  d-n, 


d%  +  M.&  +  y  »£_  1_  017 


-// 


1=1 


»»/  2>  £, 


If  we  multiply  the  n  differential  equations  in  £• ,  by  mx,m2, 
the  products,  observing  that  by  the  nature  of  the  function  U, 


we  shall  find 


7  =  n  j  =  n  i  =  n 


«=i  j=i    '       j=i      i=i 

i=l  ;=1       '  j=l  i=l       ' 

»=i  y=i    J        j=i      i=i 


Multiplying  equations  (114)  by    M0  +  2  ms    we  get 


7  =  1  t  =  l  3  =  t  t'=l 

?  =  1  z=l  ;'  =  1  i=l 


(115) 


(116) 


ra„  and  add 


l^  =  ^  +  ^+  •••  "  +^.=  0    '     and  similarly  ^^=o    ,     X^-O, 


(117) 


(118) 


}=1       »'=1 
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If  we  add  (117)  and  (118)  we  shall  obtain 

,=i  ,=i  / 

The  integration  of  these  equations  gives 


x  =  a  +  bt *— 


2  m£ 


7=-»       i 
M0  +  2  m, 


2  mjVj 


y  =  a'  +b't a-f=r-1  \ 

M0  +  2  nij 

2  mfa 
z  =  a"  +  b"t '-^—r, . 


M o  +  2  m} 
1=1 


The  quantities  a,  a',  a",  b,  b' ,  b",  c,  c' ,  c"  are  arbitrary  constants  of  integration, 
and  these  integrals  give  the  absolute  motion  of  M0  in  space,  when  the  relative 
motions  of  nh,  m^,  m3,  .  .  .  mn  about  it  are  known. 

§  40.     Rigorous  Integrals  of  the  Areas  in  Their  Simplest  Form. 
If  we  multiply  the  n  equations  in  £,  (115)  by 

ttlj  2  Tltjrij 

-  ™jVj  + ^^ —  > 

M0  +  2  mj 
j=i 

and  the  n  equations  in  77,  by 

m}  2  mj$j 

™& t^S, —    i 

M 0  +  2  ms 

and  then  put  in  succession  j  =  1,  j  =  2,  .  .  .  j  =  n,  and  add  the  results, 
observing  that  by  the  nature  of  the  function 
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dU    >*<S      VU 


dU 


\vu 


»=i  t=i  i=i  »=i 


(121) 


we  shall  obtain 


/=» 


2  mfij    i=n 


2  m-fl,       i=n 


M0  +  2^   i-i  M0  +  2  to,  3=1 


3  =  1 


M0  +  2  j=i 

2  m/;      3  =  n 


Z^S'-0' 


M0  4-  2  m,  j'=i 
2  to^       j"-» 


Z,n'i        dt*  --,y—^Zm^  +  Tr-^~Zjm^^° 

M0  +  2  m1  y=i 


3=1 


M0  +  2   3  = 


>-l  y=i 

The  integrals  of  these  equations  are  easily  shown  to  be 


i 


3  =  1 


dt 


2*  m,4j      3=n         ,  2  m^j      3=«  , ,. 


=  2  ** 


(v/iZj-Z/irij) 


M0  +  2  m.j  3=i 
/=i 

./=» 

2  TO,»3j        3=n 


M0  +  2  mj  3=i 
y=i 
j=» 
2  to& 


d< 


3  =  1 


%  -  2  m> 


3  =  1 


M0  +  2  my  3  =  i  M0  +  2  m,j  3  =  1 
y=i  ^=i 

M0  +  2  m,  3=i  M„  +  2  %  3=i 
j=i  i=i 


dt 


2  TO/,        3  =  n  ,, 

2»-"i'  +  --T=-2»,f- 


(123) 


If  we  multiply  the  expressions  by      M0  +  2  to,     and    put     C, ,  C2,   C3     for  the 

j=i 

products  of  the  constant  terms  by     M0  +  z  m}    ,     we  shall  get 


.7=1 


3  =  n 


,  j     n  J~n  ]=n 


cx .  jfuyCT  tfAj  -  q/#>) ,  ym  (*A>  -  ^)v^  .._  V™  e'v„  ^/v^.V™^ 


y=i 

3  =  n 
3  =  1 


3=1 


d« 


j— n  j-n 

3  =  1  3  =  1  3=1  3  =  1  ) 


dt 


7=n  ]=n  j=n 


3=n  j=n 


fi .  x^&^^m^M^  -2^2pv$ +2-a2^.  <l2*> 

7-1  7=1  J  =  l  7  =  1  3  =  1  3  =  1  3  =  1 


3  =  1 


dt 


dt 


3  =  1 


3  =  1 


3=1  3=1 
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But  we  have  already  found  in  (105)  and  (113)  that  expressions  of  the  form 

jn  1  =  11  J«n  i-n 


2-%Ur-f-*5J2i",'"2i2i1,v,|,i-  "st-  "J 

\  < 


1=1  1=1         1=1 


Using  this  value  in  the  second  member  of  (124)  we  find 
j=i  j=i  i=i 

c,  =  tf/y^ia^-^+'ll^  |  (*-*>  (^-^)-(^-Q(%-^o  |  I  (126) 

,  =  i  j-i  i-i  j 

;=i  j  =  i  1=1  I 

These  integrals  are  entirely  rigorous  and  of  the  utmost  generality. 

§  41.     Practical  Application  of  the  Theory  of  the  Invariable  Plane  to  the  Solar  System. 

We  shall  now  put  these  expressions  in  suitable  form  for  computation  of  the 
position  of  the  invariable  plane  of  the  solar  system.  The  following  discussion 
is  based  on  the  author's  well  known  paper  in  Astronomische  Nachrichten,  No. 
3923.     Any  areal  element  of  the  expression 


)  =  n 

dt 


M^mM*  ~  Vjd 


;=i 


occurring  in  the  first  term  of  the  second  member  of  (126)  may  be  given  in  terms 
of  the  elements  of  the  orbit  of  the  body  about  the  sun.  Suppose  the  semi-axis 
major  to  be  denoted  by  a, ,  and  the  eccentricity  by  ei ,  the  mass  by  w,;  then  whatever 
be  the  position  of  the  axes  Of,  O17,  we  shall  have 

*A-V%  .  V(M0+m,)a,(l-e/)  •  (127) 

If  we  multiply  the  second  member  of  this  equation  by  cos  x>  where  x  is  the  in- 
clination of  the  plane  of  the  orbit  to  the  fixed  plane,  we  shall  obtain  the  area 
projected  on  this  plane;  and  if  the  axes  be  taken  in  this  plane 
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ijdlb'dt  V/lij  =  V(M°  +  mJ  a,  (1  -  eft    .  cos  fc  .  (128) 

Now  we  may  put  \/(.flf0  +  m^  as  =  «,  af ,  where  w,-  is  the  mean  motion  of  the 
planet,  and  1  —  ef  =  cos2  <p, ,  where  e  =  sin  <p, .  Any  element  of  the  first  term  of 
the  second  member  of  (126)  is  therefore  of  the  form 

Mam}  {^dijj  -  y/ltj)  -  M0mj  V(M0  +  nij)  a,  cos  %  cos  Xj  =  Mtfn-np*  cos  g,  cos  ^ .         (129) 

The  elements  projected  on  the  other  coordinate  planes  would  be 

M0mj  (VjMj  -  ZjdVi)  =  M0m}n/i/  cos  <ft  sin  jq  cos  f$  ,  \ 
M0m,j  (Zjdgj  -  $jdQ  =  M0mjnja/  cos  <p}  sin  ^  sin  $,  .  j 

Here  »/»;  is  the  longitude  of  the  ascending  node  of  the  planet's  orbit  on  the  ecliptic 
at  a  particular  epoch.  The  second  members  of  (129)  and  (130)  are  rigorously 
exact  on  the  hypothesis  that  the  elements  vary  slowly  in  consequence  of  the  secular 
inequalities.  To  compute  the  terms  the  elements  would  have  to  be  known  for  a 
particular  epoch.  The  sun's  mass  M0  is  usually  taken  to  be  unity  and  hence 
the  elements  of  the  first  terms  of  (129)  and  (130)  have  the  form 

mj  (ijdijj  —  rydtj)  =  mjUjaf  cos  <fj  cos  xj  ,  } 

m,j  (n/lZj  —  £/%)  =  m^-af  cos  qpy  sin  xj  cos  fy ,  >  (131) 

mJ  (Zjd£j  -  %AQ  =  "W*/  cos  <^  sin  Xj  sin  ^  .  ; 

These  equations  include  all  terms  of  the  order  mi ,  that  is,  of  the  first  order  with 
respect  to  the  planetary  masses.  The  remaining  terms  of  (126)  include  terms  of 
the  order  mi  .  m{ ,  or  of  the  second  order.  These  terms  are  very  minute,  and  may 
be  neglected,  because  their  total  effects  are  smaller  than  the  uncertainty  attaching 
to  the  first  order  terms,  as  will  more  fully  appear  below.  Thus  the  maximum 
term  of  the  second  order  will  be  that  depending  on  Jupiter  and  Saturn.  The 
best  available  masses  of  Jupiter  and  Saturn  are  the  following 

m-  =  1047.35  ±0.10  (Newcomb)     ;     ^  =  350^0     (See,  4  JV.  3923). 

Accordingly,  rru,  .  myi  equals  j^^  >  which  is  of  the  second  order  of  smallness 
as  respects  the  uncertainty  still  attaching  to  the  mass  of  Saturn,  viz:  j^. 
The  uncertainty  attaching  to  the  mass  of  Jupiter  is  only  j^ ,  so  that  a 
great  degree  of  precision  in  the  determination  of  its  mass  has  already  been  attained. 
The  most  probable  masses  of  Uranus  and  Neptune  appear  to  be 

m™  "  22780  ±50      ;     mvm  =  19313  ±25      (SeE>  AN'  3923)- 

The  uncertainty  attaching  to  these  masses,  therefore,  in  the  case  of  Uranus,  amounts 
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to  so  of  the  whole,  and  in  the  case  of  Neptune,  to  ^.  The  other  masses  of 
the  planetary  system  may  be  neglected  in  comparison  with  the  uncertainty  at- 
taching to  the  masses  of  the  outer  planets.  It  is  therefore  evident  that  terms  of 
the  second  order  in  the  determination  of  the  position  of  the  invariable  plane  will 
be  wholly  insensible.  In  view  of  the  practical  difficulty  of  obtaining  better  masses 
of  the  outer  planets,  it  is  probable  that  for  a  long  time  to  come  astronomers  will 
have  to  neglect  terms  of  the  second  order  in  determining  the  position  of  the  in- 
variable plane.  In  the  tables  given  in  the  following  section  we  have  derived  the 
position  of  the  invariable  plane,  and  also  indicated  the  uncertainty  attaching  to 
its  position  on  account  of  the  uncertainty  of  the  masses  of  the  planets.  This 
is  about  all  that  can  be  done  in  the  present  state  of  our  knowledge. 

//  other  bodies  of  our  system  should  be  discovered  which  have  sensible  masses,  the 
position  there  assigned  would  be  subject  to  corresponding  alteration.  It  is  certain 
that  the  masses  of  the  comets  and  asteroids  will  exert  no  sensible  influence  on 
the  position  of  the  invariable  plane.  For  their  masses  collectively  are  smaller 
than  the  uncertainty  still  attaching  to  the  masses  of  the  major  planets,  and  more- 
over at  any  given  epoch  the  masses  will  be  so  distributed  with  regard  to  the  in- 
variable plane  of  the  system  as  to  exert  no  influence  on  its  position. 

The  only  other  causes  which  could  modify  the  position  of  this  plane,  are 
the  rotations  of  the  sun  and  planets,  and  the  orbital  motions  of  the  satellite. 
The  rotations  will  suffer  no  change  within  historical  time,  and  may  therefore  be 
ignored,  as  exerting  no  influence  on  the  position  of  the  invariable  plane,  so  that 
the  planets  may  be  regarded  as  material  points. 


§  42.     Determination  of  the  Position  of  the  Invariable  Plane  of  the  Planetary 
System,  and  of  the  Degree  of  Uncertainty  Still  Attaching  to  This  Plane. 

The  following  tabular  data  and  discussion  are  taken  from  the  author's  well 
known  paper  "  On  the  Degree  of  Accuracy  Attainable  in  Determining  the  Position 
of  Laplace's  Invariable  Plane  of  the  Planetary  System, "  Astro?wmische  Nachrichten, 
No.  3923,  a  part  of  which  is  here  reproduced  without  material  change. 
Table  I.     Planetary  Masses,  with  Other  Elements  from  the  Theories  of  G.  W.  Hill. 


Planet 


Mercury 

Venus 

Earth 

Mars 

JupUer 

Saturn 

Uranus 

Neptune 


m, 

ui 

14868548±743427 

A 

408134±8163 

h 

328715ifc328 

1 

3089967±10300 

1047.35±0.10 

Tff&ffS 

3500±2.0 

1TSH 

22780±76 

1 

19313±96 

^Jfl 

5381016.2925 
2106641.3980 
1295977.41516 
689050.8014 
109256.62552 
43996.21506 
15425.752 
7864.935 


*© 


0.6182669 
0.2109932 
0.0000000 
9.7256538" 
8.9258504- 
8.5308179- 
8.0756489" 
7.7830978" 


logOj 


9.5878217 
9.8593378- 
0.0000000 
0.1828971 
0.7162375 
0.9794956 
1.2831044 
1.4781414 


0.20560478 

0.00684331 

0.01677110 

0.09326113 

0.048255511 

0.05606025 

0.0469236 

0.0084962 


7  0  7.71 
3  23  34.83 

0  0  0.0 

1  51  2.28 

1  18  42.10 

2  29  40.19 

0  46  20.54 

1  47  1.68 


*. 


46  38  8.6 

75  19  52.2 

48  23  53.0 
98  56  19.79 

112  20  49.05 
73  14  8.0 

130  7  31.83 
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Table  II.  Deduction  of  Integrals  of  Areas  from  Adopted  Elements. 

(Units  of  the  6th  decimal). 
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mA  —  1  a' cos  <pt  cos  % 

m{(  —  j  a,3  cos  (ft  sin  x<  cos  f, 

(ni\       2 

m'\) a'   cos  *  sin  *  Sln 

*t 

0.040645 

+   0.003433 

0.003624 

2.080146 

+  0.031231 

0.119309 

3.041721 

— 

— 

0.397531 

+  0.008528 

0.009605 

2175.773000 

-  7.740952 

49.214443 

880.330610 

-14  581735 

35.471106 

192.214430 

+  0.747426 

2.481157 

283.991120 

-  5.699903 

6.762740 

2,  =  3537.869203  =  e, 

1,  =   -  27.231972  =  c2 

2S  =  94.061984  =  c3 

Q,  =  106°  8'  46".688  ;      y  -  1°  35'  7".745  \  lcifptiC  "HfT  ^Tl  m 

{  1850  January  0.0,  Greenwich  M.T. 


Table  III.     Integrals  of  Areas  as  Modified  by  Altering  the  Masses  by  the   Amount 
of  Their  Uncertainty,  so  as  to  Displace  the  Invariable  Plane  (cf.  page  81). 

(Units  of  the  6th  decimal). 


mi  (  —  )  ai   cos  fi  cos  Xi 

mi  ( — ' )  ai>  cos  <J><  sin  ^  cos  i^< 

mi  (  — )  ai   cos  q>,  sin  x< 

sin  ^ 

0.038710 

+  0.003269 

0.003451 

2.039357 

+  0.030618 

0.116969 

3.044760 

PI  - 

— 

0.398860 

+  |0.008557 

0.009637 

2175.565000 

-17.740213 

49.209740 

879.827800 

-14.573406 

35.450850 

192.857840 

+  0.749928 

2.489463 

285.409700 

-  5.728244 

6.796506 

2/  =  3539.182027  =  c,' 

2/  =  -27.136177  =  c2' 

2{  =  94.076616  = 

-ci 

Q,  =  106°  5'  24".20  ;     y  =  1°  35'  4".906  ;    d&  =  ±202".49  ;    dy  =  ±2".839  . 

Let  y  denote  the  inclination  of  the  Invariable  Plane  and  Si  the  longitude  its 
ascending  node  on  the  fixed  ecliptic  of  1850.0;  then  we  shall  have 


Cj  tan  y  sin  Q  =  c3 ;    c,  tan  y  cos  &  =  c2 . 

The  values  of  ch  c2,  c3,  found  in  Table  II  give 

y  =  1°  35'  7".745  ;     £  -=  106°  8'  46".688 . 


[1] 


[2] 


The  previous  determinations  of  the  position  of  this  plane  are  given  in  Table  IV. 
These  several  determinations  are  not  referred  to  a  common  ecliptic  and  mean 
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equinox,  and  such  a  reduction  is  hardly  worth  while  in  view  of  the  diversity  of 
elements  and  masses  employed  by  the  several  investigators,  which  would  also 
greatly  affect  the  resulting  position  of  the  invariable  plane.  Moreover,  Stockwell's 
investigation  is  the  only  one  in  which  account  is  taken  of  the  existence  of  the  planet 
Neptune,  which  was  discovered  subsequent  to  the  researches  of  Laplace  and 

PONTECOULANT. 


Table  IV.     Previous  Determinations  of  the  Position  of  the  Invariable  Plane. 


Q 

r 

Epoch 

Authority 

Source 

102  57  29 

o         /          » 

1  35  31 

Ecliptic  and  Mean  Equinox 
of  1750.0 

Laplace,  1802 

M6canique  Celeste,  Liv. 
VI,  ch.  XVII,  §  46 

102  57  15 

1  35  31 

Ecliptic  of   1750,  but   ele- 
ments of  Planets  for  1 950.0 

Laplace,  1802 

Mecanique  Celeste,  Liv. 
VI,  ch.  XVII,  §  46 

103     8  45 

1  34  16 

Ecliptic  and  Mean  Equinox 

Ponteeoulant, 

Theorie  Analytique  du 

103     8  50 

1  34  15 

of  1800.0.  In  second  value 
elements  of  Planets  are  for 
2000.0 

1834 

Systeme  du  Monde, 
Tome  III,  Liv.  VI,  ch. 
XXII 

106  14  6.00 

1  35  19.376 

Ecliptic  and  Mean  Equinox 

Stockwell, 

Smithsonian    Contribu- 

of 1850.0 

1872 

tions  to  Knowledge,  No. 
232,  p.  166 

Uncertainty  Attaching  to  the  Position  of  the  Invariable  Plane. 

In  concluding  this  discussion  it  seems  desirable  to  ascertain  the  degree  of 
probable  uncertainty  still  attaching  to  the  inclination  and  node  of  the  invariable 
plane  in  the  present  state  of  our  knowledge  respecting  the  masses  and  elements. 

Poisson  has  observed  (Traite  de  Mecanique,  Paris,  1811,  Tome  I,  p.  281)  that 
the  invariable  plane  is  a  plane  of  moments;  and  hence  if  the  several  masses  on 
one  side  of  this  plane  at  a  given  epoch  be  increased  by  the  amount  of  the  un- 
certainty attaching  to  each  mass,  while  those  on  the  other  side  are  decreased 
by  the  amount  of  their  uncertainty,  the  effect  will  be  a  maximum  displacement  of 
the  computed  position  of  the  invariable  plane  due  to  the  alterations  in  the  masses 
of  the  planets.  For  any  other  increase  or  decrease  of  the  masses,  within  the 
limits  of  uncertainty  assigned,  will  effect  the  position  of  the  plane  less  than  that 
here  suggested,  where  the  increments  are  all  positive  on  one  side  of  the  plane, 
and  negative  on  the  other.  Accordingly  we  have  computed  the  position  of  each 
orbit  with  reference  to  the  invariable  plane  by  means  of  the  formulae: 


in  Xi°  sin  i^,'  =  sin  x,  sin  (^  —  £)  ,  ) 

;in  x°  cos  <^,°  =  cos  y  sin  xt  cos  ($,  —  Si)  —  sin  y  cos  x,. .  J 


[3] 
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Table  V.     Longitudes   of   Ascending    Nodes    and  Inclinations  of  Orbits  on   the 
Invariable  Plane,  the  Longitudes  Being  Reckoned  From  Descending 
Node  of  Ecliptic  of  1850  on  Invariable  Plane. 


Planet 

(Longitude  of  Ep.) 

L 

(Longitude  of  Penh.) 

7T 

*! 

x<°. 

&°  (Stockwell) 

Xi°(Stockwell) 

Mercury 

323  11  23.53 

75     7  13.78 

288     1  33.03 

6°  20  52^67 

287°  54'    5!  12 

6°  20'  58*08 

Venus 

243  57  44.34 

129  27  14.36 

307  24  41.17 

2  11  15.11 

307  14     8.10 

2  11   13.57 

Earth 

99  48  18.67 

100  21  21.34 

180    0    0.00 

1  35     7.745 

180     0     0.00 

1  35  19.376 

Mars 

83     9  16.93 

333  17  53.49 

249     6  13.50 

1  40  30.85 

248  56  21.45 

1  40  43.70 

Jupiter 

159  56  24.98 

11  54  31.67 

210     4  32.84 

0  19  42.09 

210     7  35.44 

0  19  59.674 

Saturn 

14  49  38.09 

90     6  41.37 

16  45  35.15 

0  56     2.79 

16  34  26.66 

0  55  30.924 

Uranus 

28  25  17.05 

168  15    6.7 

204     7  30.31 

1     1  36.19 

204  12  33.78 

1     1  45.27 

Neptune 

335     5  38.91 

43  17  30.3 

86  29  28.26 

0  43  34.35 

286  39  55.10* 

0  43  24.845 

*Probably  a  misprint  for  86°  39'  55".  10. 


The  values  of  Xi°  and  V*.0  are  given  in  Table  V,  which  also  contains  the  or- 
dinary elements  L  and  tt  omitted  from  Table  I.  From  this  it  will  be  seen  that 
at  the  epoch  1850.0,  the  Earth,  Mars,  Uranus,  and  Neptune  were  north  of  the 
invariable  plane,  while  Mercury,  Venus,  Jupiter  and  Saturn  were  south  of  it.  To 
shift  the  computed  position  of  the  invariable  plane  by  a  maximum  amount  for 
the  uncertainty  attaching  to  the  planetary  masses,  we  take  m,  with  positive  sign 
for  the  planets  Earth,  Mars,  Uranus  and  Neptune,  and  negative  sign  for  the  planets 
Mercury,  Venus,  Jupiter  and  Saturn.  The  result  of  this  computation  is  given  in 
Table  III.     Hence  it  appears  that  the  variations  in  the  position  of  the  plane  are 

dQ,  =  ±202".49     ;    dy  =  ±2".839. 

This  shows  that  the  invariable  plane  may  now  be  determined  with  very  considerable 
accuracy.  The  actual  shifting  of  the  plane  due  to  improvements  in  the  masses  is 
likely  to  be  about  one-third  of  the  maximum  variation  here  computed,  and  hence 
we  may,  I  think,  conclude  that  the  inclination  is  uncertain  to  the  extent  of  about 
1"  and  the  node  by  about  1'. 

If  serious  efforts  were  made  during  the  next  half  century,  probably  the  masses 
of  the  planets  and  their  elements  could  be  found  with  such  precision,  that  the 
invariable  plane  would  become  known  with  all  the  accuracy  required  in  Practical 
Astronomy.  Already  the  inclination  of  the  plane  is  known  with  a  degree  of 
accuracy  approximating  that  of  our  knowledge  of  the  ecliptic  and  equator,  to 
which  the  planets  and  fixed  stars  are  referred.  If  the  inclination  of  the  invariable 
plane  were  certainly  known  within  the  limits  of  ±0".20,  a  degree  of  precision 
would  be  attained  which  would  leave  very  little  to  be  desired.  Considering  the 
progress  of  Practical  Astronomy  since  the  time  of  Bessel,  this  improvement  might 
be  easily  affected  during  the  present  century.     In  that  case  Laplace's  expectations 
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of  finding  an  immovable  plane  of  reference  equally  good  for  all  ages  and  serviceable 
alike  for  the  planets,  comets  and  fixed  stars,  eventually  would  be  realized. 

It  is  hardly  necessary  to  state  that  the  satellites,  asteroids  and  comets  are 
too  small  and  too  symmetrically  distributed  to  exert  a  sensible  influence  on  the 
position  of  this  plane.  But  it  is  likely  that  some  other  planet  as  yet  undiscovered 
would  need  to  be  taken  into  account.  Laplace  has  shown  (cf.  Mecanique  Celeste, 
Liv.  VI,  Ch.  XVIII,  §  47)  that  the  great  distance  of  the  fixed  stars  renders  their 
perturbing  action  upon  the  planets  so  very  minute  that  it  seems  unlikely  ever  to 
give  this  fundamental  plane  of  our  system  a  precessional  motion  among  the  stars 
which  could  be  perceived  by  the  inhabitants  of  the  terrestrial  globe.  Accordingly, 
when  the  elements  of  the  principal  planets  and  their  masses  are  known  with  the 
required  accuracy,  the  resulting  position  of  the  plane  may  be  regarded  as  rigidly 
invariable. 

As  transformation  to  such  a  plane  in  practice  would  be  somewhat  troublesome, 
it  is  not  likely  to  be  so  useful  in  the  theory  of  the  fixed  stars,  as  in  the  theory  of 
the  planets  and  comets,  where  the  orbits  undergo  great  periodic  oscillations  de- 
pending on  the  secular  variations  of  the  elements  under  the  action  of  universal 
gravitation. 

In  conclusion  it  remains  to  add  that  we  shall  see  hereafter  how  a  spiral  nebula 
gradually  develops  into  a  sun  and  a  system  of  planets  like  our  solar  system ;  and 
therefore  this  careful  examination  of  the  theory  of  the  motions  of  our  system  will 
alone  give  an  adequate  idea  of  the  perfect  order  and  harmony  and  stability  which 
may  result  from  the  chaos  of  nebulosity  governed  wholly  by  chance.  The  streams 
of  whirling  nebulosity  define  a  fundamental  plane  into  which  the  bodies  are 
gradually  drawn,  and  there  alone  permanent  planets  develop,  while  the  resisting 
medium  in  which  they  move  incessantly  reduces  the  size  and  eccentricity  of  their 
orbits,  till  at  length  the  planetary  paths  are  as  round  as  those  witnessed  in  our 
solar  system.  These  orbits  are  such  perfect  approximations  to  exact  circles  that 
they  have  always  been  equally  admired  by  the  astronomer,  the  geometer,  and 
the  natural  philosopher. 


CHAPTER  IV. 


Theory  of  the  Rotation  of  a  Condensing  Mass,  and  of  the  Formation 

of  the  Spiral  or  Whirlpool  Nebulae. 

§  43.     When  the  Bodies  of  the  System  are  Congealed  into  One  Rigid  Mass  Endowed 
with  a  Rotatory  Motion  About  an  Axis,  the  Invariable  Plane 
Becomes  the  Plane  of  the  Equator. 

If  now  we  imagine  the  bodies  forming  such  a  system  as  we  have  discussed 
to  be  instantly  congealed  into  a  solid  mass  so  as  to  form  a  rigid  instead  of  a  changing 
system,  it  is  clear  that  the  rigid  body  thus  constituted  would  also  have  the  same 
invariable  plane  as  before.  The  system  would  become  a  rigid  body  with  the  in- 
variable plane  as  its  equator.  It  would  rotate  about  an  axis  perpendicular  to 
the  invariable  plane,  or  the  equator,  and  the  axis  would  remain  fixed  with 
respect  to  the  particles  of  the  body  and  also  with  respect  to  space. 
External  disturbance  of  the  system  might  give  the  equatorial  plane  a  pre- 
cessional  motion  like  that  of  the  equinoxes;  and  internal  disturbances  might 
derange  the  pole  from  coincidence  with  one  of  the  principal  axes,  and  it  would 
oscillate  around  it  in  a  given  period,  like  the  polar  motion  in  the  variation  of 
terrestrial  latitude.  But  if  the  figure  of  the  system  of  bodies  was  oblate  like  that 
of  the  earth,  with  maximum  moment  of  inertia  about  the  axis  of  rotation,  the 
motion  about  the  polar  axis  would  be  stable  and  no  large  departure  from  that 
axis  would  ever  be  possible.  For  a  similar  reason  there  is  no  secular  change  in 
the  position  of  the  axis  in  the  body  of  the  earth. 

If,  therefore,  a  system  of  bodies  subjected  to  their  mutual  gravitation  has  an 
invariable  plane,  and  on  becoming  congealed  would  have  an  equator  of  similar 
character,  it  follows  that  in  any  system  of  particles  subjected  to  their  mutual 
gravitation,  these  geometrical  elements  are  already  determined  by  the  initial 
conditions  of  the  motions  of  the  separate  bodies.  Variations  in  the  masses, 
distances  and  velocities  and  directions  of  projection  of  the  several  bodies  would 
give  infinite  variety  in  the  resultant  rotation  and  invariable  plane  of  the  system. 


si 
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Whatever  changes  take  place,  the  rotation  of  the  system  may  always  be 
represented  geometrically  by  a  vector  of  definite  length  and  direction. 

In  order  to  develop  this  theory  a  little  more  fully,  suppose  w  to  be  the 
velocity  of  this  rotation  of  the  system  or  body  at  the  epoch  t;  and  let  the  direc- 
tion of  the  axis  be  01.  On  the  line  01,  in  a  direction  from  the  origin  to  be  deter- 
mined by  the  sense  of  the  rotation,  we  take  once  for  all  01  =  w;  then  the  projections 
of  the  point  /  upon  the  axes  Oxt ,  Oyx ,  Ozi ,  fixed  in  and  rotating  with  the  body, 
are  three  auxiliary  variables  which  may  be  introduced.  We  may  represent  them 
by  p  =  Oxi ,  q  =  0yx ,  r  =  Ozi .  If  we  decompose  the  rotation  a>  about  the  line 
01  into  three  others  about  the  coordinate  axes,  which  is  equivalent  to  taking  the 
projections  of  01  along  the  axes  Ox,  Oy,  Oz,  the  velocities  of  the  component 
rotations  are  exactly  equal  to  p,  q,  r. 

If  i|»,  6,  <f>  be  the  angles  introduced  by  Euler  into  the  theory  of  a  rotating 
body,  reckoned  from  axes  fixed  in  space  as  shown  in  the  figure, 


~$~    x* 


Fig.  13.     Euler's  Three  Angles,  ifi,  0,  <f>,  for  Specifying  the  Displacement  of  a 

Rigid  Body  Rotating  about  a  Point  0. 
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then  we  have  the  following  well  known  expressions  for  p,  q,  r,  (cf.  Tisserand's 
Mecanique  Celeste,  Tome  II,  Chap.  XXII,  p.  373;  Thomson  and  Tait's  Natural 
Philosophy,  Vol.  I;  Part  I,  §  101;  Poisson's  Traite  de  Mecanique,  second  edition, 
1833,  Tome  II,  Chaps.  II-IV,  pp.  42-178). 


dxj, 


de 


p  =  -T-  sin  0  sin  d> —  cos  d>  .  1 

dt  r       dt         r 

#   •    e         j.    ,   de    •     , 
q  =   -j-  sin  0  cos  <f>  +  —  sin  <A 

dt  dt 

d<l>      #         . 

r  =  -f- f-  cos  6  . 

dt       dt 


(136) 


And  the  cosines   X,  fi,  v,   of  the  angles  which  define  the  directions  of  the  instan- 
taneous axis  of  rotation  are  given  by  the  expressions  — 


X  =  r  _  cos  (a-,  01)  =  ' 

"  V>2  +  q*  +  r2 


cos  (y,  07) 


V7//2  +  </2  +  r2 


(137) 


v  =  -  =  cos  (zl  01) 


Vp*  +  q*  +  r* 
to  =  v*5?  +  ?2  +  J1'2  . 

The  living  force  of  the  body  becomes 

»-i4(£)'+$)'+ (£)"]• 


(a) 


If  the  axes  0xx ,  Oyx ,  Ozx ,    are  the  principal  axes  of  inertia  of  the  point  0,  and 
A,  B,C,   the  principal  moments  of  inertia;  that  is,  if 


Zmyxzx  =  0     ;     Zmzxxx  =  0     ;     Zmxxyx  =  0     ; 

ZmW  +  z,2)  =  A     ;     Zm  W  +  z,2)  =  B    ;     ^m  (a-/2  +  yfi  =  C 


,1 


then  we  shall  have 


2  !T  -  ^2  +  B?2  +  Cr* 


(b) 


(0) 


If  by  the  point  m,-  we  draw  a  line  equal  and  parallel  to  the  magnitude  of  the 
motion  of  m{ ,  but  in  the  opposite  direction,  we  obtain  a  couple.  There  will  be 
as  many  couples  as  there  are  points  m,- ,  and  all  these  couples  may  be  compounded 
into  a  single  resultant  couple  of  the  magnitude  of  the  movement.  Let  OG  be  the 
axis  of  the  couple  in  magnitude  and  in  direction,  and  then  we  shall  have  — 
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Bq 
cos  (y.OG)  =     ,    .  .        *  ,  . 

91       '       VAY  +  BY  +  CV     V  (d) 

O 

cos^0G)  =  VAy  +  BY+cv' 

G  =  v/^V  +  BY  +   C*r*- 

We  may  calculate  the  angle  between  the  instantaneous  axis  of  rotation  01  and  the 
axis  of  the  resultant  couple  OG;   thus  from  (137)  and  (d)  we  get 

COS  (6rOi)  =        . —  —  •  I 

Vp*  +  q*  +  r3   VAY  +  B*ql  +  CV8  I 

,in8  (ran     (C  ~  B^qV  +  (A  ~  c^pi  +  <■*  ~  AW 

K         '  (p*  +  q%  +  r2)  {AY  +  BY  +  CV  '  / 

§  44.     The  Observed  Spirals  Due  to  Movements  Toward  Centers. 

The  more  we  study  the  forms  of  nebulae,  and  compare  the  spirals  with  known 
laws  of  force,  the  more  evident  it  becomes  that  the  nebulae  represent  movement 
of  condensation  towards  centers.  No  other  tenable  theory  of  these  phenomena 
can  be  formed.  The  question  then  arises:  How  does  the  spiral  movement 
originate? 

Let  us  consider  a  mass  m  projected  into  the  sphere  of  attraction  of  a  mass  M 
at  a  distance  r,  with  a  velocity  V.  If  the  masses  do  not  collide,  the  orbit  described 
will  be  some  form  of  conic  section.  In  the  case  of  an  ellipse,  the  mass  M  and  m 
will  have,  relatively  to  their  common  center  of  gravity,  a  moment  of  momentum 
of  orbital  motion  defined  by  the  equation: 

M  ( XT?— V  nVT^e*  +  m  ( v^-Y  OV/3TT7*  -  J^-  OrVrr^  .  (138) 

\M  +  m)  \M  +  m)  M  +  m  v      ' 

where  il  is  the  mean  angular  velocity  of  m  about  M . 

Thus  the  moment  of  momentum  depends  upon  the  masses,  the  angular  velocity 
£1,  the  radius  vector  r,  and  the  eccentricity  of  the  orbit  in  which  it  is  started. 
If  the  eccentricity  be  very  small,  the  moment  of  momentum  is  a  maximum;  if  it 
be  very  large,  caeteris  paribus,  it  becomes  a  minimum.  In  other  words,  if  the 
bodies  are  set  in  motion  nearly  in  the  line  joining  them,  so  as  to  just  pass  by  without 
a  grazing  collision,  there  will  be  very  small  moment  of  momentum  given  to  the 
new  system;  while,  if  the  new  orbit  is  wide  and  round,  the  moment  of  momentum 
will  be  a  maximum. 

All  these  varied  conditions  arise  in  actual  nature,  and  what  we  observe  in  a 
group  of  bodies,  such  as  the  solar  system,  is  the  outcome  of  gradual  condensation 
from  a  nebula;   and  hence  we  thus  get  the  mean  result  for  an  infinite  number  of 
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smaller  bodies,  most  of  which  have  been  swallowed  up  in  the  central  bodies  which 
now  govern  their  motions. 

But  as  the  nebulae  are  very  tenuous  and  vastly  expanded  masses,  they  usually 
collide  in  falling  together,  or  in  passing  each  other  by  virtue  of  difference  of  proper 
motions;  and  the  result  is  not  only  a  definite  moment  of  momentum  for  the  new 
system  thus  formed,  but  also  a  whirling  movement  and  gradual  condensation 
of  the  matter  which  falls  together  and  circulates  against  resistance,  in  the 
resulting  motion  about  the  common  center.  The  longer  the  vortex  rotates,  the 
more  regular  its  form  will  become,  and  as  collision  and  friction  between  the 
parts  reduce  their  velocities,  the  whole  mass  gradually  settles  to  smaller  and  smaller 
dimensions,  until  finally  it  assumes  a  state  of  fairly  steady  motion.  If  the  mass 
acquires  the  property  of  a  gas  of  sufficient  density,  it  may  pass  into  a  mechanical 
state  in  which  a  figure  of  equilibrium  is  established  under  the  pressure  and  at- 
traction of  its  parts.  Otherwise  the  nebula  will  remain  practically  free  from 
hydrostatic  pressure  and  each  particle  pursue  an  independent  path. 

§  45.     How  Two  Nebulae  Coil  Up  and  Settle  to  Rotation  About  an  Axis. 

The  paths  of  particles  which  were  originally  highly  eccentric  are  thus  made 
rounder  and  rounder,  by  friction  and  collision,  as  the  mass  condenses,  and  attains 
a  state  of  equilibrium.  It  appears  that  the  nebulae  observed  in  the  telescope  or 
revealed  by  the  photographic  plate  are  very  rare  and  still  of  vast  dimensions; 
and  therefore  often  represent  this  preliminary  movement  towards  a  center,  but 
are  not  yet  in  a  state  of  steady  motion.  Hence  collision  and  friction  within  these 
masses  may  arise  which  give  rise  to  a  feeble  light,  but  the  radiation  is  still  further 
dimmed  by  the  cosmical  dust,  haze  and  nebulosity  through  which  it  shines. 

Any  two  neighboring  swarms  of  particles,  or  two  passing  streams  grazing  as 
they  pass,  would  therefore  give  rise  to  a  spiral  nebula;  the  exact  form  of  the 
whirl  will  depend  on  the  initial  form  and  relative  movements  of  the  two  masses. 
This  is  unquestionably  the  origin  of  the  whirlpool  nebulae  so  abundantly  ob- 
served in  the  immensity  of  space,  and  heretofore  so  mysterious  to  astronomers. 
Two  opposite  branches  of  the  spirals  thus  originate  by  the  meeting  of  separate 
streams  or  by  the  settling  of  one  stream  toward  the  center,  so  that  the  branches 
coil  up  as  they  condense.  By  studying  the  forms  of  the  spiral  convolutions,  their 
number  and  regularity,  we  may  form  some  estimate  of  the  age  and  state  of  con- 
densation of  the  nebula.  In  some  cases  many  streams  approach  a  single  point, 
and  the  result  is  a  cosmical  vortex  of  very  complex  structure,  which  may  sometime 
develop  into  a  cluster  or  other  group  of  many  bodies. 
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§  46.     Analytical  Expressions  for  the  Moments  of  Momentum  About  the  Axes. 

An  analytical  way  of  looking  at  the  approach  of  two  nebular  masses  is  to 
consider  the  system  they  form  at  the  initial  instant  t,  and  let  m,  be  the  mass  of 
any  particle  whose  coordinates  are  x( ,  y{ ,  z, .  If  we  denote  the  mass  of  a  body 
whose  motion  we  are  considering  by  m,  and  the  forces  acting  severally  in  the  direc- 
tions of  the  axes  of  x,  y,  z,  by  X{ ,  Y{ ,  Zt ,  we  may  write  the  differential  equations 
of  motion  thus: 

m<W  =  X<  ;    m'W=¥'   ;   m<w  =  z<-  <139> 


If  these  equations  be  multiplied  by  the  multipliers  Sx,  8y,  §z,  which  are  arbitrary 
except  that  the  value  of  infinity  is  excluded,  and  the  sum  of  the  products  formed, 
we  shall  get  for  all  the  material  points  of  the  system  the  general  equation  of  dy- 
namics. This  expresses  D'Alembert's  Principle,  as  employed  by  Lagrange  in 
the  Mecanique  Analytique,  and  is  as  follows : 

%  {  {m'W  ~  X) 8x  +  (w'3~  ~  ¥')  Sv  +  {m'W  ~  z)  &z\  =  °  •  (140) 

If  we  take  the  sum  of  the  forces  in  (139)  for  the  entire  system  of  particles,  we  shall 
have  for  the  sums  of  the  forces  acting  along  the  axes  of  coordinates: 

2-9-2*  ■  2-^-2*  '  2-£-2*-        "«> 

faO  fc=0  fco  i=0  i=0  (=0 

And  for  the  total  moments  of  the  forces  around  the  coordinate  axes  we  must  take 
the  sums  of  the  products  of  these  several  forces  by  the  respective  arms  on  which 
they  act,  thus: 

(=0  '  <=0  I 

i(«*-**)-t-(«!?- •#)-*■  <"2> 


(=0       '  '  (=0 


^Uxt  -  Xiz)  =  5>(*S -  x'w)  =  M'i 


where  L,  M,  N^&re  the  moments  of  the  resultant  applied  forces  around  the  co- 
ordinate axes.  These  integrals  for  the  whole  system  represent  the  algebraic  sum 
of  the  product  of  each  force  by  the  length  of  the  arm  on  which  it  acts. 
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If  pi  be  the  perpendicular  from  any  point  (x,- ,  yt ,  z{)  on  the  axis  of  x,  and 
0,  the  angle  which  pt  makes  with  the  axis  of  y,  then  we  shall  have    yL  =  p,  cos  0,  ; 

z,  =  pi  sin  6{ ;  and  when  we  put   <*  =  ^  =  angular  velocity  about  the  axis  of  x, 

we  shall  have  for  the  rotation  about  the  x-axis 

i=0  fc=0  fc=0 

When  p,  for  each  point  is  invariable,  or  the  mass  is  rotating  as  a  rigid  body,  we 
obtain  the  following  expression: 

1"?I1*'  <144> 

Now  in  any  system,  the  integrals  L,  M ,  N,  are  constant,  however  the  system 
may  interact  upon  itself;  and  hence  if  the  perpendicular  distance  pt  decreases 
under  the  mutual  action  of  the  parts  of  the  system,  from  such  causes  as  collisions 

and  resistance,  then  it  follows   that   as   p?  decreases,    ~  =  velocity  of    axial 

rotation,  must  correspondingly  increase,  and  -t=-  will  be  the  acceleration  of  the 

average  angular  velocity  of  the  nebula  around  the  axis  of  x,  which  we  may  take  to 
coincide  with  the  axis  of  rotation. 

§  47.     The  Winding  Up  of  Spiral  Nebulae. 

By  these  simple  principles  of  the  attraction  and  collision  of  two  approaching 
streams  of  cosmical  dust  every  possible  form  of  double  spiral  may  be  explained. 
For  the  shape  of  the  spiral  depends  on  the  circumstances  of  the  approach  of  the 
two  streams  which  coalesce  to  form  the  nebula,  namely:  the  velocity,  the  manner 
of  collision,  the  mass  and  consequent  curvature  of  the  paths  of  the  two  swarms 
as  they  meet;  the  resistance  developed  in  the  continued  winding  up  of  the  spirals 
when  they  settle  into  one  united  whole,  as  in  Messier  51,  which  is  one  of  the  grandest 
and  most  typical  whirlpool  nebulae  observed  in  the  heavens. 

If  the  shape  of  the  masses  and  the  circumstances  of  their  approach,  impact 
and  resistance  were  known,  we  could  calculate,  with  some  degree  of  approximation, 
the  form  of  the  resulting  spiral  nebula,  but  in  default  of  knowledge  on  these  sub- 
jects we  must  content  ourselves  with  a  theory  which  is  perfectly  natural  and  simple, 
md  capable  of  explaining  all  the  facts  disclosed  by  observation. 

When  Professor  Keeler  recognized  the  great  preponderance  of  spiral 
nebulae,  thus  confirming  and  generalizing  the  earlier  work  of  Lord  Rosse,  Lassell 
and  Roberts,  he  was  so  surprised  at  the  result  and  so  occupied  with  the  extension 
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of  these  explorations  that  he  did  not  notice  how  simple  an  explanation  of  these 
phenomena  lay  close  at  hand,  and  his  unexpected  and  premature  death  unfortu- 
nately cut  short  the  future  development  of  this  work.  The  present  Director  of 
the  Lick,  however,  has  at  length  printed  in  Volume  VIII  of  the  Publications  of 
"  that  great  observatory,  the  most  important  of  Keeler's  photographs.  And 
whilst  these  are  numerous  enough  to  be  invaluable  as  a  contribution  to  our  knowl- 
edge, one  cannot  but  feel  that  this  work  should  be  extended  into  a  more 
general  survey  of  the  nebulae  of  the  heavens.  Professor  Max  Wolf  of  Heidel- 
berg has  done  much  valuable  work  along  similar  lines,  and  it  is  hoped  that  his 
plans  for  a  general  survey  of  the  nebulae  may  yet  be  carried  to  completion.  Until 
this  is  done  in  a  manner  comparable  to  the  much  more  elaborate  Durchmusterung 
of  the  stars,  most  investigators  will  feel  that  the  nebulae  have  been  comparatively 
neglected,  and  that  our  explorations  of  the  heavens  have  given  us  only  half  of 
a  great  truth.  In  the  future  the  nebulae  will  be  entitled  to  even  more  consider- 
ation than  the  stars;  for  they  represent  systems  in  process  of  formation,  and 
thus  reveal  to  us  the  mighty  process  of  cosmical  evolution  at  various  stages  of 
its  development. 

§  48.     How  Vortices  Arise  in  the  Condensation  of  Nebulae. 

The  formation  of  vortices,  through  the  movement  of  matter  towards  a  center 
but  with  the  resultant  for  all  the  particles  deflected  somewhat  to  one  side,  is  a 
familiar  way  of  producing  spiral  movement.  And  fortunately  this  is  illustrated 
in  our  daily  experiments  with  fluids,  as  when  water  is  being  withdrawn  from 
a  basin.  It  is  met  with  also  in  the  movement  of  cyclones,  which  revolve  in  opposite 
directions  in  the  two  terrestrial  hemispheres.  This  is  owing  to  the  combination 
of  the  rotation  of  the  earth  with  the  movement  of  the  air  near  the  surface.  In 
the  northern  hemisphere  the  wind  from  the  south  rushes  towards  the  center  with 
an  eastward  tendency,  owing  to  the  greater  velocity  of  the  earth's  rotation  in 
lower  latitude ;  while  that  from  the  north  has  a  corresponding  westward  tendency, 
so  that  a  counter-clockwise  rotation  arises  around  the  center,  and  the  result  is  a 
cyclone,  or  aerial  vortex,  often  of  great  extent. 

In  the  southern  hemisphere  where  the  rotation  is  around  the  other  pole,  the 
direction  of  rotation  naturally  is  opposite,  or  clockwise.  All  these  inferences 
from  theory  are  confirmed  by  observation.  The  change  in  the  direction  of  the 
whirling  movement  in  the  two  terrestrial  hemispheres  is  due  to  the  action  of  the 
underlying  earth.  The  air  currents  have  a  tendency  to  preserve  whatever  direc- 
tion they  take  at  any  instant,  and  the  earth  turns  under  them  as  in  Foucault's 
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pendulum  experiment..  Hence  the  opposite  rotations  in  the  two  hemispheres  is 
inevitable. 

Among  the  nebulae  of  infinite  space  there  probably  is  no  common  motion 
of  rotation  to  determine  the  direction  of  the  vorticose  movement;  it  is  all  a  matter 
of  chance.  If  the  movement  in  each  case  could  be  determined  by  observation,  we 
should  probably  find  in  the  grand  total  as  many  clockwise  as  counter-clockwise 
rotations. 

This  subject  of  the  condensation  and  rotation  of  nebulae  has  been  but  little 
studied  heretofore,  probably  because  the  nature  of  these  masses  has  been  com- 
paratively obscure.  And  although  it  is  easy  to  point  out  the  order  of  thought  on 
the  subject,  it  is  difficult  to  establish  any  well  defined  continuity  in  the  historical 
development  of  the  theory  of  cosmical  rotation.  Among  the  modern  writers  one 
of  the  earliest  to  perceive  that  a  multitude  of  floculent  nebulous  masses  falling 
towards  a  center  would  assume  the  spiral  form,  was  the  philosopher  Herbert 
Spencer,  who  indicated  this  result  in  his  well  known  article  on  the  nebular  hy- 
pothesis in  the  Westminster  Review  for  July,  1858.  This  was  some  thirteen  years 
after  Lord  Rosse's  discovery  of  the  spiral  nebula  in  Canes  Venatici,  in  1845,  but 
only  fourteen  of  these  objects  were  then  known;  and  it  is  difficult  to  say  how 
Spencer  reached  his  conclusions.  Nevertheless  this  probably  is  the  first  state- 
ment of  the  observed  tendency  in  direct  application  to  the  nebulae. 

In  a  somewhat  different  way  the  rotation  of  the  sun  and  stars,  recognized 
by  astronomers  since  the  time  of  Galileo,  may  be  said  to  bear  on  the  question; 
for  the  rotation  of  the  earth,  planets,  sun  and  stars,  which  had  been  surmised 
since  the  age  of  the  Greeks,  but  only  proved  after  the  invention  of  the  telescope, 
implied  some  mechanical  impulse  to  establish  the  movement  around  a  center. 

As  we  shall  see  in  the  historical  part  of  this  work,  Leucippus,  Democritus 
and  Anaxagoras  ascribed  the  supposed  effect  to  unequal  velocities  of  the  atoms 
falling  in  space,  which  gave  rise  to  relative  motion  and  therefore  spiral  movements. 
In  the  statement  of  the  nebular  hypothesis  given  in  the  Systeme  du  Monde,  1796, 
Laplace  says  in  a  foot  note  that  in  the  work  De  Motibus  Stellae  Martis,  Kepler 
explains  the  movement  of  all  the  planets  in  the  same  direction  by  means  of  im- 
material spirits  emanating  from  the  surface  of  the  sun,  retaining  the  movement 
of  rotation  which  they  had  at  the  surface  and  communicating  this  movement 
to  the  planets.  He  had  thus  concluded  that  the  sun  rotates  on  an  axis  in  a  time 
less  than  the  revolution  of  Mercury,  which  Galileo  soon  afterwards  recognized 
by  observation.  The  hypothesis  of  Kepler,  remarks  Laplace,  is  without  doubt 
inadmissible,  but  it  is  remarkable  that  he  has  made  the  identity  of  the  planetary 
movements  to  follow  from  that  of  the  sun,  so  that  this  tendency  seems  natural. 
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§  49.     The  Observed  Spiral  Nebulae  Represent  Mainly  the  Initial  Stages 

of  Condensation. 

Even  since  the  nebular  hypothesis  was  formulated  by  Laplace  in  1796,  it 
has  been  recognized  that  in  the  earliest  stages  of  its  development  the  solar  system 
had  a  whirling  movement,  which  gave  the  system  its  moment  of  momentum 
about  an  axis  of  rotation.  In  no  other  way  could  the  orbital  momentum  of  the 
planets  and  the  axial  rotation  of  the  sun  have  originated.  Thus  the  resultant 
direction  of  motion  of  the  matter  which  came  together  to  form  the  solar  system 
did  not  pass  through  the  center  of  gravity  of  the  system,  but  through  a  point 
at  considerable  distance  from  the  sun's  center.  Undoubtedly  the  matter  of  our 
solar  system  in  its  earlier  stages  was  widely  diffused  in  the  form  of  a  whirlpool 
or  spiral  nebula;  yet  as  the  orbits  at  present  are  so  perfectly  circular  as  to  have 
excited  the  wonder  of  the  greatest  geometers  in  all  ages,  it  is  clear  that  the  plan- 
etary system  was  not  left  in  the  form  which  it  no  doubt  assumed  in  the  early 
spiral  stage,  but  was  gradually  transformed  under  some  influence  which  gave  round- 
ness to  the  orbits.  This  was  nothing  else  than  the  resisting  medium  formerly 
pervading  the  system.  The  continued  action  of  this  medium  during  long  ages 
has  greatly  reduced  the  size  and  eccentricity  of  the  orbits. 

When  the  spiral  mass  had  thus  attained  smaller  dimensions  and  the  move- 
ment had  become  nearly  circular,  the  nebulosity  was  gradually  absorbed  in  the 
sun  and  planets;  so  that  the  planets  and  satellites  were  left  with  nearly  circular 
orbits.  In  no  other  way  could  the  orbits  of  so  many  planets  and  satellites  have 
become  so  nearly  perfectly  circular.  We  conclude,  therefore,  that  the  solar  system 
itself  gives  evidence  of  an  original  spiral  character  in  the  solar  nebula.  The 
endowment  of  the  nebula  with  rotation  has  been  universally  recognized  by  as- 
tronomers since  the  days  of  Laplace  ;  but  it  has  not  been  shown  heretofore  that 
it  was  spiral  in  character  and  slowly  decreasing  in  size,  and  at  the  same  time 
growing  rounder  and  rounder  under  the  influence  of  resistance. 

Now  when  we  examine  the  nebulae  in  the  depths  of  space,  we  should  expect 
to  find  many  of  them  in  this  early  stage  of  developemnt.  The  observed  spiral 
nebulae  therefore  are  widely  expanded  and  represent  this  stage;  and  have  scarcely 
reached  the  state  of  stability  in  which  the  nuclei  grow  into  considerable  bodies 
and  form  systems,  such  as  our  solar  system.  Several  distinct  grounds  may  be 
assigned  for  this  belief. 

(1).  The  spiral  nebulae  observed  in  the  telescope  or  found  on  the  photo- 
graphic plate  are  of  large  angular  dimensions,  and  at  the  smallest  admissible 
distance  this  would  correspond  to  very  large  size,  in  some  cases  thousands  of  times 
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larger  than  our  whole  solar  system.  If  such  masses  are  ever  to  form  stellar  systems, 
even  of  the  largest  dimensions,  they  would  have  to  be  greatly  reduced  in  size 
before  orbits  of  the  observed  size  could  be  produced. 

(2).  The  observed  transparency  of  the  nebulae  is  consistent  with  this  highly 
tenuous  state;  and  this  indicates  excessive  dispersion  of  the  nebulous  matter  and 
corresponds  to  an  early  stage  of  development. 

(3).  The  nebulae  as  a  class  are  probably  so  far  away  that  our  telescopes 
disclose  to  us  chiefly  the  large  masses,  many  of  the  smaller  ones  being  either  un- 
seen, or  appearing  so  faint  that  they  are  taken  for  small  stars;  yet  the  recognition 
that  there  are  at  least  120,000  nebulae,  and  the  possibility  that  the  number  may 
be  100  times  greater,  mostly  of  spiral  structure,  corresponding  to  the  earliest 
and  most  expanded  state  of  cosmical  development,  indicates  that  many  more  close 
ones  exist  beyond  the  reach  of  our  instruments.  In  fact  it  shows  that  most  of  the 
single  stars  probably  have  planets  revolving  about  them,  and  were  once  spiral 
nebulae;  the  nebulosity  having  gone  into  the  stars  except  that  which  survives 
as  planets.  Such  tiny  bodies  are  however  too  small  to  be  seen  at  the  great  dis- 
tance of  the  fixed  stars. 

(4).  The  observed  closeness  of  double  and  multiple  stars  accords  with  this 
view,  and  shows  that  the  stage  of  separation,  into  distinct  bodies  of  comparable 
mass,  under  conditions  of  hydrostatic  equilibrium,  if  it  occurs  at  all,  is  com- 
paratively late  in  the  stages  of  nebular  development.  The  radius  of  the  largest 
spiral  nebula  may  be  1000",  that  of  the  average  double  star  orbit  1"  or  less;  so 
that  the  volumes  of  the  spheres  in  the  two  cases  are  as  a  billion  to  one,  and  the 
densities  in  the  inverse  of  this  ratio. 

(5).  The  feebleness  of  the  light  of  the  nebulae  and  their  obvious  trans- 
parency corresponds  to  luminescence  in  space,  and  enables  us  to  see  that  on  the 
average  they  are  much  rarer  than  the  vacuum  of  an  air  pump.  Such  a  mass 
must  be  at  a  low  temperature,  but  little  above  the  absolute  zero  of  space.  If 
such  a  tenuous  swarm  were  heated,  the  heat  would  be  radiated  away  in  an  instant, 
owing  to  the  great  transparency  of  the  cloud. 

(6) .  If  the  process  of  double  star  formation  depended  on  the  entanglement 
of  stars  of  entirely  separate  origin,  rather  than  on  the  division  of  particles  by 
capture  within  single  nebulae,  the  resulting  orbits  would  be  quite  as  eccentric 
as  those  of  the  comets,  which  is  out  of  harmony  with  what  we  observe  among  the 
double  and  multiple  stars.  For  here  the  spectroscopic  binaries,  with  orbits  on 
the  average  much  smaller  than  that  of  the  planet  Mercury,  have  an  average  ec- 
centricity of  about  0.17;  while  the  visual  binaries  with  orbits  of  the  average  size 
of  the  major  planets  have  an  eccentricity  of  about  0.51,  three  times  that  of  the 
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spectroscopic  binaries.  Thus,  as  the  writer  has  pointed  out  in  the  Monthly  Notices 
of  the  Royal  Astronomical  Society  for  December,  1907,  small  eccentricity  is 
observed  to  be  associated  with  small  mean  distance,  and  vice  versa. 

(7).  This  smaller  eccentricity  of  the  smaller  orbits  might  be  ascribed  either 
to  Tidal  Friction,  which  usually  increases  the  eccentricity  along  with  the  mean 
distance;  or  to  a  Resisting  Medium,  which  would  decrease  the  mean  distance 
and  eccentricity,  and  thus  render  the  smaller  orbits  also  the  rounder;  or  to  both 
causes  combined.  In  the  actual  universe  the  two  antagonistic  causes  are  at  work 
together. 

(8) .  Triple  systems,  so  far  as  we  yet  know  them,  show  motion  near  a  common 
plane,  which  evidently  is  that  in  which  the  original  spiral  nebulae  rotated.  The 
nebulae  and  our  solar  system  alike  show  a  striking  tendency  to  develop  in  their 
several  planes  of  movement.  This  could  not  arise,  unless  the  motion  were  well 
ordered  before  formation  began;  and  thus  the  spiral  tendency  evidently  precedes 
that  leading  to  the  separation  of  masses  under  conditions  of  equilibrium,  if  the 
latter  occurs  at  all. 

(9) .  After  the  condensing  mass  has  attained  approximately  a  state  of  equilib- 
rium, under  the  mutual  action  of  the  pressure  and  attraction  of  its  parts,  fission 
into  separate  masses  of  comparatively  large  size  may  begin,  but  this  always 
requires  great  rotational  moment  of  momentum.  If  fluid  fission  occurs  at  all  it  is 
by  means  of  figures  of  equilibrium,  which  correspond  fairly  well  with  those 
calculated  by  Darwin  and  Poincare. 

(10).     The  new  theory  of  nebular  fission  will  be  developed  in  Chapter  X. 

§  50.     The  Significance  of  the  Double  Branches  Often  Seen  Issuing  from  the 
Nuclei  of  Spiral  Nebulae;  Origin  of  Curved  or  Cometary  Nebulae. 

While  the  spiral  nebulae  have  nearly  all  forms  as  respects  degree  of  curvature, 
and  some  have  many  branches,  it  has  been  remarked  with  surprise  that  many  of 
them  are  made  up  of  double  branches,  issuing  from  the  opposite  sides  of  the  nucleus. 
What  is  the  cause  of  this  singular  arrangement?  This  is  a  question  which  we  shall 
now  endeavor  to  answer.  It  is  well  known  that  the  heavens  are  full  of  streams; 
for  there  are  streams  of  stars  drifting  in  various  directions,  and  of  nebulae  also, 
but  not  yet  fully  investigated.  Now  suppose  two  nebulous  streams  collide  while 
going  in  opposite  directions,  or  that  one  overtakes  the  other,  owing  to  difference 
"n  their  velocities,  when  moving  in  the  same  general  direction.  As  the  two  masses 
approach,  their  figures  will  be  distorted  and  curved,  so  that  the  streams  will  tend 
to  become  entangled.     A  whirling  moment  will  follow,  each  stream  wrapping  and 
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coiling  up  on  the  other.  •  Both  streams  will  remain  more  or  less  continuous,  and 
the  brightest  point  will  be  the  place  of  collision,  where  the  two  streams  meet.  From 
this  point  the  two  streams  will  wind  off,  and  finally  have  their  tails  projected  in 
opposite  directions,  showing  how  they  approached  before  they  coiled  up  about 
each  other.  This  explanation  is  simple  and  direct  and  follows  from  well  known 
mechanical  laws.  The  winding  about  the  origin  usually  would  not  be  per- 
fectly symmetrical;  but  in  general  such  spirals  would  be  fundamentally  double, 
made  up  of  inter-wound  streams  issuing  in  opposite  directions  from  the  nucleus, 
which  is  the  principal  point  of  contact.  If,  instead  of  two  separate  streams 
meeting  under  differences  of  proper  motion,  we  imagine  a  single  stream  of  nebulosity 
which  is  not  perfectly  straight  left  to  its  own  gravitation  —  this  is  about  equivalent 
to  separate  streams  already  in  collision  —  it  is  clear  that  in  time  it  will  coil  up  on 
itself,  and  gradually  develop  into  a  spiral  nebula.  Thus  it  makes  little  difference 
whether  there  be  one  or  more  streams,  united  or  distinct,  the  final  result  is  the 
same,  the  development  of  a  whirlpool  nebula. 

If  the  secondary  body  be  a  dark  sun,  or  other  invisible  body,  the  coiling  up 
of  the  nebulosity  about  it,  or  the  curving  of  the  stream  of  nebulosity  as  it  passes 
by,  will  give  only  one  branch,  and  it  will  often  be  curved  like  the  tail  of  a  comet. 

On  the  other  hand  it  may  happen  that  the  center  of  gravity  of  a  nebula  is 
near  one  side.  In  this  case  the  streams  setting  towards  it  will  not  present  a 
symmetrical  outline,  especially  as  seen  in  projection  on  the  background  of  the 
celestial  sphere.  At  a  certain  stage  of  the  condensation  such  a  nebula  would 
offer  more  or  less  of  a  cometary  aspect.  The  same  effect  might  be  produced 
by  the  meeting  and  coiling  up  of  two  streams  of  unequal  length;  or  by  the  mere 
gravitational  settling  of  a  stream  of  unsymmetrical  figure  and  heterogeneous 
distribution  of  density.  In  this  way  a  great  number  of  nebulae  of  irregular  figure 
arise;  and  the  theory  of  such  unsymmetrical  condensation  is  abundantly  illus- 
trated throughout  Nature. 

Modern  photography  has  led  us  to  classify  most  of  the  curved  nebulae  as 
spiral ;  others  are  irregular  and  bent  in  all  manner  of  ways,  the  appearances  being 
due  partly  to  distortion  in  projection,  and  partly  to  actual  curvature  of  the  streams 
of  nebulosity  in  space.  The  older  observers,  such  as  the  Herschels  and  Lord 
Rosse,  adopted  the  cometary  form  in  their  classification  of  the  figures  of  the 
nebulae ;  but  this  designation  is  less  used  by  modern  investigators,  owing  doubtless 
to  the  preponderance  of  the  spiral  form.  It  will  be  seen  hereafter  that  under 
certain  conditions,  the  streams  ordinarily  giving  rise  to  spirals  may  produce  all 
types  of  curved  figures,  from  the  imperfect  cometary  form  to  the  symmetrical 
arrangement  exhibited  by  the  ring  nebulae.     In  this  latter  case  the  streams 
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miss  each  other  in  drifting  towards  the  center,  and  by  whirling  about  it  finally 
close  in  and  form  a  continuous  girdle  of  elliptical  outline,  such  as  we  see  in  the 
ring  nebula  in  Lyra.  The  photographs  of  the  nebulae  are  treated  at  greater 
length  hereafter,  and  the  reader  must  be  referred  to  that  discussion  for  a  more 
detailed  analysis  of  their  forms;  but  it  seemed  desirable  to  touch  upon  the  subject 
in  explaining  the  rotations  of  these  masses  by  means  of  the  known  laws  of  Dynamics. 

§  51.     On  the  Probability  of  Rotation  Developing  as  Nebulous  Matter 

Falls  Towards  a  Center. 

The  simplest  case  of  this  kind  is  when  two  bodies  approach  each  other,  and 
both  have  the  form  of  spheres,  so  that  we  may  regard  them  as  acting  as  if  collected 
at  their  centers  of  gravity.  In  the  general  case  of  nature  there  will  be  n  masses, 
where  n  is  indefinitely  great,  and  their  figures  may  vary  from  that  of  a  sphere  to 
a  train  of  cosmical  dust  of  any  possible  form.  Curved  and  irregular  wisps  of 
nebulosity  will  be  especially  abundant.  Under  the  circumstances  the  approach 
of  two  spheres  will  be  the  least  favorable  to  rotation,  and  we  shall  first  consider 
this  simple  case. 

Each  mass  may  by  hypothesis  be  regarded  as  collected  at  its  center  of  gravity, 
and  this  center  will  describe  a  right  line  with  uniform  velocity,  except  as  modified 
by  the  attraction  of  the  other  mass.  If  one  moves  past  the  other,  under  slight 
attraction,  the  path  traced  out  will  generally  be  an  hyperbola  of  small  curvature, 
or  large  major  axis.  The  probability  of  collision  will  increase  directly  with  the 
square  of  the  radius,  because  the  solid  angles  subtended  by  the  masses  as  seen  from 
each  other  depend  on  this  function. 

If  r  be  the  radius  of  the  two  equal  spheres,  and  R  the  distance  between  1  heir 
centers;  then  the  value  of  the  solid  angle  which  would  give  rise  to  a  collision  becomes 
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At  any  fixed  distance  this  series  is  nearly  proportional  to  the  square  of  the  radius, 
since  for  moderate  distances  the  series  converges  rapidly.  It  will  be  seen  from 
this  expression  that  when  the  radius  is  large  and  the  distance  small,  the  chances 
are  most  favorable  for  a  collision. 

We  shall  now  assume  that  a  collision  takes  place,  and  investigate  the  chances 
of  developing  a  corresponding  rotation.  For  short  distances  and  small  masses 
which  exert  a  feeble  attraction,  the  hyperbola  may  be  regarded  as  nearly  a  straight 
line.  If  the  motion  is  nearly  rectilinear  we  see  that  after  collision,  rotation  will 
necessarily  occur,  except  when  the  two  centers  of  gravity  move  exactly  towards  the 
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same  point,  and  (unless  moving  in  the  same  straight  line)  with  velocities  such  as 
to  reach  it  at  the  same  instant.  The  chances  of  two  centers  of  gravity  moving 
exactly  towards  the  same  point  is  exactly  the  same  as  that  of  two  lines  passing 
through  a  given  point.  If  we  pass  movable  lines  through  the  centers  of  gravity 
of  the  two  masses  and  revolve  them  over  the  plane  in  which  the  two  bodies  are 
first  supposed  to  move,  we  see  that  the  probabilities  are  infinity  to  one  that 
neither  of  the  lines  will  pass  through  the  fixed  point.  They  will,  however,  have 
to  pass  through  some  common  point,  unless  exactly  parallel.  The  probability 
that  any  line  will  miss  a  given  point  is  oo  to  1 ,  yet  they  will  certainly  pass  through 
one  common  point;  but  the  chances  that  both  bodies  would  not  be  there  at  the 
same  time  is  oo2  to  1.  This,  of  course,  supposes  the  first  movements  restricted 
to  a  common  plane. 

In  the  more  general  case  of  cubical  space,  the  two  lines  in  which  the  bodies 
move  would  not  lie  in  a  plane,  but  one  would  have  to  be  shifted  parallel  to  itself 
to  bring  it  into  intersection  with  the  other,  so  as  to  determine  a  plane.  The  chance 
that  this  latter  will  not  be  combined  with  the  two  former  conditions  is  oo3  to  1. 
Hence  in  general  the  chances  that  the  bodies  will  not  move  in  the  same  plane  and 
towards  the  same  point  so  as  to  meet  there  at  the  same  instant  is  oo3  to  1. 

We  may  look  at  this  result  in  a  slightly  different  way  as  follows.  To  reach 
the  point  of  collision  from  two  unequal  distances  at  the  same  time,  the  two  ve- 
locities would  have  to  be  restricted,  each  to  but  one  out  of  an  infinite  number  of 
possibilities,  all  equally  probable.  It  is  therefore  oo2  to  1  that  these  particular 
velocities  will  not  occur,  and  oo  to  1  that  the  lines  of  motion  will  not  intersect, 
and  hence  oo3  to  1  that  the  centers  of  gravity  of  the  two  spheres  will  not  meet  there. 

We  have  then  a  chance  of  oo3  to  1  that  the  paths  of  the  bodies  will  not  meet  in  a 
point  and  the  bodies  arrive  there  at  the  same  instant.  Accordingly  as  the  probability 
is  oo3  to  1  thai  the  centers  of  gravity  will  not  meet  in  the  same  point,  at  the  same  instant, 
that  is  also  the  probability  that  rotation  will  develop.  If  they  do  not  meet  in  the 
same  point,  and  yet  collide,  a  rotation  is  sure  to  ensue.  Hence  the  probability 
of  a  rotation  developing  from  two  colliding  spheres  moving  with  all  possi- 
ble velocities  in  any  direction  is  oo3  to  1.  And  this  reasoning  holds  good  for 
physical  bodies,  as  well  as  mathematical  spheres  and  points  and  lines,  if  we 
include  every  grade  of  rotation  from  the  slowest  conceivable  up  to  the  swiftest 
possible.  If  we  neglect  all  the  small  or  insignificant  rotations,  it  is  clear  that 
there  would  still  remain  a  probability  of  at  least  oo  to  1  that  pronounced  rotation 
would  develop.  We  have  here  considered  the  simple  case  of  the  two  spheres, 
which  is  the  least  favorable  figure  for  collisions.  Now  if  all  forms  of  nebulous 
clouds  and  wisps  and  streams  be  admitted,  it  is  evident  that  the  probability  of 
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rotation  would   he  appreciably  higher  than   »  to  1.     Hence,  in  any  condensing 
system  of  particles,  rotation  is  absolutely  inevitable. 

Not  only  may  we  calculate  that  rotations  ought  to  arise  from  the  collisions 
of  masses,  but  we  may  also  see  from  the  study  of  the  heavens  that  the  theory  is 
verified  practically  by  a  great  multitude  of  phenomena  witnessed  in  the  immensity 
of  space.  The  rotations  seen  in  the  solar  system  have  all  arisen  in  this  way.  It  is 
shown  by  observation  that  at  least  one-fifth  of  the  fixed  stars  are  double  and 
multiple,  the  rest  having  systems  of  planets  too  small  to  be  visible  to  the  inhabitants 
of  the  terrestrial  globe.  This  indicates  that  rotations  exist  everywhere  of  con- 
siderable magnitude,  and  that  accretion  in  the  convolutions  of  a  spiral  nebula 
gradually  take  place,  and  the  resulting  bodies  are  developed  in  a  Resisting 
Medium. 

Moreover  the  hazy  spectral  lines  of  vast  numbers  of  the  stars  are  ascribed 
to  their  rotations  on  axes  so  situated  that  the  whirling  confuses  the  light 
transmitted  to  the  earth  from  the  two  limbs  of  their  globes.  Finally,  the  spiral 
nebulae  give  visible  indications  of  the  universal  tendency  to  whirlpool  movements, 
even  in  the  early  stages  of  condensation,  before  these  systems  have  settled  to  a 
state  of  steady  motion.     This  tendency  to  rotation  is  universal  throughout  nature. 

Consequently  we  may  conclude  from  these  considerations  as  well  as  from 
equations  (142)  that  rotation  in  condensation  towards  a  center  is  a  universal 
law  of  the  physical  universe.  Probably  not  a  satellite,  planet,  star  or  nebula  is 
wholly  free  from  such  movement,  though  in  some  cases  the  effect  may  be  too  small 
for  us  to  perceive  it,  or  the  rotation  may  be  destroyed  by  special  causes  such  as 
tidal  friction.  The  number  of  known  stars  in  the  universe  probably  does  not 
exceed  200  million.  But  if,  with  Poincare,  we  take  the  number  of  light  and 
dark  bodies  five  times  larger,  yet  the  probability  of  rotation  in  condensing  masses 
is  still  co  to  1,  and  therefore  much  greater  than  1000  million.  Accordingly  it 
seems  certain  that  all  the  bodies  in  the  universe  are  endowed  with  some  kind  of 
motion  of  rotation,  except  where  it  has  been  destroyed  by  other  causes,  and 
chiefly  by  tidal  friction. 

As  all  the  stars  have  motion  of  rotation  on  their  axes  they  have  evidently 
been  formed  in  vortices,  and  therefore  will  have  developed  planets  and  satellites 
or  larger  companions  in  the  process  of  condensation.  Accordingly  it  follows  that 
all  the  stars  are  attended  by  systems  of  planets  and  satellites,  unless  double  or 
multiple;  and  even  then  these  double  and  multiple  systems  may  have  small 
bodies  revolving  in  regions  of  stability  close  to  each  component  star,  or  far  from 
both  of  them.  The  sidereal  universe  therefore  is  certainly  full  of  planetary  systems, 
for  we  see  that  they  have  necessarily  arisen  in  the  formation  of  the  stars  themselves. 


Et  8'  irepov  Tt  otti  awpja  to  <pip6p.tvov  kvkKw  irapa.  <pvinv,  tarai  tis  avrov  aX\r]  kivjjctis  KaTo  <f>vo~iv. 
tovto  8 '  dSvvaTOV  «  piv  yap  ^  avia,  rrvp  coral  r/  arjp  ,  ti  8'  ij  kotu)  ,  iT8u>p  rj  yrj.  aAAa  p.rjv  Kal  TrpwTrjV  yt 
dvayKotov  flvai  Trjv  TOiavrrjV  <popdv.      to  yap  t(\uov  Trportpov  Trj  <f>vo-(i   tov  aTtkovs,   6  ok   kukAos   twv  Tikiiiov, 

ivfttia.  Si  ypappr)  ov&tfua.  • 

AAAa  prjv  twv  diro  tov  avrov  tirl  to  uvrb  ika^co-rr]  Io-tIv  r)  tov  kvkXov  ypap.pr)  •  Kara.  St  Trjv  t\a)(io-Tr)V  Ta\laTr) 
ij  Kiin/a-ir  wot'  li  6  ovpavos  kukAu)  <ptptTai  Kal  Ta^iaTa  Ki.vf.iTai,  o-<pupoei8rj  airbv  dvdyKrj  tlvai.  \d/3oi  8  '  dv 
tis  Kal  ck  tSiv  irtpl  to  piaov  i&pvp.i'vutv  o-apjxTwv  Tavrrjv  Tr)v.irco-Ttv.  d  yap  to  piv  v&u>p  eari  irtpl  tt]v  yrjv,  6 
8 '  dr]p  irtpl  to  v8top,  to  8t  irvp  irtpl  tov  dipa, 

If  an  element  have  another  path  which  is  naturally  circular,  it  should  have  some  other  natural  motion. 
This,  however,  is  impossible,  because  fire  and  air  are  borne  upward,  while  water  and  earth  are  carried  downward. 
But  the  primitive  motion  must  necessarily  continue  to  follow  the  same  path.  For  that  first  completed  is  by 
nature  of  an  indefinite  extent,  and  the  circle  one  of  the  perfect  paths,  while  the  straight  line  never  is 

But  of  these  (paths  for  the  motion  of  the  heavens)  the  shortest  one  is  the  path  of  the  circle,  and  therefore 
the  swiftest  motion  gives  the  least  path ;  so  that  the  heavens  revolve  in  a  circle  and  with  the  swiftest  movement 
and  must  itself  necessarily  be  of  spherical  figure.  One  might  infer  this  also  from  the  stable  situation  of  the 
settled  bodies  with  respect  to  the  center.  For  the  water  is  above  the  earth,  and  the  air  above  the  water,  and  the 
fire  above  the  air.  —  Aristotle,  De  Coelo,  A,  2,  269a,  15-21 ;  B,  4,  287b,  27-33;  edition  of  Prantl,  1881. 


CHAPTER   V. 


Distribution  of  the  Nebulae  with  Respect  to  the  Milky  Way,  the  Size  op 

the  Larger  Spiral  Nebulae,  and  Other  Considerations  Which 

Invalidate  the  Theories  of  These  Nebulae 

Heretofore  Advanced. 

§  52.     On  the  Distribution  of  the  Nebulae  with  Respect  to  the  Milky  Way. 

The  nebulae  are  divided  into  two  classes  —  the  so-called  white  nebulae  and 
the  green;  the  latter  are  but  a  negligible  fraction  of  the  whole,  perhaps  two  or 
three  per  cent.,  have  bright-line  spectra,  and  so  far  as  known  are  situated  near 
the  plane  of  the  Milky  Way.  The  white  nebulae  on  the  other  hand  give  continuous 
spectra  and  crowd  the  heavens  in  vast  numbers.  The  concentration  of  the  body 
of  the  nebulae  near  the  poles  of  the  Galaxy  has  been  known  for  fully  half  a  century. 
This  was  pointed  out  by  Herbert  Spencer  in  1858,  and  has  been  represented 
graphically  by  Proctor  and  Sidney  Waters  (1869-1873)  in  the  accompanying 
maps,  which  are  taken  from  the  Old  and  New  Astronomy  of  Proctor  and  Ranyard, 
(pp.  727,  728,  729) .  Nothing  could  be  more  impressive  than  this  polar  distribution 
of  the  nebulae,  as  far  away  from  the  stars  and  the  clusters  as  possible. 

These  maps  are  founded  on  Sir  John  Hercshel's  General  Catalogue  of  Nebulae 
and  Clusters  (Phil.  Trans.,  Roy.  Soc,  1864).  And  although  the  data  would  be 
somewhat  modified  by  Dreyer's  later  revision  of  this  work,  the  distribution  given 
in  the  New  General  Catalogue  of  Nebulae,  1888  (Memoirs  of  Royal  Astron.  Society, 
Vol.  XLIX,  Part  I),  would  no  doubt  be  essentially  the  same  as  that  indicated 
in  these  charts.  Even  if  all  the  new  nebulae  recently  discovered  by  Barnard, 
Swift,  Max  Wolf,  Roberts,  Keeler,  and  others  were  included,  and  we  had 
a  complete  photographic  survey  of  all  the  nebulae  of  the  heavens,  there  is  no 
reason  to  think  that  this  well  known  antipathy  between  the  location  of  the  stars 
and  of  the  nebulae  would  be  sensibly  changed.  The  modern  surveys  simply  find 
more  nebulae  in  all  parts  of  the  sky,  and  consequently  the  distribution  is  not 
materially  altered,  although  the  crowding  of  these  objects  towards  the  poles  of 
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the  Galaxy  may  be  relatively  a  little  less  conspicuous.  Such,  at  least,  is  Dr.  Max 
Wolf's  conclusion  based  on  extensive  surveys  of  these  objects,  showing  that 
the  exhaustive  study  of  nebulae  has  hardly  yet  begun. 

Just  as  this  work  is  going  through  the  press,  an  important  paper  on  the  results 
of  the  photographic  study  of  the  globular  clusters  has  been  published  by  Perrine 
in  Lick  Observatory  Bulletin,  No.  155.  He  confirms  the  close  relationship  of  these 
clusters  to  the  Milky  Way,  and  gives  a  chart  which  he  thinks  may  safely  be  said 
to  apply  to  all  clusters  classed  as  globular.  Part  of  Perrine \s  discussion  is  as  fol- 
lows: "This  distribution  brings  out  a  close  relationship  of  some  kind  to  the  Milky 
Way  structures.  Group  A  coincides  very  closely  with  the  brightest  and  most  ex- 
tensive region  of  the  Milky  Way  proper  —  the  Sagittarius- Aquila-Ophiuchus 
region.  The  center  of  this  widened  region  of  the  Milky  Way  is  practically  that 
of  Group  A  of  the  clusters.  The  outlying  clusters  (which  are  the  brightest  of  these 
objects)  are  beyond  the  limits  of  the  Milky  Way.  Groups  B  and  C  are  found  to 
occupy  the  regions  of  the  two  Nebeculae,  respectively.  The  northernmost  region 
of  the  Milky  Way  appears  to  be  almost,  if  not  entirely,  devoid  of  globular 
clusters.  All  of  these  clusters  are  completely  resolved  into  stars.  No  trace  of 
nebulosity  has  been  found  in  any  of  them." 

§  53 .     The  Physical  Interpretation  of  the  Apparent  Antipathy 
Between  the  Stars  and  Nebulae. 

That  this  extraordinary  distribution  of  the  nebulae  as  far  as  possible  from 
the  stars  of  the  Milky  Way  has  some  deep  physical  significance  can  scarcely  be 
doubted.  What  then  is  the  meaning  of  the  observed  distribution?  To  answer  this 
question  in  the  simplest  and  most  unbiased  manner,  we  may  ask  ourselves  how 
Democritus,  Anaxagoras,  Aristotle,  or  any  of  the  Greek  natural  philosophers 
would  have  answered  such  a  question,  had  they  known  that  cosmical  dust  is  con- 
stantly expelled  from  the  stars  by  electric  forces  and  by  the  radiation-pressure 
of  their  light  and  driven  away  from  the  Milky  Way,  which  they  also  knew  to  be 
composed  of  small  stars  too  dense  to  be  seen  individually?  Can  any  one  doubt 
that  the  Athenian  sages  would  have  said  that  the  nebulae  are  formed  of  cosmical 
dust  expelled  from  the  stars,  and  are  therefore  located  as  far  away  from  the  Milky 
Way  as  possible,  being  collected  principally  in  its  poles? 

It  is  clear  that  the  Physical  Universe  is  governed  by  two  antagonistic  princi- 
ples, both  incessantly  at  work:  one  being  the  secular  condensation  of  matter 
under  gravity  to  form  stars  and  systems,  to  be  followed  eventually  by  another 
of  the  opposite  character;  namely,  an  expulsion  of  cosmical  dust,  under  electric 
forces  and  the  radiation-pressure  of  the  light  of  the  stars,  to  form  nebulae. 
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Plate  II.  The  Nebulae  and  Clusters  in  the  Northern  Hemisphere,  Plotted  on  an 
Equal  Surface  Projection  by  Mr.  Sidney  Waters,  from  Sir  John  Herschel's 
Catalogue.     (The  Nebulae  are  represented  by  dots,  the  Clusters  by  crosses.) 


Plate  III.     The    Nebulae    and   Clusters    in    the    Southern    Hemisphere,    Plotted 
Mb.  Sidney  Waters.     (The  Nebulae  are  represented  bi/  dots,  the  Clusters  by  crosses.) 
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Now  as  the  stars  are  formed  mainly  in  the  stratum  of  the  Milky  Way,  which 
is  spread  out  over  an  immense  extent  but  not  relatively  of  great  thickness,  does 
it  not  necessarily  follow  that  the  nebulae  would  be  most  numerous  in  the 
poles  of  that  stratum?  This  seems  to  be  the  true  interpretation  of  the  most 
conspicuous  and  fundamental  division  of  the  universe.  There  is  a  constant 
interchange  of  matter  between  the  regions  of  the  stars  and  of  the  nebulae.  One 
tendency  operates  to  form  new  stars  by  the  gradual  condensation  of  diffused 
matter,  the  other  to  form  new  nebulae  by  the  dispersion  and  subsequent  collection 
of  the  cosmical  dust  expelled  from  stars  already  far  advanced  in  development. 

When  the  matter  is  first  expelled  from  the  stars,  it  is  driven  away  indifferently 
in  all  directions,  but  its  permanent  path  of  least  resistance  obviously  is  towards  the 
region  of  fewest  stars;  and  it  therefore  collects  more  or  less  in  various  places, 
but  principally  in  the  poles  of  the  Milky  Way,  and  thus  gives  us  the  great  canopy 
of  nebulae  disclosed  by  observation* 

This,  at  least,  is  the  way  the  Greeks  would  reason  in  regard  to  this  matter, 
and  the  present  writer  considers  it  safe  to  adhere  to  their  simple  and  direct  way 
of  interpreting  the  most  obvious  phenomena  of  the  physical  world.  A  similar 
view  would,  no  doubt,  be  taken  by  such  modern  physicists  as  Arrhenius  and 
others  who  have  studied  the  theory  of  the  radiation-pressure  in  the  corona  of  the 
sun,  and  the  dispersion  of  cosmical  dust  from  the  stars,  by  the  radiation-pressure 
of  their  light  and  by  other  repulsive  forces. 

The  green  nebulae,  though  comparatively  few  in  number,  seem  to  be  most 
abundant  near  the  plane  of  the  galaxy.  And  we  may  account  for  this  most  easily 
by  supposing  that  the  matter  in  these  masses  is  recently  expelled  from  the  stars, 
and  some  of  it  is  still  responsive  to  neighboring  radiations.  This  may  make  cer- 
tain elements  glow  with  inherent  light,  and  hence  the  bright  lines  in  the  spectra 
of  some  of  these  nebulae. 

In  discussing  the  distribution  of  the  nebulae,  the  late  Mr.  A.  C.  Ranyard 
remarks  that  the  researches  of  Proctor  and  Waters  "showed  that  streams  and 
clusters  of  nebulae  which  had  been  ranked  as  irresolvable  by  Sir  John  Herschel 
were  followed  by,  and  associated  with,  streams  and  clusters  of  nebulae  which  had 
been  ranked  as  resolvable,  in  a  manner  which  rendered  it  probable  that  they 
are  associated  together,  forming  distinct  systems  from,  but  intimately  associated 
with,  the  distribution  of  the  lucid  or  brighter  stars,  while  the  large  and  irregular  gas- 
eous nebulae,  which  are  frequently  associated  with  star  clusters,  are  grouped  along 
the  Milky  Way,  and  seem  to  be  intimately  associated  with  it.     The  aggregation 

*  Greater  absorption  of    light  due  to  augmentation  of    nebulosity  towards  the  poles  of    the  Galaxy  may 
account  for  part  of  the  observed  contrast  between  the  stars  and  nebulae. 
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of  star  clusters  upon  the  Milky  Way,  especially  along  the  central  region,  is  also 
very  striking  "  (Old  and  New  Astronomy,  p.  730). 

§  54 .     The  Inadequacy  of  the  Theories  Heretofore  Proposed  for 
Explaining  the  Spiral  Nebulae. 

Neither  Lord  Rosse's  discovery  of  spiral  nebulae  in  1845,  nor  Lassell's 
verification  of  his  inferences  about  1855  led  to  any  definite  theory  of  these  masses. 

Lord  Rosse's  account  of  Messier  51,  in  the  memoir  entitled  "  Observations 
on  Nebulae,"  presented  to  the  Royal  Society,  June  20,  1850,  and  published  in 
the  Philosophical  Transactions,  1850,  Part  II,  contains  the  following  suggestive 
passage:  "We  thus  observe,  that  with  each  successive  increase  of  optical  power, 
the  structure  has  become  more  complicated  and  more  unlike  anything  which  we 
could  picture  to  ourselves  as  the  result  of  any  form  of  dynamical  law,  of  which 
we  find  a  counterpart  in  our  system.  The  connection  of  the  companion  with  the 
greater  nebula,  of  which  there  is  not  the  least  doubt,  and  in  the  way  represented 
in  the  sketch,  adds,  as  it  appears  to  me,  if  possible,  to  the  difficulty  of  forming 
any  conceivable  hypothesis.  That  such  a  system  should  exist,  without  internal 
movement,  seems  to  be  in  the  highest  degree  improbable:  we  may  possibly  aid 
our  conceptions  by  coupling  with  the  idea  of  motion  that  of  a  resisting  medium; 
but  we  cannot  regard  such  a  system  in  any  way  as  a  case  of  mere  statical  equilibrium. 
Measurements,  therefore,  are  of  the  highest  interest,  but  unfortunately  they  are 
attended  with  great  difficulties."  Such  were  the  problems  encountered  by  the 
older  observers,  before  the  days  of  Astronomical  Photography ! 

The  later  work  of  Isaac  Roberts,  in  1887-1900,  and  especially  of 
Keeler,  who  made  a  more  adequate  survey  with  the  Crossley  reflector  at 
the  Lick  Observatory,  in  1898-1900,  showed  clearly  that  a  theory  of  the  spiral 
nebulae  would  eventually  become  necessary  for  our  interpretation  of  celestial 
phenomena. 

In  1904  an  attempt  was  made  by  Chamberlin  and  Moulton  of  Chicago,  to 
utilize  the  observed  spirality  of  the  nebulae  in  their  continued  efforts  to  solve 
certain  problems  relative  to  the  origin  of  the  solar  system.  The  theory  developed 
by  Moulton  has  been  published  in  the  Astrophysical  Journal  (Vol.  XI,  No.  2, 
March,  1900,  and  Vol.  XXII,  No.  3,  Oct.,  1905).  We  shall  now  briefly  examine 
the  character  of  this  theory. 

The  essential  point  of  the  Chamberlin-Moulton  theory  is  that  if  one  star 
passes  near  another  in  the  course  of  chance  movement  due  to  proper  motions, 
the  tidal  disturbances  thereby  arising  would  cause  matter  to  be  ejected  from  the 


FOR   EXPLAINING  THE    SPIRAL   NEBULAE.  105 

stars;  and  the  magnified  prominences  thus  shot  forth  would  form  spirals  about 
each  mass.  The  condensation  of  the  ejected  material,  it  is  held,  would  form 
systems  of  bodies  analogous  to  our  planets. 

In  considering  this  theory  it  should  be  remembered  that  it  grew  out  of  previous 
work  by  Chamberlin,  afterwards  incorporated  in  a  paper,  "  On  a  Possible  Function 
of  Disruptive  Approach  in  the  Formation  of  Meteorites,  Comets  and  Nebulae" 
(Astrophysical  Journal,  Vol.  XIV,  17-40,  1901).  Thus  Moulton's  theory  was 
admittedly  an  extension  of  a  previous  theory,  and  not  the  independent  outcome 
of  a  general  examination  of  the  question  on  its  merits.  The  very  title  of  Cham- 
berlin's  paper  "On  a  Possible  Function  of  Disruptive  Approach,"  etc.,  shows 
that  it  was  offered  merely  as  one  possible  explanation,  and  that  the  n  +  1  other 
possible  explanations  had  not  been  fully  considered.  In  view  of  these  facts,  it 
will  not  be  surprising  if,  when  we  examine  all  the  phenomena  carefully,  we  find 
the  theory  of  Chamberlin  and  Moulton  quite  devoid  of  foundation.  It  has 
been  remarked  with  regret  that  Moulton,  who  is  by  profession  an  astronomer 
and  mathematician,  has  also  fallen  into  the  habit  of  offering  possible  explanations, 
without  inquiring  how  many  other  possible  explanations  are  overlooked.  Thus  in 
his  paper  on  the  Evolution  of  the  Solar  System  in  Astrophysical  Journal,  October, 
1905,  Sec.  3  is  on  a  "Possible  Origin  of  Spiral  Nebulae."  This  carelessness  is 
the  less  excusable  in  a  writer  trained  in  mathematical  methods,  because  it  is  a 
fundamental  principle  in  the  most  exact  of  all  sciences,  that  the  validity  of  reason- 
ing is  assured  only  when  it  is  supported  by  necessary  and  sufficient  conditions; 
that  is,  (it  must  be  shown  that  the  explanation  offered  is  not  only  sufficient  to 
account  for  the  phenomenon  in  question,  but  also  that  no  other  possible  ex- 
planation will  account  for  it.  Such  reasoning  alone  is  worthy  of  the  traditions 
of  Celestial  Mechanics,  for  Newton  used  this  very  criterion  in  establishing  the 
law  of  universal  gravitation.  Kepler  having  shown  by  observation  that  the 
planets  and  comets  move  in  conic  sections,  Newton  proved  that  the  law 
of  the  inverse  squares,  and  no  other  possible  law  of  attraction,  would  explain  the 
phenomena.     Thus  the  law  of  universal  gravitation  was  established  forever. 

It  may,  perhaps,  occur  to  the  reader  that  it  is  not  always  possible  to  introduce 
these  strict  criteria,  and  that  much  of  our  reasoning  in  the  physical  sciences  is 
therefore  never  very  certain;  yet  if  great  uncertainty  still  exists  it  should  always 
be  plainly  and  distinctly  stated.  In  the  case  of  the  speculation  indulged  in  by 
Chamberlin  and  Moulton  the  course  adopted  has  been  misleading  in  its  effects 
on  scientific  thought.  The  publication  of  such  theories  was  not  justifiable,  be- 
cause it  was  plainly  contradicted  by  the  most  obvious  of  celestial  phenomena. 
It  can  easily  be  shown  to  be  theoretically  unsound,  and  it  is  emphatically  contra- 
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dieted  by  the  observed  distribution  of  the  spiral  nebulae,  as  we  shall  see  by  the 
following  considerations. 

§  55.     Fatal  Objections  to  the  Theory  of  Chamberijn  and  Moulton. 

We  shall  now  examine  this  theory  of  Chamberlin  and  Moulton  somewhat 
more  critically.  It  may  be  admitted  that,  if  the  supposed  initial  approach  of 
two  stars  be  sufficiently  close,  some  ejections  of  prominences  might  take  place, 
and  the  ejected  particles  might  pursue  spiral  paths.  But  even  if  we  concede 
this  ejection,  would  the  matter  be  spread  out  to  such  great  distances  as  are  ob- 
served in  our  planets,  and  to  the  still  vaster  distances  observed  in  the  nebulae? 
And  could  the  large  size,  regularity  and  circularity  of  the  planetary  orbits  be  thus  ac- 
counted for?  Moreover  are  we  justified  in  postulating  such  close  approaches?  The 
reader  will  see  from  these  questions  how  serious  the  objections  are  to  the  possible 
explanations  which  have  been  offered.  In  order  to  throw  as  clear  a  light  on  this 
problem  as  possible,  we  shall  examine  the  questions  in  detail,  and  we  first  consider: 

Some  Reasons  Why  the  Chamberlin-Moulton  Theory  of  the  Origin  of  Spiral 
Nebulae  is  Untenable.  If  this  theory  that  the  spiral  nebulae  are  formed  by  the 
process  of  disruptive  approach,  as  one  star  passes  another,  were  true,  we  should 
obviously  have  the  following  consequences: 

(1)  Spiral  nebulae  should  be  abundant  where  the  stars  are  densest,  as 
in  the  clusters  and  the  Milky  Way;  because  there  close  approaches  would  on  the 
average  be  most  frequent. 

(2)  Spiral  nebulae  would  be  especially  abundant  in  the  densest  masses 
of  stars,  such  as  the  globular  clusters,  because  close  approaches  would  there  attain 
maximum  frequency. 

(3)  The  spiral  nebulae  should  nearly  always  occur  in  pairs,  for  the  disruption 
of  one  of  two  passing  stars  would  generally  imply  the  disruption  of  the  other  also. 

Extensive  study  of  the  heavens  shows  that  nature  is  directly  contradictory 
to  these  inferences;  for  the  facts  are  found  to  be  as  follows: 

(a)  The  spiral  nebulae  are  not  abundant  in  the  clusters  and  Milky  Way, 
the  vast  majority  of  them  occurring  in  the  region  of  the  poles  of  the  Galaxy. 

(6)  No  well  defined  nebulae  are  known  in  the  clusters,  and  dense  globular 
clusters  seem  to  be  practically  devoid  of  nebulosity  of  any  kind.*     This  seems 

*  Since  this  was  written  it  has  been  amply  confirmed  by  an  important  investigation  by  Perking  in  Lick 
Observatory  BuUetin,''Ho.  155.     Two  of  his  conclusions  are: 

"  3.     The  globular  clusters  are  devoid  of  true  nebulosity. 

"  4.  There  is  no  direct  relationship  between  the  globular  clusters  and  the  numerous  small  nebulae.  The 
distribution  of  the  small  nebulae  appears  to  be  entirely  independent  of  the  globular  clusters,  neither  affinity  nor 
avoidance  being  disclosed." 
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to  indicate  the  operation  of  the  clustering  power  observed  by  the  elder  Herschel, 
which  is  thus  gradually  clearing  the  clusters  of  star-forming  material ;  and  directly 
contradicts  the  view  that  disruptive  approaches  are  in  progress. 

(c)  So  far  as  known  spiral  nebulae  never  occur  in  pairs;  therefore  it  is  evident 
that  two  stars  do  not  disrupt  each  other  in  passing,  nor  do  they  in  fact  pass  very 
near  each  other,  except  under  the  most  extraordinary  circumstances. 

(d)  For  it  may  be  shown  by  the  theory  of  probability  that  approaches  of 
stars  sufficiently  close  to  cause  tidal  outbursts  would  occur  so  rarely  as  to  leave 
no  trace  in  the  appearance  of  the  visible  universe.  Professor  Crawford  of 
the  University  of  California,  has  justly  remarked:  "It  might  in  a  long  time  occur 
once  or  twice  in  a  universe  composed  of  100  million  stars,  but  not  oftener." 

(e)  The  spiral  nebulae  are  numbered  by  hundreds  of  thousands,  if  not  by 
millions,  and  therefore  could  not  possibly  have  arisen  in  this  way. 

In  view  of  these  obvious  contradictions,  it  is  clear,  therefore,  that  the  Cham- 
berlin-Moulton  theory  of  the  origin  of  the  spiral  nebulae  is  wholly  untenable. 
Indeed  one  eminent  astronomer  has  expressly  remarked  on  the  difficulty  of  under- 
standing how  a  theory  so  completely  devoid  of  real  foundation  came  to  be  seriously 
promulgated  in  a  scientific  journal.  We  can  only  explain  the  publication  of  such 
a  theory  on  the  supposition  that  the  whole  subject  has  been  very  obscure,  and 
accurate  reasoning  therefore  not  required. 

It  is  unnecessary  to  thrice  slay  the  slain,  but  it  may  be  remarked  that  the 
late  Miss  Clerke,  in  her  valuable  work  entitled  Problems  in  Astrophysics,  p.  445, 
has  pointed  out  another  very  obvious  weakness  in  this  theory.  After  describing 
the  theory  of  Chamberlin  and  Moulton,  she  adds :  "  The  events  contemplated  in  it 
are  on  a  small  scale  by  comparison  with  the  grandiose  dimensions  which  we  must 
ascribe  to  spiral  nebulae."  This  point  is  one  which  admits  of  precise  examination, 
and  therefore  is  worthy  of  further  consideration. 

§  56.     What  are  the  Probable  Sizes  of  the  Larger  Spiral  Nebulae? 

A  number  of  the  spiral  nebulae  are  found  to  have  apparent  radii  of  many 
minutes  of  arc,  and  they  are  therefore  masses  of  vast  extent.  If  we  take  the 
apparent  radius  of  the  larger  spiral  masses  at  12'. 5,  the  size  can  not  be  considered 
excessive.  This  is  about  |  of  the  moon's  radius,  and  there  might  be  in  the  entire 
heavens  some  300,000  such  objects  without  wholly  covering  the  face  of  the  sky. 

Now  at  the  distance  of  a  Centauri  the  radius  of  the  earth's  orbit  would  subtend 
an  angle  0".75;  and  a  radius  of  12'  30"=  750",  at  that  distance,  would  correspond 
to  about  1000  times  that  of  the  earth's  orbit.  But  on  the  average  the  nebulae 
cannot  be  nearer  to  us  than  some  30  times  the  distance  of  a  Centauri,  and  hence 
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their  average  diameters  of  25'  correspond  to  bodies  1000  times  larger  than  the 
orbit  of  Neptune ! 

Thus  the  great  space  covered  by  the  spiral  nebulae  indicates  that  many  of 
the  larger  of  these  objects  are  thousands  of  times  larger  than  our  whole  solar  system. 
Under  the  circumstances,  the  rarity  of  these  masses  is  not  surprising;  nor  may  we 
expect  any  appreciable  evidence  of  rotatory  motion  in  periods  less  than  centuries. 
Accordingly  we  must  squarely  face  the  difficulty  presented  by  the  immense  di- 
mensions of  the  spiral  nebulae.  And  although  objects  of  much  smaller  dimensions 
undoubtedly  exist,  any  theory  proposed  could  not  be  considered  very  satisfactory 
till  it  was  shown  to  be  adequate  to  explain  the  larger  masses  as  well  as  the  smaller 
ones. 

But  Our  Own  Solar  System  is  Already  of  Vast  Extent,  and  the  Dispersion 
of  Matter  Ejected  from  the  Sun  Over  Such  a  Space  would  be  Very  Difficult  to  Ac- 
complish by  Any  Indirect  Process  such  as  Tidal  Disruption.  In  the  attempted 
explanation  of  spiral  nebulae  by  prominences  ejected  from  bodies  like  our  sun, 
a  very  close  approach  has  to  be  postulated,  in  order  to  make  the  tidal  forces  suffi- 
ciently powerful  to  produce  the  assumed  disruption  of  explosive  jets.  For  the 
tidal  forces  vary  inversely  as  the  cube  of  the  distances,  and  the  forces  therefore 
become  very  powerful  only  when  the  distance  is  small.  In  the  present  state  of  our 
sun,  it  is  safe  to  say  that  no  very  great  ejections  would  take  place  unless  the  passing 
sun  came  within  the  orbit  of  Mercury.  If  the  passing  star  were  larger  than  our 
sun,  or  if  our  sun  were  less  dense  and  more  expanded  in  volume  than  it  is  at  present, 
it  might  produce  an  equal  effect  at  greater  distances ;  but  the  stars  on  the  average 
are  not  enough  larger  than  our  sun  to  justify  us  in  admitting  a  disrupting  passage 
remoter  than  the  orbits  of  the  inner  planets,  say  two  astronomical  units. 

Now  just  what  would  happen  in  such  a  passage  of  a  large  star  near  our  sun, 
necessarily  is  more  or  less  obscure;  but  it  seems  fairly  certain  that  the  change 
in  local  gravity  accompanied  by  deformation  of  the  figures  of  the  stars  could  not 
produce  ejections  to  extend  much,  if  any,  beyond  the  point  of  nearest  approach 
of  the  two  bodies.  This  inference  seems  to  be  justified  by  what  is  observed 
among  the  double  stars  at  their  periastron  passage  in  very  eccentric  orbits. 

§  57 .     No  Indications  of  Tidal  Disruption  Furnished  by  Double  Stars 
at  Close  Periastron  Passage. 

It  is  well  known  that  y  Virginis  has  an  eccentricity  of  about  0.9,  and  yet 
no  outbursts  or  great  changes  of  brilliancy  were  observed  by  W.  Struve  during 
the  passage  of  1836.  In  like  manner  the  double  star  S2525  has  an  eccentricity 
of  about  0.95;   and  yet  it  too  passed  periastron  in  1888  without  any  violent 
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disruptions  or  spiral  ejections  conspicuous  enough  to  make  the  outburst  visible 
to  such  skillful  observers  as  Hall,  Schiaparelli,  H.  Struve  and  Burnham. 

The  fact  that  eccentric  binaries  are  not  converted  into  nebulae  during  peri- 
astron  passage  tells  very  powerfully  against  such  supposed  detachment  of  huge 
prominences.  It  is  probable  that  the  periastron  passage  of  double  stars,  in  at 
least  some  cases,  is  as  close  as  the  perihelia  of  the  orbits  of  our  interior  planets 
to  the  sun.  And  if  whirlpools  of  ejected  matter  were  left  behind  each  time  such 
passage  occurred,  these  double  stars  would  probably  present  a  nebulous  aspect, 
which  is  not  confirmed  by  observation.  The  observational  criterion  supplied  by 
the  orbital  movement  of  double  stars  therefore  appears  to  indicate  that  no  great 
dispersion  of  nebulous  matter  to  distances  such  as  that  of  Neptune  could  be  pro- 
duced by  the  passage  of  a  neighboring  star  near  a  body  like  our  sun. 

Accordingly  it  is  clear  that  in  such  passages  of  disturbing  bodies  matter  is 
not  ejected  to  any  appreciable  extent,  owing  probably  to  the  intensity  of  gravity 
in  well  developed  stars;  and  also  that,  even  if  it  were  ejected,  it  could  not  be 
spread  out  to  very  great  distances  corresponding  to  the  orbits  of  the  outer  planets. 
Moreover,  if  so  spread  out,  the  orbits  of  the  particles  so  ejected  would  nearly  all 
pass  near  the  sun,  and  be  so  eccentric  that  they  could  never  condense  into  bodies 
moving  in  orbits  with  small  eccentricities  but  large  major  axes,  like  the  major 
planets,  Jupiter,  Saturn,  Uranus  and  Neptune. 

Lastly  it  is  found  by  observation  that  spectroscopic  binaries  on  the  average 
have  eccentricities  not  larger  than  one-third  of  those  found  among  the  wider 
visual  binaries  (cf.  Paper  by  the  author  in  Monthly  Notices  of  the  Royal  Astro- 
nomical Society  for  December,  1907),  so  that  the  larger  orbits  have  the  higher 
eccentricities  among  the  stars,  but  not  in  our  solar  system.  Accordingly  we  may 
dismiss  the  suggestion  of  this  diffusion  of  matter  over  vast  distances,  like  those 
represented  by  our  major  planets,  as  quite  devoid  of  foundation,  and  wholly 
inadequate  to  account  for  the  roundness  of  the  planetary  orbits.  With  regard 
to  outbursts  which  would  give  rise  to  spiral  nebulae  thousands  of  times  the  di- 
mensions of  the  solar  system,  the  mere  suggestion  of  such  a  thing  shows  it  to  be 
so  improbable  that  it  requires  no  further  notice. 

§  58.     On  the  Development  of  Vortices  in  the  Condensation  of  the  Stars 
from  Nebulae,  and  on  the  Nature  of  Philosophic  Truth. 

One  criticism  of  the  greatest  weight  against  the  theory  of  Chamberlin  and 
Moulton  is  based  on  the  obvious  inconsistency  of  the  underlying  conceptions, 
and  on  the  arbitrary  and  gratuitous  character  of  the  adopted  hypotheses.     These 
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writers  assume  apparently  that  the  stars  were  formed  originally  by  the  falling 
together  of  nebulous  matter,  though  this  point  is  nowhere  made  clear.  If  this 
is  the  view  adopted  or  tacitly  implied,  they  evidently  suppose  all  the  nebulosity 
to  have  gone  straight  to  these  centres  of  condensation;  and  the  best  plan  they 
can  devise,  for  getting  some  of  it  out  of  the  stars  to  form  cosmical  systems  about 
them,  is  to  assume  arbitrarily  that  the  stars  occasionally  pass  close  together, 
and  through  tidal  disruptions  eject  some  of  it  to  form  spiral  nebulae  (of  small  size). 
They  do  not  seem  to  be  aware  of  the  fact  that  it  would  be  absolutely  impossible 
for  diffused  nebulous  matter  to  reach  these  centres  without  whirling  around  them, 
in  the  process  of  descent;  and  that  vortices  and  cosmical  systems  are  thus  the 
inevitable  outcome  of  ordinary  gravitational  condensation. 

The  round-about  and  arbitrary  character  of  their  process  must  strike  every 
reader  with  wonder  and  astonishment;  and  few  will  believe  that  even  the  authors 
of  this  theory  seriously  entertain  it.  Though  Moulton  gives  his  exposition  of 
the  theory  in  categorical  terms,  he  in  one  place  hints  that  it  is  "  open  to  question 
at  every  point"  (Astrophysical  Journal,  Vol.  XXII,  No.  3.  October,  1905)- 
Of  what  earthly  use  is  such  a  theory? 

An  impartial  study  of  these  writings  will  strongly  suggest  the  possibility  that 
they  endeavored  to  harmonize  the  irreconcilable  by  somewhat  doubtful  methods. 
They  hoped  to  awaken  popular  interest  by  adapting  the  old  nebular  hypothesis 
to  the  photographic  results  of  Roberts  and  Keeler,  respecting  the  spiral  nebulae; 
but  set  about  it  in  a  way  that  aroused  distrust  in  the  minds  of  all  competent 
judges.  To  the  serious  student  of  this  subject  we  recommend,  as  a  parallel  course 
of  reading,  Whewell's  account  of  the  cosmical  theories  put  forth  by  Descartes 
(History  of  the  Inductive  Sciences,  Vol.  II,  Book  VII,  Chap.  I,  pp.  131-140). 

We  need  make  no  severer  criticism  of  these  writers  than  Whewell  has  made 
on  the  cause  of  the  failure  of  the  physical  philosophy  of  the  Greeks;  namely,  that 
although  they  observed  diligently  and  exhausted  their  powers  of  ingenuity  in 
classification,  it  was  arbitrary  and  their  ideas  therefore  not  appropriate  to  the  facts; 
and  the  outcome  as  regards  physical  science  a  failure! 

In  his  account  of  Descartes,  Whewell  says:  "He  always  kept  up  an 
active  correspondence  with  his  friend  Mersenne,  who  was  called,  by  some  of  the 
Parisians,  the  '  Resident  of  Descartes  at  Paris,'  and  who  informed  him  of  all 
that  was  done  in  the  world  of  Science.  It  is  said  that  he  at  first  sent  to  Mersenne 
an  account  of  a  system  of  the  universe  which  he  had  devised,  which  went  on  the 
assumption  of  a  vacuum ;  Mersenne  informed  him  that  the  vacuum  was  no 
longer  the  fashion  at  Paris;  upon  which  he  proceeded  to  remodel  his  system  and 
to  re-establish  it  on  the  principle  of  a  plenum." 
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This  account  may  do  the  illustrious  Descartes  an  injustice,  for  Whewell 
is  treating  of  the  improvements  introduced  by  the  Newtonian  philosophy;  but 
it  is  an  accurate  description  of  the  usual  fate  of  obsequious  persons  who  aim  at 
popularity  rather  than  truth.  Like  the  obliging  teacher  of  Geography,  they 
are  always  prepared  to  expound  either  the  round  or  the  flat  theory  of  the  Earth, 
according  to  the  demand.  In  such  accommodating  philosophy  the  Eternal 
Truth  naturally  is  the  last  thing  to  be  thought  of,  for  Her  Kingdom  is  not  of  this 
Earth. 

§  59.     The  Regularity  and  Circularity  of  the  Planetary  Orbits  and  Their 
Large  Size  Inconsistent  with  the  Theory  of  Tidal  Disruption. 

On  this  point,  after  what  has  been  said  above,  it  is  sufficient  to  remark  that 
this  phenomenon  cannot  be  accounted  for  without  assigning  a  nearly  circular 
form  to  the  paths  of  the  planets  when  they  were  first  formed,  or  else  postulating 
the  secular  action  of  a  resisting  medium  which  has  gradually  reduced  their  major 
axes  and  eccentricities.  A  resisting  medium  is  the  only  cause  known  to  work 
effectively  in  reducing  the  eccentricity  of  an  orbit;  but  as  the  major  axis  is  also 
greatly  reduced  by  the  same  cause,  such  an  hypothesis  carries  with  it  the  implied 
premise  that  the  planetary  orbits  were  originally  much  larger  than  at  present, 
and  this  embarrasses  the  spiral  hypothesis  still  more  than  before. 

If  it  was. already  incapable  of  accounting  for  the  spreading  out  of  matter 
over  such  vast  spaces,  it  would  seem  that  we  dare  not  stretch  the  theory  to  explain 
an  assumed  distribution  of  matter  over  a  space  several  times  that  now  occupied 
by  the  solar  system. 

In  the  translation  of  Laplace's  Theory,  given  in  the  historical  part  of  this 
volume,  we  see  that  it  was  shown  by  the  immortal  author  of  the  Mecanique  Celeste, 
over  a  century  ago,  that  planets  formed  of  matter  carried  away  from  the  sun 
would  at  each  revolution  return  very  near  to  this  star  and  have  a  small  perihelion 
distance.  If  the  ejection  was  due  to  tidal  disruptions  arising  during  the  passage 
of  a  disturbing  body,  the  case  would  be  slightly  different  from  that  considered 
by  Laplace,  in  the  celebrated  hypothesis  of  Buffon,  that  a  comet  by  striking  the 
sun  had  carried  away  a  torrent  of  matter  which  condensed  into  the  planets;  and 
there  might  be  circumstances  under  which  some  of  the  matter  would  revolve  in 
orbits  with  considerable  perihelion  distances;  but  most  of  it  assuredly  would 
return  in  paths  passing  near  the  surface  of  the  sun.  And  as  large  masses  like  the 
major  planets  could  not  be  accounted  for  without  assuming  that  their  primordial 
orbits  were  originally  very  much  larger  than  they  are  now,  not  even  a  resisting 
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medium  would  explain  how  this  matter  could  be  gathered  into  these  large  masses 
moving  in  almost  circular  orbits  at  such  great  distances.  An  explanation  of  the 
origin  of  the  planets  by  such  a  strained  and  artificial  hypothesis  is  therefore  wholly 
impossible. 

Under  the  circumstances  it  is  obvious  that  these  speculations  of  Chamberlin 
and  Moulton  are  not  only  invalid,  but  also  highly  misleading.  And  now,  as  if 
to  make  matters  still  worse,  Moulton  has  finally  suggested  (Publication  No.  107 
of  the  Carnegie  Institution,  1909,  p.  160)  that  matter  is  disintegrating  by  the  release 
of  enormous  sub-atomic  energies,  under  the  extremes  of  temperature  and  pressure 
existing  in  the  stars.  Another  superfluous  hypothesis,  without  the  least  observa- 
tional foundation! 

§  60.     The  Significance  of  Bode's  Law  of  Planetary  Distances. 

In  his  Presidential  Address  on  Cosmical  Evolution,  quoted  hereafter  at  the 
beginning  of  the  account  of  the  Modern- Theories  of  Cosmogony,  Professor  Sir 
G.  H.  Darwin  attaches  considerable  significance  to  Bode's  law,  and  seems  to 
think  that  the  regions  where  the  planets  developed  were  regions  of  stability  in 
the  solar  nebula.  Within  certain  limits  there  is  much  to  commend  in  this  view, 
and  yet  it  must  not  be  unreservedly  accepted.  Let  us  examine  the  question  a 
little  more  closely.  Bode's  law  is  stated  thus:  Write  a  series  of  4's,  and  to  the 
second  add  3;  to  the  third  add  3X2;  the  fourth  3X4,  and  so  on,  doubling 
the  multiplier  by  3  each  time.  Thus  we  have  for  the  distance  of  any  planet 
x  =  4  +  2n-2.3,  and  the  values  are: 

Table  Exhibiting  Bode's  Law  as  Applied  to  the  Solar  System. 


Planet 

Bode's  Hyp 

othetical 

Observed 

Error  of 

Distance  x  = 

4  +  3.2"-* 

Distance 

Bode's  Law 

Mercury 

4 

=      4 

3.9 

+    0.1 

Venus 

4  +  3 

=     7 

7.2 

-  0.2 

The  Earth 

4  +  2.3 

=   10 

10.0 

±  0.0 

Mars 

4  +  22.3 

=    16 

15.2 

+  0.8 

The  Asteroids 

4  +  2'.3 

=  28 

26.5 

+   1.5 

Jupiter 

4  +  24.3 

=   52 

52.0 

±  0.0 

Saturn 

4  +  26.3 

=  100 

95.4 

+  4.6 

Uranus 

4  +  2'.3 

=  196 

191.9 

+  4.1 

Neptune 

4  +  27.3 

=  388 

300.6 

+  87.4 

It  will  be  seen  by  this  table  that  the  agreement  of  the  actual  distances  with 
those  given  by  Bode's  law  is  not  very  close,  in  several  instances;  while  in  two 
cases  the  failure  is  complete  —  namely,  in  the  case  of  Neptune,  where  the  appear- 
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ance  of  the  system  is  perfectly  regular,  and  in  the  case  of  the  Asteroids,  which 
are  spread  over  the  whole  interval  between  Mars  and  Jupiter.  This  last  position, 
indeed,  near  the  greatest  planet,  might  be  expected  to  exhibit  some  irregularity, 
but  no  departure  from  the  formula  should  be  expected  at  Neptune,  if  the  law  of 
Bode  is  a  real  physical  law,  and  there  it  is  that  the  failure  is  most  complete. 

It  follows,  therefore,  that  the  law  of  Bode  is  neither  general  nor  exact,  but 
a  kind  of  empirical  numerical  relation  having  no  geometrical  or  physical  significance. 

Professor  Newcomb  has  made  the  following  thoughtful  criticism  of  Bode's 
Law:  "It  will  be  seen  that  before  the  discovery  of  Neptune  the  agreement  was 
so  close  as  to  suggest  the  existence  of  an  actual  law  of  the  distances.  But  the  dis- 
covery of  this  planet  in  1846  completely  disproved  the  supposed  law,  and  there 
is  now  no  more  reason  to  believe  that  the  proportions  of  the  solar  system  are  the 
result  of  any  exact  and  simple  law  whatever.  It  is  true  that  many  ingenious 
people  employ  themselves  from  time  to  time  in  working  out  numerical  relations 
between  the  distances  of  the  planets,  their  masses,  their  times  of  rotation,  and  so 
on,  and  will  probably  continue  to  do  so;  because  the  number  of  such  relations, 
which  can  be  made  to  come  somewhere  near  to  exact  numbers,  is  very  great.  This, 
however,  does  not  indicate  any  law  of  nature.  If  we  take  forty  or  fifty  numbers 
of  any  kind,  say  the  years  in  which  a  few  persons  were  born,  their  ages  in  years, 
months  and  days  at  some  particular  event  in  their  lives ;  the  numbers  of  the  houses 
in  which  they  live,  and  so  on,  we  shall  find  as  many  curious  relations  among  the 
numbers  as  have  ever  been  found  among  those  of  the  planetary  system.  Indeed 
such  relations  among  the  years  of  the  lives  of  great  actors  in  the  world's  history 
will  be  remembered  by  many  readers  as  occurring  now  and  then  in  the  public 
journals"  (Popular  Astronomy,  Edition  of  1878,  pp.  237-238). 

Another  effective  criticism  of  Bode's  law  is  based  upon  the  failure  in  the  case 
of  the  satellite  systems.  Since  the  publication  -  of  the  author's  recent  paper  in 
the  Astronomische  Nachrichten,  No.  4308,  probably  no  one  has  thought  of  the 
satellites  as  detached  from  the  planets  about  which  they  revolve,  or  of  the  planets 
as  detached  from  the  sun;  yet  on  the  other  hand  if  Bode's  law  holds  for  planets 
which  have  been  captured,  it  might  be  expected  to  be  repeated  in  some  analogous 
form  among  the  satellites  of  the  great  planets.  Such,  however,  is  not  the  case, 
because  the  distances  of  the  remote  satellites  of  Jupiter  and  Saturn  break  suddenly 
and  unaccountably  with  the  intervals  holding  among  the  satellites  in  the  inner 
parts  of  these  systems.  Moreover,  the  motion  of  the  outer  satellite  in  each  case 
is  retrograde.  Thus  any  analogy  with  Bode's  law,  or  with  any  similar  law  what- 
ever, entirely  disappears;  and  all  this  antiquated  speculation  falls  to  the  ground. 
If  such  relations  of  distance  should  be  found  in  the  systems  of  Mars  or  Uranus, 
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but  not  in  those  of  Jupiter  and  Saturn,  the  proof  will  be  all  the  more  complete  that 
some  apparently  harmonious  relations  are  simply  the  work  of  chance.  For  all 
these  bodies  were  captured  and  have  had  their  distances  adjusted  under  the 
action  of  a  Resisting  Medium. 

It  is  needless  to  add  that  we  concur  in  Prpfessor  Newcomb's  view  that  the 
law  of  Bode  as  applied  to  the  planets  is  mainly  a  chance  outcome,  and  not  a  real 
law  of  nature.  And  yet  there  is  this  much  truth  in  Darwin's  view  that  Bode's  law 
represents  a  certain  periodicity  corresponding  to  regions  of  stability  in  the  solar 
nebula:  as  the  spiral  nebula  which  formed  our  system  developed,  a  planet  would 
form  or  survive  in  any  wide  space  of  our  system  not  already  occupied  by  such 
a  body.  But  no  two  planets  would  form  very  close  together,  because  under  the 
secular  action  of  the  resisting  medium,  the  mean  distances  have  been  greatly 
diminished  and  the  eccentricities  decreased,  and  any  two  bodies  originally  develop- 
ing near  the  same  mean  distance  would  sooner  or  later  have  united  into  one  mass. 

The  planets  have  thus  swept  up  the  rubbish  in  the  regions  on  either  side  of 
where  they  move;  but  the  clearing  up  of  cosmical  dust  is  restricted  to  zones  of 
limited  width,  and  where  the  space  is  large  other  planets  have  been  formed,  or 
rather  have  survived,  in  the  general  clearing  up  of  the  system.  Accordingly  Bode's 
law  is  not  a  true  law  of  nature,  as  that  term  is  usually  employed,  because  it  rests  on 
no  physical  basis ;  yet  in  any  spiral  nebula  some  such  periodic  relationship  is  likely 
to  develop,  the  exact  nature  of  it  depending  on  the  initial  conditions  of  the  nebula. 

Nearly  all  the  matter  of  the  primordial  nebula  of  the  planetary  system  went 
into  the  sun,  and  hence  the  large  planets  are  confined  to  the  outskirts  of  the 
system;  while  the  group  of  small  bodies  composing  the  terrestrial  planets  are 
the  few  surviving  remnants  of  the  inner  parts  of  our  nebula,  all  the  rest  having 
been  swallowed  up  in  the  great  central  mass,  which  has  746  times  as  much  matter 
as  all  the  other  bodies  combined,  and  thus  completely  dominates  the  system.  In 
the  formation  of  the  satellites  also  nearly  all  the  matter  has  gone  into  the  planets. 
In  his  address  Darwin  points  out  how  it  will  happen  in  the  course  of  the  im- 
measurable ages  required  for  the  growth  of  the  planets  and  satellites  that  the 
central  body  will  capture  most  of  the  cosmical  dust  which  circulates  among  the 
bodies  as  remnants  of  the  primordial  nebula. 

§  61.    Significance  of  the  Spiral  Forms  Observed  Among  the  Nebulae. 

In  view  of  what  has  been  shown  in  the  preceding  sections  we  can  now  see 
that  the  matter  expelled  from  the  fixed  stars  constituting  the  stellar  universe 
is  wafted  about  in  all  manner  of  streams  and  finally  again  collects  together  under 
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the  power  of  its  own  gravitation.  Hence,  after  the  electric  charges  are  dissipated 
and  the  matter  again  gathers  into  masses  and  streams,  it  condenses  to  form  stars. 
The  streams  drift  about  till  they  encounter  other  streams  with  which  they  unite 
to  form  spiral  nebulae  and  these  develop  into  planetary  systems  and  double  and 
multiple  stars  and  clusters. 

(1).     Since  the  known  attractive  forces  will  not  give  the  form  of  spiral  ob- 
served, which  is  nearest  the  equiangular  or  perhaps  Archimedean  spiral  (implying 

forces  varying  as    -,  and  -3(«  +  -J    ,    it  follows  that  the  spires  of  a  nebula  do 


not  represent  paths  pursued  by  particles  under  central  forces,  but  chance  motion 
of  matter  drifting  under  gravity  and  proper  motion  and  settling  towards  a  center. 

(2).  And  in  this  coiling  up  of  the  nebula  the  matter  has  not  reached  a  con- 
dition of  approximate  equilibrium,  but  is  slowly  settling  to  this  state.  Hence, 
the  spirals  are  not  separating  or  breaking  up,  but  the  whole  mass  is  condensing 
under  friction  and  resistance.  When  the  tendency  to  the  center  becomes  checked 
by  the  internal  resistance  of  the  mass  or  the  paths  of  the  particles  become  circular, 
under  the  action  of  the  resisting  medium,  the  rotation  as  a  whole  will  become  about 
steady.  In  some  of  the  nebulae  it  is  observed  that  the  coils  of  the  spirals  are 
nearly  circular.  Such  cases,  we  may  infer,  afford  examples  where  the  two  opposite 
branches  of  the  spirals  must  already  have  been  revolving  a  very  long  time,  or 
else  where  they  started  on  very  circular  paths  in  the  beginning. 

(3).  At  the  great  distance  of  the  nebulae  we  see  chiefly  very  expanded 
nebulae,  and  hence  not  the  condensed  stage  of  fluid  fission,  if  that  ever  takes 
place,  but  chiefly  that  of  the  earliest  settlement  towards  equilibrium. 

(4).  The  spiral  nebulae  appear  to  be  quite  transparent,  and  they  must 
therefore  in  general  be  at  low  temperature.  If  they  were  heated  they  would  soon 
cool  off.  Hence  planetary  bodies  formed  in  condensing  spirals  are  initially  at 
low  temperature,  and  only  become  highly  heated  as  the  central  condensation 
becomes  of  considerable  size. 

§  62.     All  the  Theories  of  Spiral  Nebulae  Heretofore  Advanced  Disproved,  Except 

Those  of  Democritus  and  the  Greeks,  who  First  Conceived 

the  Development  of  Vortices. 

In  view  of  the  above  considerations  one  cannot  read  the  highly  artificial 
theories  recently  promulgated  for  explaining  the  spiral  nebulae  without  being 
impressed  with  their  absolute  inferiority  compared  even  to  those  formulated 
2300  years  ago  by  the  Greeks,  who  first  conceived  the  idea  of  atoms  falling  in  space 
with  unequal  velocities  and  thus  developing  vortices.    Democritus  is  the  principal 
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author  of  this  theory  among  the  ancients,  and  it  has  never  been  quite  lost  sight 
of  by  the  moderns.  Of  late  years,  however,  it  is  truly  remarkable  what  fantastic 
and  improbable  theories  have  been  current ! 

It  is  needless  to  say  that  not  one  of  these  artificial  theories,  such  as  those 
based  on  tidal  disruption,  close  approach,  and  collision  of  stars,  has  the  slightest 
foundation.  Even  Newton,  when  composing  the  Principia,  over  two  centuries 
ago,  remarked  in  the  General  Scholium  that  the  Deity  had  placed  the  stars  at 
immense  distances  apart,  so  that  they  would  not  fall  upon  one  another  by  their 
mutual  gravitation.  As  modern  research  shows  that  close  approaches  and 
collisions  are  practically  impossible,  or  at  most  would  occur  with  the  utmost 
rarity,  it  is  difficult  to  account  for  the  circulation  of  such  doctrines  by  writers  of 
recognized  standing.  Our  age,  however,  is  one  of  great  multiplicity  of  publica- 
tions, and  consequently  of  confused,  disordered,  and  superficial  thought;  and 
therefore  one  need  not  be  surprised  or  disappointed  at  the  output  of  an  abundance 
of  error;  yet  for  that  very  reason  it  is  all  the  more  necessary  to  preserve  a  clearly 
marked  line  of  distinction  in  the  public  mind  between  the  speculations  which  are 
worthless  and  those  which  are  of  some  value.  All  speculations  which  lead  to  truth 
are  of  temporary  or  permanent  value,  but  those  which  lead  to  false  conceptions 
and  serve  simply  to  propagate  error  are  pernicious  and  wholly  detrimental  to 
the  progress  of  science. 


CHAPTER   VI. 


On  the  Movement  and  Close  Approach  of  Separate  Stars. 

§  63.     On  the  Various  Conceivable  Ways  in  which  Stellar  Systems 
Might  Have  Originated. 

If  we  were  asked  to  name  all  the  conceivable  ways  in  which  stellar  systems 
might  have  originated,  we  should  have  to  consider  the  following  processes: 

(1).  The  formation  of  nuclei  in  a  spiral  nebula  coiling  up  and  whirling 
about  a  center  under  conditions  which  are  essentially  devoid  of  hydrostatic  pres- 
sure; or  of  true  figures  of  equilibrium  under  the  pressure  and  attraction  of  their 
parts.  The  former  process  appears  to  be  the  more  general  and  is  illustrated  by 
the  evolution  of  the  solar  system.  The  latter  corresponds  to  the  rupture  of 
figures  of  equilibrium  as  determined  mathematically  by  Poincare  and  Darwin, 
and  was  first  applied  to  the  double  stars  by  the  present  writer  in  1892. 

(2).  The  mutual  approach  of  separate  stars  which  might  become  physically 
connected  after  they  were  already  developed,  owing  to  the  action  of  disturbing 
forces.  If  they  became  entangled  in  such  a  way  that  their  connection  was  per- 
manent, we  should  have  pairs  of  coupled  stars  not  very  unlike  those  now  observed 
in  the  heavens. 

(3).  The  extremely  close  approach  of  separate  stars  by  which  tidal  disruptions 
would  become  so  powerful  that  systems  might  be  formed  out  of  the  material 
ejected,  which  is  an  hypothesis  recently  promulgated  byCHAMBERLiN  and  Moulton. 

(4).  The  entanglement  of  stars  of  independent  origin  through  resistance 
in  collision,  which  would  give  rise  to  the  dispersion  of  some  of  their  matter  into 
a  nebula,  and  might  result  in  the  coupling  of  separate  bodies  into  a  system  founded 
on  the  ruin  wrought  by  the  collision.  This  last  hypothesis  was  put  forth  by 
Professor  A.  W.  Bickerton  of  New  Zealand,  in  1879,*  was  viewed  as  a  possibility 
by  Lord  Kelvin  in  1887;  it  has  since  been  favorably  considered  by  Dr.  Isaac 
Roberts,  in  connection  with  Nebulae  and  Clusters,  and  by  Arrhenius  in  his  new 

*  In  a  paper  on  Cosmic  Evolution,  Philosophical  Magazine,  August,  1900,  p.  217,  Professor  Bickekton 
points  out  that  as  far  back  as  1869  Dr.  Johnstone  Stoney  discussed  Grazing  Collisions  before  the  Royal  Society, 
and  suggested  such  an  origin  for  new  stars  and  double  stars. 
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work  entitled  Das  Werden  Der  Welten,  translated  into  English  under  the  title, 
Worlds  in  the  Making  (Harper  &  Brothers,  1908). 

We  shall  now  examine  these  several  theories  with  some  care,  and  see  if  it  is 
possible  to  arrive  at  criteria  by  which  all  but  one  of  these  four  possibilities  may 
be  excluded.  As  these  processes  include  all  the  conceivable  modes  in  which  systems 
may  arise,  we  may  thus  hope  to  arrive  at  the  true  law  of  nature.  It  will  be  con- 
venient to  begin  with  Lord  Kelvin's  account  of  a  collision,  and  afterwards  to 
consider  these  several  possible  explanations  in  the  reverse  order  to  that  in  which 
they  are  stated. 


§  64.     Lord  Kelvin's  Description  of  the  Effects  of  a  Collision. 

In  his  Popular  Lectures  and  Addresses  (Vol.  I,  pp.  413-417),  Lord  Kelvin 
gives  the  following  interesting  discussion  of  the  collision  of  two  stars.  He  seems 
to  think  such  accidents  happen  occasionally,  and  therefore  it  is  well  to  consider 
such  a  possibility  as  that  pictured  by  this  great  master  of  physical  science: 

"  To  fix  the  ideas,  think  of  two  cool  solid  globes,  each  of  the  same  mean  density 
as  the  earth  and  of  half  the  sun's  diameter,  given  at  rest,  or  nearly  at  rest,  at  a 
distance  asunder  equal  to  twice  the  earth's  distance  from  the  sun.  They  will 
fall  together  and  collide  in  exactly  half  a  year.  The  collision  will  last  for  about 
half  an  hour,  in  the  course  of  which  they  will  be  transformed  into  a  violently 
agitated  incandescent  fluid  mass  flying  outward  from  the  line  of  the  motion  be- 
fore the  collision  and  swelling  to  a  bulk  several  times  greater  than  the  sum  of  the 
original  bulks  of  the  two  globes.*  How  far  the  fluid  mass  will  fly  out  all  around 
from  the  line  of  collision  it  is  impossible  to  say.  The  motion  is  too  complicated 
to  be  fully  investigated  by  any  known  mathematical  method;  but  with  sufficient 
patience  a  mathematician  might  be  able  to  calculate  it  with  some  fair  approxi- 
mation to  the  truth.  The  distance  reached  by  the  extreme  circular  fringe  of  the 
fluid  mass  would  probably  be  much  less  than  the  distance  fallen  by  each  globe  before 
the  collision,  because  the  translational  motion  of  the  molecules  constituting  the 
heat  into  which  the  whole  energy  of  the  original  fall  of  the  globes  becomes  trans- 
formed in  the  first  collision,  takes  probably  about  three-fifths  of  the  whole  amount 

*  "  Such  incidents  seem  to  happen  occasionally  in  the  universe.  Laplace  says:  '  Some  stars  have  suddenly 
appeared,  and  then  disappeared  after  having  shown  for  several  months  with  the  most  brilliant  splendor.  Such 
was  the  star  observed  by  Tycho  Brahe  in  the  year  1572,  in  the  constellation  Cassiopeia.  In  a  short  time  it 
surpassed  the  most  brilliant  stars  and  even  Jupiter  itself.  Its  light  then  waned  away,  and  finally  disappeared 
sixteen  months  after  its  discovery.  Its  colour  underwent  several  changes;  it  was  at  first  of  a  brilliant  white, 
then  of  a  reddish  yellow,  and  finally  of  a  lead-coloured  white,  like  to  Saturn.'  "  (Harte's  Translation  oj  Laplace's 
System  oj  the  World,  Dublin,  1830). 
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of  that  energy.  The  time  of  flying  out  would  probably  be  less  than  half  a  year 
when  the  fluid  mass  must  begin  to  fall  in  again  towards  the  axis.  In  something 
less  than  a  year  after  the  first  collision  the  fluid  will  again  be  in  a  state  of  maximum 
crowding  towards  the  centre,  and  this  time  even  more  violently  agitated  than  it 
was  immediately  after  the  first  collision;  and  it  will  again  fly  outward,  but  this 
time  axially  towards  the  places  whence  the  two  globes  fell.  It  will  again  fall 
inwards  and  after  a  rapidly  subsiding  series  of  quicker  and  quicker  oscillations  it 
will  subside,  probably  in  the  course  of  two  or  three  years,  into  a  globular  star  of 
about  the  same  mass,  heat  and  brightness  as  our  present  sun,  but  differing  from 
him  in  this,  that  it  will  have  no  rotation. 

"We  suppose  the  two  globes  to  have  been  at  rest  when  they  were  let  fall 
from  the  mutual  distance  equal  to  the  diameter  of  the  earth's  orbit.  Suppose, 
now,  that  instead  of  having  been  at  rest  they  had  been  moving  transversely  in 
opposite  directions  with  a  relative  velocity  of  two  (more  exactly  1.89)  metres 
per  second.  The  moment  of  momentum  of  these  motions  round  an  axis  through 
the  centre  of  gravity  of  the  two  globes  perpendicular  to  their  lines  of  motion,  is 
just  equal  to  the  moment  of  momentum  of  the  sun's  rotation  round  his  axis.  It 
is  an  elementary  and  easily  proved  law  of  dynamics  that  no  mutual  action  between 
parts  of  a  group  of  bodies,  or  of  a  single  body,  rigid,  flexible  or  fluid,  can  alter 
the  moment  of  momentum  of  the  whole.  The  transverse  velocity  in  the  case  we 
are  now  supposing  is  so  small  that  none  of  the  main  features  of  the  collision  and 
of  the  wild  oscillations  following  it,  which  we  have  been  considering,  or  of  the 
magnitude,  heat  and  brightness  of  the  resulting  star,  will  be  sensibly  altered; 
but  now,  instead  of  being  rotationless,  it  will  be  revolving  once  round  in  twenty- 
five  days  and  so  will  be  in  all  respects  like  to  our  sun. 

"If,  instead  of  being  at  rest  initially,  or  moving  with  the  small  transverse 
velocities  we  have  been  considering,  each  globe  had  a  transverse  velocity  of  three- 
quarters  (or  anything  more  than  .71)  of  a  kilometre  per  second,  they  would  just 
escape  collision,  and  would  revolve  in  ellipses  round  their  common  centre  of  inertia 
in  a  period  of  one  year,  just  grazing  each  other's  surface  every  time  they  came  to 
the  nearest  points  of  their  orbits. 

"If  the  initial  transverse  velocity  of  each  globe  be  less  than,  but  not  much 
less  than  .71  of  a  kilometre  per  second,  there  will  be  a  violent  grazing  collision, 
and  two  bright  suns,  solid  bodies  bathed  in  flaming  fluid,  will  come  into  existence 
in  the  course  of  a  few  hours  and  will  commence  revolving  round  their  common 
centre  of  inertia  in  long  elliptic  orbits  in  a  period  of  little  less  than  a  year.  Tidal 
interaction  between  them  will  diminish  the  eccentricities  of  their  orbits,  and  if 
continued  long  enough  will  cause  the  two  to  revolve  in  circular  orbits  round  their 
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centre  of  inertia  with  a  distance  between  their  surfaces  equal  to  6.44  diameters  of 
each"  (Lecture  on  the  Sun's  Heat,  pp.  413-417). 

This  may  be  regarded  as  the  most  accurate  of  known  pictures  of  what  would  be 
the  effect  of  a  collision  if  it  occurred.  Whether  such  events  really  occur  between 
compact  stars  separated  by  great  distances  is  another  question  which  we  shall 
presently  discuss.  The  passage  of  stars  through  nebulae  is  no  doubt  an  occasional 
event  of  some  importance,  and  most  of  our  new  stars  which  suddenly  blaze  forth  with 
so  much  splendor  may  be  traced  to  some  such  cause.  The  nebulae,  however,  are 
clouds  of  cosmical  dust  often  themselves  thousands  of  times  larger  than  our  whole 
solar  system.  A  collision  with  such  an  enormous  cloud  of  dust  is  not  at  all  anal- 
ogous to  collisions  between  well  developed  stars,  which  are  all  compact  globes  of 
very  small  size.  Hence  our  new  stars  due  to  collisions  with  nebulae*  are  temporary, 
not  permanent,  as  would  be  the  case  if  two  stellar  globes  came  into  collision.  The 
fact  that  no  permanent  star  has  blazed  forth  within  the  historical  period  since 
the  age  of  the  Greeks  therefore  shows  us  that  collisions  of  stars  are  certainly 
extremely  rare  events,  if,  indeed,  they  occur  at  all  in  intervals  less  than  something 
like  a  million  years. 

While  these  views  seem  to  be  amply  justified,  on  solid  mathematical  grounds, 
it  is  proper  to  say  that  they  depart  from  those  held  by  Lord  Kelvin,  not  only  in 
his  mature  but  also  in  his  advanced  years.  In  his  well  known  paper  "  On  the 
Clustering  Power  of  Gravitational  Matter  in  any  Part  of  the  Universe,"  read  to 
the  British  Association  in  1901,  published  in  the  Philosophical  Magazine  for 
August  and  reprinted  in  the  Observatory  for  November,  1901,  Lord  Kelvin  gives 
the  following  additional  discussion  of  the  problems  now  under  consideration: 

"Newcomb  has  given  a  most  interesting  speculation  regarding  the  very 
great  velocity  of  Groombridge  1830,  which  he  concludes  as  follows:  'If,  then, 
the  star  in  question  belongs  to  our  stellar  system,  the  masses  or  extent  of  that 
system  must  be  many  times  greater  than  telescopic  observation  and  astronomical 
research  indicate.     We  may  place  the  dilemma  in  a  concise  form,  as  follows : 

"  'Either  the  bodies  which  compose  our  universe  are  vastly  more  massive 
and  numerous  than  telescopic  examination  seems  to  indicate,  or  Groombridge  1830, 
is  a  runaway  star,  flying  on  a  boundless  course  through  infinite  space  with  such 
momentum  that  the  attraction  of  all  the  bodies  of  the  universe  can  never  stop  it.' 

"  In  all  these  views  the  chance  of  passing  another  star  at  some  small  distance 
such  as  one  or  two  or  three  times  the  Sun's  radius  has  been  overlooked;  and  that 
this  chance  is  riot  excessively  rare  seems  proved  by  the  multitude  of  Novas  (col- 
lisions and  their  sequels)  known  in  astronomical  history.     Suppose,  for  example, 

*  The  fall  of  a  large  comet  upon  a  dark  or  feebly  luminous  star  might  also  produce  a  nova. 
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Groombridge  1830,  moving  at  370  kilometres  per  second,  to  chase  a  star  of  twenty- 
times  the  sun's  mass,  moving  nearly  in  the  same  direction  with  a  velocity  of  50 
kilometres  per  second,  and  to  overtake  it  and  pass  it  as  nearly  as  may  be  without 
collision.  Its  own  direction  would  be  nearly  reversed  and  its  velocity  would  be 
diminished  by  nearly  100  kilometres  per  second.  By  two  or  three  such  casualties 
the  greater  part  of  its  kinetic  energy  might  be  given  to  much  larger  bodies  pre- 
viously moving  with  velocities  of  less  than  100  kilometres  per  second.  By  suppos- 
ing reversed  the  motions  of  this  ideal  history,  we  see  that  Groombridge  1830  may 
have  had  a  velocity  of  less  than  100  kilometres  per  second  at  some  remote  past 
time,  and  may  have  had  its  present  great  velocity  produced  by  several  cases  of 
near  approach  to  other  bodies  of  much  larger  mass  than  its  own,  previously  moving 
in  directions  nearly  opposite  to  its  own,  and  with  velocities  of  less  than  100  kilo- 
metres per  second.  Still  it  seems  to  me  quite  possible  that  Newcomb's  brilliant 
suggestion  may  be  true,  and  that  1830  Groombridge  is  a  roving  star  which  has 
entered  our  galaxy,  and  is  destined  to  travel  through  it  in  the  course  of  perhaps 
two  or  three  million  years,  and  to  pass  away  into  space  never  to  return  to  us" 
{Observatory,  November,  1901,  pp.  410^11). 

From  this  discussion  it  will  be  seen  that  Lord  Kelvin's  views  underwent  no 
change  in  his  advanced  years,  and  that  he  always  greatly  overrated  the  probability 
of  collisions.  Poincare  has  been  more  penetrating  in  his  study  of  this  problem, 
and  has  given  us  a  most  useful  criterion  by  which  we  may  judge  the  average 
tendencies  arising  in  the  proper  motions  of  the  bodies  of  the  firmament. 

§  65.     The  Collision  Theory  Advanced  by  Bickerton  and  Since  Entertained  by  Others. 

This  theory  has  been  before  astronomers  for  more  than  a  quarter  of  a  century, 
but  apparently  was  regarded  as  too  improbable  for  serious  consideration  till  it 
was  given  credit  by  Lord  Kelvin's  discussion.  It  has  been  adopted  by  Dr. 
Isaac  Roberts,  in  a  different  form,  and  given  a  certain  amount  of  recognition  by 
Arrhenius,  in  his  new  and  suggestive  work,  Worlds  in  the  Making.  It  has  also 
been  entertained  by  others,  and  has  its  defenders  at  the  present  time.  As  was 
the  case  with  the  late  Lord  Kelvin,  so  also  with  Professor  Arrhenius  ;  he  is 
an  eminent  physicist,  rather  than  an  astronomer;  and  some  of  the  difficulties 
which  occur  to  the  astronomer  and  mathematician  did  not  occur  to  him.  The 
eminent  Swedish  physicist  was  misled  into  adopting  some  of  the  theories  of 
Chamberlin  and  Moulton,  which  seem  to  be  quite  devoid  of  foundation.  For 
these  reasons  it  is  necessary  to  discuss  certain  theories  which  otherwise  could  be 
passed  over  without  comment.  The  accompanying  diagrams  are  from  the  writings 
of  Bickerton  and  Arrhenius  respectively: 
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Fig.  14.  The  First  Figure  at  the  Top,  Represents  Bickerton's  Theory  of  a  Pair  of  Stars  Distorted 
and  Coming  into  Impact;  the  Second  Figure,  a  Pair  of  Stars  in  Impact;  the  Third  Figure,  Stars 
Passing  out  of  Impact,  and  Formation  of  Third  Body  ;  the  Fourth  Figure,  Showing  Entanglement 
of  Matter  in  Each  Body;  the  Fifth  Figure,  Two  Variables  and  a  Temporary  Star. 


Fig.  15     The  Effects  of  a  Collision,  According  to  Arrhenius. 

It  does  not  seem  necessary  to  dwell  on  these  diagrams  beyond  remarking 
that  they  might  be  more  or  less  satisfactory,  if  such  collisions  really  occurred;  but 
as  it  seems  certain  that  such  chance  impacts  seldom  or  never  take  place,  owing  to  the 
immense  mutual  distances  of  the  stars,  and  the  small  size  of  their  globes,  they  represent 
events  too  purely  hypothetical  to  be  of  any  interest. 

To  enable  one  to  see  this  somewhat  more  clearly,  we  may  remark  that  the 


THE    COLLISION   THEORY   ADVANCED   BY   BICKERTON.  123 

average  space  between  the  stars  is  a  distance  of  the  same  order  of  magnitude  as 
that  which  separates  us  from  a  Centauri.  This  is  275,000  radii  of  the  earth's 
orbit,  which  itself  is  about  219  times  the  sun's  radius.  Accordingly,  it  follows 
that  the  solar  radius  is  only  1 :  60,225,000  of  that  of  the  sphere  representing  the 
average  distance  of  the  fixed  stars,  here  taken  to  be  equal  to  that  of  a  Centauri. 
At  a  Centauri  the  sun's  angular  diameter  is  only  0".00387,  and  about  22  trillion 
such  suns  would  be  required  to  cover  the  celestial  sphere.  If  then  the  spaces 
separating  the  fixed  stars  are  to  their  radii  as  60  million  to  unity,  we  see  that  when 
projected  at  random  with  any  constant  velocity  of  considerable  magnitude,* 
they  cannot  come  into  collision  unless  the  motion  is  so  accurately  aimed  as  to 
make  their  radii  overlap,  the  chance  of  which  could  not  be  more  than  1  in  22,000,- 
000,000,000.     This  probability  is  certainly  small  enough  to  be  neglected.f 

Accordingly  while  it  is  possible  for  a  very  few  collisions  to  occur  in  the  heavens, 
in  the  course  of  infinite  time,  it  is  evident  that  they  are  events  far  too  rare  to 
leave  any  visible  impress  on  the  observed  aspects  of  the  physical  universe.  For 
with  the  great  extent  of  the  Milky  Way  and  the  smallness  of  the  proper  motions, 
the  body  of  the  stars  never  come  near  one  another  at  all;  and  it  is  doubtful  if, 
in  the  ordinary  course  of  nature,  one  collision  between  actual  stars  occurs  in  a 
million  years,  even  if  we  adopt  Poincare's  estimate  of  1000  million  suns  for  the 
total  collection  of  bodies  composing  the  sidereal  universe. 

The  argument  adduced  by  Poincare,  in  his  address  on  the  Milky  Way  and 
the  Theory  of  Gases,  which  was  inspired  by  Lord  Kelvin's  paper  above  quoted, 
is  another  way  of  reaching  a  similar  result.  Here  Poincare  estimates  in  effect 
that  a  star  might  traverse  the  Milky  Way  some  16,000  times  without  coming 
nearer  another  body  than  the  distance  of  Neptune  from  the  sun.  This  conclusion 
of  Poincare  is  in  full  accord  with  the  evidence  of  the  telescope  which  discloses 
to  the  practical  astronomer  the  fact  that  only  an  excessively  small  fraction  of 
the  background  of  the  sky  is  covered  with  stars,  so  that  there  is  always  and  every- 
where the  most  ample  space  between  them.  As  much  enlarged  as  the  luminous 
stars  appear  to  be,  owing  to  the  spurious  discs  due  to  the  effect  of  the  telescope, 
it  would  by  chance  hardly  be  possible  to  aim  a  projectile  so  as  to  come  near  any  of 
them ;  and  since  the  real  discs  are  always  much  below  the  limit  of  telescopic  vision, 

*  Such  that  the  hyperbolic  path  pursued  has  no  sensible  curvature  and  may  be  regarded  as  almost  rectilinear. 

t  If  there  are  1000  million  stars  like  our  Sun  and  all  at  the  distance  oj  the  nearest,  this  calculation  shows  that 
only  1  :  22000th  of  the  surface  of  the  celestial  sphere  would  be  covered  by  them.  At  the  actual  distance  of  the 
stars  the  space  covered  by  them  would  be  vastly  less.  If  the  Sun  filled  the  orbit  of  Neptune  the  space  occupied 
would  be  increased  by  the  factor  (6570) 2;  and  if  the  distance  be  multiplied  by  5000,  the  total  result  would  be 
Jg(2) '  =  ---!*  =  j^jj  ;  which  agrees  well  with  Poincare's  result  given  below,  and  more  fully  considered  in  the 
Chapter  on  Clusters. 
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the  difficulty  of  aiming  a  star  so  as  to  produce  a  collision  is  vastly  greater  yet.  In 
fact  it  is  much  greater  than  we  can  well  conceive.  We  may  therefore  dismiss  the 
collision  theory  as  so  wholly  devoid  of  foundation  as  to  require  no  further 
consideration. 

§  66.     On  the  Close  Approach  of  Separate  Stars,  and  on  the  Theory  that 
Systems  are  Formed  by  Tidal  Disruption. 

After  what  has  been  said  above  and  more  fully  set  forth  in  §  55  of  Chapter  V, 
it  is  not  necessary  to  dwell  at  any  great  length  on  the  untenability  of  this  hypoth- 
esis. We  have  shown  that  to  be  effective  the  approaches  would  have  to  be 
extremely  close,  and  even  then  the  disruptions  would  be  of  small  importance 
and  could  not  give  rise  to  the  ejection  of  prominences  large  enough  to  form  cos- 
mical  systems  at  all  comparable  to  our  solar  system  in  size. 

Poincare  estimates  that  if  spheres  as  large  as  the  orbit  of  Neptune  be  drawn 
about  each  of  the  1000  million  stars  assumed  to  compose  the  sidereal  universe,  the 
apparent  diameter  of  the  corresponding  circles  at  average  distance  of  the  fixed 
stars  would  be  about  0".l,  and  they  would  cover  only  a  sixteen-thousandth  part 
of  the  surface  of  the  celestial  sphere.  Hence  a  star  started  at  random  with  a 
considerable  velocity,  might  on  the  average  traverse  the  Milky  Way  16,000  times 
without  coming  nearer  to  any  star  than  the  distance  of  Neptune  from  the  sun. 
Now  it  is  true  that  some  regions  of  the  heavens  are  more  crowded  with  stars  than 
the  average,  while  others  are  much  less  so;  but,  from  this  estimate  of  Poincare, 
it  is  evident  that  close  approaches  of  stars  would  be  the  rarest  of  celestial  phe- 
nomena. 

An  experienced  mathematician  who  has  given  some  attention  to  this  problem 
has  justly  remarked  that  one  or  two  such  close  approaches  might  occur  in  the 
universe  in  the  course  of  a  very  long  time,  but  not  more.  It  is  difficult  to  imagine 
how  the  untenability  of  this  theory  could  be  more  impressively  shown  than  by 
such  illustrations  as  these. 

§  67.     On  the  Mutual  Approach  and  Possible  Physical  Entanglement  of  Separate 

Stars  to  Form  Cosmical  Systems. 

From  the  above  considerations  we  see  how  little  probability  there  is  of  the 
close  approaches  of  separate  stars  forming  systems  by  collisions  or  tidal  disrup- 
tions, and  it  only  remains  to  consider  the  possibility  of  the  physical  entanglement 
of  stars  passing  near  one  another,  and  thus  giving  rise  to  the  permanent  connection 
of  separate  masses  into  stellar  systems. 
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It  is  clear  that  owing  to  the  great  distances  which  separate  them,  two  stars 
will  almost  never  pass  near  each  other,  and  if  they  should  the  only  known  cause 
by  which  they  could  become  permanently  entangled  and  united  into  a  physical 
system  is  a  resisting  medium.  This  latter,  of  course,  is  a  real  cause,  and  in  the 
form  of  nebulous  matter,  or  clouds  of  cosmical  dust,  is  widely  diffused  throughout 
the  universe.  Around  some  of  the  stars  there  might  be  diffused  a  considerable 
amount  of  cosmical  dust,  and  this  diffused  nebulosity  might  so  retard  the  velocity 
of  a  star  in  passing  by  that  the  two  would  become  permanently  entangled.  In  some 
few  cases  their  relative  velocities  might  be  so  far  reduced  that  they  could  not 
afterwards  escape  the  power  of  their  mutual  gravitation,  and  would  continue  to 
revolve  in  very  long  periods,  and  in  orbits  of  great  eccentricity.  It  is  undeniable 
that  this  might  occasionally  happen,  but  it  is  not  likely  to  happen  oftener  than 
once  in  about  1000  close  approaches;  and  since  even  a  single  close  approach 
is  an  exceedingly  rare  event,  it  follows  that  the  physical  entanglement  of 
passing  stars  moving  with  considerable  velocities  is  almost  an  impossibility. 
Yet  in  case  of  such  unexpected  capture  the  resulting  orbit  would  be  of  vast 
dimensions,  and  the  eccentricity  but  little  below  that  of  a  parabola,  say  about 
0.995. 

It  is  true  that  in  time  the  resisting  medium,  if  it  continued  to  act,  might 
reduce  the  major  axis  and  periodic  time,  and  also  diminish  the  eccentricity;  but 
the  process  of  this  transformation  would  be  excessively  slow,  because  the  resisting 
medium  is  rare  and  would  offer  but  little  hindrance  to  a  body  having  the  great 
orbital  momentum  of  a  star  like  our  sun. 

Accordingly  as  the  event  of  close  approach  itself  would  be  a  rare  phenomenon, 
the  encountering  of  sensible  resistance  much  rarer  still,  and  the  transformation 
of  the  orbit  to  an  ellipse  with  eccentricity  sensibly  below  0.99  very  slow  and  difficult, 
because  the  original  period  would  be  excessively  long  and  the  major  axis  large; 
it  follows  that,  although  a  system  could  just  possibly  be  produced  in  this  way, 
yet  the  probability  of  its  actual  occurrence  is  so  slight  that  we  may  dismiss  the 
hypothesis  as  requiring  no  further  consideration. 

It  is  not  by  such  extremely  improbable  and  highly  artificial  processes  that 
the  sidereal  universe  has  been  strewn  with  stellar  systems  about  one-fifth  as 
numerous  as  the  stars  themselves,  and  in  many  cases  made  up  not  only  of  two 
stars  but  also  of  three  or  four  bodies,  moving  in  a  common  direction  with  orbits 
but  slightly  inclined,  and  thus  constituting  multiple  stars  of  imposing  grandeur. 
These  stellar  systems  have  arisen  from  the  development  of  nebulae,  which  usually 
take  the  spiral  form  and  coil  up  in  such  a  way  as  give  a  fundamental  plane  of 
motion  to  each  system. 
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After  this  general  survey  of  the  last  three  of  the  four  possible  ways  in  which 
the  stellar  systems  might  have  originated  (indicated  by  the  first  section  of  this 
chapter),  we  seem  finally  to  be  reduced,  by  exclusion,  to  the  first  process  as  the 
true  law  of  nature.  We  shall  presently  examine  that  process  with  some  care. 
But  meanwhile  it  is  advisable  to  consider  the  theory  of  the  approach  of  separate 
bodies  from  the  point  of  view  adopted  by  Laplace  in  his  theory  of  the  comets. 

§  68.    Laplace's  Theory  of  the  Projection  of  Comets  into  the  Sphere  of 

the  Sun's  Attraction.   , 

In  the  part  of  this  work  which  deals  with  the  solar  system,  and  also  in  the 
translation  of  the  Nebular  Hypothesis,  as  formulated  in  the  Systems  Du  Monde, 
1796,  allusion  is  made  to  Laplace's  Theory  that  the  comets  are  foreign  to  our 
solar  system.  Though  now  believed  to  be  incorrect,  this  theory  is  important  in 
itself,  and  because  of  the  light  it  throws  on  the  problem  of  the  approach  of  separate 
stars,  and  we  shall  therefore  give  it  in  full.  Most  of  this  theory  was  included  in 
an  article  Sur  Les  Cometes,  published  by  Laplace  in  the  Connaissance  Des  Temps 
for  1816.  It  has  been  analyzed  and  presented  in  a  slightly  different  form  by 
Todhunter  in  his  History  of  the  Theory  of  Probability  from  the  Time  of  Pascal  to 
that  of  Laplace  (pp.  491^194). 

Laplace  remarks  that  out  of  the  hundred  comets  which  had  been  observed 
up  to  this  time  not  one  had  been  ascertained  to  move  in  a  hyperbola,  and  he 
proposes  to  show  by  the  theory  of  probability  that  this  outcome  might  be  ex- 
pected, the  chances  being  very  great  that  a  comet  would  move  either  in  an  ellipse 
or  in  a  parabola,  or  in  an  hyperbola  of  such  large  transverse  axis  that  it  is  not  easily 
distinguished  from  a  parabola  in  the  part  of  the  orbit  covered  by  observations. 

Suppose  r  to  be  the  radius  of  the  sphere  of  the  sun's  activity,  which  may  be 
100,000  times  the  radius  of  the  earth's  orbit,  and  denote  by  V  the  velocity  of  the 
comet  at  the  time  when  it  enters  the  sphere  of  the  sun's  attraction,  so  that  r  is 
the  comet's  radius  vector  at  that  instant.  Let  a  be  the  semi-axis  major  of  the 
orbit  which  the  comet  is  to  describe,  e  the  eccentricity,  D  the  perihelion  distance, 
oj  the  angle  which  the  tangent  to  the  orbit  makes  with  the  radius  vector  r  drawn 
to  the  sun.  The  velocity  V  is  in  the  tangent  to  the  orbit,  and  when  the  sun's 
mass  is  taken  as  unity  and  the  sun's  mean  distance  as  the  unit  of  distance,  we 
have  the  following  well  known  formulae: 

r       a 
rV  sin  w  -  Va  (1  -  e>)    ' 
D  =  a(l  -  e)  . 
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By  eliminating  a  and  e,  from  these  equations,  we  get 

2D2 
2D  -  —  +  D'V* 

sin2  ro pyt ;  .  (146) 

and  we  easily  find  from  this  an  expression  for  1  —  cos  a  as  follows : 

When  all  directions  which  tend  inward  are  taken  to  be  equally  probable 
the  chance  that  the  direction  will  lie  between  0  and  w  is  evidently  1  —  cos  » ;  and 
the  corresponding  values  of  the  perihelion  distance  is  0  and  D.  Laplace  sup- 
poses all  values  of  D  equally  probable  and  determined  the  probability  of  the 
perihelion  distance  lying  between  0  and  D.  Todhunter  criticizes  his  procedure, 
but  reaches  the  same  result,  by  a  slightly  different  process,  as  follows: 


J'-? 


Let     +(V)-l-2-w±^r*V<(l+?)-1tD. 


(148) 


Then  when  all  directions  of  projection  with  respect  to  the  radius  vector  drawn  to 
the  sun  are  considered  equally  probable,  a  comet  starting  with  a  velocity  V  has 
the  chance  \f»  (V)  =  1  —  cos  m  that  its  perihelion  distance  will  lie  between  0  and  D. 
Suppose  we  assume  as  a  fact  that  the  perihelion  distance  does  lie  between 
0  and  D,  but  that  we  do  not  know  the  velocity  of  projection.  It  is  then  required 
to  find  the  probability  that  the  initial  velocity  lies  between  assigned  limits,  which 
is  a  problem  in  inverse  probability.     The  solution  is: 


p  = ZZm '  d49) 


where  the  limits  F,  and  V2  are  the  assigned  limits,  and  V  and  V"  are  the  extreme 
admissible  values  of  V,  corresponding  to  the  lower  and  upper  limits  respectively. 
In  order  to  find  the  value  of  the  numerator  of  (149)  Laplace  puts 
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JrWl  +  £)  -  2D  -  tD    ll  +  £  -  z  ,  (150) 

and  for  the  assigned  limits  of  V  he  takes 

F,-  -Y^g-     »    and     F2  =  4-  rijm 

r  D  Vr  U51) 

Integrating  between  these  limits  the  expression  for  i/»(V)  in  (148)  he  finds  approxi- 
mately 


the  terms  depending  on  higher  powers  of  r  in  the  denominator  being  rejected  as 

yrV" 
*  (V)  dV     it  is  clear  that 

V 
the  upper  limit  of  V  may  be  taken  to  be  infinity,  so  that  i  will  be  infinite,  and  the 
required  chance  becomes 


$  (w  -  2)  V2D         D     )    ,   (it  -  2)  V2D  =  _\/ 

C  2r  irVr  5  2r  i  (ir  — 


(153) 


(ir  -  2)  Vr 


If  i2  =  2,  the  velocity  would  be  the  highest  which  would  permit  the  orbit  to  be 

2      1 
an  ellipse.     In  the  equation    V2  = ,        we  may  put  a  =  —  100,  and  then 

T,„      r  +  200  ,,  .„      r  +  200  .,,,. 

v  =-[oo7-    ;    fchus   l  "-loo-  (154) 

And  when  we  use  this  value  of  i,  we  find  the  chance  that  the  orbit  shall  be  either 
an  ellipse  or  a  parabola  or  an  hyperbola  with  transverse  axis  greater  than  100 
times  the  radius  of  the  earth's  orbit;  the  chance  that  the  orbit  will  be  an  hyper- 
bola with  a  smaller  transverse  orbit  will  be   p  =  —, >    which  agrees  with 

i  (*■  -  2)  Vr 

Laplace's  result.  When  Laplace  supposes  D  equal  to  2,  r  equal  to  100,000  and 
ia  =  r  ,     he  finds  the  probability  of  the  event  to  be 


IN  PASSING,  TWO  SEPARATE   STARS  WOULD  USUALLY  DESCRIBE  HYPERBOLAS.     129 

Laplace  remarks  that  although  in  his  analysis  he  had  supposed  that  all 
values  of  D  between  0  and  2  were  equally  probable,  yet  observation  shows  that 
the  comets  with  perihelion  distance  less  than  1  greatly  predominate  over  those 
with  larger  perihelion  distance,  and  he  proceeds  to  calculate  the  effect  of  this 
modification  of  his  hypothesis. 

This  in  brief  is  Laplace's  theory  of  the  projection  of  comets  into  the  sphere 
of  the  sun's  attraction.  It  is  not  admitted  to-day  as  the  true  origin  of  comets, 
because  most  of  these  bodies  are  shown  to  be  original  members  of  the  solar  system, 
but  it  is  a  very  instructive  example  of  the  treatment  of  certain  problems,  and  has  a 
close  connection  with  the  theory  of  the  approach  of  separate  stars. 

§  69.    In  Passing  Each  Other  Two  Separate  Stars  Would  Usually  Describe  Hyperbolas. 

This  proposition  requires  very  little  treatment.  For  it  is  well  known  that 
the  velocity  of  a  body  at  any  point  of  an  ellipse  about  the  sun  is  equal  to  that 
which  would  be  acquired  in  falling  from  the  corresponding  curve  of  zero  velocity, 
or  the  circumference  of  a  circle  with  radius  2a,  equal  to  the  major  axis  of  the 
ellipse.  This  is  known  as  Whewell's  theorem,  after  Dr.  Whewell  of  Cambridge, 
who  first  discovered  it.  Thus  it  is  clear  that  at  great  distances  the  velocity  is 
always  small,  when  the  orbit  is  an  ellipse.     This  also  follows  from  the  formula: 

V3  =  ¥  (    — J ,      when  a  is  very  large,  and  r  nearly  equal  to  2a.    At  great  distances 

the  velocity  has  to  be  very  small,  otherwise  the  orbit  cannot  be  an  ellipse.  The 
parabola  is  simply  the  limiting  curve  when  the  major  axis  of  the  ellipse  becomes  in- 
finite. Consequently  all  relative  velocities  above  a  very  small  one  will  give  hyper- 
bolas, and  the  transverse  axes  will  rapidly  increase  with  the  increase  of  the  velocity. 

Now  it  happens  that  many  stars  in  their  proper  motions  have  velocities 
comparable  with  that  of  the  earth  in  its  orbit,  and  very  small  relative  velocities 
are  unusual.  Thus  if  two  stars  approach  near  each  other  in  virtue  of  difference 
of  proper  motion,  we  may  be  sure  they  will  usually  move  in  hyperbolas,  and  that 
the  paths  will  have  but  very  slight  curvature. 

This  is  another  way  of  appreciating  the  difficulty  of  separate  stars  being 
captured  by  close  approach.  They  could  not  be  captured,  except  by  the  rarest 
combination  of  circumstances,  and  it  is  also  certain  that  a  close  approach  would 
be  the  most  extraordinary  of  astronomical  events.  Practically  such  close  ap- 
proaches would  occur,  if  at  all,  only  in  clusters,  where  the  stars  are  already  dense, 
and  in  rapid  motion  under  the  attraction  of  the  whole  mass  of  stars. 
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§  70.  The  Only  Other  Conceivable  Way  in  Which  the  Stellar  Systems  Could  Originate 
— namely,  by  the  Formation  of  Nuclei  in  Spiral  Nebulae  Free  from  Hydrostatic 
Pressure,  or  by  the  Rupture  of  Nebulous  Masses  Rotating  in  Equilibrium  Under 
the  Pressure  and  Attraction  of  Their  Parts. 

Having  considered  in  the  preceding  sections  three  of  the  four  possible  methods 
by  which  the  stellar  systems  might  have  originated,  and  having  found  all  but  one 
of  these  to  be  inadmissible,  it  only  remains  to  examine  the  first  of  these  methods, 
to  ascertain  whether  the  stellar  systems  could  have  originated  in  this  way.  That 
is  by  the  formation  of  nuclei  in  a  spiral  nebula,  or  by  rupture  of  the  figure  of 
equilibrium  assumed  by  a  nebulous  mass  in  rotation  under  the  pressure  and  at- 
traction of  its  parts. 

The  first  part  of  this  problem  is  verified  by  observation  and  will  be  carefully 
considered  hereafter;  the  latter  problem  is  an  old  one  in  physical  science,  and 
has  been  carefully  investigated  by  many  eminent  mathematicians.  We  shall 
here  consider  only  the  work  of  Darwin  and  Poincare  who  agree  in  the  conclusion 
that  when  a  homogeneous  mass  of  incompressible  fluid  undergoes  such  acceleration 
of  rotation  in  contraction  that  it  becomes  unstable  the  mass  divides  into  two 
fairly  equal  parts.  In  fact  the  process  of  division  is  shown  to  be  such  that  very 
unequal  division  is  impossible.  Thus  double  and  multiple  stars  might  be  formed 
in  this  way  by  the  breaking  down  of  figures  of  equilibrium,  but  not  planets  and 
satellites,  because  in  the  solar  system  the  attendant  bodies  are  always  too  small 
relatively  to  the  large  central  masses  which  govern  their  motions.  Such  small 
bodies  are  formed  by  the  survival  of  nuclei  in  spiral  nebulae,  and  are  thus  all 
captured  or  added  from  without,  but  have  never  been  detached,  because  there 
is  little  or  no  hydrostatic  pressure. 

Now  what  do  we  find  to  be  the  fact  among  the  double  stars?  The  bright- 
nesses are  often  nearly  equal,  and  so  far  as  known  the  masses  are  always  of  the 
same  order;  for  example,  no  double  star  at  present  known  has  a  companion  so 
small  as  one-tenth  of  its  own  mass.  Hence  we  may  safely  infer  that  as  a  general 
rule  the  masses  are  about  as  nearly  equal  as  the  brightnesses  of  the  components. 
Accordingly  the  equal  and  comparable  masses  observed  and  inferred  generally 
to  exist  among  the  double  stars  seem  to  conform  closely  to  the  mathematical 
researches  of  Poincare  and  Darwin  on  the  breaking  up  of  the  figures  of  equi- 
librium of  rotating  masses  of  fluid.  This  was  first  pointed  out  by  the  writer  in 
1892,  and  has  been  verified  by  later  researches  in  the  various  branches  of  stellar 
astronomy,  especially  in  work  on  certain  variable  stars  and  in  researches  on  spectro- 
scopic and  visual  binaries,  but  the  fission  is  mainly  dynamical,  not  hydrostatic. 
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The  orbits  of  double  stars  are  not  eccentric  enough  to  indicate  that  these 
objects  have  been  captured  after  they  were  fully  developed,  unless  meanwhile 
the  eccentricity  has  been  reduced  by  the  secular  action  of  a  resisting  medium. 
These  systems  may  have  originated  in  one  or  both  of  two  possible  ways,  and  in 
no  others  whatsoever:  (1)  They  may  have  been  formed  by  the  rupture  of  true 
figures  of  equilibrium  of  rotating  masses  of  fluid,  as  I  long  ago  inferred  from  the 
researches  of  Poincare  and  Darwin.  In  this  event  the  primordial  orbits  would 
have  small  eccentricities,  and  in  time  both  the  major  axis  and  the  eccentricity 
would  be  increased  by  the  secular  effects  of  tidal  friction;  (2)  They  may  have 
arisen  from  the  survival  of  nuclei  like  those  seen  in  the  coils  of  spiral  nebulae. 
In  this  case  the  primordial  orbits  would  have  been  of  rather  large  eccentricity, 
and  would  have  been  decreased  in  size  and  rounded  up  under  the  secular  action 
of  the  resisting  medium.  Thus  in  one  hypothesis  the  primordial  orbits  were 
small  and  round,  and  have  been  gradually  enlarged  and  elongated  by  the  secular 
effects  of  tidal  friction;  in  the  other,  the  primordial  orbits  were  originally  large 
and  decidedly  elongated,  and  have  since  been  reduced  in  size  and  rounded  up  under 
the  secular  effects  of  a  resisting  meidum.  It  is  observed  that  the  orbits  have 
almost  every  degree  of  eccentricity,  except  that  appropriate  to  comets  —  say 
from  about  0.95  to  1.00  —  while  on  the  other  hand  very  round  orbits  are  common 
for  close  systems,  such  as  the  spectroscopic  binaries.  The  fact  that  the  larger  orbits 
have  the  larger  eccentricities  does  not  tell  decisively  in  favor  of  either  theory. 
This  effect  might  be  produced  either  by  tidal  friction  or  by  a  resisting  medium, 
or  by  a  combination  of  both  causes. 

It  is  unfortunate  that  the  effects  of  the  two  causes  cannot  yet  be  clearly 
separated.  Both  are  real  causes,  and  as  one  is  exactly  the  opposite  of  the  other, 
there  is  no  entirely  certain  method  of  separating  them.  But  we  believe  that  a 
criterion  for  separating  the  two  effects  may  hereafter  be  developed.  For  example, 
it  is  shown  in  the  theory  of  the  origin  of  the  solar  system  that  the  nebulous  mass 
was  never  in  equilibrium  under  the  pressure  and  attraction  of  its  parts,  and  that 
the  bodies  were  not  detached  but  captured,  and  this  circumstance  has  made  the 
attendant  bodies  so  small.  This  mode  of  formation  was  repeated  in  our  system 
so  many  times,  always  with  the  same  uniform  result,  that  there  can  be  no  pos- 
sible doubt  that  the  absence  of  hydrostatic  pressure  in  a  nebula  usually  leads 
to  the  development  of  small  attendant  bodies.  It  is  found  by  calculation  that 
the  probability  of  small  bodies  is  more  than  a  decillion  decillion  to  unity.  This 
is  as  all  of  the  grains  of  fine  sand  contained  in  a  sphere  of  the  fixed  stars,  with 
radius  equal  to  200,000  radii  of  the  earth's  orbit,  to  one. 

Now  if  such  a  criterion  based  on  probability  is  valid,  it  will  follow  that  such 
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relatively  large  masses  as  the  double  stars  do  not  arise  from  the  preservation  of 
the  small  isolated  nuclei  in  a  whirlpool  nebula  devoid  of  hydrostatic  pressure, 
but  must  result  from  the  capture  of  many  of  these  small  masses  by  the  larger 
nuclei.  The  dynamical  process  by  which  this  capture  takes  place  is  more  fully 
discussed  in  Chapter  X,  and  need  not  be  dwelt  on  here.  As  the  nebulae  in 
different  cases  have  all  degrees  of  hydrostatic  pressure,  from  perfect  fluidity 
on  the  one  hand  to  the  entire  absence  of  such  pressure  on  the  other,  it  follows 
that  the  two  processes  of  cosmical  development,  one  depending  on  capture,  by 
a  dynamical  process,  under  the  action  of  a  resisting  medium,  the  other  on  the 
exertion  of  more  or  less  hydrostatic  pressure  from  the  center,  must  often  pass 
by  insensible  degrees  one  into  the  other;  so  that  in  the  actual  universe  both 
processes  are  at  work  together.  This  is  decidedly  the  most  probable  result, 
when  all  influences  are  taken  into  account;  and  more  than  this  cannot  be  safely 
inferred  at  present. 

In  the  case  of  immense  nebulae  the  result  is  similar  to  that  of  many  separate 
nebulae  brought  near  together  —  the  formation  of  star  clusters.  For  owing  to 
the  great  tenuity  of  such  a  gigantic  cloud  of  cosmical  dust,  it  necessarily  cannot 
act  as  a  whole,  but  each  part  must  develop  under  its  own  forces.  This  explains 
clusters  and  groups  of  stars,  in  a  simple  and  satisfactory  manner.  The  occurrence 
of  large  bodies  in  such  groups  is  due  to  the  breaking  up  of  the  whole  system  into 
lesser  units,  without  any  true  hydrostatic  pressure,  owing  to  the  immense  extent 
of  the  whole  cloud.  Thus  in  gigantic  nebulae  large  bodies  may  form,  because 
each  part  acts  independently  of  the  whole.  In  lesser  degree  the  same  principle 
applies  to  the  development  of  double  stars  and  of  stellar  systems  generally;  for 
any  nucleus  once  started  tends  to  grow,  wherever  conditions  admit  of  a  supply 
of  material,  unless  overshadowing  disturbing  forces  intervene  to  modify  the 
natural  order  of  development. 

The  study  of  variable  stars  also  points  to  the  resisting  medium  as  the  more 
dominant  cause,  but  here  again  the  same  two  causes,  namely,  Tidal  Friction, 
and  the  Resisting  Medium,  are  entangled  together,  though  in  time  it  may  be 
possible  to  separate  them  by  spectroscopic  or  other  criteria  yet  to  be  developed. 


ToSt  St  firfieLS  irOTC  d>ofir)6rj  rS>v  'EXA^viov,  <o«  ov  xprj  irtpi  to.  Beta  wort  Trpayp.a.Ttveo-Oa.1  Ovr/rovs  oiras  • 
irav  St  tovtov  8iavor]0ijvai  roivavTiov,  us  ovrt  a<j>pov  tan  irori  to  Oiiov,  oirrt  ayvoil  irov  t^i>  avdpmirtvqv 
tftwriv  ■    dAA'   oiStv  oti,   StSao'KOi'TOS   avrov,   £wa.Ka\ovOr)<Tti   xat  paOrjo-iTai  ra   SiSacrKO/Litva. 

—  Plato,  Epinomu,  p.  988. 


Nor  should  any  Greek  have  any  misgiving  of  this  kind ;  that  it  is  not  fitting  to  inquire  narrowly  into  the 
operations  of  superior  Powers,  such  as  those  by  which  the  motions  of  the  heavenly  bodies  are  produced:  but,  on 
the  contrary,  men  should  consider  that  the  Divine  Powers  never  act  without  purpose,  and  that  they  know  the 
nature  of  man:  they  know  that  by  their  guidance  and  aid,  man  may  follow  and  comprehend  the  lessons  which 
are  vouchsafed  him  on  such  subjects.  • —  Whewell,  History  oj  the  Inductive  Sciences,  Vol.  I,  p.  108. 


CHAPTER  VII, 


The  Secular  Effects  of  the  Action  of  a  Resisting  Medium  Upon  the 
Orbital  Motions  of  the  Heavenly  Bodies. 

§  71.     Historical  Development  of  the  Theory  of  a  Resisting  Medium. 

The  effect  of  a  resisting  medium  upon  the  motions  of  revolving  bodies  has 
long  been  a  subject  of  investigation.  In  the  Principia,  1687,  Sir  Isaac  Newton 
treated  quite  fully  of  the  action  of  resisting  media  upon  the  motions  of  bodies; 
and  gave  especial  attention  to  the  effects  on  projectiles  and  on  the  oscillations  of 
pendulums.  In  Lib.  II,  §  1,  Scholium,  he  remarks:  "In  medium  void  of  all 
tenacity,  the  resistance  made  to  bodies  are  in  the  duplicate  ratio  of  the  velocities," 
that  is,  as  the  square  of  the  velocities.  He  also  shows  that  the  resistance  is  pro- 
portional to  the  squares  of  the  diameters  of  the  bodies,  or  proportional  to  the 
surfaces  exposed  to  resistance  (Lib.  II,  §  VII,  Cor.  3).  Hence,  if  K  denote  some 
constant,  he  shows  that  the  resistance  varies  according  to  the  formula: 

F  =  Kv\  r\  a-     ;  (156) 

where  a-  is  the  density  of  the  medium,  viewed  as  made  up  of  hard,  discrete  particles. 
Newton  did  not  treat  of  the  resistance  to  the  motions  of  the  planets,  because 
he  supposed  the  heavenly  spaces  to  be  practically  devoid  of  matter,  and  he  alludes 
to  these  regions  as  places  "  where  there  is  no  air  to  resist  their  motions  "  (General 
Scholium).  He  refers,  however,  to  the  effect  of  a  resistance  near  the  sun  upon 
the  motions  of  comets  (Lib.  Ill,  Prop.  XLII,  Probl.  XXII,  just  before  the 
General  Scholium  to  the  Principia):  "The  Comet  which  appeared  in  the  year 
1680,  was  in  its  perihelion  less  distant  from  the  Sun  than  by  a  sixth  part  of  the 
Sun's  diameter:  and  because  of  its  extreme  velocity  in  that  proximity  to  the 
Sun,  and  some  density  of  the  Sun's  atmosphere,  it  must  have  suffered  some  re- 
sistance and  retardation;  and  therefore,  being  attracted  something  nearer  to  the 
Sun  in  every  revolution,  will  at  last  fall  down  upon  the  body  of  the  Sun.  Nay, 
in  its  aphelion,  where  it  moves  the  slowest,  it  may  sometimes  happen  to  be  yet 
farther  retarded  by  the  attractions  of  other  Comets,  and  in  consequence  of  this 


136  HISTORICAL   DEVELOPMENT    OF   THE   THEORY   OP   A   RESISTING   MEDIUM. 

retardation  descend  to  the  Sun.  So  fixed  Stars  that  have  been  gradually  wasted 
by  the  light  and  vapours  emitted  from  them  for  a  long  time,  may  be  recruited  by 
Comets  that  fall  upon  them;  and  from  this  fresh  supply  of  new  fewel,  those  old 
Stars,  acquiring  new  splendor,  may  pass  for  new  Stars.  Of  this  kind  are  such 
fixed  Stars  as  appear  on  a  sudden  and  shine  with  a  wonderful  brightness  at  first, 
and  afterwards  vanish  by  little  and  little.  Such  was  that  Star  which  appeared 
in  Cassiopeia's  Chair;  which  Cornelius  Gemma  did  not  see  upon  the  8th  of  Novem- 
ber, 1572,  though  he  was  observing  that  part  of  the  heavens  upon  that  very  night, 
and  the  skie  was  perfectly  serene;  but  the  next  night  (Nov.  9)  he  saw  iti  shining 
much  brighter  than  any  of  the  fixed  Stars,  and  scarcely  inferiour  to  Venus  in 
splendor.  Tycho  Brahe  saw  it  upon  the  11th  of  the  same  month  when  it  shone 
with  the  greatest  lustre;  and  from  that  time  he  observed  it  to  decay  by  little 
and  little;  and  in  16  months  time  it  entirely  disappeared  "  (Motte's  Translation). 

It  is  clear  from  these  and  other  passages  in  the  Principia,  that  Newton  had 
considered  the  action  of  a  resisting  medium  in  its  terrestrial  rather  than  in  its 
celestial  aspects;  yet  his  allusion  to  the  action  on  a  comet  passing  near  the  sun 
shows  that  he  was  aware  that  the  effect  might  sometimes  become  sensible  in  the 
motions  of  the  heavenly  bodies. 

The  first  writer  of  importance  to  depart  from  the  Newtonian  doctrine  that 
the  heavenly  spaces  are  empty  and  to  announce  the  conclusion  that  the  celestial 
regions  are  not  perfectly  transparent  was  Cheseaux  of  Geneva,  discoverer  of 
the  celebrated  comet  of  1744,  which  had  a  great  perihelion  distance  and,  it  is 
said,  at  least  five  tails.  In  his  treatise  on  this  comet  (Traite  de  la  Comete  qui  a 
paru  en  1743  et  1744,  8°,  Lausanne  et  Geneve,  1744,  p.  223)  Cheseaux  says  that 
the  light  suffers  a  certain  extinction  in  consequence  of  the  diffused  material  spread 
over  the  immensely  long  path  which  it  traverses  in  coming  to  the  eye  of  the  observer 
from  the  great  distance  of  the  fixed  stars. 

The  problem  of  the  absorption  of  light  in  space  was  subsequently  considered 
by  Olbers,  and  at  length  treated  much  more  fully  by  the  elder  Struve  in  his 
Etudes  d'Astronomie  Stellaire,  Petersbourg,  1847;  but  the  results  were  not  entirely 
conclusive,  except  as  to  the  loss  of  light  from  distant  stars  necessarily  reducing 
their  brightness,  and  diminishing  the  depths  to  which  our  telescopes  can  penetrate. 
In  our  time  the  hypothesis  of  Cheseaux,  that  light  is  extinguished  in  space,  is 
fully  confirmed  by  the  great  extent,  and  wide  diffusion  of  faint  nebulosity  over 
the  background  of  the  sky.  Such  clouds  of  cosmical  dust  prevent  the  background 
of  the  heavens  from  appearing  perfectly  black,*  and  conceal  from  our  vision  the 

*  cf .     "  Remarks  on  a  Brownish  Appearance  of  the  Sky  Noticed  in  Certain  Constellations  of  the  Southern 
Hemisphere,"  by  the  author,  A. IV.  3618. 
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most  distant  regions  of  the  universe;  just  as  the  haze  in  our  atmosphere  diminishes 
the  distinctness  of  neighboring  objects  and  finally  extinguishes  the  light  of  the  more 
distant  ones  altogether,  whether  they  be  terrestrial  bodies,  as  trees,  houses,  moun- 
tains, and  clouds,  or  celestial  bodies,  such  as  the  moon  and  stars  when  they  first 
appear  above  the  horizon.  Even  in  the  clear  air  of  California  the  writer  has  often 
seen  the  Sierra  Nevada  mountains,  at  a  distance  of  about  100  miles,  reduced  to 
the  last  extremity  of  faintness  by  the  absorption  of  their  light. 

The  first  mathematician  to  treat  of  the  effects  of  the  resisting  medium  upon 
the  motions  of  the  planets,  was  the  celebrated  Euler,  in  a  letter  published  in  the 
Philosophical  Transactions  of  the  Royal  Society  for  1749,  pp.  141-142.  He  showed 
the  earth  to  be  gradually  approaching  the  sun,  under  the  action  of  a  medium  which 
resisted  its  instantaneous  velocity,  and  allowed  the  curvature  of  the  orbit  to 
increase;  so  that  the  path  is  no  longer  a  closed  curve  representing  a  true  Keplerian 
ellipse,  but  in  reality  a  spiral  with  coils  very  closely  wound. 

§  72.     Euler's  Remarks  on  the  Secular  Effects  of  the  Resisting  Medium  upon  the 

Orbital  Motion  of  the  Earth,  and  on  the  Origin  of  the  Planets  at  a  Great 

Distance  from  the  Sun  —  With  Brief  Notice  of  the  More 

Modern  Theory  of  a  Resisting  Medium. 

In  view  of  the  results  briefly  indicated  by  the  writer  in  Astronomische  Nach- 
richten,  4308,*  and  of  the  paramount  part  played  by  the  Resisting  Medium  in  shaping 
the  orbits  of  the  planets  and  satellites,  as  well  as  the  paths  of  the  attendant  bodies 
in  other  cosmical  systems  observed  in  the  immensity  of  space,  the  remarks  of 
the  celebrated  Leonard  Euler  are  of  so  much  interest  to  contemporary  astron- 
omers and  mathematicians  that  they  should  be  quoted  at  greater  length.  As 
already  pointed  out  these  remarks  are  included  in  the  Philosophical  Transactions 
of  the  Royal  Society  for  1749,  pp.  141-142,  under  the  title:  "Part  of  a  Letter 
from  Leonard  Euler,  Professor  of  Mathematics  at  Berlin  and  F.R.S.,  to  the 
Rev.  Mr.  Caspar  Wetstein,  Chaplain  to  the  Prince  of  Wales,  dated  Berlin, 
June  28,  1749;  read  Nov.  2,  1749."  And  this  is  followed  by  a  similar  extract  from 
a  second  letter  to  Wetstein,  dated  Berlin,  December  20,  1749,  read  March  1,  1750. 

The  views  of  Euler  here  set  forth  are  very  remarkable,  not  only  for  the 
insight  they  show  into  the  mechanism  of  the  heavenly  motions,  but  also  into 
what  is  now  proved  to  be  the  true  mode  of  origin  of  our  solar  system.  It  must 
be  remembered  that,  in  reaching  these  views  on  Cosmogony,  Euler  preceded 
both  Kant  (1755),  and  Laplace  (1796);  and  that  he  was  the  first  mathematician 

*  cf.     Also  A.N.  4334;  and  Proc.  Amer.  PhUos.  Soc,  Vol.  XLVII,  No.  191,  1909,  pp.  119-128. 
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since  Newton  to  consider  the  secular  effects  of  a  Resisting  Medium.  His  views 
on  the  origin  of  the  planets  are  therefore  quite  free  from  any  kind  of  prejudice, 
and  the  direct  outcome  of  the  continued  action  of  small  forces  which  he  believed 
to  be  operative  in  the  heavenly  spaces. 

Sir  Isaac  Newton  seems  to  have  held  that  the  spaces  where  the  planets 
move  are  essentially  as  devoid  of  matter  as  a  vacuum.  This  is  in  fact  expressly 
stated  in  first  paragraph  of  the  General  Scholium  to  the  Principia.  Yet  he  may 
have  believed  that  some  waste  matter  is  diffused  in  the  celestial  spaces,  for  in  the 
paragraph  just  before  the  General  Scholium,  he  says:  "The  vapors  which  arise 
from  the  Sun,  the  fixed  stars,  and  the  tails  of  the  Comets  may  meet  at  last  with, 
and  fall  into,  the  atmosphere  of  the  planets  by  their  gravity." 

We  have  already  remarked  that  Cheseaux  was  the  first  to  express  the  views 
that  the  heavenly  spaces  are  not  perfectly  transparent,  but  that  light  suffers  a 
certain  amount  of  absorption  or  extinction  in  passing  over  great  distances  (cf. 
L.  de  Cheseaux,  Traite  de  la  Com£te  qui  a  paru  en  1743  et  1744,  8°,  Lausanne 
et  Geneve,  1744,  p.  223).  This  account  of  Cheseaux  was  written  five  years 
before  the  promulgation  of  Euler's  views,  and  it  is  uncertain  to  what  extent,  if 
at  all,  Newton  and  Cheseaux  had  influenced  Euler  in  reaching  the  conclusion 
that  the  planets  suffer  resistance  in  their  motion  about  the  Sun,  but  the  possibility 
of  such  suggestion  should  be  borne  in  mind.  Euler  felt  that  the  observed  pro- 
pagation of  light  indicated  the  presence  of  aether  or  other  subtile  matter  in  space, 
and  the  movements  of  the  heavenly  bodies  showed  that  it  exerted  a  sensible  in- 
fluence in  the  course  of  ages. 

The  extracts  from  Euler's  letters  are  as  follows: 

(1).  First  Letter:  "XXII.  Monsieur  le  Monnier  writes  to  me  that  there 
is,  at  Leyden,  an  Arabick  manuscript  of  Ibn  Jounis  (if  I  am  not  mistaken  in  the 
name,  for  it  is  not  distinctly  written  in  the  letter),  which  contains  a  history  of 
Astronomical  observations.  M.  le  Monnier  says,  that  he  insisted  strongly  on 
publishing  a  good  translation  of  that  book.  And  as  such  a  work  would  contribute 
much  to  improvement  of  Astronomy,  I  should  be  glad  to  see  it  published.  I  am 
very  impatient  to  see  such  a  work,  which  contains  observations  that  are  not  so 
old  as  those  recorded  by  Ptolemy.  For  having  carefully  examined  the  modern 
observations  of  the  sun  with  those  of  some  centuries  past,  although  I  have  not  gone 
further  back  than  the  15th  century,  in  which  I  have  found  Walther's  observations 
made  at  Nuremberg;  yet  I  have  observed  that  the  motion  of  the  Sun  (or  of  the 
Earth)  is  sensibly  accelerated  since  that  time;  so  that  the  years  are  shorter  at 
present  than  formerly;  the  reason  of  which  is  very  natural,  for  if  the  earth,  in  its 
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motion,  suffers  some  little  resistance  (which  cannot  be  doubted,  since  the  space 
through  which  the  planets  move,  is  necessarily  full  of  some  subtile  matter,  were 
it  no  other  than  that  of  light),  the  effect  of  this  resistance  will  gradually  bring  the 
planets  nearer  and  nearer  the  sun;  and  as  their  orbits  thereby  become  less,  their 
periodical  times  will  also  be  diminished.  Thus  in  time  the  earth  ought  to  come 
within  the  region  of  Venus,  and  in  fine  into  that  of  Mercury,  where  it  would  neces- 
sarily be  burnt.  Hence  it  is  manifest  that  the  system  of  the  planets  cannot  last 
forever  in  its  (present)  state.  It  also  incontestably  follows  that  this  system  must 
have  had  a  beginning;  for  whoever  denies  it  must  grant  me,  that  there  was  a 
time,  when  the  earth  was  at  the  distance  of  Saturn  and  even  farther,  and  con- 
sequently that  no  living  creature  could  subsist  there.  Nay  there  must  have  been 
a  time  when  the  planets  were  nearer  to  some  fixt  stars  than  to  the  Sun;  and  in 
this  case  they  could  never  come  into  the  solar  system.  This  then  is  a  proof, 
purely  physical,  that  the  world  in  its  present  state,  must  have  had  a  beginning,  and 
must  have  an  end.  In  order  to  improve  this  notion,  and  to  find  with  exactitude 
how  much  the  years  become  shorter  in  each  century,  I  am  in  hopes  that  a  great 
number  of  older  observations  will  afford  me  the  necessary  succours." 

(2).  Second  Letter:  "XXIII.  I  am  still  thoroughly  convinced  of  the 
truth  of  what  I  advanced  that  the  orbs  of  the  planets  continue  to  be  contracted, 

and  consequently  their  periodic  times  grow  less The  late  Dr.  Halley 

has  also  remarked  that  the  revolutions  of  the  moon  are  quicker  at  present  than 
they  were  in  the  time  of  the  ancient  Chaldeans,  who  have  left  us  some  observa- 
tions of  Eclipses."  Euler  then  discusses  the  difficulty  of  finding  the  number  of 
days  since  the  time  of  Ptolemy,  and  thinks  the  uncertainty  may  be  a  day  or  two; 
also  raises  the  question  whether  the  length  of  the  day  is  constant :  "  At  present 
we  measure  the  length  of  the  day  by  the  number  of  oscillations  which  a  pendulum 
of  given  length  makes  in  this  space  of  time;  but  the  ancients  were  not  acquainted 
with  those  experiments,  whereby  we  might  have  been  informed,  whether  a  pen- 
dulum of  the  same  length  made  as  many  vibrations  in  a  day  as  now.  But  even 
though  the  Ancients  had  actually  made  such  experiments,  we  could  draw  no  in- 
ferences from  them,  without  supposing,  that  gravity,  on  which  the  time  of  an 
oscillation  depends,  has  always  been  of  the  same  force;  but  who  will  ever  be  in  a 
condition  to  prove  this  invariability  in  gravity?"  He  finally  concludes  that  both 
the  lengths  of  the  year  and  of  the  day  are  diminishing,  "so  that  the  same  number 
of  days  will  answer  nearly  to  a  year." 

The  views  of  Euler  here  set  forth,  that  the  earth  and  other  planets 
were  at  one  time  farther  from  the  Sun  than  at  present,  are  so  remarkable  that 
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it  is  scarcely  necessary  to  do  more  than  bring  them  to  the  attention  of 
astronomers. 

The  theory  of  the  Resisting  Medium  was  discussed  in  a  prize  paper  in  1762  by 
Bossut,  who  remarks  that  the  effect  would  become  much  more  sensible  in  the 
motion  of  the  moon  than  in  that  of  the  planets,  and  suggests  this  physical  cause 
to  account  for  the  secular  acceleration  of  the  moon,  first  alluded  to  by  Halley 
in  1693  and  more  fully  confirmed  by  Dunthorne  in  1749,  the  cause  of  which  was 
then  unknown. 

The  action  of  a  Resisting  Medium  was  afterwards  treated  by  Laplace  in  a  very 
general  manner  in  the  Mecanique  Celeste  (Lib.  X,  Chap.  VII,  §  18).  With  char- 
acteristic penetration  he  showed  that  when  the  density  of  the  medium  increases 
towards  the  center  the  major  axis  and  eccentricity  of  the  orbit  will  incessantly 
decrease;  yet  it  did  not  occur  to  him  to  apply  this  result  to  explain  the  roundness 
of  the  orbits  of  the  planets  and  satellites.  We  shall  treat  of  Laplace's  conclusions 
hereafter,  and  show  their  immediate  connection  with  the  formation  of  the  planetary 
system. 

In  1819  Encke  found  that  the  comet  which  bears  his  name  but  had  been 
observed  as  long  ago  as  1795  did  not  seem  to  return  in  a  period  which  was  exactly 
constant,  but  appeared  to  be  shortened  each  time  by  from  two  to  three  hours; 
and  explained  it  by  the  resistance  arising  from  a  medium  pervading  the  heavenly 
spaces.  This  hypothesis  soon  became  very  celebrated,  and  has  since  been  further 
discussed  by  many  eminent  mathematicians,  including  Plana  (1825),  Mossotti 
(1826),  Encke(1831),  Hansen(1835),  M6ller(  1872), Von Asten  (1878),  Oppolzer 
(1880),  and  Backlund  (1895).  The  motions  of  the  short-period  comets  have 
been  further  discussed  by  Backlund,  Von  Haerdtl,  Bohlin  and  others,  but  no 
very  decided  result  has  been  obtained,  some  of  the  indications  pointing  one  way 
and  some  the  other;  yet  the  general  effect  has  been  to  diminish  the  importance  of 
the  part  supposed  to  be  played  by  a  Resisting  Medium  in  the  present  state  of  our 
system.  A  brief  outline  of  the  theory  of  a  Resisting  Medium  will  now  be  given, 
in  order  to  make  secure  the  line  of  argument  adopted  in  this  work. 

§  73.    Elements  of  the  Theory  of  Resistance. 

In  a  discontinuous  medium,  as  was  long  ago  remarked  by  Newton,  we  may 
take  the  resistance  to  be  proportional  to  the  surfaces  of  the  section  of  the  moving 
planet  made  by  a  plane  perpendicular  to  the  direction  of  the  velocity;  proportional 
also  to  the  density  of  the  medium  a,  and  to  some  function  of  the  velocity  ^(V). 
Finally  the  resistance  refers  to  unit  mass,  and  therefore  we  should  introduce  the 
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reciprocal  of  the  mass  of  the  planet;  so  that  if  we  denote  by  K  some  constant,  we 
shall  have  for  the  force  exerted  by  the  Resisting  Medium  the  expression 


F 


KS<r*(V) 


m 


(157) 


As  there  are  m  units  of  mass  in  the  planet,  the  total  resistance  is  mF. 

If  now  we  suppose  that  the  resistance  depends  only  on  the  distance  from  the 
sun,  we  have 


F-H.(F).g)     ;    .-♦(!)    ;    H-S. 


(158) 


With  this  expression  for  the  forces  involved,  it  remains  to  find  the  effect  upon 
the  motion  of  a  planet.  For  this  purpose  we  shall  resume  the  formulae  for  the 
variation  of  the  elements,  considered  as  arbitrary  constants,  introduced  by  the 
integration  of  the  differential  equations  of  motion.  As  the  disturbing  force  F,  due 
to  the  Resisting  Medium,  is  always  directed  in  the  plane  of  the  orbit,  we  may  put 

the  orthogonal   component    W  =  0,    and  therefore  also    4=0    ,    -4p  =  0  ,    so 

that  the  inclination  and  node  remain  fixed,  and  are  not  subject  to  change  by  the 
action  of  the  Resisting  Medium. 

If  we  denote  by  ifo  the  angle  which  the  tangent  to  the  orbit  makes  with  the 
prolongation  of  the  radius  vector,  and  by  R  and  S  the  components  of  the  disturbing 
force  resolved  in  the  direction  of  the  radius  vector  and  of  the  perpendicular  to 
the  radius  vector  respectively,  we  have  the  following  expressions  for  the  variations 
of  the  velocity  (cf.  Laplace's  Mecanique  Celeste,  Liv.  X,  Chap.  VII,  §  18; 
Tisserand's  Mecanique  Celeste,  Tome  I,  p.433,  Eq.  A;  Tome  IV,  p.  218;  Watson's 
Theoretical  Astronomy,  pp.  552-555;   or  similar  works  on  Celestial  Mechanics) : 


dV 
dt 


=  R  cos  ifr0  +  S  sin  i^0 , 


(159) 


It  is  well  known,  however,  that  the  components  of  the  velocity  are 


dr      W\  +  m 

V  cos  f0  =  tt  = 7= e  sin  v  , 

dt  Vp 


Vmu*-r{diJ- r ' 


(160) 


f.|-v^t^-^J(?*),+^ 
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Accordingly  we  get 

m      &3(1  +  m)[v*  ,     ,  .  .  "I      A;a(l  +  m)r  ,  .  ,    1 

V 3  =-  — s '    S  +  e  sin  v    =  — (1  +  e  cos  i>)    +  e3  sin3  v 

fca(l  +  m)r,    ,     f  ,   „  "I 

-=  — ! 1  +  e*  +  2e  cos  v    ; 

PL  J 


or 


v  =  ^±+j?.(i  +  e>  +  2ecosvy.  (161) 

But  the  resistance  is  proportional  to  the  square  of  the  velocity,    (£j   ;     and 

hence  using  the  expressions  (160)  for  the  components  parallel  to  and  perpendicular 
to  the  radius  vector  we  get 

fi=_K*W^7^esin^  ;  S--JC»W-JV*-      (162) 


§  74.     77ie  Perturbation  of  the  Longitude  in  the  Orbit,  Due  to  the  Action  of  Resisting 

Medium,  is  Periodic. 

If  we  denote  by  x  the  longitude  in  the  orbit,  the  formula  for  the  variation  of 
this  element  is 


dX        1  1 


—  p  cos  v  .  R  +  (p  +  r)  sin  v  .  S    . 


dt       kVp  (1  +  m)e 
Substituting  from  (162)  the  value  of  R  and  S,  we  get 


(163) 


or 


dx  '  *\»V   T  kVl  +  m  ,    ,  skVp(l  +  m)  .       Ids 

~  =  — .  :    —  p  cos  v 7= —  e  sin  v  +  (p  +  r) £-i '  sin  d  U-, 

dt       kVp(l  +  ml  Vp  r  }dt 

=  —  K<bl  -J    —  e  cos  v  sin  v  +  (1  +  e  cosv  +  1)  sin  »  U-  ; 


But  by  (161)|-F-  *^Ii-(l  +  e3  +  2ecosi;)i,  and  *  =  ^~L=   ,  and  hence 

Vdt  =  -  ( 1  +  2e  cos  v  +  e3  J  d»    ;     therefore 

2K*(-)r« 

edx  = yJ—  M  +  2e  cos  v  +  e3J  *  sin  vdv  .  (165) 
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The  function  K&(-)  ( 1  ±  2e  cos  v  +  e2j  ra    is  always  positive,  and  we  may  therefore 

expand  it  in  a  series,  proceeding  according  to  the  cosines  of  v  and  its  multiples. 
Assume  therefore 

K* f-V (l  +  2e  cos  v  +  e*y  =  A  +  B  cos  v  +  C cos2v  +  D  cos3v  +  E cos 4v  +  .  .  .  .  ,     (166) 

in  which  the  coefficients  A,  B,  C,  D,  are  positive  numbers  and   functions  of  e 
Hence  we  have 


ed\  = ( A  +  B  cos  v  +  C  cos  2v  +  D  cos  3v  +  E  cos  iv  +   ....   ] 

When  this  expression  is  integrated  with  respect  to  v  we  find 


sin  vdv 


eS*  =  i( 


A  cos  v  +  j  cos  2d  + 


•)■ 


(167) 


Accordingly  we  conclude  that  x  is  subject  to  periodic  perturbations  only,  and 
that  a  resisting  medium  produces  no  permanent  change  of  the  longitude  in  the  orbit. 
By  a  similar  course  of  reasoning,  applied  to  the  formula  for  the  variation  of 
the  mean  anomaly, 


dM  ,  dx       2r  cos  <£  .  R         /  d/x 

—rr  =  —  cos  <p  3?  —  ■ —  -  +  /    j7(», 

dt  dt       kVp(l  +  m)      /    dt 


(168) 


where  e  =  sin  <f>,  it  may  be  made  clear  that  only  periodic  changes  arise  from  the 
first  and  second  terms  of  the  right  member.  And  it  is  easily  shown  that  the  secular 
change  results  wholly  from  the  third  term,  by  virtue  of  the  change  in  the  mean 
daily  motion  /x.  This  really  depends,  however,  on  the  change  in  the  mean  distance, 
which  we  shall  now  consider. 


§  75.     Secular  Change  in  the  Mean  Distance. 
The  general  formula  for  the  variation  of  the  semi-axis  major  is 


da 


2d 


dt      kVp(l  +  to) 


'=(esmvR  +^s). 
+  m)\  r    I 


r*dv 


(169) 


If  we  introduce  for  R  and  S  their  values,  and  put   dt  = 

kVa  (1  —  e'V  (1  +  to) 

shall  get 


we 


1  II  THE    SECULAE   CHANGE    OF   THE    ECCENTRICITY. 


,  2oV  (      .      „/l\AVl  +  m  k  /,    ,   n  t\i 

da  = .  -  <  e  sin  vK<b   -    y= e  sin  i>     .  =r=    1  +  2e  cos  0  +  <r  ) 

AVp(l  +  m)    I  W       \/p  Vp(l  +  m)\ 

r 
to) 


+    1  +  e  cos  v  )K<t>   - ) CA— I — '  I  1  +  2e  cos  u  +  e2  r    >   — , 

V  J        VJ  r  y/p  (l  +  TO)  V  /      J    AVp(l  + 

2a2W*)r2 

VI  +     \     e'sin^f  1  +  2ecosv  +  e2J  4  +  (l  +  ecosiMM  1  +  2c  cost)  +  c2  J  *   < 


y"' '     |e2  sin2 »  f  1  +  2e  cos  t>  +  eaJ  *  +  f 1  +  e  cos  vJ  (  1  +  2e  cos  v  +  e^ldv  , 
^r   .      j  e2  sin2 t>  +  (1  +  e  cos-y)2 1  (l  +  2e  cos  0  +  e2J*ldT) , 


2aJX*(-]r2 
da  =  — 

2a 


2a2K* 


p2 (1   +  TO 

or 

2a2J 


(*)r2 

^-y  [[l  +  2e  cos  »  +  e2)  f  1  +  2e  cos  v  +  etfldv  ; 


da  =  — 


•(')< 


P2  (1  +  TO) 


1  +  2e  cos  v  +  e? 


dv.  (170) 


This  has  the  same  general  form  as  equation  (166),  except  that  the  expression 
(1  +  2  e  cos  v  +  e8)1    is  now  raised  to  the  power  f .     And  as 

K*  (-  J  r2  M  +  2e  cos  d  +  e2  J  "  =  A  +  B  cos  v  +  C  cos  2v  +  D  cos  3v  +  E  cos  4t>  +   .  .  .  .  ; 

it  is  evident  that  we  may  multiply  both  members  by  (1  +  2e  cos  v  +  e2)  and  write 
the  result  in  the  form: 

K*  (P)  r2  f  1  +  2e  cos  v  +  e2J  *  -  A'  +  B'  cos v  +  C"  cos  2v  +  D'  cos  3v  +  E'  cos  4t>  + (171) 

Substituting  this  series  for  the  equivalent  expression  in  (170),  and  integrating, 
we  get 

80  =  ~  f  (l  +  m) \_A'V  +  Periodic  termsJ  •  <172) 

§  76.     The  Secular  Change  of  the  Eccentricity. 
The  perturbations  of  the  eccentricity  are  given  by  the  expression 

%  =      ,     1  Kslnv. R  +  P(P-r-)sl  (173) 

dt      kVp  (1  +  m)  I  e\r      a)    S  v      ' 
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Introducing  the  values  of  R  and  S  from  equations  (162),  we  get 


de 
dt 


KG 

kVp 


-»a)i 


e  sin2  d  + 


p  fp      r\l~)ds 


ds 


W\  + 


\r       a  J r  )  dt 


(174) 


Now  the  expression     -r-  =  V  =  — -p — f  1  +  2ecosi>  +  e2r  ;    and 

"(1  +  e  cos  v)2  —  1  +  e2~  1  +  e  cos  u       2e  cos  i>  +  e2  cos2 i;  +  e2 


p  (p       r\  1  _  a  (1  —  e2) 
e\r      a/r  e 


I  +  e  cos  v 


a  (1  -  e2) 


=  2  cos  v  +  e  cos2  v  +  e  . 
The  whole  brace  in  (174)  therefore  gives 

2  cos  v  +  e  (sin2  v  +  cos2  v)  +  e  =  2  (cos  v  +  e) 

Accordingly  we  have 


37—  —  2K*f-)f  cosv  +  el -=. —  f  1  +  2ecos  v  +  ei] 


(175) 


And  since    dt 


r2dv 


kVp(l  +  m) 

2K*(- 


we  get 


dv 


de  =  - (l  +  'Je  cos  v  +  e2  J     ( e  +  cos  v  1 

But  by  (166)  the  expression 

- )  r2  ( 1  +  2e  cos  «  +  e2  J*  =  A  +  B  cos  v  +  C  cos  2i>  + 


(176) 


K* 


and  hence  the  product 

(A  +  B  cos  v  +  C  cos  2v  +  . .  . )  (e  +  cos  v)  =  Ae  +  (A  +  eB)  cos  v  +  (eC  +  C  cos  v)  cos  2v  +  ...  (177) 
Introducing  these  values  into  (176)  and  integrating,  we  have 

2 


te 


= X  Aev  +  periodic  terms 


(178) 


Laplace  derives  the  equivalent  of  this  expression  (Mecanique  Celeste,  Liv.  X, 
Ch.  VII,  §  18)  and  remarks  that  the  major  axis  always  decreases,  because  8a  in 

(172)  always  is  negative.     And  when     *(-)     increases  as  the  distance  from  the 
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sun  decreases,  the  eccentricity  also  steadily  decreases.  "Therefore  at  the  same 
time  that  the  planet  approaches  towards  the  sun,  by  the  effect  of  the  resistance 
of  the  medium,  the  orbit  will  become  more  circular."  For  the  secular  changes 
of  the  semi-axis  major  and  eccentricity  Laplace  put  his  expressions  in  the  form 


{a*»(i)}.  079) 

7'  -**>{»>(£) +  *(£)}'  (180) 


da  =  —  Kdv 
de 


where   <»>'(-)   is  the  differential  of   <ju-j  divided  by  the  differential  of  -•        If  we 

multiply  the  equation  (180)  by  2da  and  divide  the  product  by  the  equation  (179), 
we  shall  get 


2de      da      da       \aj      da       ,  \l      \ajl       da 

= 2    7T\ "    ( 77\~)    —    —  —  77\ •  (LSI) 

e         a       a'        (\\       a  )a      /1\  (         a 


<H)\ 


♦u;         "W         »u 


The  integral  of  this  expression  is 


log  e*  =  log  o  -  log  <p  (I)  +  log  9*  ,  (182) 


where  q  is  an  arbitrary  constant.     Passing  to  numbers,  we  have 


•2        aQ 
e    =  — ttt      i      Or     e  =  q 

Ha)  N 


a 


1 
'  a 


(183) 


After  deriving  this  expression,  Laplace  concludes  his  discussion  with  the 

remark:     "Hence  we  easily  perceive  that,  while  a  decreases,  and  <*>(-]  increases, 

the  value  of  the  eccentricity  e  will  incessantly  decrease"  (cf.  Mecanique  Celeste, 
Liv.  X,  Ch.  VII,  §  18,  Bowditch  Translation). 

In  the  treatment  of  this  physical  problem,  Laplace  showed  his  characteristic 
insight  into  the  great  laws  of  nature ;  yet  it  is  remarkable  that  it  did  not  occur  to 
him  that  the  roundness  of  the  orbits  of  the  planets  and  satellites  could  be  explained 
by  this  cause  quite  as  simply  as  by  the  theory  of  a  rotation  which  would  gently 
detach  these  masses  and  set  them  revolving  in  orbits  nearly  circular.  A  veteran 
astronomer,  Professor  George  Davidson  of  San  Francisco,  who  was  among  the 
first  to  whom  the  writer  unfolded  the  present  theory,  justly  remarked,  in  regard 
to  the  resisting  medium  which  Laplace  had  demonstrated  to  have  formerly  acted 
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against  the  motions  of  Jupiter's  satellites,  that  "  Laplace  had  the  true  cause  in 
sight  but  he  did  not  carry  it  far  enough  to  discover  the  real  process  by  which  the  solar 
system  ivas  formed." 

Apparently  it  simply  did  not  occur  to  the  illustrious  author  of  the  Mecanique 
Celeste  to  apply  this  idea  to  the  roundness  of  the  orbits  of  the  planets  and  satellites. 
At  the  same  time  it  must  be  remembered  that  the  difficulty  since  encountered  in 
connection  with  the  Laplacian  formulation  of  the  nebular  hypothesis,  when  we 
imagine  the  sun  and  planets  expanded  till  they  filled  the  orbits  of  the  planets  and 
satellites,  and  seek  to  calculate  their  theoretical  times  of  rotation,  which  are  thus 
found  to  be  entirely  inconsistent  with  a  velocity  of  rotation  that  would  produce 
separation,  as  Babinet  very  impressively  showed  in  1861  (Comptes  Rendus  LII, 
p.  481),  had  not  arisen  in  Laplace's  time.  And  as  the  great  geometer  had 
devoted  much  attention  to  the  figures  of  equilibrium  of  rotating  masses  of  fluid, 
following  the  precedent  set  by  Newton  in  the  Principia,  it  was  natural  for  him  to 
ascribe  the  detachment  of  the  planets  and  satellites  to  the  breaking  down  of  figures 
of  equilibrium. 

Even  Poincare  and  Darwin  within  the  past  twenty  years  have  still  sought 
to  test  the  nebular  hypothesis  by  the  same  process,  and  Stratton's  work  on  Plane- 
tary Inversion  in  1906  proceeded  on  the  same  general  lines.  And  although  they 
did  not  succeed  in  throwing  light  on  the  genesis  of  planets  and  satellites  they 
reached  results  of  considerable  dynamical  importance.  This  early  work  of  Poin- 
care and  Darwin  gave  us  a  first  approximation  to  the  theory  of  the  evolution 
of  double  and  multiple  stars,  as  was  long  ago  shown  by  the  writer  in  his  Inaugural 
Dissertation  at  the  University  of  Berlin  (Die  Entwickelung  der  Doppelstern- 
Systeme,  Berlin,  1892). 


§  77.     Tisserand's  Investigation  of  the  Secular  Effects  of  a  Resisting  Medium,  in 
'  Which  the  Action  Varies  as  Any  Power  of  the  Velocity  and 
Any  Inverse  Power  of  the  Distance. 

If  we  suppose  the  resistance  to  vary  as  some  power  of  the  velocity,  \ji  (V)  =  Vp  ; 
and  the  density  as  any  function  of  the  distance  from  the  sun's  center    *(- , 


then  it  is  obvious  that  we  shall  have 

F  =  H4,(V)*(±)-H^-  (184) 


Consequently  we  get 
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1  da  2H     /,    ,    .  .A  V-1 

-j-  =  -  - j    1  +  2e  cos  v  +  e2   — — 

a  d<  1  -  e1  \  )    f 

de  oil/      l  ^F'~'- 

and  therefore 

1  da  2H'  /,    ,  „  ,    A**/,    .  V-8 

-j  [  1  +  2e  cos  i!  +  c"  J  *  (1  +  e  cos  v  J      , 


(185) 


adf  1  -  e2 


de 
dT 


=  -  2H'  (e  +  cos  v  J  fl  +  2e  cos  v  +  e2  J  s  fl  +  e  cos  v  J     , 


(186) 


l.y-2 
#'  =   #; 


[a(l-0]f+'-2 

On  purely  mathematical  grounds  it  is  well  known  that  we  may  always  have  the 
following  convergent  development 


( 1  +  2e  cos  v  +  e2  J  2  [  1  +  e  cos  v  J      =  A0  +  Ax  cos  v  +  A2  cos  2v  +   .  .  .  . 
where  the  coefficients  A0  and  Ax  may  fee  represented  by  the  expressions 

A„  =  -  /( 1  +  2e  cos  v  +  e2)"2""  (l  +  e  cos  v)     .  dv  , 


(187) 


(188) 


At  =  -  /( 1  +  2e  cos  v  +  e2) 8  ( 1  +  e  cos  v  J      .cos  vdv 


(189) 


The  formulae  (186),  by  means  of  these  values,  become 

*!  _  _  ^1  Ja  (1  +  e2)  +  A,e  +  [A,  (1  +  e2)  +  2«A,  +  eA2]  cos*>  +    .  .  ". 
dv  1  —  e    c 

jp  =  -  2H'  \  A0e  +  iAi  +  (A,  +  eAx  +  *A,)  oosv  +  .  .  .  .    I  . 

Integrating  these  expressions  we  have 
8o-  -  j^[~A0(l  +  e,)  +  A1eli>  +  \  ~  1^[A1(l+e2)  +  2eA0+eA2]sint>  +  ...j, 
Se  =  -  2H'  (A0e  +  JA,)  i>  +  j  -  2tf'  (A,  +  eA,  +  $A.)  sin  v  +  .  .  .  4  . 
The  second  parts  of  the  right  members  of  these  expressions  are  periodic,  and  may 


(190) 
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be  neglected;   the  first  parts  alone  give  the  secular  inequalities,  and  in  these  we 
may  therefore  substitute  nt  for  v,  so  that  we  have  finally 

$a=       _2# 
a  1  - 

Se  =  -  2W  (A0e  +  Hi)  nt  . 

In  considering  the  coefficients  A0,  and  Ax  we  may  observe  that  the  first  of 
the  equations  (188)  shows  that  A0  is  essentially  positive;  while  the  expression 
for  At  gives,  on  integrating  by  parts, 


At  (1  +  e2)  +  A,e 


nt  ,( 

(191) 


At  =  —  /( 1  +  2e  cos  v  +  e2 )   2  ( 1  +  e  cos  v 


(p— 1)  (1  +  e  cos  i>) 


+  (q  -  2)  (1  +  2e  cos  «  +  e2) 


sin2  »rfv  . 


This  expression  is  essentially  positive  if  we  have  simultaneously  p  >  1  ,  9  >  2 ; 
hence  it  follows  that  8e  is  essentially  negative,  and  the  eccentricity  incessantly 
diminishes  (cf.  Tisserand's  Mecanique  Celeste,  Tome  IV,  Chap.  XIII,  §  93,  pp. 
219-221).  This  is  a  general  result  of  the  same  purport  as  that  already  derived 
on  a  more  restricted  hypothesis  relative  to  the  laws  of  the  resisting  medium  and 
its  assumed  mode  of  action. 

§  78.     Particular  Case  in  Which  the  Resistance  Varies  as  the  Square  of  the  Velocity 
and  Inversely  as  the  Square  0/  the  Distance  —  Hypothesis  0/  Encke. 

V2 
We  shall  now  consider  the  case  in  which  F  =  H—^-      This  is  the  hypothesis 

adopted  by  Encke  in  the  investigation  of  the  comet  which  bears  his  name,  and 
which  was  long  believed  to  give  evidence  of  the  action  of  a  resisting  medium,  by 
an  observed  acceleration  of  between  two  and  three  hours  in  the  predicted  times  of 
return  to  perihelion.  The  preceding  expressions,  in  terms  of  the  true  and  eccentric 
anomalies  respectively,  in  Encke 's  hypothesis,  become 

a    ,,    ,     1     ,    a  1    //\    ,    o  i\:i  1         1  -  e2   /(l  +  e  cos  u)*du 

A.(l  +  e2)  +  Aie  =  -J  [1  +  2ecoSv  +  ejdv  =  -—J^-——^, 

0  0 

.(192) 

a     .   o  a  2    /}.,„  ,    Mf    ,  \,       2(l-e2)2  /los,  u  (\+e  cos  u)"du 

A,  +  2A,e  =  -  /  [l+2ecosv  +  e2r  [e  +  cosv)dv=  — -I ., v    . ^—-^ — 

tt/    \  J    V  /  w       /         (l-e2cos2«)6/2 

u  0 

where  u  denotes  the  eccentric  anomaly. 
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We  need  to  consider  only  the  even  powers  of    cos  u,   and  consequently  may 
replace  u   by   90°  —  u;  thus  we  get 

ir 

.    ,,         ,,    ,     ,          2  (1  -  e3)3  /{\  +  (ie2  sin2  u  +  e*  sin4  u)  du 
A,  (1  +  eJ)  +  Arfi  = - /  ~  — ^j—         -L—  , 


o 

.2 


,     ,   .,  .          4  (1  -  e3)2  /3e  sin2  it  +  e*sin4u  , 
A,  +  2A0e  = — '-  I  -^ du  , 


o 
A3  =  1  —  e2  sin2  u  . 


Substituting  for    c"  sin2  u    its  value    1  —  A2,    these  expressions  become 


2  (1  -  ey   /(%_  _  8.  i 

^A6      A'      A 


A,  (1  +  e3)  +  Ale  -  £A£_^1  /    •    _  •  +  4^  ,] 


o 

ir 
•  2 


.     ,    „  .  4(1  -  e3)2  //4  5  1', 

A,  +  240e  -  -±—LIf-t  _  _  +  _ W  .1 


By  the  general  formula 


(2P  +  D  UrW^r,  -  2p(2  -  e2)/j^  +  (2p  -  1 o/^r  -  0  ; 


(1«J3) 


(194) 


(195) 


and  this  gives 

7T  IT  IT  IT  W 

/*i  =  _J_  f&du  ;  /*i  Jlzil    fAdu  - 1—  /h  .  (196) 

J   A"      ley  J  A6      3  (1  -  e3)3/   °  3  (1  -  e2)/   A 

0  0  0  0  0 

Designating  the  complete  integrals  of  the  first  and  second  species  by  Fx   ,   Ex 

w  it 

F,=   /J    ;       E,=   / &du    ;  (197) 

o  o 

it  is  easily  shown  that 
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A0(l  +  e*)  +Ate  =  2~gp[8j^J*  -  (5  +  3 **)*■,]. 


(198) 


.4,,(l+e2)  +  Aie_        A(l-e)-A,         „,  _  e  8(1  +  e,)g,-(l  -e2)  (5  +  3e2)F. 


2A0e  +  A 


Al  +  2A0e 


2(l+7e*)#1-(l-ea)(l  +  3e2)F1 


Putting  e  =  sin  <p,  in  (191),  we  may  calculate  the  following  simple  expressions 
for  the  secular  variations : 


Sn        3tf' 


n       cos  qp 

8np  = 

cos  9 

8n  3S<3p 


A0  (1  +  e2)  +  A* 
(2A0e  +  AJ  nt  , 

"2.  2     t 


111 


(200) 


(201) 


n  cos  <p 

where  H2.2  is  as  defined  above. 

These  elliptic  integrals  are  easily  evaluated  by  means  of  the  Tables  of  Legendre, 
if  we  take  out  the  tabular  values  corresponding  to  the  value  of  e  for  the  planet  or 
comet  in  question.  In  the  case  of  Encke's  Comet,  e  =  0.85,  F,  =  2.10995, 
Ex  =  1.22810,  H2 , 2  =  0.97  (cf.  Tisserand's  Mecanique  Celeste,  Tome  IV,  pp.  221- 
223).  The  formulae  (200)  and  (201)  or  their  equivalents  have  been  used  by 
Encke,  Plana,  Backlund,  Tisserand  and  others,  in  the  investigation  of  the 
motions  of  actual  bodies  of  the  solar  system. 

For  a  long  time  Encke's  investigations  were  believed  to  show  the  effect  of  a 
true  resisting  medium  upon  the  motion  of  his  comet;  but  the  inquiry  has  since 
been  extended  to  other  comets  also,  and  the  whole  subject  re-examined  with 
greater  care  by  Von  Asten,  Von  Haerdtl,  Bohlin  and  Backlund,  with  less 
conclusive  results.  According  to  these  investigators  the  secular  changes  in  the 
motions  of  Encke's  Comet  are  found  after  some  thirty-five  revolutions  to  be 
somewhat  arbitrary,  and  not  the  same  at  successive  periods.  Dr.  G.  W.  Hill 
writes  to  the  author  (April  15,  1909)  that  the  late  Professor  Asaph  Hall  was 
of  the  opinion  that  Encke  had  not  established  the  existence  of  a  resisting  medium 
from  his  discussion  of  the  observations  of  his  comet,  and  that  Hall's  view  seems 
to  be  confirmed  by  Backlund's  investigations. 

Dr.  Hill  himself  is  very  skeptical  about  the  effectiveness  of  the  resisting 
medium  in  the  present  condition  of  the  solar  system.  "I  certainly  think,"  he 
adds,  "  that  the  observations  of  Jupiter  and  Saturn  might  go  on  for  10,000  years 
without  our  detection  of  any  effects  of  a  resisting  medium."    The  views  of  the 
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illustrious  author  of  the  New  Theory  of  Jupiter  and  Saturn  are  always  entitled  to 
great  weight,  and  he  may  be  right  regarding  inefficiency  of  the  resisting  medium 
at  present  pervading  our  system;  but  it  seems  to  the  author  that  despite  their 
admitted  excellence  the  observations  of  the  last  150  years  are  not  sufficiently 
accurate  to  justify  us  in  extending  our  exterpolation  over  a  period  sixty-six  times 
as  great.  In  view  of  the  unexpected  sources  of  error  brought  to  light  from  time  to 
time  in  the  finest  modern  observations,  such  extreme  exterpolation  would  be  most 
hazardous,  and  could  not  be  justified  by  past  experience. 

No  doubt  the  effect  of  the  resisting  medium  is  slight  for  short  periods  of  time. 
Von  Haerdtl  concluded  that  Theodore  Von  Oppolzer's  claim  that  Winnecke's 
Comet  was  accelerated  like  Encke's  is  devoid  of  foundation. 

Backlund's  investigations  of  Encke's  Comet  are  by  far  the  most  elaborate 
that  have  ever  been  made;  and  his  conclusion,  that  the  action  is  variable  and 
somewhat  arbitrary,  shows  that  the  resistance  cannot  well  be  that  of  an  ethereal 
fluid,  such  as  Encke  imagined  90  years  ago,  but  must  be  due  to  swarms  of 
cosmical  dust  encountered  in  the  movement  of  the  comet  about  the  sun. 

Whatever  doubt  may  arise  as  to  the  effectiveness  of  the  resisting  medium  in  the 
present  state  of  the  solar  system,  there  can  be  no  possible  doubt  as  to  its  power  in  our 
system  at  the  epoch  when  the  planets  were  formed.  The  observed  roundness  of  the 
orbits  of  the  planets  and  satellites  is  an  everlasting  witness  to  the  presence  of  a  resisting 
medium  against  tohich  these  bodies  revolved  for  immeasurable  ages.  There  is  no  other 
admissible  explanation  of  this  phenomenon,  and  as  the  resisting  medium  is  a  vera 
causa,  on  the  secular  effects  of  which  all  mathematicians  are  agreed,  we  may  hold  that 
it  has  as  surely  rounded  up  these  orbits  as  if  we  had  witnessed  the  transformation 
within  the  short  period  of  human  history  covered  by  exact  observations. 

§  79.     Probable  Law  of  Density  in  the  Nebulae. 

In  spite  of  the  immense  distances  of  the  nebulae  and  the  great  inherent 
difficulty  which  confronts  us  in  any  attempt  to  subject  them  to  careful  investigation, 
it  may  be  affirmed  that  in  these  objects  as  a  class  the  density  increases  towards 
the  center,  so  that  a  nucleus  and  well  defined  star  often  indicate  the  progress 
of  condensation.  Although  there  are  a  few  exceptions  to  this  general  rule,  they 
are  so  rare  that  it  has  been  a  recognized  fact  of  observation  since  the  time  of  the 
elder  Herschel.  And  as  all  stages  of  development  exist  in  these  primitive  masses, 
with  correspondingly  great  variations  in  the  distribution  of  density,  it  might  be 
supposed  that  the  nebulae  are  entirely  chaotic  and  not  even  subject  to  approximate 
laws  of  internal  arrangement.     Within  certain  limits  there  is  undoubtedly  great 
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and  arbitrary  variation  in  the  external  form  and  internal  distribution  of 
the  density  of  the  nebulae,  but  this  becomes  less  and  less  pronounced  as  the 
development  proceeds;  and  in  those  nebulae  which  are  condensing  and  which 
have  already  taken  the  spiral  form,  the  centripetal  forces  gradually  establish 
order  and  uniformity  with  a  tendency  towards  definite  arrangements  of 
density,  though  the  law  of  distribution  varies  with  the  progress  of  the  con- 
densation. 

This  is  why  the  nebulae  were  often  noticed  to  have  stellar  nuclei  by  the  elder 
Herschel,  whose  observations  have  been  amply  confirmed  by  modern  photo- 
graphy. Moreover,  this  conspicuous  natural  phenomenon  was  correctly  inter- 
preted by  Sir  John  Herschel,  in  the  Philosophical  Transactions  for  1833,  as 
indicating  progressive  increase  of  density  towards  the  center.  But  it  has  never 
been  determined  what  the  approximate  laws  of  density  are,  and  the  subject  is 
therefore  deserving  of  some  attention  in  this  chapter. 

There  are  only  a  few  laws  to  which  we  shall  refer,  but  these  will  probably 
indicate  the  general  tendency  in  nature. 

(1).  The  law  of  density  for  a  gaseous  mass  in  convective  equilibrium,  when 
the  molecules  are  reduced  to  the  state  of  single  atoms.  This  arrangement  for  a 
monatomic  gas,  with  k  =  If ,  has  been  found  (A.N.  4053)  to  give  the  law  of  density 
indicated  in  the  figure.  The  central  density  is  exactly  six  times  the  mean  density 
of  the  entire  mass. 

(2).  The  law  of  density  for  common  gases,  with  k  =  If,  as  found  by  Lane, 
RiTTER,  Lord  Kelvin,  and  other  investigators  (cf .  paper  by  the  author  "  On  the 
Temperature  of  the  Sun  and  on  the  Relative  Ages  of  the  Stars  and  Nebulae," 
Transactions  of  the  Academy  of  Sciences  of  St.  Louis,  Vol.  X,  No.  1,  p.  29).  These 
investigations  have  been  shown  (cf.  Astronomische  Nachrichten,  4053,  p.  326), 
to  agree  in  fixing  the  central  density  of  such  a  mass  of  gas  at  twenty-three  times 
the  mean  density.  The  curve  corresponding  to  this  distribution  of  density  is 
shown  in  the  diagram. 

Both  this  law  for  biatomic  gases,  and  the  above  law  for  monatomic  gases, 
suppose  the  gaseous  mass  to  be  in  convective  equilibrium  under  the  temperature, 
pressure  and  attraction  of  its  parts;  but  as  a  nebula  is  not  strictly  a  mass  in  equi- 
librium, but  rather  a  swarm  of  dust  undergoing  gradual  transformation,  these 
results  cannot  be  expected  to  hold  accurately  true  for  the  nebulae  as  a  class;  yet 
they  may  give  a  good  indication  of  the  tendency  in  nature. 

(3).     The  law  of  density    *(-j)  ,  which  was  the  hypothesis  used  by  Encke, 

in  his  investigation  of  the  resistance  suffered  by  the  comet  which  bears  his  name. 
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The  curve  for  this  law  of  density  is  also  shown  in  the  diagram.     It  is  very  steep 
towards  the  center,  and  correspondingly  flat  towards  the  periphery. 

(4).  The  law  of  density  *(-)>  which,  in  the  simplest  form,  gives  a  rectan- 
gular hyperbola  referred  to  its  asymptotes.  This  curve  has  a  somewhat  more 
gradual  slope  than  that  depending  on  Encke's  hypothesis. 
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None  of  these  laws  of  simple  inverse  powers  of  the  distance,  however,  is  to 
be  regarded  as  applicable  to  the  conditions  arising  in  nature.  They  all  give  too 
great  a  density  towards  the  center;  yet  they  may  convey  to  the  mind  some  approx- 
imation to  the  tendency  in  gravitational  condensation.  In  some  nebulae  one  law 
will  apply,  in  others  a  very  different  law  would  have  to  be  sought.  If  we  were 
to  seek  the  law  giving  least  central  condensation,  as  probably  most  nearly  represent- 
ing average  conditions,  in  a  fairly  well-ordered  nebula,  we  should  no  doubt  have 
to  choose  the  monatomic  law.  When,  however,  a  break  occurs  in  the  continuity 
of  the  nebula,  by  the  development  of  a  stellar  nucleus,  all  these  laws  obviously 
would  fail. 

Now  it  is  important  to  recall  that,  however  the  density  of  the  nebular  resisting 
medium  increases  towards  the  center,  the  eccentricity  of  the  orbit  diminishes.  As  we 
have  seen  above,  this  result  was  reached  by  Laplace  in  1805.  The  significance  of 
such  a  law  can  hardly  be  overestimated.  Only  a  homogeneous  nebula,  with  curve  of 
density  represented  in  the  above  diagram  by  a  horizontal  straight  line,  leaves  the 
eccentricity  unchanged. 

To  produce  an  increase  of  the  eccentricity  the  density  must  increase  towards 
the  periphery  of  the  nebula.  This  corresponds  to  a  curve  in  the  above  diagram 
rising  upward  on  the  right  and  passing  downward  on  the  left.  But  this  condition 
is  dynamically  so  unstable  as  not  to  require  our  detailed  consideration.     It  would 
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Plate  IV.     I)iA<iKAM  Illustrating  Several  Laws  of  Density  in  a  Nebula. 
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at  best  prove  to  be  of  very  short  duration,  and  would  leave  but  little  trace  of  its 
influence  in  the  appearances  of  the  heavenly  bodies. 

If  a  nebula  should  coil  up  in  such  a  way  as  to  be  of  the  annular  form,  which 
is  found  by  observation  to  be  an  exceedingly  rare  occurrence,  a  body  revolving 
about  the  center  of  gravity  of  the  whole  ring  system  might  have  the  eccentricity 
of  its  orbit  increased.  As  ring  nebulae  or  spherical  nebulae  with  density  increasing 
toward  the  periphery  are  excessively  rare,  it  does  not  seem  necessary  to  dwell 
longer  on  these  unusual  results.  No  case  of  a  secular  increase  of  the  eccentricity, 
owing  to  this  peculiar  distribution  of  density,  is  yet  known;  and  it  is  doubtful 
if  such  a  theoretical  phenomenon  can  ever  be  verified  by  observation. 

§  80.     The  General  Theorem  that  the  Eccentricity  Diminishes  When  the  Density  of 
the  Resisting  Medium  Increases  Towards  the  Center,  According 
to  Any  Law,  Announced  by  Laplace  in  1805.* 

Owing  to  the  important  part  played  by  the  nebular  Resisting  Medium  in 
reducing  the  size  and  rounding  up  of  the  orbits  of  the  planets  and  satellites  during 
the  remote  ages  of  the  past,  the  question  of  the  discovery  of  the  possibility  of  such 
a  remarkable  secular  effect  is  of  considerable  interest.  During  the  early  work  on 
the  theory  of  the  Resisting  Medium  interest  was  centered  mainly  in  the  decrease 
of  the  major  axis  and  period  of  revolution;  and  but  little  attention  was  given  to 
the  changes  of  the  eccentricity.  For  it  was  not  supposed  that  in  the  present  state 
of  the  solar  system  the  alterations  of  the  eccentricity  would  become  sensible 
within  the  brief  time  covered  by  exact  observations;  and  it  did  not  occur  to  in- 
vestigators that  these  small  changes  might  be  important  in  throwing  light  upon  the 
mode  of  formation  of  our  system. 

Under  the  circumstances  it  seemed  advisable  to  make  an  attempt  to  look 
up  the  records  of  the  early  work,  in  order  to  ascertain,  if  possible,  who  was  the 
discoverer  of  the  important  law  that  the  eccentricity  usually  decreases.  The 
original  papers  of  the  earliest  investigators  of  the  secular  effects  of  a  Resisting 
Medium  could  not  be  found  in  California,  and  recourse  had  to  be  had  to  the  older 
libraries  of  Europe.  Mr.  W.  H.  Wesley,  Assistant  Secretary  of  the  Royal  Astro- 
nomical Society  in  London,  and  M.  P.  Puiseux,  Astronomer  at  the  Paris  Obser- 
vatory, have  been  good  enough  to  lend  their  aid  in  this  examination  of  the  original 
papers  of  early  writers.  As  some  of  these  scattered  works  of  the  eighteenth 
century  probably  are  not  to  be  had  in  America  and  are  scarce  even  in  Europe,  it 
will  readily  be  appreciated  how  indispensable  the  cooperation  of  these  two  gentle- 
men has  been  in  the  attainment  of  the  results  indicated  below.     Though  these 

*c.f.  A.N.  4351 
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results  are  meager  and  perhaps  incomplete,  they  are  the  best  yet  available  to  the 
modern  student,  and,  in  fact,  his  only  guide  in  dealing  with  this  highly  important 
subject.  We  therefore  publish  the  conclusions  reached  by  Wesley  and  Puiseux, 
in  the  hope  that  if  any  further  information  is  to  be  had  anywhere  this  will  operate 
to  call  it  out  and  bring  it  to  the  attention  of  astronomers. 

The  comprehensive  investigation  given  by  Laplace,  in  the  Mecanique  Celeste 
(Liv.  X,  Chap.  VII,  §  18),  has  long  been  familiar  to  astronomers,  and  is  presumably 
the  earliest  work  of  this  kind;  but  the  question  arose  whether  any  analogous 
result  had  been  obtained  by  earlier  writers,  and  especially  by  Euler  and  Lagrange, 
who  had  exhaustively  treated  so  many  of  the  great  problems  in  Celestial  Mechanics. 
When  Mr.  Wesley  came  to  examine  the  subject,  he  did  not  find  the  rare  works 
in  question  in  the  Library  of  the  Royal  Astronomical  Society;  but  was  able  to 
obtain  most  of  them  from  the  older  and  more  complete  library  of  the  Royal  Society. 
M.  Puiseux,  on  the  other  hand,  had  at  his  disposal  the  very  complete  library  of 
the  National  Observatory  at  Paris. 

The  result  of  Mr.  Wesley's  search  was  substantially  as  follows,  the  authors 
being  named  in  chronological  order: 

(1).  Euler  has  treated  of  the  effects  of  a  Resisting  Medium  in  his  prize  paper, 
Nouvelles  Recherches  sur  le  vrai  mouvement  de  la  Lune:  Theorie  de  la  Lune.  (Recueil 
des  pieces  qui  ont  remporte  les  prix  de  l'Academie  Roy.  des  Sciences,  Tome  IX.) 
The  author  considers  that  he  has  entirely  developed  and  fixed  all  inequalities, 
without  exception,  which  can  influence  the  moon's  place  by  more  than  ten  seconds; 
he  has  shown  that  none  of  these  inequalities  can  produce  a  secular  equation,  so 
there  can  be  no  doubt  that  the  secular  equation  observed  must  be  due  to  the 
resistance  of  the  medium  in  which  the  planets  move.  He  does  not  pursue  the 
matter  further,  but  ends  his  "  Theorie  de  la  Lune  "  by  the  statement  that  he  has 
absolutely  proved  that  the  secular  equation  in  the  motion  of  the  moon  cannot  be 
produced  by  the  forces  of  attraction  alone. 

Mr.  Wesley  also  found  another  discussion  in  Euler's  "Opuscula  Varii 
Argumenti"  (Berlin,  1746),  the  first  volume  of  which  contains  a  little  treatise  of 
32  pages  entitled  "De  Perturbatione  Motus  Planetarum,  a  resistentia  aetheris 
orta."  This  is  what  it  is  called  on  the  title  page,  but  the  chapter  itself  is  headed 
"De  relaxatione  motus  planetarum."  The  author  discusses  the  question  of  a 
medium  filling  space,  which  is  required  for  the  transmission  of  light,  and  the  effect 
of  such  a  medium  on  planetary  movements.  It  would  not  cause  any  change  in 
the  position  of  perihelion,  and  comparison  with  ancient  observations  does  not 
appear  to  show  any  sensible  change  in  the  periodic  times.  (He  does  not  mention 
the  secular  acceleration  of  the  moon).     He  concludes  that  a  resisting  medium 
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would  diminish  the  periodic  times  of  bodies  moving  through  it,  in  proportion  to  the 
eccentricities  of  their  orbits :  "  Quia  autem  pro  planetis  vidimus,  eorum  tempora 
periodica  eo  magis  ceteris  paribus  diminui,  quo  eorum  orbitae  magis  sunt  excen- 
tricae."  So  that,  as  the  planets  have  small  eccentricities,  they  would  be  little 
affected,  but  the  comets  more  so.  He  instances  the  comet  which,  according  to 
Halle y,  appeared  in  1531, 1607,  and  1682,  showing  a  diminution  of  period  of  from 
76  to  75  years. 

It  will  be  seen  by  this  that  Euler  recognized  that  the  changes  of  eccentricity 
would  be  more  considerable  in  an  elongated  than  in  a  very  round  orbit,  but  it 
would  seem  that  he  did  not  investigate  the  effect  of  the  resistance  for  definite 
laws  of  density  of  the  medium. 

(2).  Bossut  (Charles).  Recherches  sur  les  alterations  que  la  resistance 
de  Tether  peut  produire  dans  le  mouvement  moyen  des  planetes.  4to.  Charleville, 
1766. 

The  author  says  this  is  the  work  which  was  crowned  by  the  Acad.  Roy.  de  Sc,  in 
1762,  and  which  will  be  printed  by  the  Academy.  He  decides  that  the  resistance 
of  the  ether  makes  no  change  in  the  position  of  Perihelion  or  Aphelion,  but  tends 
to  constantly  diminish  the  major  axis  of  orbit,  and  time  of  revolution.  He  con- 
cludes that  resistance  of  ether  is  shown  by  secular  acceleration  of  the  moon's 
motion,  and  that  a  secular  acceleration  of  the  earth's  motion  appears  indicated 
by  the  observations  —  while  for  Jupiter  and  Saturn  it  cannot  be  sensible  till  after 
a  very  long  period.  In  his  conclusions  he  makes  no  mention  of  the  eccentricity, 
but  on  page  46  he  says:  "  Je  ne  parle  pas  ici  de  la  petite  variation  qu'elle  pro- 
duirait  dans  l'excentricite  des  orbites  planetaires  et  cometaires:  cette  variation 
n'est  pas  suffisante  pour  etablir  ou  pour  infirmer  1 'existence  de  la  cause  dont  il 
s'agit." 

(3).  Lagrange  has  three  memoirs  in  Recueil,  Tome  IX,  on  the  Libration  of 
the  Moon,  on  the  Inequalities  of  Jupiter's  Satellites,  and  on  the  Problem  of  Three 
Bodies,  respectively.  He  treats  these  subjects  entirely  from  the  point  of  view 
of  attraction  —  as  purely  gravitational  —  and  without  the  least  mention  of  a 
resisting  medium. 

The  general  result  of  M.  Puiseux's  investigation  was  similar  to  that  of  Mr. 
Wesley.     He  writes; 

Le  Tome  VII  du  Recueil  des  pieces  qui  ont  remporte  les  prix  de  I'Academie 
Royale  des  Sciences  ne  contient  pas  de  memoire  de  Bossut  sur  la  question  du 
milieu  resistant.  Mais  le  Tome  VIII  de  la  meme  collection  contient  deux  memoires, 
l'un  de  Bussut  qui  obtenu  le  prix,  l'autre  de  J.  A.  Euler  (le  fils),  qui  a  ramporte 
l'accessit.     Des  conclusions  de  deux  auteurs  sont  les   memes.     lis  examinent 
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successivement  le  cas  d'une  excentricite"  tres  petite  et  d'une  excentricite-  notable, 
mais  moindre  que  1.  lis  trouvent  que  la  resistance,  supposee  proportionelle  a  la 
vitesse  ou  au  carre"  de  la  vitesse,  doit  produire  sur  l'excentricite  une  diminution, 
mais  que  cette  diminution  est  trop  faible  pour  etre  constated  par  l'observation. 
Le  seul  effet  mesurable,  d'apres  eux  doit  etre  une  acceleration  du  moyen  mouve- 

ment 

Dans  les  deux  m^moires  d'EuLER  (Tome  IX  du  Recueil),  il  est  declare  que 
1 'acceleration  s6culaire  du  mouvement  de  la  Lune  ne  peut  l'expliquer  que  par 

l'influence  d'un  milieu  resistant 

D'autres  recherches  que  j'ai  faites  m'ont  donne  un  resultat  negatif.  II  parait 
done  probable  que  Laplace  est  le  primier  a  avoir  signale  une  diminution  notable 
de  l'excentricite  comme  effet  possible  d'un  milieu  resistant.  Le  titre  du  m^moire 
de  J.  A.  Euler  contenu  dans  le  Tome  VIII  est:  Memoire  dans  lequel  on  examine 
si  les  planetes  se  meuvent  dans  un  milieu  dont  la  resistance  produise  quelque  effet 
sensible  sur  leur  mouvement,  par  J.  A.  Euler  (1762). 

From  this  independent  examination  of  the  principal  authorities  of  the  eighteenth 
century  by  Messrs  Wesley  and  Puiseux,  we  may  conclude  with  the  latter  that 
Laplace  was  the  first  to  establish  the  important  law  that  the  eccentricity  de- 
creases when  the  density  of  the  resisting  medium  increases  toward  the  center. 
This  beautiful  result  may  be  called  Laplace's  Theorem.  The  secular  action  of 
this  physical  cause  has  left  a  profound  impress  upon  the  size  and  shape  of  the 
orbits  of  the  planets  and  satellites;  and  it  seems  appropriate  that  the  effect  on 
the  eccentricity  should  have  been  first  investigated  by  the  great  mathematician 
to  whom  we  owe  the  nebular  hypothesis  respecting  the  origin  of  the  solar  system. 
Though  that  hypothesis  as  originally  given  was  incorrect,  the  general  idea  was 
essentially  sound,  and  it  has  served  us  for  one  hundred  years,  and  now  finally 
led  us  to  the  true  theory  of  the  evolution  of  the  planets  and  satellites. 


CHAPTER  VIII. 


The  Restricted  Problem  of  Three  Bodies,  or  Theory  of  the  Motion  of  a 

Sun  and  Planet  Revolving  in  Circles  About  Their  Common 

Center  of  Gravity  and  Acting  Upon  a  Particle 

or  Satellite  of  Infinitesimal  Mass. 

§  81.     General  Remarks  on  the  Problem  of  Three  Bodies. 

We  have  already  pointed  out  in  Chapter  III  that  the  general  problem  of 
three  bodies  is  insoluble;  yet  some  light  may  be  thrown  upon  the  nature  of  the 
movement  in  many  cases,  and  especially  where  the  influence  of  the  second  and 
third  bodies  is  slight.  A  system  made  up  of  two  equal  stars,  or  two  unequal 
bodies  such  as  the  Sun  and  Jupiter,  gives  rise  to  a  partition  of  all  space  into  three 
distinct  regions  —  one  around  each  mass  separately,  and  one  around  both  together — 
within  which  the  control  is  vested  in  these  two  masses  separately  or  conjointly. 
There  are  thus  two  subordinate  spheres  of  influence  within  which  each  mass  dom- 
inates, if  the  third  body  is  once  within  it  and  moving  with  a  velocity  so  small  that  it 
cannot  cross  the  border  and  escape;  and  a  larger  sphere  of  influence,  enclosing  both 
bodies,  within  which  the  attraction  of  the  two  masses  conjointly  is  predominant. 

If  a  particle  therefore  enters  the  region  of  such  a  system  of  two  bodies,  it 
may  move  around  both,  in  a  path  which  is  not  re-entrant.  If  it  passes  into  either 
of  the  smaller  spheres  of  influence,  with  appropriate  velocity,  it  may  remain  there 
for  a  time  or  quickly  pass  out  again,  according  to  the  initial  velocity,  direction, 
and  other  conditions  of  the  motion.  Finally,  if  it  comes  in  with  considerable 
velocity,  such  as  we  usually  describe  as  hyperbolic,  it  may  immediately  pass  out 
again  and  return  to  infinity.  But  in  passing  through  the  system  its  path  may  be 
greatly  transformed,  and  it  is  in  this  way  that  many  of  the  comets  have  been 
captured  by  planets  such  as  Jupiter.  All  the  satellites,  likewise,  have  been  cap- 
tured and  have  had  their  orbits  reduced  in  size  and  rounded  up  under  the  secular 
action  of  the  nebular  resisting  medium  formerly  pervading  our  system. 

Owing  to  the  great  importance  of  the  theory  of  such  movements,  both  when 
freely  traced  in  empty  space,  and  when  resisted  by  a  nebular  medium,  as  in  the 
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physical  universe,  we  shall  give  it  with  some  care,  so  as  to  throw  all  the  light 
possible  upon  the  obscure  process  by  which  not  only  the  periodic  comets  and 
asteroids  but  also  the  satellites  have  been  captured,  and  their  orbits  transformed  to 
a  state  of  comparatively  great  stability. 

The  theory  of  the  capture  of  comets  has  been  placed  on  a  firm  basis  by  the 
older  researches  of  Burkhardt  and  Laplace,  and  the  more  modern  researches  of 
Adams,  Leverrier,  Schiaparelli,  H.  A.  Newton,  Tisserand,  Callandreau, 
Poor,  and  other  astronomers  and  mathematicians;  but  heretofore  little  or  nothing 
has  been  published  on  the  capture  of  satellites,  and  naturally  this  new  theory  has 
to  be  developed  in  considerable  detail.  It  has  always  been  held  that  the  satel- 
lites originally  were  detached  or  evolved  from  the  planets,  in  the  annular  form, 
as  imagined  by  Laplace,  or  in  some  analogous  way  (cf.  Paper  on  Planetary  In- 
version, by  Mr.  F.  J.  M.  Stratton,  of  Cambridge,  England,  in  the  Monthly  Notices 
of  the  Royal  Astronomical  Society,  April,  1906). 

The  discussion  in  this  and  the  following  chapters  will  necessarily  be  incomplete, 
because  the  subject  of  the  restricted  problem  of  three  bodies  has  not  yet  been 
fully  developed  by  mathematicians;  and  moreover,  the  very  brief  account  here 
given  has  to  be  limited  to  a  condensation  of  the  more  general  results  obtained  in 
recent  researches  on  periodic  orbits  and  related  subjects.  But  if  there  is  little  room 
for  new  mathematical  theory  in  so  brief  a  sketch,  perhaps  the  application  of  the 
results  already  obtained,  when  combined  with  the  principles  of  a  Resisting  Medium, 
may  prove  valuable  in  throwing  light  upon  the  origin  of  the  satellites  of  the  solar 
system  and  of  other  similar  systems  existing  in  space. 

Results  of  pure  analytical  theory,  unless  applied  to  the  actual  heavens,  are 
likely  to  be  considered  too  ideal  to  interest  the  astronomer  and  practical  mathe- 
matician. Neglect  of  these  ideal  results,  on  the  other  hand,  retards  the  progress 
of  the  physical  sciences,  because  many  phenomena  remain  unexplained,  which 
might  be  made  clear  by  a  deeper  knowledge  of  pure  and  applied  Dynamics.  The 
difficulty  of  connecting  the  analysis  of  the  mathematician  with  the  actual  phenom- 
ena of  nature  has  always  been  considerable;  and  of  course  there  will  be  no  exception 
in  this  case.  But  even  if  our  first  attempts  are  only  partially  successful,  the  im- 
provement in  our  grasp  of  physical  problems  may  quite  repay  the  effort  put  forth, 
and  suggest  lines  of  thought  along  which  the  inquiry  may  be  extended. 

It  is  scarcely  necessary  to  point  out  that  the  results  here  condensed  are  the 
outgrowth  of  the  methods  of  Jacobi,  Hill,  Poincare  and  Darwin.  I  have  made 
use  especially  of  Professor  Sir  G.  H.  Darwin's  celebrated  memoir  on  "Periodic 
Orbits"  (Acta  Mathematica,  Vol.  XXI),  which  was  itself  a  development  of  previous 
conceptions  due  to  Hill  and  Poincare.    The  great  advance  in  the  Lunar  Theory 
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made  by  the  illustrious  American  geometer  in  1877  rests  partly  on  the  previous 
work  of  Euler,  and  Lagrange.  But  it  was  the  development  of  the  theory  re- 
sulting from  the  integral  obtained  by  Jacobi,  in  1836,  that  gave  Dr.  Hill  his  most 
powerful  methods  of  attacking  certain  problems  relative  to  the  motion  of  three 
bodies.  Darwin's  paper  has  the  great  merit  resulting  from  the  actual  numerical 
calculation  of  a  large  number  of  periodic  and  non-periodic  orbits,  with  a  general 
classification  of  the  results,  so  as  to  enable  one  to  make  out  the  nature  of  the  path 
in  many  cases.  And  fortunately  these  paths  are  sufficiently  numerous  and  varied 
to  enable  one  to  apply  the  results  to  the  problems  connected  with  the  origin  of  the 
satellites,  with  firm  confidence  that  the  paths  given  are  real  approximations  to 
what  has  occurred  millions  of  times  in  the  actual  history  of  the  solar  system. 

§  82.     Differential  Equations  of  Motion  for  a  System  Made  Up  of  a  Sun  and  Planet 

Revolving  in  Circles  About  Their  Common  Center  of  Gravity  and 

of  a  Particle  Subject  to  Their  Attraction. 

Before  proceeding  we  shall  consider  the  system  of  special  units  of  Mass, 
Space  and  Time  originally  introduced  by  Dr.  G.  W.  Hill  in  his  "  Researches  in 
the  Lunar  Theory"  (Collected  Mathematical  Works,  Vol.  I.  p.  293),  for  reducing 
the  differential  equations  to  their  simplest  forms.  Whatever  be  the  relative 
magnitude  of  the  sun  and  planet,  the  unit  of  mass  may  be  so  chosen  that  the  sum 
of  the  two  masses  is  unity : 

M  +  m  =  1     ;  (202) 

and  the  individual  masses  become 

M  =  1  -  m       and       m    ;       or       l  -  ^       and       ^ ,       where       n<h  ■ 

And  whatever  be  the  interval  of  space  separating  the  sun  and  planet,  the  unit 
of  distance  may  be  so  chosen  that  the  constant  distance  between  the  centers  of 
the  bodies   1  —  ^  and  n  shall  be  unity,  or 


A..,  =  V£,2  +  „«  +  (,*  +  V  =  1 .  (203) 

And  the  unit  of  time  may  be  so  chosen  that  the  constant  of  attraction 

k*  =  K  n£—  -  «V  =  1  ,  (204) 

where  t  is  the  periodic  time,  and  n  the  mean  motion  of  the  planet  about  the  sun 
(cf.  Gauss,  Theoria  Motus,  Lib.  I,  §  1). 

ii 
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If  with  these  simplifications  we  take  the  origin  of  coordinates  at  the  center  of 
gravity*  of  the  two  masses  1  —  fi  and  /a,  and  make  the  plane  of  the  coordinate 
axes  f  -q  coincide  with  the  plane  of  motion ;  then  it  is  evident  that  the  coordinates 
of  the  three  bodies  will  become  £,  ,  77, ,  0,  ;  £,  ,  rj2 ,  02  ;  and  £ ,  -t\ ,  £  ,  re- 
spectively. Accordingly,  we  have  for  the  radii  vectores  9,  ,  7$  of  the  particle 
referred  to  the  two  bodies    1  — //.,    and    fi: 


?,  =  V(f  -  &)*  +  (,  -  i?,)2  +  C    ;    9,  =  V(*  -  id*  +  (v-  %)2  +  r  •  (205) 

And  the  differential  equations  of  motion  for  the  particle  become 


S+a 

*}       9.'       +  *      9'       =°' 

9i                     92 

d2£ 

9i           92 

(206) 


Now  since  by  the  special  system  of  units,  M  +  m,  a,  and  k2  are  each  unity,  it 
follows  that  the  mean  angular  motion  also  becomes  unity;  for  we  have 


»-*^*-l.  (207) 

Let  us  now  refer  the  motion  of  these  bodies  to  a  new  system  of  coordinates 
(a;,  y,  z).  The  origin  remains  unchanged,  but  the  axes  rotate  in  the  plane  of  motion 
fry,  in  which  the  bodies  1  —  /u,  and  fj.  revolve,  with  uniform  angular  velocity  nt  =  t, 
since  by  the  special  system  of  units  n  =  1  (cf .  Poincare,  Mecanique  Celeste,  Tome  I, 
p.  81).  Then  we  have  for  the  coordinates  of  the  particle  and  of  the  sun  referred 
to  the  rotating  axes, 

£  =  x  cos  t 

■q  —  x  sin  t  +  y  cos  t  ,   f  (208) 

£  =  *; 


V  sin  t  ,  "J 
y  cos  t  ,   > 


&  =  xx  cos  t  —  ?/i  sin  t , 

%  =  x,  sin  t  +  yt  cos  t ,  f  (209) 

fi-0. 

The  equations  for  the  coordinates  of  the  planet  are  similar  to  those  for  the  sun, 
except  that  the  subscript  1  is  changed  to  2,  according  to  the  notation  previously 

adopted. 

• __ 

*  In  his  celebrated  memoir  on  Periodic  Orbits,  p.  102,  Darwin  takes  the  origin  at  the  center  of  the  Sun.  This 
arrangement  has  decided  advantages,  but  in  our  general  examination  of  the  question  it  seems  best  to  place  the 
origin  at  the  center  of  gravity. 
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If  now  we  take  the  second  differentials  of  (208)  and  substitute  these  functions 
and  derivatives  in  (206),  we  shall  get: 

(  <Px      2dy  )  C  d2y  ,   2dx  }    . 

\d7-^-x\C0at-\d¥  +  -w-y\smt 

(  dax      2dy  ).  (  d2y  ,  2dx  }  [ 

^+(i-^)97  +  m9?  =  o. 

When  we  transform  the  first  two  of  these  expressions  by  multiplying  them 
successively  by  cos  t  and  sin  t,  and  —  sin  t  and  cos  t,  respectively,  and  adding  the 
results,  we  obtain: 

dt*     dt    X  +  (I    ^    ft8    +/i    ?2«       u'l 


dai/      2dz L  /t         A  (y  -  yt)  _,_     (y  -  y,) 

-gy  +  (1  -  A) -5+  M~ i 

o<  91  9a 


These  equations  may  be  still  further  simplified  by  taking  the  position  of  the 
x-axis  at  the  origin  of  time  so  that  it  coincides  with,  and  therefore  ever  afterwards 
passes  through,  the  centers  of  the  two  bodies  1  —  /*  and  /*,  which  makes  yt  =  0, 
y2  =  0.     Accordingly,  we  have  finally 

£  +  *!_,  +  (1-,)J»+,£_„,  >  (212) 

g  +  O-^+^-Oi 

which  are  the  differential  equations  of  the  motion  of  a  particle  referred  to  rec- 
tangular axes  rotating  with  uniform  angular  velocity,  corresponding  to  the  gravi- 
tational attraction  of  the  sun  and  planet,  and  having  the  rc-axis  always  coinciding 
with  the  line  joining  the  two  principal  masses.  This  system  of  coordinates  has 
been  so  arranged  as  to  involve  as  variables  only  the  coordinates  of  the  particle; 
for  the  coordinates  of  the  two  larger  bodies  are  constant,  owing  to  the  manner  in 
which  the  axes  have  been  adjusted  and  set  in  rotation  at  the  initial  epoch  t  =  0. 
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It  will  be  seen  from  equations  (212)  that  the  solution  of  these  differential 
equations  is  of  the  sixth  order,  but  we  may  reduce  the  solution  two  orders  lower  by 
restricting  the  motion  of  the  particle  to  the  plane  of  the  principal  bodies,  as  is 
done  in  Darwin's  memoir  on  Periodic  Orbits.  In  this  case  the  equation  in  z 
vanishes,  and  only  those  in  x  and  y  remain;  and  we  have  simply 


(213) 


dt>       dt  *'  V(x-  x,)2  +  ?/2      V(x  -  x2)s  +  xf 

*M.  +  2£  -  „  +  (i  -  ,,)  V  -  +  W  =  o  • 

dt'  +  dt        V  +  Ki       N  V(x  -  *,)*  +  2/4      V(x  -  xtY  +  y*         ' 

the  solution  of  which  is  of  the  fourth  order. 


§  83.     Jacobi's  Integral  of  the  Differential  Equations  for  the  Motion  of  the  Particle 

Referred  to  the  Rotating  Axis. 

In  the  Comptes  Rendus  de  VAcademie  des  Sciences  de  Paris,  Tome  III,  p.  59, 
the  celebrated  mathematician  K.  G.  J.  Jacobi  has  given  an  integral  of  equations 
(212),  which  is  of  high  importance  in  the  restricted  problem  of  three  bodies.  It 
has  been  further  discussed  by  Professor  G.  W.  Hill,  in  his  famous  papers  on 
the  Lunar  Theory,  entitled:  "On  the  Part  of  the  Motion  of  the  Lunar  Perigee 
which  is  a  function  of  the  Mean  Motions  of  the  Sun  and  Moon,"  and  "  Researches 
in  the  Lunar  Theory."  The  first  of  these  papers  was  printed  privately  at  Cam- 
bridge, Mass.,  in  1877;  and  has  since  been  reprinted  in  Acta  Mathematica,  Vol.  VIII, 
pp.  1-36,  1886;  also  in  the  American  Journal  of  Mathematics,  Vol.  I.  p.  18;  and 
in  Hill's  Collected  Mathematical  Works,  Vol.  I,  pp.  243-270.  The  "  Researches 
in  the  Lunar  Theory  "  were  communicated  to  the  National  Academy  of  Sciences  in 
April,  1877,  and  printed  in  Vol.  I  of  the  American  Journal  of  Mathematics,  1878; 
and  recently  reprinted  in  Hill's  Collected  Works,  Vol.  I,  pp.  284-334.  The 
subject  has  been  treated  also  by  Darwin  in  his  well  known  paper  on  "Periodic 
Orbits,"  in  Acta  Mathematica,  Vol.'XXI,  p.  102, 1897,  and  by  others  (cf.  Whittaker's 
Analytical  Dynamics,  p.  342). 

If  we  put  for  brevity 

2o_*.  +  y.  +  !<Lz*>  +  fc  (214) 

Pi  ?! 

it  will  be  found  that  equations  (212)  may  be  reduced  to  the  form 
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d3x  dy 
~d!*~     dt 

an 

cfx 

d'y  ,  9dx 
dt*  +     dt 

~  dy  ' 

tPz 

dti 

dt1 

"  ~dz" 

(215) 


As  n  is  a  function  of  x,y,z  only,  these  equations  may  be  integrated  by  multiplying 
them  successively  by  2dx,  2dy,  2dz,  respectively,  and  adding  the  products.  This 
makes  the  sum  of  the  second  members  an  exact  differential,  and  on  multiplying 
by  dt  and  integrating  we  get 


/  idttdx      dtl  dy      so,  dz)  , 
/     tdxdt      dy   dt      dz  dt  S 

Therefore  for  the  integral  of  (215)  we  have 


=  s»  +  y»  +  2<1-'t>  +  gg-C    ,     (by  214) 
9i  9i 


(216) 


This  is  the  integral  obtained  by  Jacobi  in  1836,  and  therefore  called  by  Dr. 
Hill  the  Jacobian  Integral  (cf.  Hill's  Collected  Mathematical  Works,  Vol.  I, 
p.  244).  But  as  the  three  differential  equations  (215)  are  of  the  second  order, 
five  more  integrals  would  be  required  to  give  a  complete  solution  of  the  problem. 

In  case  the  motion  of  the  particle  were  restricted  to  the  xy-plane,  the  differ- 
ential equations  depending  on  z  would  be  excluded,  and  three  others  besides 
this  integral  of  Jacobi  would  suffice.  If  the  first  of  these  three  integrals  were 
obtained,  the  last  two  could  be  found  by  means  of  Jacobi 's  Last  Multiplier,  as 
explained  in  the  celebrated  Vorlesungen  uber  Dynamik  (cf.  also  Whittaker's 
Analytical  Dynamics,  pp.  271-272).  But  this  first  integral  has  not  been  obtained, 
and  even  the  solution  in  a  plane  remains  incomplete.  In  the  Acta  Mathematica, 
Vol.  XI,  Bruns  has  proved  that  no  new  algebraic  integrals  exist;  and  in  Les 
Methodes  Nouvelles  de  la  Mecanique  Celeste,  Tome  I,  Chap.  V,  Poincare  has  shown 
that  there  are  no  new  uniform  transcendental  integrals,  even  when  one  of  the 
two  large  bodies,  as  fi,  is  very  small  compared  with  the  other  1  —  p  (cf .  Whit- 
taker's Analytical  Dynamics,  Chap.  XIV,  pp.  346-373). 

Now  the  integral  F2  =  2fl —  C,  above  given  represents  the  velocity  of  the 
particle  under  the  attraction  of  the  two  bodies,  and  has  therefore  been  called  by 
Lord  Kelvin  (cf.  Philosophical  Magazine,  Vol.  34,  p.  34)  and  afterwards  by 
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Darwin,  the  equation  of  relative  energy.  And  since  V2  =  2fl  —  C  =  0  will  rep- 
resent a  zero  velocity,  it  is  clear  that  2fl  =  C  gives  the  critical  values  of  the 
family  of  curves  of  the  more  general  tpye  2ft  =  C  +  V02,  where  V0  is  any  constant 
velocity.  The  curves  2fl  =  C  therefore  define  the  regions  of  space  where  the 
velocity  is  zero,  and  the  particle  moves  for  an  instant  as  if  rigidly  connected  with 
the  rest  of  the  system.  The  particle  cannot  cross  the  boundaries  thus  established 
but  must  turn  back  toward  the  general  direction  from  whence  it  came.  We 
shall  now  examine  into  the  nature  of  these  portions  of  relative  space. 


§  84.     The  Equation  of  Relative  Energy  and  the  Surfaces  of  Zero  Relative  Velocity. 

Equation  (216)  gives  us  a  relation  between  the  square,  of  the  velocity  in  tri- 
dimensional space,  and  the  coordinates  of  the  particle  referred  to  the  rotating  axes. 
If  therefore  the  constant  of  integration  C  can  be  determined  numerically,  by  the 
initial  conditions  of  the  motion  or  otherwise,  this  integral  determines  the  velocity 
of  the  particle  at  all  points  of  the  rotating  space.  On  the  other  hand,  when  we  have 
the  velocity  given  for  some  one  point,  as  for  example  by  observation  in  the  case 
of  actual  heavenly  bodies,  this  integral  of  Jacobi  gives  the  locus  of  all  those  points 
of  the  relative  space  where  the  particle  may  move.  Finally  if  V  is  made  zero  the 
equation  2fl  =  C  or 

V»  =  &  +  f  +  2(1~^  +  *t  =  o ,  (217) 

will  define  the  surfaces  at  which  the  relative  velocity  will  be  zero,  or  the  three 
bodies  may  move  for  an  instant  as  parts  of  a  single  rigid  body  (cf.  Darwin's 
Periodic  Orbits,  p.  106).  By  varying  the  parameter  C  within  sufficiently  wide 
limits,  we  get  the  entire  family  of  surfaces  covering  all  space  throughout  the  universe. 
On  one  side  of  these  surfaces  the  velocity  will  be  real,  on  the  other  side  imag- 
inary. The  equation  of  the  surfaces  of  relative  zero  velocity  given  by  Jacobi's 
integral  is  therefore 

*  +  y*  +  2(1~^)  +  ^  =  -  C  .  (218) 

V(x  -  x,)1  +  if  +  zi      V(x  -  xay  +  y3  +  z' 

These  surfaces  were  first  discussed  by  Dr.  G.  W.  Hill,  in  his  famous  "  Researches 
in  the  Lunar  Theory"  (Hill's  Collected  Works,  Vol.  I,  pp.  294-304),  and  are  well 
known ;  but  must  here  be  treated  with  sufficient  fullness  to  render  the  course  of 
the  subsequent  reasoning  clear  and  intelligible.  For  it  is  on  the  use  of  Hill's 
closed  surfaces  about  the  planets  that  the  capture  theory  of  satellites  is  shown 
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to  depend.  In  fact  the  capture  of  satellites  necessarily  results  from  the  shelter 
afforded  stray  bodies  by  these  closed  surfaces,  as  soon  as  we  introduce  the  secular 
action  of  the  resisting  medium.  These  surfaces  operate  to  gather  small  bodies 
into  these  sequestered  regions  and  fix  them  there,  as  inevitably  as  water  runs 
down  hill  and  collects  in  low  places,  or  a  wheel  on  the  edge  of  a  rut  settles  to  the 
bottom  before  it  finally  attains  a  position  of  stability.  The  downward  path  for 
the  whole  system,  however,  is  always  one  of  Least  Action,  as  will  be  more  fully 
established  in  §§  88-90. 

If  z  is  made  zero  we  obtain  the  equations  for  the  intersection  of  the  surfaces 
with  the  :n/-plane,  thus: 


2  (1  -  iQ  2^ 


x2  +  y2  +      .      v         ™=  +  r        =  =  C  .  (219) 

V{x  -  xty  +  y2      V(x  -  x2)2  +  y*  '      ' 

In  the  equation  (218)  y  and  z  occur  only  in  the  second  power,  and  therefore  the 
surfaces  are  symmetrical  with  respect  to  the  xy  and  zz-planes.  And  if  /a  =  \  the 
surfaces  are  symmetrical  with  respect  to  the  yz-pl&ne  also.  But  in  the  more 
general  case  of  \x.  <  \,  the  surfaces  are  deformations  of  the  symmetrical  ones 
arising  in  the  special  case  /i  =  £.  As  z  occurs  symmetrically  and  only  in  the  second 
power,  it  is  evident  that  a  line  parallel  to  the  z-axis  which  pierces  the  surface  at 
all  will  do  so  in  two  real  points.  When  the  corresponding  roots  of  the  equation  are 
imaginary,  the  line  does  not  pierce  the  surface.  For,  as  Dr.  Hill  remarks,  these 
surfaces  are  contained  within  a  cylinder  made  by  revolving  about  the  z-axis  a  line 
parallel  to  it  at  the  distance  Vc.  This  is  the  radius  of  the  cylinders  which  become 
asymptotic  to  the  surfaces  at  z2  =  oo.  For  when  z2  increases  indefinitely,  equation 
(218)  approaches  the  limit  x2  +  y2  =  C,  which  makes  Vc  the  radius  of  the  asymp- 
totic cylinders.  As  already  remarked  the  properties  of  these  surfaces  were  first 
outlined  by  Dr.  G.  W.  Hill  in  his  celebrated  "Researches  in  the  Lunar  Theory," 
1877  (cf.  Hill's  Collected  Works,  Vol.  I,  pp.  300-303).  It  seems  advisable  to  discuss 
them  somewhat  carefully  in  the  following  sections,  and  to  illustrate  the  equations 
by  figures  such  as  have  been  calculated  by  Hill,  Darwin,  and  others. 

§  85.     Nature  of  the  Surfaces  of  Constant  Relative  Energy  on  the  xy-Plane. 

If  now  we  examine  equation  (219)  we  see  that  for  large  values  of  x  and  y, 
which  satisfy  the  equation,  the  last  two  terms  of  the  left  member  become  small, 
and  we  may  write  the  expression  in  the  form 

f  +  y2  =   C  ~       ,    2  (1   ~  ^       -  -      „  ^  -  C  -  €  .  (220) 

9  V(x  -  Xl)2  +  y2      V(x  -  x2)2  +  y2 
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y-Axis. 


Fig.  16.     The  Surfacf.8  of  Constant  Relative   Energy    as   Traced    on   the   x^-Plane, 
the  Ratio  of  the  Masses  Being  About  as  4  to  1. 
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where  e  is  a  quantity  which  may  be  taken  as  small  as  we  please.  But  this  is 
obviously  the  equation  to  a  circle  whose  radius  is  VC  —  c.  Accordingly,  one 
branch  of  the  curve  in  the  xy-plsme  approaches  a  circle  within-  the  asymptotic 
cylinder.  And  the  larger  the  constant  C  is,  the  larger  are  the  resulting  values  of  x 
and  y;  and  consequently  the  smaller  the  value  of  e,  and  the  more  nearly  circular 
the  curve  becomes  as  it  approaches  the  asymptotic  cylinder. 

On  the  other  hand,  very  small  values  of  x  and  y  satisfying  (219)  make  the 
first  two  terms  unimportant,  and  the  resulting  expression  may  be  reduced  to  the 
form 


V(x  -  x,)2  +  y2  T  V(x  -  x2)2  +  y*  p,     T  9a 

(cf.  Hill's  "Researches  in  the  Lunar  Theory,"  Collected  Mathematical  Works, 
Vol.  I,  pp.  297-304;  Darwin's  memoir  on  "Periodic  Orbits,"  Acta  Mathematica, 
Vol.  XXI,  p.  106). 

If  we  examine  this  simplified  expression,  we  shall  find  that  it  is  the  expression 
for  the  equipotential  curves  for  the  two  centers  of  force,  1  —  //.  and  p.     When  the 


Fig.  17.     Equipotential  Surfaces  About  Two  Equal  Masses,  Such  as  We  Often  Find  in  a 

Typical  Double  Star. 
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Fig.  18.     Darwin's  Diagram  of  the  Curves  of  Constant  Relative  Energy  in  the  xj/-Plaxe, 

the  Ratio  of  the  Masses  Being  as  10  to  1. 
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values  of  C  are  large  these  curves  consist  of  closed  ovals  around  each  of  the  bodies 

I  -  fi  and  ll ;  but  as  this  constant  decreases,  the  surfaces  recede  from  the  two 
centers  and  at  length  unite  between  the  bodies,  giving  an  hour-glass  shaped  figure, 
with  unequal  bulbs.  As  C  decreases  still  further,  the  curve  becomes  an  oval  enclosing 
both  bodies,  which  passes  by  degrees  from  a  figure  resembling  an  ellipse  to  that  of 
a  circle  at  a  considerable  distance  from  the  origin.  The  accompanying  illustration 
exhibits  the  arrangement  of  such  equipotential  curves  about  two  equal  masses 

II  and  /a,  such  as  a  typical  double  star.  If  these  curves  were  revolved  about  the 
line  joining  the  two  bodies  the  curves  would  generate  the  corresponding  equi- 
potential surfaces  (cf.  Thomson  and  Tait's  Natural  Philosophy,  Vol.  I,  Part  II, 
§508),  which,  however,  would  correspond  to  a  static  rather  than  to  a  kinetic 
system,  for  when  the  bodies  revolve  like  a  double  star  the  surfaces  are  distorted 
by  the  effects  of  centrifugal  force,  and  become  of  greater  extent  in  the  direction 
parallel  to  the  plane  of  the  orbit. 

The  next  illustration  exhibits  the  curves  on  the  zt/-plane  in  the  typical  case 
1  —  fj.  =  10/x,  calculated  by  Professor  Sir  G.  H.  Darwin  in  his  celebrated 
paper  on  "Periodic  Orbits"  in  Acta  Mathematica,  Vol.  XXI.  The  curves  here 
traced  by  Darwin  are  of  the  highest  interest,  because  they  show  the  sub-divisions 
of  space  accurately  calculated  and  drawn  to  scale. 

The  method  of  calculating  these  curves  is  outlined  in  Hill's  "  Researches  in 
the  Lunar  Theory"  {Collected  Works,  pp.  284-334),  and  in  Darwin's  memoir  on 
"Periodic  Orbits,"  pp.  106-118.  It  is  explained  also  in  the  memoirs  of  Gylden 
and  in  a  paper  of  Bohlin  in  the  Acta  Mathematica,  Tome  X,  p.  109.  A  brief 
account  of  these  surfaces  may  be  found  also  in  Moulton's  "Introduction  to 
Celestial  Mechanics,"  pp.  193-196. 

§  86.     The  Curves  of  Constant  Energy  on  the  xz  and  yz-Planes. 

If  we  wish  to  find  the  forms  of  the  curves  of  intersection  made  by  the  surfaces 
on  the  X2-plane,  we  put  y  equal  to  zero  in  equation  (218)  and  trace  the  curves 
given  by  the  expression 

r'l         2(1~^         |      ,         2"  C222) 

If  the  values  of  x  and  z  satisfying  this  equation  are  large,  nothing  but  the  first 
term  remains  important;  and  hence  we  may  put 

x1  =  C  -  t    ,    or    x  =  Vc  -  i . 

which  gives  a  symmetrical  pair  of  straight  lines  parallel  to  the  2-axis. 
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Fig.  19.     The    Surfaces    of    Constant   Relative   Energy  as  Traced  on   the  22-Plane, 
the  Ratio  of  the  Masses  Being  About  as  4  to  1. 
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Consider  next  the  effect  of  varying  the  constant  C.  It  is  evident  from  equation 
(222)  that  the  larger  C  is  the  larger  is  the  value  of  x  corresponding  to  a  given 
value  of  z,  satisfying  the  equation;  and  consequently  the  smaller  is  e.  Therefore 
the  larger  values  of  C  give  lines  nearer  and  nearer  to  the  asymptotic  cylinder. 
On  the  other  hand  small  values  of  x  and  z  satisfying  (222)  will  make  the  first  term 
relatively  unimportant,  and  hence  we  may  put  the  expression  in  the  form 

9i         ft      2       *' 

which  likewise  represents  a  system  of  equipotential  curves,  with  properties  similar 
to  those  described  above.  The  general  character  of  these  curves  of  constant 
relative  energy  is  shown  in  the  accompanying  figure,  but  their  forms  are  not 
calculated  with  great  accuracy. 

In  like  manner,  when  we  put  x  equal  to  zero,  we  get  the  curves  made  by  the 
intersection  of  the  surfaces  on  the  i/z-plane : 

2(1 -m)  2M  _  c 

Large  values  of  y  and  z  satisfying  this  equation  make  the  second  and  third  terms 
unimportant,  and  therefore  we  may  put 

f  .  c  -  i    ,    or    y  =  VcT^l . 

This  is  the  equation  of  a  pair  of  lines  near  the  asymptotic  cylinder,  which  is 
approached  more  and  more  as  C  increases.  When  one  body,  1  —  /a,  is  much 
larger  than  the  other,  /i,  the  numerical  value  of  x2  is  much  greater  than  that  of 
x, ;  and  therefore  for  small  values  of  y  and  z  satisfying  the  equation  (223) ,  the 
expression  becomes 

2(1-/*) 


9i 


=  C  - 


i 


This  is  the  equation  of  a  circle,  which  enlarges  as  C  decreases. 

With  these  considerations  before  us,  we  see  that  the  forms  of  the  curves  on 
the  i/2-plane  are  as  shown  in  the  accompanying  figure. 

From  these  observations  it  is  easy  to  make  out  the  general  character  of  the 
surfaces  of  constant  relative  energy.  For  large  values  of  C  they  consist  of  two 
distinct  parts: 

(1).  A  closed  fold  somewhat  resembling  a  Jacobian  Ellipsoid  of  three 
unequal  axes  around  each  body  and  pointed  in  each  case  end-on,  with  the  extreme 
points  tending  to  coalesce  like  the  neck  of  an  hour-glass. 


174 


THE  CURVES  OF  CONSTANT  ENERGY  ON  THE  XZ   AND  t/Z-PI.ANES. 


Fig.  20.     The  Surfaces  of   Constant   Relative   Energy   as   Traced    on   the   j/z-Plane, 
the  Ratio  of  the  Masses  Being  About  as  4  to  1. 
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(2).  A  pair  of  curtains  hanging  down  from  the  asymptotic  cylinder  and 
symmetrically  arranged^with  the  respect  to  the  xy-plane.  With  smaller  values 
of  C  these  two  types  of  surfaces  approach  each  other,  and  finally  coalesce  in  the 
zy-plane;  the  folds  around  the  two  bodies  also  unite  into  one  surface  enclosing 
both  bodies.  It  would  be  very  interesting  to  have  the  forms  of  these  closed 
surfaces  accurately  calculated  for  various  mass-ratios ;  for  as  we  shall  see  hereafter 
true  nebular  fission  depends  on  the  forms  of  these  surfaces  and  the  initial  dis- 
tribution of  the  nebulosity. 

§  87.     On  the  Regions  of  Real  and  Imaginary  Velocity  and  on  the  Velocity 

from  Infinity. 

The  expression  for  the  square  of  the  velocity  is 

y  =  a'  +  y>  +  2(1"/t)  +  ^-C.  (224) 

?1  ?J 

We  have  seen  that  when  C  is  large  the  energy  surface  is  so  constructed  that  the 
ovals  about  the  bodies  are  distinct  from  the  curtains  which  hang  down  from  the 
asymptotic  cylinder  (cf.  Hill's  Collected  Works,  Vol.  I,  pp.  300-303).  Now  if 
the  right  member  of  this  equation  (216)  is  positive,  the  velocity  will  be  real  in 
the  corresponding  portion  of  relative  space.  Thus  if  it  is  positive  at  any  point  of  a 
closed  fold  it  will  be  positive  for  every  other  point  within  it,  because  the  function 
changes  sign  only  at  a  surface  of  zero  relative  velocity.  In  figure  18  representing 
the  surfaces  on  the  xy-p\sme,  we  see  that  on  either  side  of  SJ,  the  line  joining  Sun 
and  Planet,  there  is  a  horse-shoe  figure  with  lines  around  it.  The  space  within  is 
one  of  the  regions  of  imaginary  velocity,  and  the  particle  of  course  cannot  cross  it, 
for  it  is  enclosed  by  surfaces  of  zero  relative  velocity. 

A  comet  moving  in  a  parabola  corresponds  to  a  body  with  velocity  from  in- 
finity, and  as  this  is  sufficient  to  carry  it  back  again,  it  will  not  become  attached 
to  the  solar  system  unless  considerably  disturbed  by  the  planets  near  perihelion 
passage.  The  surfaces  around  our  actual  planets  are  comparatively  small,  be- 
cause their  masses  are  very  small  compared  to  that  of  the  sun. 

Accordingly,  we  see  that  when  C  is  so  large  that  the  folds  around  the  bodies 
are  closed,  and  the  particle  is  within  these  closed  regions  at  the  origin  of  time,  the 
system  then  moving  for  an  instant  as  a  single  rigid  body,  it  will  always  remain  there. 
For  it  cannot  escape  without  crossing  the  surface  of  zero  relative  velocity  and  that 
is  impossible.*    Taking  the  moon's  mass  to  be  insensible  and  the  earth's  orbit 

*  The  action  of  a  fourth  body,  however,  might  so  disturb  these  surfaces  as  to  enable  the  third  body  to  escape ; 
and  conversely  it  might  operate  to  effect  the  capture  of  the  third  body.  We  are  here  considering  the  case  of 
three  bodies  only,  with  the  motions  of  the  two  larger  ones  restricted  to  circles,  and  the  third  a  particle  of  infini- 
tesimal mass. 
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circular,  Dr.  Hill  showed  in  his  famous  memoir  on  the  Lunar  Theory,  in  1877, 
that  the  surface  about  the  earth  is  closed,  and  consequently  the  moon  cannot  now 
escape  from  the  earth,  but  has  a  superior  limit  to  its  maximum  distance.  This 
corresponds  to  a  long  lunation  of  204.896  days  calculated  by  Hill;  but,  as  was  first 
pointed  out  by  Adams  and  afterwards  by  Poincare,  the  maximum  lunation  is 
still  longer.  In  his  Mecanioue  Celeste,  Tome,  I,  p.  109,  Poincare  has  shown  that 
if  the  mean  period  of  the  moon  relative  to  that  of  the  sun  exceeds  1 : 2.78,  the  curve 
found  by  Dr.  Hill  becomes  looped,  and  such  a  moon  would  appear  in  quadrature 
six  times  during  one  revolution  (cf.  Hill's  Collected  Mathematical  Works,  Vol.  I, 
pp.  326-334).  A  looped  orbit  similar  to  that  found  by  Poincare  has  been  drawn 
also  by  Lord  Kelvin,  in  the  Philosophical  Magazine,  Vol.  34,  p.  447.  But  Darwin 
has  pointed  out  that  both  Kelvin  and  Poincare  have  neglected  the  solar  parallax 
in  their  calculation  of  these  looped  orbits;  so  that  the  results  obtained  do  not 
correspond  to  the  ideal  solution  of  the  problem  under  consideration. 

In  the  same  way,  Moulton  has  calculated  the  value  of  the  Jacobian  Integral 
for  the  region  about  Saturn,  and  found  that  the  ninth  satellite,  Phoebe,  is  safely 
within  the  enclosed  folds  about  Saturn,  and  therefore  revolves  in  stability.  Like- 
wise the  closed  folds  about  Jupiter  have  been  found  by  Cowell  and  Crommelin 
to  be  large  enough  to  include  the  orbit  of  the  eighth  satellite.  Being  once  within 
this  region,  and  having  a  rather  small  velocity  to  start  with,  it  too,  may  always 
revolve  in  safety  and  cannot  now  escape  from  the  planet's  control.  This  subject 
is  treated  more  at  length  in  Chapter  X  of  this  work,  and  we  therefore  defer  further 
discussion  of  it  till  other  problems  have  been  examined. 

But  although  all  these  satellites  are  now  under  the  control  of  their  respective 
planets,  and  will  remain  so  indefinitely  hereafter,  it  does  not  follow  that  because 
they  cannot  now  escape  they  have  for  that  reason  not  originally  come  in  from  a 
great  distance.  On  the  contrary  we  shall  see  later  that  they  have  all  been  added  to 
these  systems  from  without,  and  that  their  orbits  have  since  been  reduced  in  size, 
and  rounded  up  under  the  secular  action  of  a  resisting  medium;  so  that  although 
all  the  satellites  once  moved  around  the  sun  like  the  planets  and  comets  now  do, 
they  suffered  great  transformation  of  their  orbits  when  near  the  planets,  by  leaving 
the  sun's  control  and  revolving  around  them  many  times,  and  under  the  effects  of 
resistance  have  become  permanent  satellites  of  the  planets  which  finally  captured 
them. 

We  give  here  for  comparison  with  Hill's  Periodic  Orbit  of  the  Moon  a  figure 
of  the  periodic  .orbit  with  loops  found  by  Poincare;  also  Plate  V  from  Darwin's 
memoir  which  shows  the  forms  of  some  other  periodic  orbits. 

Of  late  years  the  subject  of  Periodic  Orbits  has  occupied  the  attention  of  a 
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THE    LOOPED    ORBIT    OF   THE    MOON   AND    OTHER    PERIODIC    ORBITS.  177 


Fig.   21.     Hill's  Periodic    Orbit    of    Moon   of    Long    Lunation,  Terminating  with  Cusps, 
the  Sun  Being  Below,  at  Right  Angles  to  the  Line  Joining  the  Cusps. 


Fig.  22.     Poincare's  Periodic  Orbit  of  Moon    of    Maximum  Lunation,  with  Loops,  Giving 

Six  Quadratures  During  One  Revolution. 

12 
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number  of  eminent  mathematicians,  and  the  hope  has  been  entertained  that  the 
solution  of  these  problems  would  give  us  the  Laws  of  Cosmical  Evolution  (cf. 
Darwin's  Presidential  Address  to  the  British  Association  at  Cape  Town,  1905). 
But  it  may  well  be  doubted  whether  after  all  much  new  light  is  to  be  expected 
from  this  line  of  inquiry.  If  the  views  developed  in  Chapter  X  of  this  work  be 
admissible,  it  will  follow  that  stable  periodic  orbits  seldom  if  ever  develop  in  actual 
nature,  because  of  the  paramount  part  played  by  the  resisting  medium.  All 
orbits  are  temporary,  and  subject  to  gradual  transformation.  And  whilst  the 
conditions  that  give  rise  to  periodic  orbits  throw  light  on  the  stability  of  motion, 
and  are  therefore  important,  it  will  be  found  that  the  Laws  of  Cosmical  Evolution 
cannot  be  thus  deduced,  but  must  be  sought  in  the  processes  of  nebular  fission 
by  the  capture  of  satellites,  as  outlined  in  Chapter  X. 

§  88.     The  Principle  of  Least  Action  as  Applied  to  the  Dynamics  of  a 

Conservative  System. 

Maupertuis'  celebrated  principle  of  Least  Action  is  stated  by  Thomson  and 
Tait  (Natural  Philosophy,  Part  I,  §  327)  as  follows:  "Of  all  the  different  sets  of 
paths  along  which  a  conservative  system  may  be  guided  to  move  from  one  configu- 
ration to  another,  with  the  sum  of  its  potential  and  kinetic  energies  equal  to  a  given 
constant,  that  one  for  which  the  action  is  the  least  is  such  that  the  system  will 
require  only  to  be  started  with  the  proper  velocities,  to  move  along  it  unguided." 
If  T  denote  the  kinetic  energy  at  any  time  between  the  epoch  and  t,  mL  the  mass 
of  an  element  of  the  system,  and  v,  its  velocity,  then  we  shall  have  for  the  entire 
system 


T  =  £  ^  mp?  .  (225) 


And  the  action  at  the  time    t    is 


(226) 


If  ds  denote  the  space  described  by  a  particle  in  time  dr,  so  that  vdr  =  ds,  we  shall 
have 


■/  2  m,v<d8 ■ 


A  =  /    >  m,v4s  .  (227) 


<=0 

0 
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Now  in  Kinematics  we  have 


V  = 


ds 
dl 


m 


■sr+s 


and  by  differentiation  we  obtain  the  acceleration  in  curvilinear  motion,  namely: 


d*s 
dt2 


dx  d2x      dy  d*y      dz  dh 

dt  dt2       dt  dt2       dt  dt2  _  dx  d2x      dy  d2y      dz  d2z 
dx\"      fdy\2      TdzV  ~  ds  dt*       ds  dt1       ds  dt1 


J 


dt 


'  [  dt) 


(228) 


Whatever  be  the  direction  of  the  motion  or  the  curvature  under  any  system  of 
forces,  this  expresses  the  acceleration  along  the  path,  in  tridimensional  space,  or  the 
change  of  the  velocity.  Accordingly,  if  xt ,  yt ,  zt  be  the  coordinates  of  the  mass 
w, ,  we  have 


-/  2™' 


dx  .      ,   dy  .      ,   dz  , 

dtdT+dtdy  +  didz 


(229) 


The  action  of  the  system  is  therefore  equal  to  the  sum  of  the  average  momentums 
for  the  spaces  described  by  the  elements  m, ,  each  multiplied  by  the  length  of  its  path. 
In  Least  Action  it  is  required  to  find  by  the  method  of  variations 


B[ y  5> { PSx  +  dld8» +  >2  +  »f  *  +  *%*» +  O \" ° •     (230) 


Now  since 


and 


we  have 


i        dx  ,  ,        dy  ,  ,        dz 

dx  =  Ttdr     ,     dy  =  wdr      ,      dz  =  Jtdr, 


2(  dx  -dx      dy  s dy      dz  .dz  }       „„, 


A 

STdr 


(231) 


(232) 


If  we  integrate  (230)  by  parts,  we  find 
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/: 


t 


S>|>+-     H2-(l*+-- 


J 

(233) 


o  / 

In  this  expression    d^  =  ^dr    >    etc-  !    an(*  therefore  the  variation  in  the  action 
from  (230)  is 


<=i 


« - 1  £(£* + 1% + I*)  [  -  |2-(f  -  -  P»  ♦ » [ 


.<  >    (234) 


This  expression,  as  Thomson  and  Tait  remark,  is  entirely  general  and  free  from 
terminal  or  kinetic  conditions.  And  since  in  the  problem  of  Least  Action  the  initial 
and  final  positions  are  invariable,  the  terminal  variations  8a;  etc.,  must  vanish, 
and  the  two  integrated  expressions  in  the  right  member  of  (234)  disappear.  The 
equation  of  energy  is 

■'■^'4""W+(^+(^'\+r'E-   '    <235> 

where  T  is  the  kinetic  and  V  is  the  potential  energy ;  and  therefore  in  the  present 
problem  8 T  =  -BV.  Hence  to  make  8A  =  0,  it  is  necessary  and  sufficient  that 
the  integral  expression  in  (234)  disappear;  or  putting  for  ST  the  equivalent — 8V, 
the  necessary  and  sufficient  condition  is 


§  89.     Hamilton's  Principle,  or  the  Stationary  Condition,  According  to  the  Principles 

of  the  Caladus  of  Variations. 

In  any  unguided  motion  of  a  conservative  system,  the  action  from  any  one 
stated  position  to  any  other,  though  not  necessarily  a  minimum,  fulfills  the  Stationary 
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Condition,  expressed  by  8A  =  0,  which  secures  either  a  minimum  or  maximum, 
or  maximum-minimum,  according  to  the  principles  of  the  Calculus  of  Variations. 
Put  L  =  T  +  U,  where  T  is  the  kinetic  energy,  and  U  is  the  work  function,  and 
and  let  V  denote  the  potential  energy;  then  we  shall  have  L  =  T —  V.  It  will  be 
observed  that  U  and  V  are  functions  of  the  coordinates,  and  not  of  the  velocities. 
When  the  system  passes  from  one  configuration  A,  to  another  configuration  B,  by 
any  varied  paths  whatever,  the  variations  of  the  coordinates  of  these  terminal 
positions  being  zero,  we  have  clearly  for  the  action  in  the  interval  ^  to  t, 


sfu 


Ldt  =  -  C  (St  -  St,)  , 


(237) 


S  /  2Tdt  =  (t  -  U)  SO 
t, 


(238) 


If  we  suppose,  that  in  pursuing  their  varied  paths,  the  particles,  without  vio- 
lating geometrical  conditions,  may  be  conducted  with  such  velocities  that  the 
energy  C  =  T  —  U  has  a  given  value,  then  hC  =  0,  and  the  action  by  (238)  is 
,t 


f 


2Tdt  =  o  ,     which  is  a  maximum-minimum,  or  is  stationary  in  the  actual 


path.     This  leads  to  the  celebrated  principle  of  Hamilton, 


(239) 


which  shows  that  the  integral       /  Ldt  has  a  stationary  value  for  any  part  of  an 


actual  trajectory  AB,  as  compared  with  neighboring  paths  CD,  which  have  the  same 
terminal  points  as  the  actual  trajectory  and  for  which  the  time  has  the  same  terminal 
values.  In  the  Philosophical  Transactions  for  1834-5,  Sir  W.  R.  Hamilton  has 
applied  these  methods  to  the  motions  of  planets  and  comets,  and  worked  out  the 
results  with  considerable  detail  (cf.  Whittaker's  Analytical  Dynamics,  p.  242). 
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§  90.     Application  of  These  Dynamical  Principles  to  the  Case  of  Nature  Where  the 

Systems  are  Non-Conservative. 

If  now  we  introduce  the  action  of  a  Resisting  Medium,  it  is  clear  that  the 
system  will  no  longer  be  strictly  conservative,  but  that  the  energy  will  gradually 
degrade.  Since  the  free  conservative  system,  when  unguided,  would  pursue  the 
path  of  Least  Action,  the  resisted  system  evidently  would  pursue  the  path  of 
Least  Resistance  to  the  otherwise  free  motion;  and  therefore  the  path  of  degra- 
dation would  still  be  that  of  Least  Action.  This  principle  enables  us  to  under- 
stand the  nature  of  the  transformations  suffered  by  the  orbits  of  planets, 
comets  and  satellites,  during  the  evolution  of  the  solar  system.  If  we  had 
complete  knowledge  of  all  the  events  in  the  past  history  of  our  system,  and 
a  perfect  theory  of  the  motions  now  going  on,  we  might  take  the  existing  system 
and  trace  it  back  to  the  original  state,  by  the  principle  of  Least  Action  and 
Hamilton's  principle.  But  as  the  resistances  formerly  encountered  have  now 
almost  wholly  disappeared,  while  the  corresponding  infinite  series  of  perturba- 
tions by  which  the  motions  were  modified  could  not  be  accurately  restored, 
from  the  present  state  of  the  system,  it  is  obvious  that  we  could  not  trace  the  path 
of  the  system  back  through  a  very  long  period.  In  our  attempts  to  understand 
the  past  history  of  the  solar  system  we  have  therefore  to  fall  back  on  the  indi- 
cations furnished  by  the  integral  equations  for  the  surfaces  of  energy,  from  which 
the  time  is  eliminated,  save  in  the  secular  term  depending  on  the  action  of  the 
Resisting  Medium.  Since  in  non-conservative  systems  the  energy  must  degrade,  it 
is  clear  that  the  so-called  constant  of  Jacobi's  integral  must  increase  with  the 
time.  When  the  secular  term  at  is  added  to  make  the  original  integral  correspond 
with  the  actual  conditions  of  nature,  the  complete  integral  becomes 


,A  J-  2  0-  ~  »>  .i.  2* 


x2  +  j/3  +  — i ^  +  -E  =  C  +  at  .  (240) 

As  the  secular  term  slowly  increases  with  the  time,  there  is  a  secular  shrinkage  of 
the  energy  surface  corresponding  to  any  particle ;  and  sooner  or  later  the  particle 
passes  within  the  closed  folds  about  the  sun  or  planet,  and  no  longer  circulates 
about  both,  but  has  its  movement  restricted  to  that  of  an  inferior  planet,  or  satel- 
lite. In  this  simple  idea  of  the  secular  shrinkage  of  Hill's  surfaces  of  energy  for 
any  particle,  is  contained  the  whole  theory  of  the  origin  of  the  satellites  by  capture ; 
but  we  shall  defer  the  full  discussion  of  it  to  Chapter  X,  and  meanwhile  examine 
the  theory  of  the  capture  of  comets,  which  has  long  been  familiar  to  astronomers. 


CHAPTER  IX. 


Theory  of  the  Capture  of  Comets  and  of  the  Transformation  of  Their 
Orbits  by  the  Perturbations  of  the  Planets. 


§  91.     Tisserand's  Criterion  for  the  Identity  of  Comets. 

In  dealing  with  the  motions  of  comets,  we  may  always  treat  these  small  masses 
as  mere  particles,  while  the  Sun  and  Jupiter  may  be  taken  for  the  two  bodies 
referred  to  the  rotating  axes  in  the  anlaysis  of  the  preceding  chapter.  The  neglect 
of  the  eccentricity  of  Jupiter's  orbit  is  not  important,  but  it  has  been  taken  account 
of  by  Callandreau  in  a  mathematical  paper  entitled  Sur  la  Theorie  des  Cometes 
Periodique  (Annates  de  I'Observatoire  de  Paris,  Tome  XX),  and  those  who  wish 
to  consider  the  slight  modification  thus  arising  may  consult  this  memoir. 

Under  the  circumstances  the  Jacobian  integral  is  valid  for  the  motion  of 
comets,  and  we  have 


V  = 


+ 


+ 


-  x*  +  y"  + 


2(1 


9* 


(241) 


If  the  constant  C  is  found  to  be  the  same  for  two  successive  comets,  they  are,  of 
course,  identical.  Tisserand  has  introduced  this  valuable  criterion  and  shown 
how  to  find  the  value  of  C  from  the  ordinary  elements  of  a  comet's  orbit  about 
the  Sun.  (Bulletin  Astronomique,  Tome  VI,  p.  289,  and  Traite  de  Mecanique 
Celeste,  Tome  IV,  Chap.  XII,  §85).  We  shall  now  give  some  account  of  Tis- 
serand's method  of  procedure.  The  co-ordinates  of  the  comet  referred  to  rotating 
axes,  give  the  following  relations,  when  referred  to  axes  fixed  in  space : 


x  =  £  cos  t  +  r)  sin  t  , 
y  =  —  £  sin  t  +  i)  cos  t  ,\ 


Therefore    x1  +  y"1  =  P  +  rf  ,    and, 


,  drj  ^     d£ 
cU      v~dl 


(242) 


(243) 


184  tisserand's  criterion  for  the  identity  of  comets. 

Omitting  x2  +  y2  =  g1  +  rf  from  the  two  members  of  (241)  we  have 

©•  ♦  m ♦ w  -  ■(*-  .jd-*^ +*- « ■     <-> 

But  by  the  theory  of  elliptic  motion  the  velocity  and  constant  of  areas  are  re- 
spectively 


V"      9      a      \dt)  +  \dt)  +  \dt)  ' 


(245) 


Therefore 


---  2Va(l  -e3)co8i  =  2(1  ~  ^  +  ^  -  C  .  (246) 

o  9i  ?2 


And  this  equation  must  hold  true  of  any  two  comets  supposed  to  be  identical. 
This  expression  is  further  simplified  by  the  fact  that  Jupiter's  mass  is  less  than  a 
thousandth  part  of  the  mass  of  the  Sun,  so  that,  in  general,  9  is  sensibly  equal 
to  ?i .  It  will  be  recalled  that  9  is  the  radius  vector  of  the  comet's  orbit  about 
the  Sun,  when  the  action  of  the  planet  is  neglected.  And  as  the  comet's  orbit 
is  found  by  observations  taken  as  far  as  possible  from  both  the  Sun  and  Jupiter, 

we  have  sensibly  -  =  -  and  may  neglect  the  sum  of  the  small  quantities 
— ^  +  Jt .     Thus  from  (246)  we  have  simply 

9i        92 

-  +  2Va(l  -  e2)cosi  =  C  .  (247) 

0/ 

Putting  a  for  the  mean  distance  of  Jupiter,  we  have  for  cometary  orbits  trans- 
formed by  this  planet 


1  A  2Va(l  -  e2) 

-  -\ *-= '  COS  I  =  a  ,  (_'4S) 

a  a'Va' 

which  is  a  numerical  expression  always  about  0.5.  This  is  the  form  of  the  criterion 
developed  by  Tisserand  (Mecanique  Celeste,  Tome  IV,  p.  205),  and  extensively 
used  by  Schulhof  and  other  recent  investigators.  Such  a  criterion  is  valuable 
in  many  researches  on  comets,  because  the  orbits  of  these  small  bodies  are  greatly 
modified  by  the  disturbing  action  of  the  planets.  In  all  these  transformations, 
however,  the  aphelion  distance  departs  but  little  from  that  of  the  disturbing 
planet,  because  its  sphere  of  influence  is  small  compared  to  that  of  the  Sun ;  and 
the  motion  is  sensibly  in  an  undisturbed  orbit  about  the  Sun,  both  before  and  after 
the  encounter  with  the  planet. 
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§  92.     Analytical  Method  of  Treating  of  the  Capture  of  a  Parabolic  Comet. 

The  results  of  Leuschner's  recent  researches  indicate  that  comets  with 
parabolic  orbits  are  comparatively  rare,  and  such  motion  can  no  longer  be 
considered  to  represent  the  actual  movements  of  the  majority  of  comets;  yet  as 
this  is  the  traditional  theory  and  in  many  cases  enables  us  to  represent  the  motion 
fairly  well,  along  the  arc  near  the  Sun,  over  which  the  observations  extend,  even 
when  the  orbit  is  an  elongated  ellipse,  we  shall  briefly  consider  it,  in  order  to  afford 
the  reader  some  conception  of  the  mode  by  which  a  comet  moving  in  a  parabolic 
orbit  may  be  captured  by  a  planet  such  as  Jupiter.  The  following  discussion 
is  essentially  that  given  by  Tisserand,  Mecanique  Celeste,  Tome  IV,  §  87,  pp. 
207-208. 

The  velocity  in  the  case  of  elliptic  motion  about  the  Sun  is 

*•-*•(* -5)-  cm 

Let  S  and  J  be  the  positions  of  the  Sun  and  Jupiter,  respectively,  and  the  dis- 
tance of  the  comet  /*<,  from  the  Sun  <S/x0  =  &  ,  from  Jupiter  «//*<,  =  9, ,  and  sup- 
pose that  the  angle  SJ^o  =  90°  ,  and  that  the  initial  velocity  v0  of  the  comet 
is  directed  along  the  radius  vector  /*<«/  ,  or  makes  with  this  line  a  very  small 
angle.  If  therefore  a  =  00  ,  j,  =  S^  =  SJ  =  r  ,  nearly,  because  the  comet 
is  very  near  Jupiter;  then  it  is  clear  that  we  shall  have 


-'J 


(250) 


If  we  neglect  the  eccentricity  of  the  orbit  of  Jupiter,  so  that  r  =  a  ,  the  comet's 
velocity  will  be  directed  along  the  ray  /x<J  ,  and  have  the  value 

In  the  relative  movement  of  the  comet  about  Jupiter,  we  have  therefore  for  the 
velocity 


V2-  1 

Vr 


V,-v,-  ».'-*        /-      •  (252) 


And  the  general  formula 


V2=kW(l-l)'  (253) 
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when  we  put  R  =  91  and   V  =  V0 ,   gives 

l(V2-.)'^2-|.  (264) 


Taking  —  =  1047  ,  and  -  =  0.062  ,  since  the  sphere  of  Jupiter's  activity  is 
very  small,  we  get  from  (254)  very  nearly 

A--}-  (255) 

This  expression  of  the  semi-axis  major  of  the  relative  orbit  of  the  comet  about 
Jupiter  is  negative,  and  the  Jovicentric  orbit  is  an  hyperbola  which  departs  but 
little  from  the  ray  J/x0 .  One  branch  of  the  hyperbola  gives  the  first  part  of  the 
motion,  and  after  passing  the  planet  also  the  second  part  of  the  motion,  as  the 
comet  recedes  from  Jupiter.  The  comet  enters  the  sphere  of  activity  near  the 
point  /xo ,  and  since  the  distance  R  is  still  equal  to  &  ,  the  velocity  Vx ,  cal- 
culated by  formula  (253) ,  will  be  equal  in  absolute  value  to  V0 ,  but  of  contrary 
sign.     Thus  we  have 

1  -  V2 
V,  =  k        ._      ■  (256) 

Vr 

Combining  this  relative  velocity  V1  with  v0'  given  by  (251),  we  get  the  absolute 
velocity   v,    at  the  departure  from  the  sphere  of  activity;  thus  we  find 

o  _  \/5 

F» +  *'-»-*       j-     ■  (257) 

Vr 

If  now  we  substitute  in  (249)  Vi  for  v  ,  and  replace  a  by  a,  ,  we  get  for  the 
elliptic  orbit  of  the  comet  after  its  passage  near  Jupiter, 

k~ r=k\r~i)     '     or      (h  =  r \ =  5,2° \ =  3-14  J  (258> 

which  corresponds  to  the  orbits  of  comets  like  those  of  Brorsen  and  Winnecke. 

After  giving  this  analysis  of  the  movement  of  a  parabolic  comet  near  Jupiter, 
Tisserand  remarks  that  the  planet  plays  the  role  of  capturer  of  comets;  and 
that  if  the  conditions  are  exactly  reversed,  the  resulting  elliptic  orbit  may  evi- 
dently be  restored  to  the  parabolic  form  by  the  disturbing  action  of  the  planet. 
For,  if  the  comet  be  started  backward  on  the  path  it  first  traveled,  with  the  planet 
in  the  same  situation,  it  is  evident  that  after  passing  Jupiter  it  will  again  return 
to  infinity.  And  in  the  course  of  actual  events,  after  a  number  of  revolutions 
about  the  Sun,  it  may  again  approach  Jupiter  so  as  to  enter  his  sphere  of  activity, 
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with  a  velocity  smaller  than  that  of  Jupiter,  since  the  semi-axis  major  of  the 
comet   Oi  <  r  .     At  the  entrance  into  the  sphere  the  absolute  velocity  is 


JP-* 


(2  -  \/2)  _ 
Vr 


1   —  V^'2 

and  the  relative  velocity  at  the  entrance  is    Fj  =  k     _  f_      f    and  at  the  exit  the 


V2 


sign  is  simply  changed,    k- 
Jupiter,  as  in  deriving  (252),  we  get 


Vr 
And  combining  these  with  the  velocity  of 


,       ,  V2  -  1  ,  V2  -  1         k 

%  -  v„'  =  k -p — ,    or    v0  =  k — h  — -  =  k 

Vr  Vr  Vr 


& 


(259) 


which  is  the  parabolic  velocity  of  the  comet  after  quitting  Jupiter's  sphere  of 
activity. 

Tisserand  remarks  that  the  conditions  of  the  problem  here  treated  are  ex- 
ceptional, but  that  there  are  many  other  positions  of  less  exceptional  character, 
in  which  similar  changes  would  be  produced.  To  show  this  requires  an  analysis 
similar  to  that  given  by  the  late  Professor  H.  A.  Newton  in  his  valuable  memoir 
"  On  the  Capture  of  Comets  by  Planets,  and  Especially  Their  Capture  by  Jupiter," 
Memoirs  of  the  National  Academy  of  Sciences,  Vol.  VI.  The  subject  has  also  been 
carefully  treated  by  Callandreau  in  a  paper  entitled  "  Sur  la  Theorie  des  Cometes 
Periodiques"  (Annates  de  VObservatoire  de  Paris,  Tome  XX).  Tisserand  devotes 
considerable  space  to  these  theories,  which  are  of  high  theoretical  interest;  but 
they  are  scarcely  necessary  to  the  continuity  of  the  present  work,  and  we  content 
ourselves  with  the  foregoing  special  cases. 

The  work  of  Newton,  Callandreau  and  Tisserand  shows  not  only  the 
correctness  of  the  theory  that  the  orbits  of  comets  are  subject  to  transformation, 
but  also  the  special  circumstances  under  which  it  may  arise.  Newton  concludes 
his  memoir  with  the  following  analysis  of  probability :  "  If  in  a  certain  interval 
of  time,  a  thousand  million  comets  arrive,  in  parabolic  orbits,  passing  nearer  to  the 
Sun  than  to  Jupiter,  126  among  them  will  be  transformed  into  ellipses  of  which 
the  time  of  revolution  T  will  be  less  than  \T  ,  the  half  period  of  the  revolution 
of  Jupiter;  for  839  we  shall  have  T  <  T  ;  for  1701  T  <  %T  ,  and  finally 
for  2670  we  shall  have  T  <  27"."  Tisserand  remarks  that  if  the  orbit  of  a 
comet  is  not  transformed  at  a  single  approach  to  Jupiter,  it  may  finally  result 
from  several  such  approaches.  This  conclusion  is  fully  verified  from  another  point 
of  view  by  Darwin's  researches  on  Periodic  Orbits,  Acta  Math.,  XXI,  pp.  168-169. 
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§  93.    Tisserand's  Discussion  of  the  Elements  of  the  Comets  of  Jupiter's  Group. 

Tisserand  gives  the  accompanying  table  of  the  elements  of  the  comets  of 
the  Jupiter  group  (Mecanique  Celeste,  Tome  IV,  p.  205).  As  usual  a  denotes 
the  semi-axis  major;  i  the  inclination;  m  -  SI  the  angular  distance  from  the 
node  to  the  perihelion;  I  the  longitude  of  the  point  of  the  orbit  which  is  nearest 
to  the  orbit  of  Jupiter;  a  (I  +  e)  and  a  (1  — e)  the  aphelion  and  perihelion 
distances,  respectively;     a   the  numerical  value  of  Tisserand's  criterion,  always 


Name  of  Comet 

Apparition 

a 

i 

v-Q, 

I 

o(l+e) 

o(l-e) 

a 

»,  —  I 

Encke 

1795 

2.21 

o 

14 

182° 

335° 

4.09 

0.33 

0.580 

0 

+  2 

Blanpain* 

1819 

2.85 

9 

350 

247 

4.82 

0.88 

0.555 

0 

Helfenzrieder* 

1766 

2.93 

8 

177 

80 

5.45 

0.41 

0.487 

-  9 

Tempel 

1873 

3.00 

13 

185 

125 

4.65 

1.35 

0.571 

+    1 

Barnard* 

1884 

3.08 

5 

301 

126 

4.84 

1.32 

0.567 

0 

De  Vico 

1844 

3.10 

3 

279 

162 

5.02 

1.18 

0.556 

+   1 

Tempel-Swift 

1869 

3.11 

5 

106 

223 

5.16 

1.06 

0.544 

0 

Brorsen 

1846 

3.14 

31 

13 

283 

5.62 

0.66 

0.475 

+  13 

WlNNECKE 

1858 

3.14 

11 

162 

113 

5.50 

0.79 

0.512 

-17 

Lexell* 

1770 

3.16 

2 

224 

184 

5.66 

0.66 

0.500 

-  8 

Tempel 

1867 

3.19 

6 

125 

60 

4.82 

1.56 

0.570 

-   4 

PlGGOTT* 

1783 

3.26 

45 

354 

233 

5.05 

1.47 

0.487 

-  3 

Barnard* 

1892 

3.41 

31 

170 

it 

5.40 

1.43 

a 

it 

Brooks* 

1886 

3.41 

13 

177 

53 

5.49 

1.33 

0.533 

-  3 

Spitaler* 

1890 

3.44 

13 

13 

228 

5.06 

1.82 

%i 

" 

D' Arrest 

1851 

3.44 

14 

175 

153 

5.71 

1.17 

0.519 

-10 

Tuttle* 

1858 

3.52 

20 

26 

0 

5.88 

1.16 

0.505 

+  21 

FlNLAY 

1886 

3.54 

3 

316 

205 

6.09 

0.99 

0.502 

-17 

Wolf 

1884 

3.58 

25 

173 

210 

5.58 

1.58 

0.518 

-11 

Biela 

1772 

3.58 

17 

213 

268 

6.16 

1.00 

0.491 

+  22 

Holmes* 

1892 

3.62 

21 

12 

14 

5.11 

2.14 

" 

" 

Brooks 

1889 

3.67 

6 

344 

185 

5.39 

1.95 

0.556 

-    3 

Faye 

1843 

3.81 

11 

201 

209 

5.94 

1.68 

0.52'.  I 

+  21 

*  Denotes  that  only  one  apparition  of  the  comet  has  been  observed. 


about  0.5;  on  =  m  +  180°  is  the  longitude  of  the  aphelion.  It  will  be  seen  that 
the  residuals  in  the  column  a,  —  I  usually  are  quite  small ;  which  shows  that  the 
comets  have  been  captured  by  Jupiter,  and  have  since  had  their  aphelia  shifted 
but  slightly.  Finally,  the  first  column  gives  the  name  of  the  comet,  and  the 
second  the  year  of  its  appearance;  while  the  star  indicates  that  the  comet  has 
been  seen  at  but  one  return.  After  giving  this  table  Tisserand  draws  from  it 
the  following  conclusions : 

"  (1)  All  these  comets  are  direct,  and  their  orbits  but  little  inclined  to  the 
ecliptic:  the  mean  of  the  inclinations  =  14°  ;  the  parabolic  comets,  on  the  con- 
trary, are  as  often  retrograde  as  direct. 
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"  (2)  The  aphelion  distances  differ  but  little  from  the  mean  distance  of 
Jupiter  from  the  Sun.     ■ 

"  (3)     Eighteen  of  the  values  of    as  —  SI   are  equally  close  to  0°  or  180°. 

"  The  relation  of  the  preceding  comets  to  Jupiter  appears  to  be  beyond  doubt." 

He  remarks  that  if  one  inquires  why  some  have  appeared  but  once,  while 
others  recently  discovered  have  been  observed  at  successive  returns,  an  answer 
is  furnished  by  what  happened  to  the  first  comet  of  1770,  which  was  investigated 
by  Lexell.  This  early  investigator  remarked  that  in  1767  and  in  1779  it  passed 
near  Jupiter,  and  that  in  consequence  of  the  action  of  that  planet  its  perihelion 
distance  was  decreased,  so  that  it  became  visible  and  passed  near  the  earth  in  1770. 
When  it  next  passed  near  Jupiter  in  1779,  the  same  attraction  again  increased  the 
perihelion  distance,  and  rendered  the  comet  invisible,  as  it  was  prior  to  1767.  As 
we  shall  see  more  fully  in  §  95,  this  hypothesis  of  Lexell,  at  the  suggestion  of 
Laplace,  was  carefully  investigated  by  Burkhardt.  His  calculations  showed 
that  in  1770  the  comet  was  moving  in  an  ellipse  with  mean  distance  of  5.06,  and 
perihelion  distance  of  2.96;  but  in  1779  the  powerful  atraction  of  Jupiter  again 
transformed  the  orbit  till  the  semi-axis  major  was  6.37,  and  the  perihelion  dis- 
tance 3.33.  This  shows  why  it  had  not  appeared  previous  to  1770,  and  has  not 
returned  since  1779.  Burkhardt  studied  the  motion  of  this  comet  as  it  moved 
in  a  hyperbola  about  Jupiter,  and  found  that  it  passed  through  the  system  of 
satellites;  without,  however,  producing  the  slightest  disturbance  in  their  motions, 
as  was  pointed  out  by  Laplace  in  the  Mecanique  Celeste,  Liv.  IX,  Chap.  Ill, 
§§  13-14.  Yet  Laplace  found  that  the  attraction  of  the  earth  had  shortened  the 
period  of  the  comet  by  2.046  days. 

In  his  review  of  this  question  Tisserand  remarks  (Mec.  CeL,  Tome  IV,  p.  206) 
that  the  same  thing  happened  to  the  Comet  Wolf  of  1884;  at  least  Lehmann- 
Filhes  showed  (A.N.  2953)  that  it  passed  very  near  Jupiter  in  1875,  and  suffered 
such  perturbations  as  to  increase  the  perihelion  distance  to  2.55,  which  would 
render  the  comet  invisible.  D 'Arrest  likewise  has  shown  (A.N.  1087)  that  when 
the  comet  of  Brorsen  approached  close  to  Jupiter,  the  former  perihelion  distance 
of  1.50  was  reduced  to  less  than  half,  so  as  to  give  the  present  value  of  0.66.  From 
these  phenomena  Tisserand  remarks  that  we  are  justified  in  concluding  that  the 
actual  orbits  of  the  periodic  comets  of  this  family  may  be  traced  back  to  the  action 
of  Jupiter,  by  which  they  have  been  captured. 
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§  94.    Sivaslian's  Projection  of  the  Orbits  of  the  Family  of  Comets  Belonging 

to  the  Jupiter  Group. 

In  Popular  Astronomy  for  October,  1893,  Professor  W.  W.  Payne  has  given 
a-projection  of  the  orbits  of  the  comets  of  the  Jupiter  group,  made  by  A.  G.  Sivas- 
lian  at  Goodsell  Observatory  of  Carleton  College,  Northfield,  Minnesota.  The 
statement  had  been  made  by  Professor  C.  A.  Young,  in  one  of  his  works  on  Astron- 
omy, that  if  the  orbits  of  this  family  of  comets  were  drawn  they  would  be  found 
so  interlocked  and  confused  as  to  be  unintelligible.  Sivaslian  undertook  the 
projection  of  the  orbits  at  Professor  Payne's  suggestion,  and  a  few  improvements 
in  the  diagram  were  afterwards  made  by  Dr.  H.  C.  Wilson,  the  present  Director 
of  Goodsell  Observatory.  We  give  herewith  the  diagram  of  Sivaslian,  as  slightly 
corrected  by  Dr.  Wilson;  and  the  Table  of  the  Elements  used,  though  not  greatly 
different  from  those  above  quoted  from  Tisserand,  is  also  added  for  the  sake 
of  completeness. 

This  diagram  presents  to  the  eye  an  impressive  picture  of  what  Jupiter  has 
done  for  the  comets  of  the  solar  system.  It  will  be  seen  that  these  bodies  are 
generally  thrown  within  Jupiter's  orbit,  leaving  their  aphelia  near  the  disturbing 
planet  by  which  their  paths  were  transformed.  This  must  necessarily  happen, 
since  the  sphere  of  the  planet's  influence  is  small;  and  when  a  comet  leaves  this 
sphere,  it  revolves  in  an  ellipse  about  the  Sun  and  thus  returns  to  the  place  of 
disturbance. 

But  this  lucid  diagram  gives  us  something  more  than  a  grand  illustration  of 
what  Jupiter  has  done  for  our  periodic  comets;  it  also  furnishes  us  a  magnificent 
model  of  what  goes  on  in  every  other  planetary  system  among  the  fixed  stars 
where  the  disturbing  body  has  a  similar  orbit,  distance,  and  mass-ratio  to  that 
of  Jupiter  to  the  Sun. 

And  it  is  easy  to  see  from  the  discussion  of  the  restricted  problem  of  three 
bodies,  given  in  Chapters  VIII  and  X,  that  if  the  system  be  made  up  of  two  equal 
or  comparable  stars,  the  comets  will  wander  back  and  forth  from  the  sphere  of 
activity  of  one  sun  to  that  of  the  other,  much  more  than  is  the  case  in  our  solar 
system,  with  one  body  relatively  so  small  as  Jupiter  is  found  to  be.  This  com- 
parative smallness  of  Jupiter's  mass  enables  the  sphere  of  the  Sun's  control  to 
extend  very  close  up  to  the  planet ;  and  the  whole  region  within  the  orbit  is  dom- 
inated by  the  Sun's  attraction.  Jupiter  disturbs  and  transforms  the  orbits  of 
comets  from  time  to  time,  when  they  cross  his  orbit,  but  if  they  are  once  well 
within  they  may  afterwards  revolve  in  comparative  stability.  Thus  the  region 
occupied  by  the  body  of  the  asteroids  is  one  of  essential  stability,  while  those 
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sivaslian's  projection  of  the  orbits  of  the 
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Jupiter's  family  of  Comets. 


From  a  drawing  by  A.O.  Sivaslian, 

Northfleld,  iftnn. 


Ooodsell  Observatory, 

CarUton  College. 


Via.  23.     Sivaslian's  Projection  of  the  Orbits  of  Jupiter's  Family  ok  Comets. 
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which  still  travel  across  Jupiter's  orbit  will  suffer  further  transformation  in  the 
same  way  that  the  comets  do. 

And  just  as  it  is  possible  for  Jupiter  under  unusually  favorable  conditions 
to  send  a  comet  off  on  a  parabolic  path  never  to  return  to  our  system,  so  also 
this  same  thing  might  happen  to  an  asteroid,  if  the  same  unusual  conditions  should 
arise,  of  which,  however,  the  probability  is  very  slight.  As  we  shall  see  else- 
where in  this  volume,  the  asteroids  have  been  gathered  into  the  zone  which  they 
now  occupy  mainly  by  the  action  of  Jupiter  and  of  the  resisting  medium  formerly 
pervading  the  solar  system.  Similar  zones  of  asteroids  and  families  of  comets 
may  be  supposed  to  exist  in  other  planetary  systems  having  large  planets  such 
as  Jupiter. 

If,  on  the  other  hand,  the  mass  distribution  be  double,  as  is  often  the  case 
with  double  stars,  planets  can  exist  chiefly  near  each  star,  and  the  zone  of  stability 
for  these  captured  bodies,  such  as  comets  and  asteroids,  will  be  still  nearer  to 
the  two  suns  composing  the  system.  So  far  as  we  can  see,  all  the  orbits  which 
wind  about  from  one  star  to  the  other  will  be  temporary  and  non-periodic;  so 
that  a  rapid  series  of  changes  will  occur,  till  the  small  bodies  are  brought  perma- 
nently under  the  control  of  one  star  or  the  other.  When  stable  motion  thus 
becomes  possible,  a  system  of  planets  may  develop,  just  as  systems  of  satellites 
have  developed  about  our  planets  in  the  solar  system.  If,  however,  the  binary 
orbit  is  very  eccentric,  the  stability  of  such  planetary  systems  would  be  greatly 
endangered,  and  probably  orbits  of  a  permanent  and  orderly  character  could 
be  developed  only  very  near  each  mass. 

The  elements  used  by  Sivaslian  in  working  out  the  accompanying  diagram, 
and  given  in  the  table,  were  believed  to  be  complete  in  1893,  but  some 
additional  members  of  the  Jupiter  group  have  been  discovered  since.  Professor 
R.  T.  Crawford,  of  the  University  of  California,  has  kindly  sent  the  author  the 
following  list  of  additional  members  of  the  Jupiter  group: 


1896  d  (Giacobini) 
1896  g  (Perrine) 
1904  e  (Borelly) 
1906  e  (Kopff) 
1906  h  (Metcalf) 


Period. 
9.00  years. 
6.67  " 
7.30  " 
6.67  " 
6.89      " 


It  will  be  noticed  that  the  number  of  members  of  Jupiter's  family  thus  in- 
creases quite  rapidly;  which  is  due,  principally,  to  the  extension  of  astronomical 
research  by  an  increased  number  of  observers  using  the  superior  appliances  and 
instruments  of  our  time.     The  most  improved  methods  of  calculation  are  now 
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promptly  applied  to  the  observations  by  Leuschner,  Crawford  and  other  in- 
vestigators, and  the  theory  of  comets  is  thus  greatly  extended.  But  even  at  the 
present  time  it  cannot  be  assumed  that  we  know  more  than  a  part  of  the  comets 
which  have  been  captured  by  Jupiter.  This  known  group,  however,  is  sufficiently 
large  to  show  the  part  played  by  this  great  planet  in  the  transformation  of  the 
orbits  of  comets.  In  most  cases  the  new  members  of  Jupiter's  group  are  not 
recent  additions  to  the  solar  system,  but  had  previously  escaped  detection,  owing 
to  their  faintness  and  unfavorable  situation  with  respect  to  the  Earth.  Yet  there 
are  cases  of  genuine  new  comets,  from  remote  regions  of  space,  as  well  as  of  old 
ones  whose  orbits  are  so  transformed  as  to  render  them  visible  to  observers. 

§  95.    Researches  of  Burkhardt,  Laplace  and  Leverrier  on 
Lexell's  Comet  of  1770. 

The  permanent  disappearance  of  Comet  I  1770,  discovered  on  the  night 
June  14-15,  by  Messier,  at  Paris,  and  at  first  taken  to  be  a  part  of  the  nebula 
in  the  constellation  Sagittarius,  but  subsequently  found  to  be  a  comet,  and 
carefully  investigated  by  Lexell,  the  friend  and  associate  of  Euler,  in  St.  Peters- 
burg, and  found  to  revolve  in  an  elliptic  orbit  with  a  period  of  5.585  years,  justly 
excited  the  wonder  of  astronomers,  and  has  therefore  been  the  subject  of  several 
profound  researches,  of  which  we  shall  give  a  brief  account.  When  nearest  the 
Earth,  July  1,  1770,  the  nucleus  had  an  angular  diameter  of  80",  and  the  tail  ex- 
tended 2°  23',  or  nearly  five  times  the  Moon's  apparent  diameter;  and  the  dis- 
tance was  then  only  2,315,200  kilometers  (1,324,500  miles),  about  five  and  a  half 
times  the  distance  of  the  Moon.  The  comet  was  lost  in  the  Sun's  rays  July  4th, 
but  again  found  on  August  4th,  and  observed  till  October  3d,  when  the  distance 
became  so  great  that  it  was  rendered  invisible  in  the  small  telescopes  then  in 
use.  Its  orbit  about  the  Sun  was  sensibly  disturbed  by  the  attraction  of  the 
Earth,  and  Laplace  has  calculated  (Mecanique  Celeste,  Liv.  IX,  Chap.  II,  §  13) 
that  the  period  of  the  comet's  revolution  was  thus  diminished  by  2.046  days; 
and,  as  the  Earth's  motion  was  not  disturbed  by  so  much  as  2". 8,  he  found  that 
the  mass  of  the  comet  was  less  than  ^  of  that  of  the  Earth. 

When  the  comet  failed  to  reappear,  in  accordance  with  the  orbit  computed 
by  Lexell,  which  was  carefully  confirmed  by  other  calculators,  great  surprise 
was  expressed  by  astronomers;  but  Lexell  remarked  that  this  body  had  passed 
very  near  Jupiter  in  1767,  and  again  in  1779,  and  that  the  path  had  probably 
been  greatly  transformed  by  the  disturbing  action  of  that  great  planet,  which 
could  thus  make  the  comet  visible  in  1770,  and  again  render  it  invisible  after  1779. 
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Such  a  daring  hypothesis  as  this  could  not  be  accepted  without  a  critical  inquiry 
based  on  exact  calculation;  and  the  perturbations  of  Lexell's  Comet  in  its  en- 
counters with  Jupiter  was,  therefore,  proposed  as  a  prize  subject  by  the  Paris 
Academy  of  Sciences. 

At  the  suggestion  of  Laplace,  who  had  developed  the  theory  of  such  an 
encounter,  from  a  method  first  outlined  by  D'Alembert  {Opuscules,  Tome  VI, 
p.  304),  Burkhardt  undertook  the  investigation,  won  the  prize,  and  at  the  same 
time  confirmed  the  sagacious  suggestion  of  Lexell  (cf.  Memoirs  of  the  Paris 
Academy,  1806,  pp.  20  el  seq.).  Burkhardt  found  that  the  comet  had  entered 
the  sphere  of  Jupiter's  attraction  January  18.358,  1767,  and  quitted  it  at  noon 
on  May  9,  1767,  thus  remaining  under  the  domination  of  the  planet  for  a  period 
of  110.642  days,  and  describing  about  it  an  hyperbola  with  semi-axis  major  of 
—  0.0220462,  and  eccentricity  of  1.86220.  The  period  of  revolution,  after  the 
first  encounter  with  Jupiter,  was  found  to  be  2050.095  days;  and  when  entering 
Jupiter's  control  the  second  time,  in  1779,  2042.682  days.  The  hyperbola  de- 
scribed about  Jupiter  in  1779  had  a  semi-axis  major  of  —  0.0205086,  and  an  eccen- 
tricity of  1.26586. 

In  the  second  encounter,  the  comet  had  come  under  Jupiter's  control  June 
20,  at  midday,  and  quitted  his  sphere  of  activity  on  October  3.9320,  after  an 
interval  of  105.932  days.  Burkhardt  found  the  perihelion  distance  after  1779 
to  be  3.3346,  which  has  been  substantially  confirmed  by  later  investigators;  and 
this  accounts  for  the  comet's  failure  to  reappear. 

This  celebrated  comet  was  afterwards  very  carefully  investigated  by  Leverrier 
(Comptes  Rendus,  Tome  XIX,  p.  559;  Tome  XXV,  pp.  561,  917,  and  Tome  XXVI; 
also  in  Annates  de  I'Observatoire  de  Paris,  Tome  III).  Clausen,  Brunnow,  and 
others,  have  also  studied  its  motion  and  they  agree  with  Leverrier  that  the 
comet  is  not  identical  with  any  other  known  body,  and  is  now  lost.  The  peri- 
helion distance  prior  to  1767  Burkhardt  had  found  to  be  5,  with  a  semi-axis 
major  of  13;  but  Leverrier  showed  the  latter  to  have  been  less  than  5.  When 
D'Arrest  examined  Burkhardt's  manuscript  he  found  an  accidental  error 
which  brought  his  work  into  substantial  agreement  with  that  of  Leverrier 
(cf.  A.N.  1087). 

The  accompanying  diagram  represents  the  general  aspects  of  the  orbits 
of  Lexell's  Comet  before  and  after  its  encounters  with  Jupiter.  At  the  points 
of  nearest  approach  to  Jupiter  the  relative  orbit  is  always  concave  to  the  planet; 
but  as  the  distance  increases  it  finally  becomes  only  slightly  so,  since  the  velocity 
of  approach  under  the  Sun's  attraction  was  sufficient  to  carry  it  through  the 
region  near  the  planet  in  an  hyperbola,  about  Jupiter  as  the  center  of  attraction. 


196  TRANSFORMATIONS    OF    THE    ORBIT    OF    LEXELL'S    COMET,    1767-1779. 


wimj 


Janl8,17C7 


Fig.  24.     Diagram    Showing   the   Transformations   of  the  Orbit  of  Lexell's  Comet,  1767-1779. 
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For  further  details  concerning  this  comet  the  reader  may  consult  also  Professor 
Poor's  valuable  memoir:  "Researches  as  to  the  Identity  of  the  Periodic  Comet 
of  1889-1896-1903  (Brooks)  with  the  Periodic  Comet  of  1770  (Lexell)"  {Con- 
tributions from  the  Observatory  of  Columbia  University,  No.  22,  1904). 

In  concluding  his  account  of  Lexell 's  Comet  (Mecanique  Celeste,  Liv.  IX, 
Chap.  Ill,  §  14),  Laplace  justly  remarks:  "It  follows,  from  the  calculations  of 
the  preceding  chapter,  that  this  comet  passed  directly  through  the  space  where 
Jupiter  and  his  satellites  were  then  situated:  and  yet  it  does  not  appear  that  the 
comet  produced  the  slightest  alteration  in  the  motion  of  these  bodies." 

"It  not  only  happens  that  the  comets  do  not  trouble  the  motions  of  the  planets 
and  satellites,  by  their  attractions;  but  if,  in  the  immensity  of  past  ages,  some  of 
the  comets  have  encountered  them,  which  is  very  probable,  it  does  not  seem  that  the 
shock  can  have  had  much  influence  on  the  motions  of  the  planets  and  satellites.  It 
is  difficult  not  to  admit  that  the  orbits  of  the  planets  and  satellites  were  nearly 
circular  at  their  origin,  and  that  the  smallness  of  their  ellipticity,  as  well  as  their 
common  direction  from  west  to  east,  depend  upon  the  primitive  state  of  the 
planetary  system.  The  action  of  the  comets,  and  their  impact  upon  those  bodies, 
have  not  varied  these  phenomena;  yet  if  one  of  them,  with  a  mass  equal  to  that 
of  the  Moon,  should  encounter  the  Moon,  or  a  satellite  of  Jupiter,  there  is  not 
the  least  doubt  that  it  would  render  the  orbit  of  the  satellite  very  eccentric.  As- 
tronomy also  presents  to  us  two  other  phenomena,  which  seem  to  date  their  origin 
from  that  of  the  planetary  system,  and  which  would  have  been  altered  by  a  very 
small  shock.  We  here  allude  to  the  equality  in  the  rotatory  motions  of  the  Moon, 
and  the  librations  of  the  three  inner  satellites  of  Jupiter.  It  is  evident,  from  the 
formulas  explained  in  the  fifth  book  and  in  the  preceding  book  that  the  shock 
of  a  comet,  whose  mass  was  only  ^  part  of  that  of  the  Moon,  would  be  suffi- 
cient to  give  a  very  sensible  value  to  the  actual  libration  of  the  Moon,  and  to  that 
of  the  satellites.  We  may,  therefore,  rest  assured  relative  to  the  influence  of  the 
comets,  and  astronomers  have  no  reason  to  fear  that  their  action  can  impair  the 
accuracy  of  astronomical  tables." 


§  96.     Poor's  Researches  on  Comet  1889  V  (Brooks). 

In  a  series  of  important  researches,  beginning  in  1889  and  extending  well 
into  the  nineties,  Professor  Charles  Lane  Poor,  then  of  Johns  Hopkins  Uni- 
versity, now  of  Columbia  University,  New  York,  devoted  a  number  of  years  to 
the  critical  investigation  of  Comet  1889  V,  which  had  been  discovered  by  Brooks, 
at  Geneva,  New  York,  July  6,  1889.     It  had  been  found  to  have  a  period  of  about 
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seven  years,  and  Chandler  had  shown  that  in  1886  it  passed  so  near  to  Jupiter 
that  the  orbit  was  entirely  changed  by  the  encounter  with  that  giant  planet; 
the  previous  orbit  having  been  quite  large,  with  a  period,  he  believed,  of  about 
twenty-seven  years.  It  was  at  first  inferred  that  the  transformation  of  the  orbit 
was  similar  to  that  which  happened  to  Lexell's  Comet  in  1767;  in  fact,  that 
this  was  a  return  of  the  long-lost  comet  of  Lexell,  and  it  was  often  referred  to 
as  the  Lexell-Brooks  Comet. 

But  Dr.  Poor's  profound  investigation  —  one  of  the  most  remarkable  in 
the  annals  of  Astronomical  Science  —  finally  led  him  to  the  conclusion  that  Comet 
1889  V  (Brooks)  was  not  identical  with  the  lost  comet  of  Lexell,  though  the 
original  orbit  prior  to  the  encounter  with  Jupiter  in  1886  was  somewhat  similar. 
Poor's  calculations  were  verified  by  the  reappearance  of  the  comet  in  1896,  near 
its  predicted  place,  and  by  the  second  reappearance  in  1903,  so  that  the  supposed 
identity  with  Lexell's  Comet  was  abandoned.  The  accompanying  illustrations 
of  the  way  in  which  Comet  1889  V  was  transformed  by  Jupiter  have  been  calcu- 
lated and  drawn  by  Dr.  Poor,  and  are  sufficiently  remarkable  to  interest  every 
one  who  follows  the  results  obtained  in  the  sublime  Science  of  Celestial  Mechanics. 
Few  results  are  more  astonishing  than  the  transformations  here  brought  out, 
and  they  will  always  be  reckoned  among  the  most  beautiful  achievements  of 
modern  Astronomy. 

When  nearest  Jupiter,  Poor  showed  that  the  path  was  an  hyperbola  passing 
between  the  planet  and  the  first  satellite,  and,  indeed,  somewhat  within  the  orbit 
of  Barnard's  Satellite  V.  Yet  no  derangement  of  the  motions  of  any  of  these 
satellites  occurred,  unless  it  was  that  of  the  Fifth,  which  had  not  yet  been  dis- 
covered. This  absence  of  disturbance  of  the  Galilean  satellites  showed  that  the 
comet's  mass  is  insensible.  As  the  comet  described  an  arc  of  95°  about  the  planet, 
at  about  the  same  distance  as  the  Fifth  Satellite,  without  any  known  derangement 
of  its  motion,  the  mass  probably  is  so  rare  that  it  would  interpose  but  little  re- 
sistance to  so  small  a  body  as  the  Fifth  Satellite. 

The  accompanying  diagram  illustrates  Dr.  Poor's  calculation  of  the  comet's 
path  through  the  satellite  system.  Jupiter  has  an  oblateness  of  ^  (cf.  A.N. 
3670,  p.  405),  and  this  ellipticity  of  the  planet's  figure  exercises  a  considerable 
influence,  and  must  be  carefully  taken  account  of  in  tracing  the  comet's  path 
back  through  the  appulse  with  Jupiter  in  1886.  The  slight  uncertainty  in  the 
exact  path  when  very  near  Jupiter  and  troubled  by  the  effect  of  the  oblateness 
is  the  principal  source  of  doubt  as  to  the  identity  with  Lexell's  Comet  of  1770. 

In  A.N.  4321  Dr.  Gustav  Deutschland  has  reinvestigated  this  problem 
of  evaluating  the  effect  of  the  planet's  oblateness,  by  improved  mathematical 
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Fig.  25.     Poor's  Relative  and  Actual  Orbit  of  Comet  1880  V  (Brooks),  about  Jupiter,  1886. 
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Fig.  26.      Transformation    of   the    Orbit   of   Comet    1889    V  (Brooks)  by   the   Encounter 

with  Jupiter,  July  20,  1886. 
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Fi(i.    27.     Poor's    Hyperbolic   Orbit    of    Comet    1889   V    (Brooks)    through   the   System   of 

Jupiter's  Satellites. 
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methods,  and  is  led  to  the  conclusion  that  after  all  the  Comet  1889  V  (Brooks) 
may  well  be  identical,  with  that  of  Lexell.  There  is  an  appreciable  difference 
between  the  hyperbolic  elements  found  by  Poor  and  those  found  by  Deutsch- 
land,  as  will  be  seen  in  the  following  table  (cf.  A.  N.  4321,  p.  7)  : 


Poor. 

DEUTSCHLAND 

d       b     m 

>ch  1886,  July  18  12  0 

d        tl     n 

1886  July  18  12  0 

*■  =  282°  37  56."l 

282°  33  55.7 

ft  =  254  32  10.8 

254  27  14.9 

i  =    61  28  21.2 

61  29  31.6 

e  =      1.0112997 

1.0123784 

v  =      0.0082420 

0.0095846 

N  =  -0.0149655 

-0.0173187 

Deutschland  finds  that  the  perijovium  of  the  orbit  of  the  comet  had  a 
declination  of  only  26°  28',  and  thus  the  path  was  approximately  symmetrical 
with  respect  to  the  spheroid  of  Jupiter.  The  distance  of  the  comet  on  July  20d  7h 
22m.2  he  finds  to  have  been  only  1.14  equatorial  radii  of  the  planet,  or  30,000 
kilometers  within  the  orbit  of  Satellite  V.  During  a  two-hour  interval,  in  this 
region  of  close  proximity  to  Jupiter,  the  comet  swept  over  an  arc  of  95°. 

Professor  Poor  first  pointed  out  the  necessity  of  the  determination  of  the 
effects  of  the  oblateness  of  figure  on  the  comet's  path  in  the  immediate  vicinity 
of  the  planet;  and  the  work  of  Deutschland,  carried  out  in  accordance  with 
that  suggestion,  has  now  given  the  theory  of  the  motion  of  this  comet  a  greater 
degree  of  accuracy  and  interest  than  that  of  any  other  comet  yet  investigated. 


§  97.     Spheres  of  Activity  of  the  Planets. 

It  was  first  pointed  out  by  D'Alembert  in  his  Opuscules  (Tome  VI,  p.  304) 
that  a  planet  may  be  supposed  to  have  a  sphere  of  activity  within  which  the 
relative  motion  of  a  passing  comet  may  be  regarded  as  affected  only  by  the  planet's 
attraction,  while  the  Sun  acts  merely  as  a  disturbing  body.  The  radius  of  this 
sphere  of  activity  depends  on  the  mass  of  the  planet,  and  its  distance  from  the 
Sun;  and  the  limit  fixed  by  Laplace  has  been  generally  adopted  by  astronomers. 
Let  r  and  r1  be  the  radii  vectores  of  the  planet  and  comet  referred  to  the  center  of 

the  Sun;   then  the  Sun's  action  on  the  planet  will  be  proportional  to    -2    and 

that  of    the  planet  on  the  comet  proportional  to     , ,  _  y  •       When  the  comet 

is  without  the  sphere  of  activity  of  the  planet  (cf.  Laplace,  Mecanique  Celeste 

1  tnf 

Liv.  IX,  Chapter  II,  §  10),  the  quantity    p    must  greatly  exceed    „  _   ,3  •      But 
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when  the  comet  is  within  the  planet's  sphere  of  activity  the  disturbing  action 
of  the  Sun  upon  the  planet  and  comet  is  proportional  to 

1        1       (/  -  r)      (f  +  r) 


r1      /J  rV 


/ 


And  when  /   is  nearly  equal  to  r,   or 


r1  +  r 


is  nearly  equal  to  2,  this  disturbing 


2  (V  —  r)        2  (V  —  r) 

action  becomes       v  v    '  =  — ^— j — -  >     very  nearly.    This  supposes  that  the  ex- 
pression        .        is  very  small  compared  to  ,^m_   .3>    or 


2  .        mf  m!       .  2  (/  -  r) 

r1'  (/  -  r)a  "  (/  -  r)1  '         i* 


(260) 


And  this  proportion  gives 


r'  - 


■r  =  9  =  »"xl2m 


^ 


(261) 


This  is  the  radius  of  the  planet's  sphere  of  activity,  according  to  Laplace's  method, 

by  which    ,,m_  .„  is  taken  to  be  a  mean  proportional  between  -2  and         . — -  • 

Leverrier  has  developed  somewhat  more  fully  Laplace's  original  conception 
of  a  sphere  of  activity  for  each  planet.  Tisserand  treats  the  theory  and  gives 
the  following  numerical  values  (Mecanique  Celeste,  Tome  IV,  p.  201)  for  the  several 
members  of  the  solar  system,  the  semi-axis  major  of  the  Earth's  orbit  being  unity: 


Radius  of  Sphere 

Radius  of  Sphere 

of  Activity. 

9 

0.001 

of  Activity. 

9 

0.322 

Mercury 

Jupiter 

Venus 

0.004 

Saturn 

0.363 

The  Earth 

0.006 

Uranus 

0.339 

Mars 

0.004 

Neptune 

0.576 

The  relatively  larger  spheres  of  activity  of  the  outer  planets  is  to  be  explained 
by  the  feebleness  of  the  Sun's  attraction  at  that  great  distance.  It  thus  appears 
that  Neptune  has  the  largest  of  all  the  spheres  of  activity;  yet  as  Jupiter  is  so 
much  nearer  the  Sun  it  exerts  the  leading  influence  in  transforming  the  orbits 
of  bodies  such  as  comets  and  asteroids,  because  a  planet  such  as  Neptune  is  so 
far  away  that  few  bodies  come  near  enough  to  enter  his  sphere  of  activity,  while 
in  the  case  of  Jupiter  the  chance  that  a  body  will  enter  the  sphere  of  his  influence 
in  revolving  around  the  Sun  is  always  considerable. 
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§  98.     On  the  Division  and  Disintegration  of  Comets. 

Closely  connected  with  the  sphere  of  activity  of  the  planets  is  another  re- 
lated question  of  great  importance,  namely,  the  disintegration  of  comets  and 
the  production  of  meteoric  swarms.  This  enables  their  nebulosity  to  be  scattered 
over  the  solar  system,  so  as  to  offer  resistance  to  the  motions  of  the  planets  and 
satellites,  and  thus  act  as  a  resisting  medium.  Now  disintegration  depends 
primarily  on  tidal  action  in  the  cometary  mass;  and  is  thus  directly  as  the  square 
of  the  radius  of  the  comet,  and  mass  of  the  Sun  or  planet,  as  the  case  may  be 
and  inversely  as  the  cube  of  its  distance.  For  the  most  important  term  in  the 
tide-generating  potential  is 

7=^VC0S       3A  (262) 

where  9  is  the  distance  of  the  disturbing  body,  m  its  mass,  and  r  the  radius  of 
the  comet,  in  the  body  of  which  the  tide  is  raised,  and  z  the  angle  between  r  and  9. 

This  tendency  to  the  disruption  of  comets  will  become  quite  considerable 
when  they  pass  close  to  large  bodies  like  the  Sun  and  Jupiter,  since  the  comet 
has  so  little  mass  that  it  is  practically  powerless,  by  virtue  of  the  feeble  attraction 
on  its  own  particles,  to  resist  disruption.  Accordingly  it  is  in  this  way  that  we 
are  to  explain  the  observed  disruption  of  comets  after  they  have  passed  near  the 
Sun  or  Jupiter.  As  the  comets  revolve  in  eccentric  orbits  and  thus  come  near 
the  sun,  there  is  a  tendency,  in  the  course  of  ages,  for  all  comets  to  become  grad- 
ually disrupted,  and  their  matter  more  or  less  diffused  over  the  solar  system, 
where  it  acts  as  a  slight  resisting  medium  to  retard  the  motions  of  revolving  bodies. 
This  subject  has  been  especially  investigated  by  Kirkwood  and  Schiaparelli, 
and  more  recently  by  Callandreau  and  Tisserand. 

Callandreau  suggests  that  the  "comet  groups"  have  arisen  in  this  manner; 
also  that  Jupiter's  family  of  comets  has  been  greatly  multiplied  by  this  process 
of  breaking  up.  Perturbations  would  in  time  separate  the  elements  of  the  frag- 
ments still  more  widely,  and  give  the  appearance  of  separate  bodies  moving  in 
neighboring  orbits.  In  several  cases,  the  comets  have  been  observed  to  be  divided, 
with  nuclei  traveling  in  parallel  orbits,  but  so  far  separated  that  they  could  not 
again  become  united  under  the  feeble  power  of  their  mutual  gravitation.  Un- 
doubtedly the  number  of  comets  in  a  family  has  thus  been  greatly  increased.  The 
connection  of  this  process  of  disintegration  with  the  production  of  meteoric  swarms 
is  generally  recognized.  It  was,  in  fact,  pointed  out  as  long  ago  as  December, 
1861,  by  Kirkwood,  who  showed  in  the  Danville  Quarterly  Review,  that  the  di- 
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vision  of  Biela's  Comet  observed  in  1845-6  (cf.  Clerke's  History  of  Astron- 
omy During  the  Nineteenth  Century,  pp.  96-97)  was  the  logical  outcome  of  a 
general  process  in  nature.  With  prophetic  foresight  he  asked:  "May  not 
our  periodic  meteors  be  the  debris  of  ancient  but  now  disintegrated  comets, 
whose  matter  has  become  distributed  round  their  orbits?"  (cf.  Nature,  Vol.  VI, 
p.  148). 

It  was  not  felt  to  be  surprising  that  the  matter  in  the  tails  of  comets  should  be 
permanently  lost  to  the  nucleus  by  the  repulsive  forces  emanating  from  the  Sun ; 
but,  rather,  that  the  heads  also  should  have  suffered  disintegration  and  diffusion 
along  the  orbit,  yet  this  was  fully  explained  by  tidal  action  in  masses  with  such 
feeble  power  of  resistance.  Thus  in  time  a  swarm  becomes  diffused  over  the  whole 
path,  and  constitutes  a  ring  or  girdle,  such  as  that  producing  the  August  meteors. 
On  this  account  Leverrier  recognized,  in  1867,  that  the  Perseids  constitute  an 
older  swarm  than  the  Leonids.  The  late  Miss  Clerke  has  discussed  these  prob- 
lems in  an  interesting  and  lucid  manner  in  her  well-known  History  of  Astronomy 
During  the  Nineteenth  Century,  pp.  323-340.  The  following  is  her  suggestive 
account  of  the  observed  disruption  of  Biela's  Comet  (loc.  cit.  p.  96) :  "  The  re- 
turn of  the  same  body  in  1845-6  was  marked  by  an  extraordinary  circumstance. 
When  first  seen,  November  28,  it  wore  its  usual  aspect  of  a  faint  round  patch 
of  cosmical  fog;  but  on  December  19,  Mr.  Hind  noticed  that  it  had  become  dis- 
torted somewhat  into  the  form  of  a  pear;  and  ten  days  later,  it  had  divided  into 
two  separate  objects.  This  singular  duplication  was  first  perceived  at  New  Haven, 
in  America,  December  29,  by  Messrs.  Herrick  and  Bradley,  and  by  Lieutenant 
Maury,  at  Washington,  January  13,  1846.  The  earliest  British  observer  of  the 
phenomenon  (noticed  by  Wichmann  the  same  evening  at  Konigsberg)  was  Pro- 
fessor Challis.  'I  see  two  comets!'  he  exclaimed,  putting  his  eye  to  the  great 
equatorial  of  the  Cambridge  Observatory  on  the  night  of  January  15;  then, 
distrustful  of  what  his  senses  had  told  him,  he  called  in  his  judgment  to  correct 
their  improbable  report  by  resolving  one  of  the  dubious  objects  into  a  hazy  star. 
On  the  23d,  however,  both  were  again  seen  by  him  in  unmistakable  cometary 
shape,  and  until  far  on  in  March  (Otto  Struve  caught  a  final  glimpse  of  the 
pair  on  the  16th  of  April),  continued  to  be  watched  with  equal  curiosity 
and  amazement  by  astronomers  in  every  part  of  the  northern  hemisphere. 
What  Seneca  reproved  Ephorus  for  supposing  to  have  taken  place  in  373  B.C. 
—  what  Pingre  blamed  Kepler  for  conjecturing  in  1618  —  had  then  actually 
occurred  under  the  attentive  eyes  of  science  in  the  middle  of  the  nineteenth 
century!" 
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§  99.     Researches  of  Newton,  Adams  and  Schiaparelli  on  the 
■  Origin  of  the  November  Meteors. 

Shortly  before  the  great  star  shower  of  November,  1866,  the  problem  of  the 
probable  periodicity  of  these  displays  was  subjected  to  a  most  searching  exam- 
ination by  several  eminent  astronomers,  but  especially  by  Professor  H.  A. 
Newton,  of  Yale  University,  Professor  Schiaparelli,  of  Milan,  and  Pro- 
fessor J.  C.  Adams,  of  Cambridge,  England.  These  showers  of  stars  had  been 
recorded  by  miscellaneous  chroniclers  since  the  classic  period,  and  during  the 
nineteenth  century  a  systematic  search  of  old  records  was  made  by  Edward 
Biot,  Quetelet,  Humboldt,  Newton,  and  others,  with  the  result  that  a  regular 
periodicity  was  established.  On  November  12,  1799,  a  remarkably  brilliant 
shower  was  witnessed  by  Humboldt  and  Bonpland,  in  South  America.  The 
account  given  in  Humboldt's  Travels,  Vol.  I,  pp.  351-353,  runs  thus:  "The 
night  of  the  11th  of  November  was  cool  and  extremely  fine.  From  half  after 
two  in  the  morning,  the  most  extraordinary  luminous  meteors  were  seen  in  the 
direction  of  the  east.  M.  Bonpland,  who  had  risen  to  enjoy  the  freshness  of 
the  air,  perceived  them  first.  Thousands  of  bolides  and  falling  stars  succeeded 
each  other  during  the  space  of  four  hours.  Their  direction  was  very  regular 
from  north  to  south.  They  filled  a  space  in  the  sky  extending  from  due  east  30° 
to  north  and  south.  In  an  amplitude  of  60°  the  meteors  were  seen  to  rise  above 
the  horizon  at  E.N.E.  and  at  E.,  to  describe  arcs  more  or  less  extended,  and  to 
fall  towards  the  south,  after  having  followed  the  direction  of  the  meridian.  Some 
of  them  attained  a  height  of  40°,  and  all  exceeded  25°  or  30°.  There  was  very 
little  wind  in  the  low  regions  of  the  atmosphere,  and  that  little  blew  from  the 
east.  No  trace  of  clouds  was  to  be  seen.  M.  Bonpland  states  that,  from  the 
first  appearance  of  the  phenomenon,  there  was  not  in  the  firmanent  a  space 
equal  in  extent  to  three  diameters  of  the  moon,  which  was  not  filled  with  bolides 
and  falling  stars  every  instant.  The  first  were  fewer  in  number,  but  as  they 
were  of  different  sizes,  it  was  impossible  to  fix  the  limit  between  these  two  classes 
of  phenomena.  All  these  meteors  left  luminous  traces  from  five  to  ten  degrees 
in  length,  as  often  happens  in  the  equinoctial  regions.  The  phosphorescence 
of  these  traces,  or  luminous  bands,  lasted  seven  or  eight  seconds.  Many  of  the 
falling  stars  had  a  very  distinct  nucleus,  as  large  as  the  disc  of  Jupiter,  from  which 
darted  sparks  of  vivid  light.  The  bolides  seem  to  burst  as  by  explosion;  but 
the  largest,  those  from  1°  to  1°  15'  in  diameter,  disappeared  without  scintillation, 
leaving  behind  them  phosphorescent  bands  (trabes)  exceeding  in  breadth  fifteen 
or  twenty  minutes.     The  light  of  these  meteors  was  white  and  not  reddish,  which 
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must  doubtless  be  attributed  to  the  absence  of  vapour  and  the  extreme  trans- 
parency of  the  air.  For  the  same  reason,  within  the  tropics,  the  stars  of  the 
first  magnitude  have,  at  their  rising,  a  light  decidedly  whiter  than  in  Europe." 

"Almost  all  the  inhabitants  of  Cumana  witnessed  this  phenomenon,  because 
they  had  left  their  houses  before  four  o'clock,  to  attend  the  early  morning  mass. 
They  did  not  behold  these  bolides  with  indifference;  the  oldest  among  them  re- 
membered that  the  great  earthquakes  of  1766  were  preceded  by  similar  phe- 
nomena. The  Guaiqueries  in  the  Indian  suburb  alleged  'that  the  bolides  began 
to  appear  at  one  o'clock;  and  that  as  they  returned  from  fishing  in  the  gulf,  they 
had  perceived  very  small  falling  stars  towards  the  east.'  They  assured  us  that 
igneous  meteors  were  extremely  rare  on  those  coasts  after  two  o'clock  in  the 
morning. 

"The  phenomenon  ceased  by  degrees  after  four  o'clock,  and  the  bolides  and 
falling  stars  became  less  frequent;  but  we  still  distinguished  some  to  northeast 
by  their  whitish  light,  and  the  rapidity  of  their  movement,  a  quarter  of  an  hour 
after  sunrise."  (Humboldt's  Personal  Narrative  of  Travels  to  the  Equinoctial 
Regions  of  America,  translated  by  Ross,  Bohn's  Library,  London,  1852). 

These  lucid  observations  of  Humboldt,  made  at  Cumana,  Venezuela,  are 
almost  identical  with  the  accounts  I  have  often  heard  my  Father,  the  Honorable 
Noah  See  (1815-1890),  give  of  the  meteoric  shower  of  November  12,  1833,  as 
it  was  observed  by  him  in  the  mountains  of  Virginia.  He  was  at  the  time  on  a 
hunting  expedition,  camping  under  the  open  sky,  and  about  two  o'clock  in  the 
morning  of  the  12th  the  shower  was  noticed  to  be  in  full  progress,  and  so  brilliant 
that  the  meteors  illuminated  the  sky  and  seemed  to  fill  it  as  completely  as  a  storm 
of  snowflakes  frequently  do  the  air.  Although  my  Father,  Grandfather,  and 
their  party  witnessed  the  display  with  entire  equanimity,  recognizing  from  the 
first  that  it  was  of  cosmical  origin,  it  frightened  the  negroes  so  badly  that  they 
believed  the  end  of  the  world  had  come. 

The  researches  of  Professor  H.  A.  Newton,  in  1864,  verified  the  prediction 
of  Olbers  that  a  shower  would  occur  in  1866  or  1867,  and  the  conclusions  of  the 
astronomers  were  in  due  time  verified  by  the  phenomena.  The  shower  was  wit- 
nessed in  Europe  on  November  13,  1866,  but  was  not  conspicuous  in  America; 
while  on  the  same  date  the  following  year,  the  display  was  brilliant  enough  to 
excite  general  public  interest  in  America,  but  was  scarcely  noticeable  in  Europe. 
When  the  period  for  the  next  expected  display  came  around  in  1899  and  1900, 
interest  was  alive  to  the  expected  event,  but  it  almost  failed  to  appear.  No 
conspicuous  display  occurred  on  either  continent.  Whether  the  falling  off  in 
the  brilliancy  of  these  showers  in  1866  and  1899,  compared  to  those  of  1799  and 
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1833,  was  due  to  a  derangement  of  the  swarm  below  its  usual  path,  by  some 
two  million  miles,  as  Downing  and  Stoney  concluded  from  a  study  of  the  per- 
turbations, or  to  a  gradual  wasteage  of  the  meteors,  cannot  yet  be  decided; 
but  the  chances  are  that  future  displays  will  be  less  brilliant  than  those  of  the 
past. 

Professor  Schiaparelli  investigated  the  meteroic  orbit  from  the  radiant 
of  the  shower  of  November  13, 1866,  and  found  that  there  was  a  relation  between 
the  orbit  of  the  shower  and  that  of  a  comet  discovered  by  Tempel  at  Marseilles, 
in  December,  1865,  and  afterwards  independently  discovered  by  Tuttle  at  the 
Naval  Observatory  in  Washington.  The  meteoric  swarm  with  a  period  of  33T 
years  was  moving  in  an  elongated  elliptic  orbit  extending  beyond  Uranus,  and 
crossing  the  orbit  of  the  Earth  at  the  point  which  our  planet  occupies  at  the  epoch 
of  the  shower. 


u  =place  of  Uranus  126  A.  D. 


Fig.  28.     Leverrier's  Theory  of  the  Capture  of  Tempel's  Comet  by  Uranus,  126  A.D. 
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RESEARCHES    ON   THE    ORIGIN   OF   THE    AUGU8T   METEORS. 


§  100.     Connection    Between    Comets   and   Meteoric    Swarms    Established    by    the 
Researches  of  Leverrier,  Oppolzer,  Schiaparelli  and  Klinkerfues. 

As  soon  as  it  became  known  that  a  comet  was  moving  in  the  same  path  as 
the  meteors,  great  interest  was  awakened  among  astronomers.  Leverrier  pre- 
sented a  very  complete  investigation  of  the  orbit  of  the  meteoric  shower  to  the 
Paris  Academy  of  Sciences,  January  21, 1867.     Oppolzer,  of  Vienna,  had  been  occu- 


Fig.  29.     Orbit  of  the  August  Meteors. 
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pied  with  a  critical  investigation  of  the  orbit  of  Tempel's  Comet,  and  on  January 
28,  1867,  published  in  the  Astronomische  Nachrichten  the  elements  at  which  he 
had  independently  arrived.  The  following  table  shows  the  elements  of  the  comet 
found  by  Oppolzer  and  of  the  meteoric  swarm  calculated  by  Leverrier.  The 
agreement  is  sufficiently  impressive  to  tell  its  own  story: 


Oppolzer. 

Leverrier. 

Period  of  Revolution 

33.18  years 

33.25  years 

Eccentricity 

0.9054  " 

0.9044  " 

Perihelion  Distance 

0.9765  " 

0.9890  " 

Inclination  of  Orbit 

162°  42' 

165°  19' 

Longitude  of  Node 

51°  26' 

51°  18' 

Longitude  of  Perihelion 

42°  24' 

Near  Node 

The  only  elements  which  differ  materially  are  the  inclinations,  and  this 
arose  from  a  defect  in  Leverrier's  assumed  position  of  the  radiant.  Adams, 
by  an  independent  calculation,  made  the  inclination  of  the  orbit  of  the  meteoric 
swarm  163°  14',  which  agreed  sufficiently  well  with  Oppolzer 's  inclination  of 
Tempel's  Comet  to  leave  no  doubt  that  the  two  bodies  were  following  the  same 
orbit  in  space.  Hence  it  was  confidently  concluded  that  the  November  meteoric 
shower  arose  from  the  earth  encountering  a  swarm  of  particles  following  Tempel's 
Comet  in  its  orbit.     The  theory  in  Fig.  28  is  from  Young's  General  Astronomy. 

Schiaparelli  had  been  occupied  with  the  August  meteors  which  have  their 
radiant  in  the  constellation  Perseus,  and  are  often  very  brilliant.  He  now 
found  the  August  meteors  to  be  moving  in  the  same  orbit  as  the  Comet  II,  of 
1862,  and  that  the  meteors  are  scattered  over  a  great  part  of  the  elliptic  path, 
which  extends  some  twenty  astronomical  units  beyond  Neptune,  the  period, 
according  to  Oppolzer,  being  124  years. 

Comparison  of  Elements  of  the  Comet  and  Meteor  Swarm. 


Oppolzer 

Schiaparelli 

Comet  II,  1862 

August  Meteors 

Perihelion  Distance 

0.9626 

0.9643 

Inclination  of  Orbit 

113°  35' 

115°  57' 

Longitude  of  Node 

137°  27' 

138°  16' 

Longitude  of  Perihelion 

344°  41' 

343°  28' 

Professor  Klinkerfues,  of  Gottingen,  observed  a  striking  display  of 
meteors,  on  November  27,  1872,  when  Biela's  Comet  was  known  to  be  near  the 
Earth,  and  on  November  30,  he  telegraphed  the  English  astronomer  Pogson,  at 
Madras:  " Biela  touched  Earth  November  27;  search  near  Theta  Centauri." 
Klinkerfues  hoped  thus  to  detect  the  "anti-radiant"  as  the  comet  receded 
from  the  Earth,  and  in  this  brilliant  idea  he  was  successful.  Bad  weather  hin- 
dered Pogson  for  a  day  and  a  half,  but  on  December  2d,  sure  enough,  he  saw 
Biela's  Comet  in  the  predicted  position. 
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COMET    FAMILIES    OF   SATURN,    URANUS    AND   NEPTUNE. 


.>•--- 


L.y       \ 

! 

^       A                  "•**"* 

\  *\  "              ' 

v  v         ; 

s\    \|       / 

7- 

A  \t  • 

.'          x> 

Fig.  30.     Diagram  of  the  Comet  Families  of  Saturn,  Uranus  and  Neptune.    The 
Inclinations  Are  Here  Neglected  (Popular  Astronomy,  December,  1909). 
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CHAPTER   X. 


Dynamical  Theory  of  the  Capture  of  Satellites  and  of  the  Division  of 
Nebulae  under  the  Secular  Action  of  a  Resisting  Medium.* 

§  101.     Introductory  Considerations. 

Highly  important  dynamical  considerations,  based  on  the  mechanical  prin- 
ciple of  the  conservation  of  areas,  in  the  form  of  a  criterion  proposed  by  Babinet, 
in  1861,  have  been  adduced  in  the  Astronomische  Nachrichten,  No.  4308,  and  in 
the  Publications  of  the  Astronomical  Society  of  the  Pacific,  No.  125,  April  1,  1909, 
to  show  that  the  planets  and  satellites  of  the  solar  system  have  never  been  detached 
from  the  central  bodies  which  now  govern  their  motions,  by  acceleration  of  rota- 
tion, as  was  supposed  by  Laplace,  and  for  a  long  time  very  generally  believed 
by  astronomers;  but,  on  the  contrary,  that  all  of  these  bodies  have  been  captured, 
or  added  from  without,  and  have  since  had  their  orbits  reduced  in  size  and  rounded 
up  under  the  secular  action  of  a  resisting  medium.  The  argument  there  set 
forth  and  reproduced  with  some  additions  in  Chapter  XV  of  this  volume  is  very 
brief,  but  sufficient  to  be  conclusive  on  the  main  points;  for  the  dynamical  rigor 
and  universal  validity  of  Babinet 's  criterion  admits  of  no  dispute,  and  the  data 
given  in  the  Table  of  Calculated  Rotation  Periods,  when  combined  with  the 
Observed  Periodic  Times,  show  such  enormous  disparity  that  it  is  clear  that 
centrifugal  force  could  not  have  been  effective  in  detaching  these  masses. 

For  the  centrifugal  force  varies  as  the  square  of  the  velocity  divided  by  the 
radius;  and  if  we  form  a  table  of  the  squared  velocities  from  the  periods  as  given 
in  A.N.  4308,  pp.  187-190,  the  radius  of  the  rotating  central  mass  being  by  hy- 
pothesis the  same  as  that  of  the  radius  vector  of  the  body  revolving  about  it, 
we  shall  find  the  differences  Rc2  —  P02  so  very  large  that  any  supposition  that 
centrifugal  force,  due  to  axial  rotation,  has  exercised   a  sensible  influence  will 

♦The  substance  of  this  chapter  was  communicated  to  the  A  ztrnrwmixche  .V achrichten  for  publication,.  May  6, 
1909,  and  the  rigorous  demonstration  of  the  capture  of  the  satellites  announced  by  a  cablegram  in  A.N.,  4323.  An 
additional  communication  was  made  to  the  Astronomical  Society  of  the  Pacific,  June  25,  1909  (c.f.  A.N.  4341-2). 
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have  to  be  abandoned.  The  efficiency  of  the  resulting  centrifugal  force,  com- 
pared to  that  which  would  detach  the  body,  would  be  measured  by  the  fraction 
y    in  the  expression 

1  _  La.  m  i  _  v  • 

which  in  all  cases  proves  to  be  quite  insignificant.  Thus,  in  the  case  of  the  inner 
ring  of  Saturn,  where  this  fraction  is  the  largest,  on  account  of  the  rapid  rotation 
of  that  planet,  the  value  of  y  never  exceeds  about  a  seventh  part ;  in  other  words, 
the  centrifugal  force,  due  to  axial  rotation,  would  have  to  be  about  seven  times 
larger  than  it  is,  in  order  to  detach  a  satellite  from  the  equator  of  Saturn,  if  the 
planet  rotated  with  its  present  moment  of  momentum,  but  the  globe  were  expanded 
to  fill  the  sphere  enclosed  by  the  inner  ring. 

One  might,  indeed,  imagine  that  the  central  bodies  have  gradually  increased 
in  mass  with  the  lapse  of  ages,  so  that  at  one  time  the  central  attraction  was  much 
less  than  at  present,  and  the  periodic  time  of  a  satellite,  therefore,  much  longer, 
corresponding  to  a  smaller  orbital  centrifugal  force  and  possibly  a  nearer  approach 
to  equality  with  the  lessened  centripetal  force  of  the  planet ;  yet  by  no  change  of 
this  kind  will  it  be  found  possible  to  establish  an  approximation  to  equality  be- 
tween the  centrifugal  and  centripetal  forces,  and  we  shall  be  compelled  to  admit 
that  Laplace's  hypothesis  is  wholly  inadmissible,  even  for  the  most  favorable 
case  in  the  solar  system. 

As  the  planets  and  satellites  have  therefore  all  been  captured  and  have  since 
had  their  orbits  reduced  in  size  and  rendered  rounder  and  rounder  by  the  secular 
action  of  the  nebular  resisting  medium  formerly  pervading  our  system,  it  be- 
comes desirable  to  indicate  somewhat  more  fully  how  this  great  transformation 
has  come  about.  In  particular,  it  becomes  advisable  to  set  forth  with  more  detail 
how  the  satellites  were  captured,  and  how  nebulae  inevitably  divide  under  the 
natural  operation  of  their  own  gravitation;  and  that,  too,  without  the  intervention 
of  the  conditions  of  fluid  equilibrium  under  hydrostatic  pressure,  as  heretofore 
very  generally  assumed  by  mathematicians. 

§  102.     Jacobi's  Integral  and  the  Equation  of  Relative  Energy. 

In  order  to  bring  out  the  effects  of  a  resisting  medium  upon  the  capture  of 
satellites  and  upon  the  division  of  nebulosity  between  rival  centers  of  attraction, 
it  is  necessary  to  recall  very  briefly  some  of  the  results  of  the  researches  of  mathe- 
maticians upon  the  Problem  of   Three  Bodies,  in  the  restricted  case  where  one 
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body  is  a  particle  and  the  other  two  revolve  in  circles  about  their  common  center 
of  gravity. 

For  the  sake  of  continuity  in  the  development  of  the  argument,  we  shall 
first  recall  very  briefly  the  required  equations  established  in  Chapter  VIII.  In  any 
system,  whatever  be  the  relative  magnitude  of  the  two  principal  bodies,  we  may 
always  adopt  a  special  system  of  units,  and  take  the  sum  of  the  masses  to  be  unity 
or  put 

M  +  m  -  1  =  (1  -  n)  +  /*  .  (263) 

And  we  may  take  the  unit  of  distance  such  that  the  space  between  the  centers 
of  gravity  of  M  and   m  shall  be  unity,  or 

a  =  Vtf  +  rn*  +  tf  +  V  =  1 ,  (264) 

where    &,%,&,  ^2    are  the  co-ordinates  of  the  centers  of  gravity  of  the  bodies 
here  assumed  to  move  in  the    ^ij-plane.     And  we  may  put  the  constant  of  attraction 

k*  =  K  ■  ttt nV  =  1  <  (2(i5) 

r       M  +  m  / 

where    r   is  the  periodic  time,  also  taken  to  be  unity. 

Now,  if  the  smaller  mass  be  placed  on  the  z-axis  at  the  initial  epoch,  and  new 
axes  (xyz),  with  the  same  origin,  be  imagined  to  rotate  at  the  same  rate  that 
the  two  bodies  1  —  /x  and  ft  revolve  in  circles  under  their  mutual  attraction 
about  the  common  center  of  gravity,  we  shall  have  the  well-known  differential 
equations  of  motion  for  the  particle 

df  dt       dx  ' 

dhi       „dx      dCl 

d¥+2dt=^'  J 

dh  =<m 

df  dz 


where 


2D -*»+«• +  *£—*>  +  ??,  (267) 

Pi  ?» 

fc.vc-^  +  y+v,,  (26g) 


?2=  V(x  -  xty  +  y*  +  z* 
Here    p,    and    &    are  the  radii  vectores  of  the  particle  referred  to  the  two  revolving 
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centers  of  attraction,  and  the  fixed  co-ordinates  are  connected  with  those  referred 
to  the  rotating  axes  by  the  relations 


■} 


I  =  x  cost  —  y  sin  / 

r]  =  x  sin  t  +  y  cos  t  ,   ^  (2(i!  t) 

t-z. 


As  ft  is  a  function  of  x,  y,  z  only  and  of  constant  quantities,  the  equations  (260) 
admit  of  an  integral,  when  they  are  successively  multiplied  by  -~  -  -~  -  -rr 
respectively,  and  the  products  added.     For  this  gives 


.a-  +  ^  +  aCLzjO  +  afi„c#  (270) 

9i  9a 

This  is  the  integral  obtained  by  Jacobi  (Comptes  Rendus  de  VAcademie 
des  Sciences,  Tome  III,  p.  61),  and,  therefore,  called  by  Dr.  G.  W.  Hill,  the 
Jacobian  Integral  (cf.  Collected  Mathematical  Works  of  G.  W.  Hill,  Vol.  I,  p. 
244) .  This  integral  V2  —  2fl  —  C  represents  the  velocity  of  the  particle  under 
the  attraction  of  the  two  bodies,  and  therefore  has  been  called  by  Lord  Kelvin 
(Philosophical  Magazine,  Vol.  34,  Nov.,  1892,  p.  447)  and  afterwards  by  Sir 
George  Darwin,  the  equation  of  relative  energy. 

§  103.     Surfaces  of  Zero  Relative  Velocity. 

The  Jacobian  Integral  V2  =  2il  —  C  ,  when  put  equal  to  zero,  gives  the 
surfaces  corresponding  to  zero  relative  velocity  of  the  particle: 

.<-2  +  u*  +  2  (1  ~  ^  +  2/X  -  C  =  0  .  (271) 

V(x  -  .rO2  +  if  +  z2      V(x  -  x,)3  +  y1  +  z* 

These  surfaces  were  first  discussed  by  Dr.  G.  W.  Hill  in  his  celebrated  "Re- 
searches in  the  Lunar  Theory"  (cf.  Hill's  Collected  Mathematical  Works,  Vol.  I, 
pp.  294-304),  but  they  have  since  been  treated  by  Poincare,  Darwin,  and  other 
mathematicians . 

The  forms  of  the  curves  on  the  co-ordinate  planes  are  easily  found  by  the 
usual  process  in  the  theory  of  surfaces.  Thus,  for  the  xy-plane,  we  put  2  =  0, 
and  have 

x*  +  y*+       2(1-^)       +  ^       _  „  c  .  (272) 

J       V(x  -  x,)2  +  <f      V(x  -  z3)2  +  y2 
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which  has  been  treated  quite  fully  by  Professor  Sir  G.  H.  Darwin  in  his  cele- 
brated memoir  on  "Periodic  Orbits"  in  the  Acta  Mathematica,  Vol.  XXI,  1897. 
If  we  put  y  =  0  ,    we  get  the  curves  on  the  zz-plane: 

«*+    /2il~t)       +        ',       »\        t..C.  (273) 

As  the  object  of  this  brief  discussion  is  to  point  out  the  practical  use  of  these 
results  in  Astronomy,  rather  than  to  examine  the  details  from  a  mathematical 
standpoint,  we  pass  at  once  to  the  curves  in  the  xy-plane  as  drawn  by  Darwin. 
These  are  given  in  Fig.  18,  p.  170.  The  two  bodies  conveniently  designated 
as    the   Sun    and    Jove,   respectively,    have   in    this    case  masses   in    the    ratio 

of  ten  to  one,  1_'i  =  7T''x==iT'  or  ^ne  sun  ^as  ^en  times  the  mass  of  the 
planet.  In  describing  the  figure  Darwin  says  (loc.  cit.,  pp.  112-113):  "An 
important  classification  of  orbits  may  be  derived  from  this  figure.  When  C  is 
greater  than  40.1821  the  third  body  must  be  either  a  superior  planet  moving 
outside  of  the  large  oval,  or  an  inferior  planet  moving  inside  of  the  larger 
internal  oval,  or  a  satellite  moving  inside  of  the  smaller  internal  oval;  and  it 
can  never  exchange  one  of  these  parts  for  either  of  the  other  two.  The  lim- 
iting case  C  =  40.1821  gives  superior  limits  to  the  radii  vectores  of  inferior 
planets  and  of  satellites,  which  cannot  sever  their  connections  with  their 
primaries. 

"When  C  is  less  than  40.1821  but  greater  than  38.8760,  the  third  body 
may  be  a  superior  planet,  or  an  inferior  planet  or  satellite,  or  a  body  which 
moves  in  an  orbit  which  partakes  of  the  two  latter  characteristics;  but  it  can 
never  pass  from  the  first  condition  to  any  of  the  latter  ones. 

"When  C  is  less  than  38.8760  and  greater  than  34.9054,  the  body  may 
move  anywhere  save  inside  of  a  region  shaped  like  a  horse-shoe.  The  distinction 
between  the  two  sorts  of  planetary  motion  and  the  motion  as  a  satellite  ceases  to 
exist,  and  if  the  body  is  started  in  any  one  of  these  three  ways  it  is  possible  for 
it  to  exchange  the  characteristics  of  its  motion  for  either  of  the  two  other 
modes. 

"When  C  is  less  than  34.9054  and  greater  than  33,  the  forbidden  region 
consists  of  two  strangely  shaped  portions  of  space  on  each  side  of  SJ. 

"  Lastly,  when  C  is  equal  to  33,  than  which  it  cannot  be  less,  the  forbidden 
regions  have  shrunk  to  a  pair  of  infinitely  small  closed  curves  enclosing  the  third 
angles  of  a  pair  of  equilateral  triangles  erected  on  SJ  as  a  base." 

If  we  consider  equation  (271),  we  see  that  when   z  =  0,    and    x    and    y   are 


216  SURFACES  OF  ZEKO  RELATIVE  VELOCITY. 

small,  the  first  and  second  terms  become  relatively  insignificant,  and  there  only 

remains 

*-*  .  *»  .  <L  _ ,  .  l^Lt  + 1 ;  (274) 

V(x  -  *,)■  +  y*  +  V(x  -  xty  +  y*      2  9,'     +  9,' 

which  shows  that  the  surfaces  approximate  equipotential  surfaces  about  the  two 
masses  1  —  y*  and  /*.  In  like  manner,  if  y  =  0,  and  x  and  z  are  small,  equa- 
tion (273)  gives 

j.  m  C  1  -  /*      m  9    . 


V(x  -  x,)2  +  z2      V(z  -  x8)2  +  z2      2  ?1"         0/ 

Thus  we  see  that  the  curves  on  the  xz-plane  are  similar  to  those  on  the  xy-plane, 
and  both  resemble  equipotential  surfaces.  For  small  values  of  the  co-ordinates 
the  surfaces  of  relative  energy  are  nearly  symmetrical  about  the  axis  of  x,  and 
may  be  produced  approximately  by  revolving  the  curves  in  the  xy-plane  about 
the  axis  SJ. 

In  tri-dimensional  space  these  surfaces  of  zero  velocity  are  suspended  like 
narrow  curtains  from  an  asymptotic  cylinder  with  radius  equal  to  Vc;  for  as 
z*  increases  indefinitely  equation  (271)  approaches  the  limit  x2  +  y2^  C,  and 
the  radius  of  the  asymptotic  cylinder  therefore  is  Vc,  as  was  long  ago  pointed 
out  by  Dr.  Hill. 

We  need  not  here  dwell  on  the  outer  parts  of  the  above  figure,  which  have 
been  fully  discussed  by  Hill,  Darwin,  Poincare,  and  others;  but  shall  invite 
attention  to  the  interior  region,  where  the  surfaces  are  closed  about  each  body, 
or  run  together  in  the  form  of  an  hour-glass  or  pear-shaped  figure  with  equal  or 
unequal  bulbs,  according  as  the  masses  1  —  /a  and  /x  are  equal  or  unequal, 
respectively.  In  the  general  case  they  are  unequal;  but  as  numerous  systems 
of  double  stars  have  a  comparatively  equable  distribution  of  mass,  this  special 
case  is  deserving  of  some  attention. 

Now,  as  to  the  form  of  the  closed  and  connected  surfaces  of  the  hour-glass 
or  pear-shaped  figure  in  tri-dimensional  space,  it  is  sufficient,  as  already  remarked, 
to  imagine  the  inner  parts  of  Darwin's  Fig.  1,*  up  to  C  =  38.88,  revolved  about 
the  x-axis  coinciding  with  SJ;  and  then  imagine  the  surfaces  of  revolution  very 
slightly  flattened  in  the  direction  parallel  to  the  3-axis,  to  take  into  account  the 
small  distortion  due  to  centrifugal  force  incident  to  revolution  of  the  system  in  the 
xy-plane.  For  the  surface  211  —  C  =  0  involves  the  rotation  potential,  and 
is  not  quite  the  same  in  all  directions,  but  a  little  larger  in  the  plane  of  motion. 

Thus  we  see  that  the  two  bodies  have  separate  closed  folds  around  each 
center  of  attraction,  and  besides  a  series  of  pear-shaped  or  hour-glass  surfaces  about 

*  This  is  our  Fig.  18,  page  170,  to  which  the  reader  is  referred. 
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both  bodies;  and,  moreover,  these  surfaces  are  symmetrical  about  the  x-axis, 
coinciding  with  SJ,  except  for  the  effects  of  rotation,  which  makes  these  sur- 
faces a  little  flattened  in  the  direction  parallel  to  the  2-axis.  The  effect  of 
distortion  on  these  otherwise  symmetrical  surfaces  is  quite  analogous  to  the  flat- 
tening of  figures  of  equilibrium  of  rotating  masses  of  fluid.  The  figures  of  equi- 
librium assumed  by  a  mass  of  incompressible  fluid  when  subjected  to  the  mutual 
gravitation  of  its  particles  and  endowed  with  a  rotatory  motion,  have  been 
studied  by  mathematicians  for  more  than  two  centuries,  and  of  late  years  have 
been  especially  investigated  by  Poincare  and  Darwin,  by  the  most  powerful 
methods  of  modern  mathematical  analysis.  These  eminent  mathematicians  and 
others  have  established  the  existence  of  a  series  of  pear-shaped  figures  of  equi- 
librium for  a  rotating  mass  of  fluid,  with  striking  resemblance  to  the  surfaces 
here  discussed.  The  calculation  of  the  figures  of  equilibrium,  however,  is  more 
difficult  than  that  of  the  energy  surfaces,  because  in  a  fluid  mass  under  its  own 
gravitational  attraction,  the  forces  of  each  element  contribute  to  the  shaping  of 
the  figure  of  the  mass,  and  the  figure  in  turn  determines  the  intensity  of  the  forces 
tending  to  modify  the  fluid  surface;  whereas  in  the  case  of  the  energy  surfaces 
the  attractive  forces  may  be  regarded  practically  as  centered  in  two  points,  since 
the  non-sphericity  of  the  figures  of  the  masses  may  generally  be  neglected. 

§  104.     How  a  Particle  May  Move  About  S  and  J  Separately  and  Collectively. 

The  nature  of  the  surfaces  closed  about  each  body  separately  and  about  the 
two  collectively  is  now  clear,  and  as  we  have  shown  that  these  closed  surfaces  are 
nearly  symmetrical  about  the  line  SJ  in  all  directions  in  space,  it  is  evident  that, 
for  particles  confined  within  these  folds,  the  motion  in  tri-dimensional  space  will 
be  essentially  similar  to  that  of  a  particle  moving  in  the  xy-plane.  Thus  Darwin's 
classification  of  orbits,  just  given  in  §  103,  becomes  applicable  to  all  motion  in  which 
C  is  greater  than  38.88,  and  practically  for  all  motion  in  which  C  is  less  than 
34.91,  when  we  disregard  the  outer  parts  of  the  figure,  as  not  here  under  consid- 
eration. 

Accordingly,  it  is  clear  that  a  particle,  with  C  less  than  38.88,  may  move 
about  the  two  bodies  separately,  pass  freely  from  one  space  to  the  other,  and 
around  both  together;  or  again  it  may  move  about  either  of  the  two  bodies  sepa- 
rately and  go  between  them  in  such  a  way  that,  as  it  quits  the  control  of  S,  it 
may  pursue  a  retrograde  path  about  J. 

Darwin  has  discussed  this  motion  in  a  characteristically  lucid  manner  as 
follows :     "  Being  ignorant  of  the  nature  of  the  orbits  of  which  I  was  in  search,  I 
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determined  to  begin  by  a  thorough  examination  of  one  case.  It  seemed  likely  that 
the  most  instructive  results  would  be  obtained  from  cases  in  which  it  should  be 
possible  for  an  inferior  planet  and  satellite  to  interchange  their  parts.  Now,  when 
C  is  greater  than  38.8760  but  less  than  40.1821,  the  two  inferior  ovals  of  the  curve 
of  zero  velocity  coalesce  into  the  shape  of  an  hour-glass,  and  thus  interchange  of 
parts  is  possible.  I  therefore  began  by  the  consideration  of  the  case  where  C  is 
39,  and  traced  a  large  number  of  orbits  which  start  at  right  angles  to  SJ,  and 
in  some  cases  I  also  traced  the  orbit  with  reference  to  axes  fixed  in  space. 

"The  two  curves  which  represent  the  orbit  in  space  and  with  reference  to 
the  moving  plane,  contain  a  complete  solution  of  the  problem. 

"  For  if  the  curve  on  the  moving  plane  be  drawn  as  a  transparency,  and  if  the 
Sun  in  the  two  figures  be  made  to  coincide,  and  if  the  transparent  figure  be  made 
to  revolve  uniformly  about  the  Sun,  the  intersection  of  the  two  curves  will  give 
the  position  of  the  body  both  in  time  and  place. 

"  In  order  to  exhibit  this  I  show  in  Fig.  2  a  certain  orbit  with  reference  to 
axes  fixed  in  space  and  also  the  same  orbit  referred  to  rotating  axes.  In  the  former 
figure  the  simultaneous  positions  of  the  planet  and  of  Jove  are  joined  by  dotted 
lines.  It  is  interesting  to  observe  how  the  body  hangs  in  the  balance  between 
the  two  centers,  before  the  elliptic  form  of  the  orbit  asserts  itself,  as  the  body 
approaches  the  Sun. 

"  This  figure,  and  others  of  the  same  sort,  are  instructive  as  illustrating  the 
usual  sequence  of  events  in  orbits  of  this  class. 

"  If  a  planet  be  started  to  move  about  the  Sun  in  an  orbit  of  a  certain  degree 
of  eccentricity,  it  will  at  first  move  with  more  or  less  exactness  in  an  ellipse  with 
advancing  perihelion.  But  as  the  aphelion  approaches  conjunction  with  Jove 
the  perturbations  will  augment  at  each  passage  of  the  aphelion.  At  length  the 
perturbation  becomes  so  extreme  that  the  elliptic  form  of  the  orbit  is  entirely  lost 
for  a  time,  and  the  body  will  either  revert  to  the  Sun,  or  it  will  be  drawn  off  and 
begin  a  circuit  round  Jove.  In  either  case  after  the  approximate  concurrence  of 
aphelion  with  conjunction,  the  orbit  will  have  lost  all  resemblance  to  its  previous 
form. 

"The  Fig.  2  exhibits  the  special  case  in  which  the  body  only  makes  a  single 
circuit  round  Jove,  and  where  the  heliocentric  elliptic  orbit  before  and  after  the 
crisis  has  the  same  form;  the  perihelion  has,  however,  advanced  through  twice 
the  angle  marked  w  on  the  figure.  In  general  the  body  would,  after  parting  from 
the  Sun,  move  several  times  round  Jove  until  a  concurrence  of  apojove  with  con- 
junction produced  a  severance  of  the  connection,  but  in  the  figure  this  concur- 
rence happens  after  the  first  circuit.     If  the  neck  of  the  hour-glass  defining  the 
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Fia.  31.     Darwin's    Fig.  2,  Showing    Okbit   of   Particle  Passing  from  Jove  to  the  Sun 

(Acta  Mathematica,  Vol.  XXI,  p.   169). 


220  NON-PERIODIC    OKBITS    PASSING    FROM    JOVE    TO   THE    SUN. 

curve  of  zero  velocity  be  narrow,  the  body  may  move  hundreds  of  times  round  one 
of  the  centers  before  its  removal  to  the  other."  (cf.  "Periodic  Orbits,"  pp. 
168-170). 

§  105.     Non-Periodic  Orbits  Parsing  from  Jove  to  the  Sun. 

Without  going  into  the  details  of  the  nature  of  this  movement,  or  into  the 
laborious  numerical  processes  by  which  the  paths  have  been  calculated  by  Darwin, 
we  may  reproduce,  in  Fig.  32,  one  of  his  most  interesting  figures  showing  some  of 
the  non-periodic  paths  extending  from  Jove  to  the  Sun. 

These  cases  are,  of  course,  ideal  and  somewhat  arbitrary,  with  the  masses 
always  in  the  ratio  of  10  to  1,  and,  therefore,  with  the  planet  relatively  about  100 
times  larger  than  any  found  in  the  solar  system;  but  they  throw  a  flood  of  light 
upon  the  processes  at  work  in  actual  nature. 

In  the  passage  partially  quoted  above  ("  Periodic  Orbits  "  pp.  170-171),  Darwin 
concludes  his  discussion  as  follows: 

"  It  seems  likely  that  a  body  of  this  kind  would  in  course  of  time  find 
itself  in  every  part  of  the  space  within  which  its  motion  is  confined.  Sooner 
or  later  it  must  pass  indefinitely  near  either  to  the  Sun  or  to  Jove,  and  as  in  an 
actual  planetary  system  those  bodies  must  have  finite  dimensions,  the  wanderer 
would  at  least  collide  with  one  of  them  and  be  absorbed.  We  thus  gain  some 
idea  of  the  process  by  which  stray  bodies  are  gradually  swept  up  by  the  Sun  and 
planets. 

"  It  might  be  supposed  that  all  possible  orbits  for  any  value  of  C  will  pass 
through  a  similar  series  of  changes  and  that  the  bodies  which  move  in  them  will 
be  thus  finally  absorbed.  Lord  Kelvin  is  of  opinion  that  this  must  be  the  case, 
and  that  all  orbits  are  essentially  unstable.  This  may  be  so  when  sufficient  time 
is  allowed  to  elapse,  but  we  shall  see  later  that,  even  when  the  hour-glass  has  an 
open  neck,  there  are  still  stable  orbits,  as  far  as  our  approximation  goes.  The 
only  approximation  permitted  in  this  investigation  is  the  neglect  of  the  perturba- 
tion of  Jove  by  the  planet.  For  a  very  small  planet  the  instability  must  accord- 
ingly be  a  very  slow  process,  and  I  cannot  but  believe  that  the  whole  history  of  a 
planetary  system  may  be  comprised  in  the  interval  required  for  the  instability 
to  render  itself  manifest.  Henceforward  then  I  shall  speak  as  though  the 
stability  of  stable  orbits  were  absolute,  instead  of  being,  as  it  probably  is,  only 
approximate." 

This  work  of  Darwin  supplements  and  generalizes  in  a  most  impressive 
manner  the  work  of  astronomers  on  such  bodies  as  Lexell's  Comet  of  1770,  and 
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Fig.  32.     Darwin's  Fir;.  5,  Showing  Various   Non-periodic   Orbits  of  Particles  Passing 
from  Jovk  to  the  Sun  (Acta  Malhematica,  Vol.  XXI,  p.   177). 
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the  whole  series  of  periodic  comets,  when  they  pass  near  a  planet  such  as  Jupiter* 
It  is  scarcely  necessary  to  recall  the  early  work  of  Burkhardt  and  Laplace,  or 
the  more  modern  researches  of  Leverrier,  Adams,  Newton,  Schiaparelli, 
Callandreau  and  Tisserand,  as  this  is  well  known  to  astronomers.  But  it  may 
be  pointed  out.  that  Darwin's  results  are  beautifully  confirmed  by  the  movement  of 
Brooks'  Comet,  1889  V,  which  was  laboriously  investigated  by  Dr.  Charles 
Lane  Poor,  and  observed  in  the  places  predicted  by  him  in  1896  and  1903. 

§  106.     Part  Played  by  the  Resisting  Medium  in  the  Capture  of  Satellites. 

In  the  foregoing  discussion  of  the  surfaces  of  Zero  Relative  Velocity  and  Con- 
stant Relative  Energy,  it  is  assumed  that  all  the  motion  takes  place  in  empty  space, 
and  is,  therefore,  wholly  free  from  conditions,  or  from  any  kind  of  obstruction. 
The  differential  equations  and  the  resulting  Jacobian  Integral  rest  on  this  hypothesis. 
This  same  assumption  pervades  the  whole  Science  of  Modern  Dynamics,  and 
lies  at  the  basis  of  the  work  of  all  the  great  mathematicians  who  have  dealt  with 
the  Problem  of  Three  Bodies  and  Periodic  Orbits.  The  premise  thus  tacitly 
permeating  so  many  branches  of  Mathematical  Science  is  approximately  correct 
for  the  present  state  of  the  solar  system  and  for  short  intervals  of  time;  but  is 
false  and  incorrect  when  extended  to  the  past  history  of  our  system,  and  to  long 
intervals  of  time,  because  of  the  general  prevalence  of  a  resisting  medium  in  space, 
which  adds  a  small  additional  term  to  the  differential  equations  and  renders  the 
accepted  form  of  Jacobi's  Integral  incomplete.  Thus  the  complete  fJacobian 
Integral  might  be  taken  to  be  of  the  form 

.r2  +  y*  +  2(1-/0 2;*       =  c  (2?6) 

V(x  -  x,Y  +  ?/3  +  2s      V(x  -  x2Y  +  f  +  z1 

the  additional  term  of  secular  character,  which  we  call  at,  representing  the  average 
rate  of  increase  of  the  constant  of  relative  energy,  as  the  particle  revolves  against 
resistance  and  steadily  drops  nearer  and  nearer  to  the  centers  of  attraction.  The 
resisting  medium  with  the  lapse  of  ages  has  exercised  the  greatest  influence  in 
modifying  the  orbits  of  the  heavenly  bodies;  and  even  now  it  is  only  in  excep- 
tional cases  that  this  cause  has  wholly  disappeared  from  our  solar  system  or  from 
the  other  similar  systems  existing  in  the  sidereal  universe. 

*  There  is,  however,  one  considerable  difference  between  the  motion  of  a  comet  such  as  Lexei.l's,  and  that  of 
the  infinitesimal  satellites  considered  by  Dakwin;  namely,  the  satellites  move  in  a  rotating  space,  with  periods 
which  make  it  possible  for  them  to  pass  easily  from  Sun  to  planet  and  vice  versa,  while  the  comet's  period  usually 
is  considerably  shorter  th»n  that  of  the  planet,  and  the  orbit  does  not  rotate,  except  slowly  under  the  perturba- 
tive  action  of  the  planet. 

t  Neglecting  the  effect  of  the  resisting  medium  upon  the  planet's  mean  distance,  which  is  diminished  but 
little  compared  to  the  much  greater  decrease  in  the  mean  distance  of  the  particle. 
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Let  us  now  ascertain  what  modification  in  the  ideal  results  of  pure  Dynamics 
is  required  to  take  account  of  this  neglected  physical  cause,  and  see  if  the  inference 
just  drawn  is  justifiable. 

(1).  In  the  first  place,  we  notice  the  familiar  result,  that  when  a  body  re- 
volves about  the  Sun  or  about  a  planet,  wholly  within  the  closed  folds  of  the 
surfaces  of  zero  velocity,  the  resisting  medium  decreases  the  instantaneous  velocity 
at  every  point  of  the  orbit,  and,  as  the  central  attraction  remains  unchanged, 
the  path  therefore  curves  more  rapidly  than  it  otherwise  would  have  done,  and 
the  result  is  that  the  body  falls  nearer  the  centers  of  attraction.  This  effect 
was  known  in  the  time  of  Newton,  for  the  case  of  a  single  central  body,  and 
applied  by  him  to  the  great  comet  of  1680,  which  passed  so  near  the  surface  of 
the  Sun,  and  was  supposed  to  have  suffered  some  resistance  from  the  Sun's  at- 
mosphere. The  decrease  in  the  mean  distance  of  all  the  planets  due  to  resistance 
was  distinctly  recognized  by  Euler,  in  1749  (cf.  Phil.  Trans.,  1749,  pp.  141-142, 
and  a  paper  by  the  author  on  Euler's  Remarks  in  A.N.  4334).  But  the 
secular  decrease  in  the  eccentricity  seems  to  have  been  first  established  by  Laplace, 
in  1805,  in  Lib.  X,  Chap.  VII,  §  18,  of  the  Mecanique  Celeste.  In  A.N.,  4308, 
the  writer  has  shown  that  this  is  the  true  origin  of  the  remarkable  circularity 
of  the  orbits  of  the  planets  and  satellites  of  the  solar  system. 

(2).  If  such  results  follow  for  the  resisted  particle  when  it  moves  within 
the  closed  surfaces  near  either  body,  it  is  obvious  that  a  similar  result  will  take 
place  when  the  particle  circulates  within  the  hour-glass  or  pear-shaped  space 
enclosing  both  bodies.  For  when  the  particle  has  its  instantaneous  velocity 
diminished  by  resistance,  it  will  drop  nearer  the  attracting  center  or  centers.  This, 
of  course,  really  increases  the  velocity,  because  the  constant  of  relative  energy 
is  greatest  near  the  bodies  and  decreases  as  we  go  outward,  as  shown  in  Darwin's 
Fig.  1.  Therefore  we  may  say  generally  that  resistance  causes  the  particle  to 
drop  nearer  and  nearer  one  or  both  masses,  and  thus  it  may  finally  pass  within 
the  closed  folds  about  one  or  the  other  of  the  two  bodies,  and  acquire  in  time  a 
constant  of  relative  energy  such  that  it  can  never  escape  from  these  regions, 
in  which  the  control  is  vested  in  a  single  mass. 

(3).  Therefore,  it  follows  that  when  our  Moon  is  once  safely  under  the  con- 
trol of  the  Earth  (cf.  Hill's  Collected  Mathematical  Works,  Vol.  I,  pp.  297-301), 
and  the  other  satellites  of  the  several  planets  are  under  their  respective  controls, 
they  must  forever  remain  within  these  folds  or  closed  surfaces,  and  their  radii 
vectores  will  have  superior  limits.  As  far  back  as  1877  Hill  remarked  that 
this  condition  is  fulfilled  by  all  existing  satellites  of  the  solar  system,  and  was 
necessary  for  their  stability  (cf.  "Researches  in  the  Lunar  Theory,"  Hill's  Col- 
lected Works,  Vol.  I,  p.  297). 
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(4).  But  it  does  not  follow,  as  Professor  F.  R.  Moulton  and  others  have 
erroneously  claimed  (cf.  Astrophysical  Journal,  Vol.  XXII,  No.  3,  October,  1905, 
pp.  177-178),  in  the  case  of  Phoebe,  that  because  these  satellites  are  now  safely 
under  control  of  their  several  planets,  and  cannot  escape,  so,  also,  conversely, 
they  can  never  have  come  to  the  planets  from  a  remote  distance.  In  such  reason- 
ing the  effects  of  the  resisting  medium  is  wholly  neglected,  and  this  completely 
invalidates  all  the  argument  based  on  the  false  premise  that  space  is  empty  and 
the  motion  of  the  satellite  unconditioned,  according  to  the  ideal  conceptions  of 
pure  Dynamics.  This  example  affords  us  a  good  illustration  of  the  improve- 
ment which  may  result  in  the  equations  of  Dynamics  from  their  application  to 
the  motions  of  the  heavenly  bodies,  under  the  actual  conditions  of  Nature. 

In  order  to  leave  no  possible  doubt  of  the  entire  rigor  of  the  theory  here 
developed,  it  seems  advisable  to  introduce  some  additional  considerations.  For 
it  might  be  held  by  those  who  look  at  the  problem  from  a  purely  mathematical 
point  of  view  that  as  Jacobi's  Integral  applies  only  to  the  case  of  free  motion 
under  purely  gravitational  attraction  in  empty  space,  the  resisting  medium  violates 
the  conditions  on  which  the  integral  is  based;  or  that  the  differential  equations 
would  thus  become  quite  different,  and  the  integral  given  by  Jacobi  have  no 
application.  The  following  simple  considerations  will  show  that  this  criticism, 
should  it  be  seriously  entertained  by  anyone,  is  quite  devoid  of  foundation. 

Suppose  the  whole  time  from  t0  to  tt  to  be  divided  into  an  infinite  series 
of  infinitesimal  intervals  tx  =  U  —  t0  ,  t2  =  t2  —  tx  ,  t3  =  £,  —  t2  ,  r4  =  t4  —  t3  , 
....  t,  =  ti  —  ti_l  which  may  be  made  less  than  any  assignable  quantity  how- 
ever small.  Then,  during  the  intervals  with  odd  subscripts,  rt ,  r9  ,  r»  ,  .  .  .  .  t„ 
we  may  suppose  the  space  where  the  bodies  are  moving  to  be  entirely  empty,  and 
no  resistance  of  the  motion  will  occur.  The  above  differential  equations  and  the 
resulting  Jacobian  Integral  will,  therefore,  hold  rigorously  true  during  these  intervals. 
And  for  any  interval  rv  there  will  be  the  appropriate  surfaces  of  relative  energy 
and  of  zero  relative  velocity.  During  the  other  intervals,  with  even  subscripts, 
t"2  ,  Ti  ,  t6  ,  .  .  .  .  t„+,  ,  we  may  suppose  all  the  resistance  to  occur,  and  in  these 
intervals  we  may  imagine  the  Hill  surfaces  to  disappear;  just  as  if  the  view  of 
them  was  illuminated  by  a  rapidly  succeeding  series  of  flash  lights,  the  circuit  being 
broken  and  the  lights  put  out  every  time  a  collision  with  a  particle  began,  but 
closed  and  the  lights  restored  the  instant  the  collision  ceased.  As  the  nebulosity  in 
space  is  supposed  to  be  made  up  of  cosmical  dust,  conceived  as  a  discontinuous 
granular  medium,  with  absolutely  free  space  between  the  particles,  this  arrange- 
ment corresponds  precisely  with  the  actual  conditions  in  Nature. 

Accordingly  in  looking  at  the  diagram  of  such  a  system,  we  should  not  see 
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a  continuous  series  of  Hill  surfaces,  but  a  rapidly  succeeding  series  of  flashes 
of  them,  so  close  together  in  time  that  they  would  make  an  impression  upon  the 
retina  of  the  eye  which  would 'be  almost  if  not  quite  absolutely  continuous.  When 
the  illumination  is  restored  as  rapidly  as  the  successive  particles  are  encountered 
in  space,  the  image  of  the  Hill  surfaces  would  be  not  only  continuous  to  the  eye, 
but  also  very  nearly  so  to  the  mind.  If  we  watched  these  surfaces,  as  they  are 
flashed  before  us  for  a  long  time,  placing  beneath  our  projected  image  of  them  a 
fixed  reseau  representing  these  surfaces  as  they  were  at  the  initial  epoch,  t0 ,  we 
should  at  length  perceive  that  they  were  undergoing  a  slight  secular  shrinkage. 
The  resistance  could,  of  course,  be  supposed  to  be  so  small,  or  so  distributed  in 
the  system  that  it  exerted  little  or  no  influence  on  the  motion  of  a  heavy  body 
like  the  planet  Jove. 

Thus  the  theory  of  the  secular  shrinkage  of  the  surfaces  of  relative  energy 
•  and  of  zero  relative  velocity,  under  the  action  of  a  discontinuous  resisting  medium, 
is  established  with  all  possible  mathematical  accuracy.  And  in  adding  the  secular 
term  to  Jacobi's  original  integral,  we  have  made  no  approximation  whatsoever, 
but  represented  the  actual  phenomena  of  Nature,  with  all  the  rigor  of  the  Infini- 
tesimal Calculus.  For,  without  doubt,  the  heavenly  bodies  generally  are  resisted 
in  their  orbital  revolutions  by  the  widespread  diffusion  of  nebulosity,  in  the  form 
of  discontinuous  cosmical  dust,  throughout  the  celestial  spaces,  and  the  secular 
effect*  of  the  continued  action  of  this  medium  is  essentially  that  set  forth  above. 

§  107.     How  the  Motions  of  the  Satellites  Become  Retrograde. 

From  the  results  indicated  in  A.N.  4308,  and  the  foregoing  considerations, 
we  see  how  all  the  planets  and  satellites  have  been  captured  —  the  former  now 
revolving  under  the  control  of  the  Sun  as  superior  or  inferior  planets,  the  latter 
drawn  down  very  close  to  the  several  planets,  where  alone  stable  motion  is 
possible.  The  great  preponderance  of  the  Sun's  control  is  due  to  its  larger 
mass;  but  small,  closed  surfaces  exist  about  each  planet,  and  in  the  case 
of  Jupiter,  Saturn,  Uranus  and  Neptune,  these  surfaces  are  of  considerable  size. 

If  our  system  was  once  pervaded  by  a  resisting  medium,  with  an  infinite 
number  of  particles  and  a  lesser  number  of  small  bodies  circulating  everywhere 
in  the  spaces  where  the  planets  now  move,  just  as  the  comets  still  do;  then  it 
is  obvious  that  some  of  them  would  pass  continually  from  the  control  of  the  Sun 
to  that  of  these  several  planets;  and  under  the  influence  of  resistance  they  would, 
sooner  or  later,  be  captured. 


*  Further  considerations  confirming  this  conclusion  are  set  forth  at  the  close  of  §  112. 
15 
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Professor  Sir  G.  H.  Darwin  remarks  in  the  passage  above  quoted:  "If 
the  neck  of  the  hour-glass  defining  the  curve  of  zero  velocity  be  narrow,  the  body 
may  move  hundreds  of  times  round  one  of  the  centers  before  its  removal  to  the 
other."  And  if  the  dynamical  condition  imposed  by  the  resisting  medium  is  in- 
troduced, he  might  well  have  added,  a  permanent  capture  toill  result.  Thus  Jove 
would  acquire  a  real  satellite;  and  ichen  the  major  axis  and  eccentricity  of  the  orbit 
had  been  reduced  by  the  secular  action  of  the  resisting  medium  about  the  planet,  the 
orbits  of  such  bodies  would  be  similar  to  those  of  the  satellites  now  observed. 

It  is  especially  important  to  point  out  that  in  passing  from  the  Sun  to  Jove 
the  orbits  may  be  either  retrograde  or  direct;  for  the  body  may  enter  the  neck 
of  the  hour-glass  in  such  a  way  as  to  cross  over  the  line  SJ  before  coming  com- 
pletely under  Jove's  control.  In  general,  such  a  crossing  satellite  would  probably 
be  comparatively  remote  from  the  planet.  But  if  it  should  come  nearer  to  the 
planet,  where  most  of  the  satellites  have  direct  motion,  in  the  denser  revolving 
vortex  of  nebulosity  about  the  central  nucleus,  the  chances  are  that  it  would 
not  survive,  but  in  time  be  precipitated  upon  the  planet,  or  disintegrated  into 
dust  when  it  came  within  Roche's  limit. 

Therefore  it  is  not  remarkable  that  only  two  known  retrograde  satellites  have 
survived,  while  those  with  direct  motion  are  more  than  ten  times  more  numerous. 
Nor  is  it  surprising  that  these  retrograde  satellites  are  on  the  outskirts  of  the 
systems  of  Jupiter  and  Saturn,  for  at  this  distance  from  these  centers  the  resisting 
medium  must  have  been  of  extreme  tenuity.  The  fact  that  considerable  eccen- 
tricities survive,  0.44  in  the  case  of  Jupiter  VIII,  and  0.22  in  the  case  of  Phoebe, 
both  confirms  this  mode  of  capture,  and  indicates  that  the  density  of  the  medium 
at  that  great  distance  must  have  been  quite  small. 

On  the  other  hand,  the  greater  roundness  of  the  orbits  of  the  other  satellites 
nearer  the  planets  which  revolved  in  a  denser  medium,  naturally  follows,  as  well 
as  their  direct  revolution.  It  should  not,  however,  be  concluded  that  retrograde 
motion  near  these  planets  is  wholly  excluded,  but  merely  that  the  chances  of  its 
surviving  are  very  slight. 

§  108.     Theoretical  and  Observed  Distances  of  Satellites  in  the  Solar  System. 

In  the  theory  of  the  closed  surfaces  about  the  planets  it  is  shown  that  the 
superior  limit  of  distance  for  a  satellite  which  can  just  be  retained  by  a  planet 
is  found  by  the .  condition  that  the  neck  of  the  hour-glass  figure  shall  contract 
till  the  two  separate  surfaces  meet  in  a  point  between  the  Sun  and  planet,  on  the 
line  SJ.      This  leads  to  a  quintic  equation,  which,  for  small  bodies,  such  as  those 
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in  our  solar  system,  is  shown  to  be  capable  of  reduction  to  the  simple  form  (cf. 
Darwin's  "Periodic  Orbits,"  pp.  108-109): 


9a 


1 


))*  +  g 


(277) 


where    v   is  the  mass  of  Sun  in  terms  of  the  planet's  mass  as  unity,  or  the  recip- 
rocal of  the  planet's  mass  as  ordinarily  expressed. 

The  following  table  gives  the  principal  data  for  the  planets  and  satellites 
of  the  solar  system,  and  shows  the  comparative  magnitude  of  the  closed  surfaces 
about  the  several  bodies,  and  what  parts  of  these  spaces  are  known  to  be  occupied. 
These  closed  spaces  are  not  quite  spherical,  as  one  may  notice  from  Darwin's 
Fig.  1,  reproduced  on  p.  170,  but  this  is  a  detail  which  we  need  not  dwell  on  here. 
The  value  of  .  o2   given  in  the  table  is  the  maximum  value. 

Table  of  Satellite  Distances  in  the  Solar  System. 


Planet 

Reciprocal  of 
Adopted  Mass 
(cf.  A.N.  3923) 

Satellite 

Observed 

Distance 

in  Kilometers 

Theoretical  Limit 

Constant  of 
Jacobian 
Integral 

in  Kilometers 

in  Astr.  Units 

Mercury 

14868548. 

163086. 

0.001094 

3.000072 

Venus 

408134. 

1008152. 

0.006747 

3.000776 

The  Earth 

328715. 

The  Moon 

384400. 

1497577. 

0.010013 

3.000898 

Mars 

3089967. 

Phobos 
Deimos 

9377. 
23475. 

1083118. 

0.0072419 

3.000202 

Jupiter 

1047.35 

V 

I 

II 

III 

IV 

VI 

VII 

VIII 

180936. 

421632. 

670859. 

1070067. 

1882150. 

11456800. 

1 1891000. 

27475000. 

51940750. 

0.347283 

3.038735 

Saturn 

3500.00 

Mimas 
Enceladus 
Tethys 
Dione 

Rind 

Titan 
Hyperion 
Iapetus 
Phabe 

185465. 

237942. 

294555. 

377258. 

526847. 

1221340. 

1479622. 

3559253. 

12886600. 

■  69210900. 

0.4627540 

3.017937 

Uranus 

22780. 

Ariel 
Umbriel 
Titania 
Obeton 

191312. 
266526. 
437174. 
584626. 

69637300. 

0.465605 

3.005238 

Neptune 

19313. 

Satellite 

355518. 

115234000. 

0.770473 

3.005940 
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* 

The  value  of  the  constant  in  the  Integral  of  Jacobi  could  be  determined 
by  several  methods,  but  we  shall  consider  only  the  simplest  of  the  processes, 
depending  on  the  use  of  bi-polar  co-ordinates.  The  centers  of  the  bodies  1  —  p 
and  fi  will  be  taken  as  the  poles,  and  the  radii  vectores  p,  and  ?2  the  dis- 
tances from  these  poles,  the  origin,  as  before,  being  at  the  center  of  gravity  of 
the  system.  Then,  since  the  distance  of  the  bodies  from  the  center  of  gravity 
is  inversely  as  their  masses,  it  is  evident  that  we  shall  have  O/x  =  1  —  /x  , 
0(1  —  p)  =  — fi   ;     and  the  values  of  y  referred  to  the  two  poles  are : 

„*  =  ft2  -  (x  +  tf  =  9l*-x*-2,ix-S,  I 

.y2  -  9as  -  \x-  (1  -  *)!«  =  fta  -  *"  +  2(1  -  p)x  -  (1  -  tf  .  | 

Equating  the  right  members  of  these  expressions,  we  find  2.x  =  p,2  —  9/  +  1  —  2/x. 
The  original  equations  (278)  then  give 

x2  +  ?,2  =  (1  -  m)  ?,2  +  Mft2  -  *• (1  -  #*)  J  (279) 

and  the  integral  of  Jacobi  giving  the  curves  on  the    xy-plane    becomes 

(1  -  p)  (ft»  +  £)  +  ?(tf  +  Vj  =  C  +  ,z(l  -  /x)  =  C.  (280) 

Now,  since  /u.  <  J  ,  and  the  first  term,  therefore,  is  always  positive,  this  ex- 
pression shows  that     C    is  always  greater  than    ^  ( ft2  +  -  J »     for  all  real  and 

positive  values  of  the  radii  vectores  ft  and  ft .  If  fixed  numerical  values 
of  C  be  adopted,  and  the  arbitrary  values  of  $>2  assigned,  equation  (280) 
enables  us  to  find  the  corresponding  values  of  ft  .  This  is  the  same  as  drawing 
arbitrary  circles  about  the  planet  and  calculating  the  corresponding  radii  vectores 
of  the  circles  about  the  center  of  the  Sun,  and  from  their  intersections  finding 
points  on  the  curves  traced  by  the  energy  surfaces  in  the  xy-pl&ne.  Equation 
(280)  may  be  written  in  the  form 

9i"  +  oft  +  b  =  0  , 


a  =  - +  T-^—    ft2  +  -    -  (281) 

l-/x       1-/*V  9 J 

6  =  2. 

As    ft  <  J  ,     and     C     is  greater  than     ^fft  +  -]-      a  is  always  negative;  and 

the  cubic  in  ft.  is  shown  in  the  Theory  of  Equations  to  come  under  Cardan's 
irreducible  case,  all  the  roots  being  real  and  positive,  with  the  following  trigono- 
metric solution  (cf .  Chauvenet's  Trigonometry,  p.  100) : 
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.      ,       b     I  27  .    .* 

9i.2  =  2-^J-^-si 

J 


;sm3] 


siH60°-| 


(282) 


9i,s  =  -  2, 


3-  sin  I  60°  +  3 


')•/ 


where  9lpl  ,  9li2  ,  ^.s  are  the  three  roots  of  the  cubic,  corresponding  to  the 
different  values  of  the  angle  <£  which  have  the  same  sine.  The  negative  root 
9!t3   may,  of  course,  be  neglected.     In  this  case 


4o*  >  2762  ;  or  since    b  =  2   ,    -  u8  >  27  ,  or  a  +  3  <  0  . 


(283) 


The  limit  of  this  inequality  is    a'  =  —  3  ,     and  if  we  use   this  in  the  second 
equation  of  (281),  we  have  the  extreme  values  of    p2    for  which  the  roots  are  real: 


9s"  +  a'fc  +  b'  =  0  , 

C"      3  (1  -  ,Q 

a    — -t-  


(284) 


6'  =  2  . 

If    a'  <  —  3  ,     the  roots  are  real,  and 


C    {   3  (1  -  M) 


or    C"  =  3  . 


This  is  the  minimum  value  of  C"  that  will  permit  the  curves  to  have  real  points 
in  the  xi/-plane;  and  for  these  values,  p,  =  1  ,  p2  =  1  ,  satisfy  the  equa- 
tion (280),  and  the  surfaces  just  touch  the  z?/-plane  at  the  points  which  form 
equilateral  triangles  upon  SJ  as  a  base.  It  is  easily  shown  that  when  the 
mass  fi  is  very  small,  as  is  the  case  in  the  solar  system,  we  may  expand  the 
expression  for    $>2    in  a  power  series  in    /*1/3,     namely, 

92  -  <hf>"  +  <HPm  +  a,^  .... 

For  points  on  the  x-axis  between  x2  and  xx  ,  the  coefficients  are  found 
to  be 


o,  = 


3vn 


31/3 


a,  =  - 


1 


and 


3       '       a  9  '    -  27 

<3^_(3Mr_^  > 

*-*     I    3  9  27    •  •      ■  5 

9.  =  1 


etc., 


(285) 
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Having  found  ?2  and  ?,  by  these  equations,  the  corresponding  value  of 
C"  is  found  by  (280),  which  also  gives  the  constant  of  the  Jacobian  integral 
C  —  C  —  fi  (1  —  ii).  The  formulae  for  investigating  the  details  of  the  curves 
of  zero  velocity  throughout  their  whole  course  need  not  be  given  here,  as  the 
subject  is  an  extensive  one;  they  will  be  found  in  works  on  periodic  orbits  and 
kindred  subjects. 

§  109.     On  the  Future  Search  for  New  Satellites  About  the  Planets. 

If  we  study  the  data  in  the  foregoing  table,  we  shall  perceive  that  the  closed 
surfaces  about  some  of  the  planets  are  almost  entirely  vacant,  or  so  little  trav- 
ersed by  the  known  satellites,  that  it  is  quite  probable  that  other  satellites  may 
yet  be  discovered  in  the  vacant  spaces.  In  the  case  of  Mercury  the  problem  of 
searching  for  satellites  is,  no  doubt,  hopeless,  because  of  the  smallness  of  the 
closed  space,  and  the  difficulty  of  recognizing  faint  objects  about  a  planet  so 
near  the  Sun. 

Venus  holds  out  better  prospects  of  possible  discoveries ;  for  the  closed  surface 
about  this  planet  has  more  than  twice  the  diameter  of  the  orbit  of  our  Moon,  and 
is,  therefore,  ample  for  holding  one  or  more  satellites.  As  Venus  admits  of  pro- 
longed photographic  search  when  at  elongation,  this  method  would  be  worthy 
of  trial. 

The  possible  satellites  moving  about  the  Earth,  other  than  the  Moon,  hardly 
require  discussion,  but  as  the  closed  space  beyond  the  Moon  is  very  ample,  it  is 
by  no  means  improbable  that  a  small  body  may  yet  be  found  there. 

We  next  turn  to  Mars,  and  there  we  find  a  large  closed  space,  apparently 
unoccupied,  except  by  the  small  satellites  very  near  the  planet,  which  were  dis- 
covered by  the  late  Professor  Asaph  Hall,  in  1877.  If  photography  were 
applied  to  the  outer  region  of  this  space,  when  Mars  is  very  near  the  Earth,  as 
it  has  been  this  year,  it  is  quite  possible,  and  even  probable,  that  another  faint 
body  or  two  would  be  found  to  attend  this  interesting  planet. 

In  the  case  of  Jupiter,  the  search  might  be  extended  considerably  further 
than  it  has  yet  been;  for  the  outer  half  of  the  closed  space  is  still  unoccupied  by 
any  known  satellite,  and  large  vacant  regions  exist  also  among  the  known  sat- 
ellites, especially  between  the  Fourth  and  Eighth.  Of  course,  it  does  not  follow 
that  all  the  vacant  spaces  are  really  occupied ;  neither  is  the  existence  of  pairs  of 
satellites  close  together  wholly  excluded,  as  we  see  by  the  distances  of  the  Sixth 
and  Seventh  satellites  recently  discovered  by  Perrine  at  the  Lick  Observatory. 

The  sphere  of  Saturn's  possible  domain  for  satellites  is  even  larger  than  that 
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of  Jupiter,  and  is  still  relatively  less  occupied.  New  satellites  are,  therefore, 
most  likely  to  be  found  in  this  grand  system. 

In  the  case  of  Uranus  there  is  a  large  domain  apparently  vacant  on  the  out- 
side, all  the  known  satellites  being  concentrated  quite  near  the  center.  Is  it 
not  likely  that  other  bodies  will  yet  be  found  at  greater  distance? 

Similar  remarks  apply  to  Neptune,  which,  owing  to  its  great  distance  from 
the  Sun,  has  the  largest  closed  space  of  any  of  the  planets.  As  enough  nebulosity 
was  gathered  into  these  remote  planets  to  give  them  considerable  masses,  and 
the  nebular  resistance  was  great  enough  to  round  up  their  orbits,  it  seems  almost 
certain  that  they  must  have  several  satellites  still  undiscovered.  Photography 
can  be  applied  here  with  full  effect,  and  persistent  searches  with  the  most  sensitive 
plates,  the  longest  exposures  and  most  powerful  photographic  telescopes  is  to 
be  recommended. 


§  110.     Dynamical  Theory  of  the  Division  of  Nebulae. 

That  there  is  in  Nature  a  general  dynamical  process  by  which  condensing 
nebulae  divide  into  fairly  equal  parts  and  form  double  stars  has  long  been  held 
by  the  present  writer  (cf.  Inaugural  Dissertation,  Berlin,  1892).  This  conclusion 
was  first  reached  from  the  study  of  the  brightness  and  probable  masses  of  binary 
stars  about  May,  1886;  and  in  the  latter  part  of  1889  the  double  nebulae  depicted 
by  Sir  John  Herschel,  in  the  Philosophical  Transactions  of  the  Royal  Society, 
for  1833,  were  connected  with  the  figures  of  equilibrium  or  rotating  masses  of 
fluid  investigated  by  Poincare  (Acta  Mathematica,  Vol.  VII),  and  Darwin  (Phil. 
Trans.,  Roy.  Soc,  1887).  The  belief  that  such  a  division  of  the  nebulae  takes 
place  was  necessary  to  associate  the  double  stars  with  the  nebulae  from  which 
it  was  held  they  had  arisen  by  gradual  condensation.  This  relationship  between 
the  double  stars  and  nebulae  in  process  of  division  had  been  impressed  upon  me 
from  the  forms  of  the  equipotential  surfaces  which  might  be  constructed  about 
equal  and  unequal  masses. 

At  that  time  the  nature  of  the  nebulae  was  not  very  well  understood,  and  I 
could  do  no  better  than  fall  back  on  the  figures  of  equilibrium  of  rotating  masses 
of  fluid,  calculated  by  mathematicians,  as  the  nearest  known  approach  to  the 
natural  process  of  nebular  division.  Yet  as  the  nebulae  evidently  were  not  ho- 
mogeneous, the  analogy  was  never  felt  to  be  entirely  satisfactory,  and  was  used 
only  as  a  rough  approximation  to  the  true  process  of  Nature.  I  have  long  looked 
forward  to  a  further  development  of  the  theory  of  nebular  fission.  It  was  worked 
out  last  year  along  with  other  results  on  the  origin  of  the  solar  system  (cf.  A.N., 
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4308),  but,  owing  to  severe  illness  in  the  early  part  of  this  year  (1909),  an  earlier 
opportunity  has  not  occurred  of  presenting  it  to  the  public. 

Let  us  return  to  the  figure  of  the  hour-glass  or  pear-shaped  space  about  the 
Sun  and  Jove,  remembering  that  it  is  nearly  a  figure  of  revolution  about  the  x-axis 
SJ.  Imagine  this  whole  space  filled  with  the  nebulosity  such  as  we  see  in  comets, 
or  in  the  nebulae  of  space.  This  is  conceived  to  be  an  excessively  tenuous  medium 
essentially  devoid  of  hydrostatic  pressure,  with  the  individual  particles  pursuing 
their  own  orbits  and  seldom  coming  into  collision  with  others. 

Then,  as  the  medium  will  at  length  become  densest  about  the  central  masses 
S  and  J,  it  is  evident  that  all  particles  moving  in  orbits  about  these  bodies 
will  be  confined  to  the  hour-glass  space  already  explained.  They  may  traverse 
it  in  various  ways,  but  usually  will  move  in  planes  not  departing  greatly  from 
that  of  the  circular  orbit  of  S  and  J.  Now,  as  all  move  against  resistance, 
they  will  steadily  drop  down  nearer  and  nearer  the  two  centers  of  attraction. 
In  a  moderately  short  time  many  of  the  particles  will  enter  Jove's  sphere  of  in- 
fluence to  depart  no  more,  while  still  more  will  pass  wholly  under  the  influence 
of  the  Sun.  The  rest  will  circulate  about  the  two  masses  or  pass  between  them, 
and  pursue  retrograde  orbits  about  one  center  or  the  other.  The  condensation 
at  these  centers  will  increase  steadily  owing  to  the  effects  of  resistance,  and  we 
shall  have  two  equal  or  unequal  masses,  according  to  the  original  supply  of  nebu- 
losity as  it  flows  into  these  centers. 

Usually  there  will  be  a  large  central  condensation  or  Sun  and  attendant 
planets;  but,  in  some  cases,  there  may  be  a  nearly  equal  division  of  the  nebu- 
losity, as  in  the  double  stars. 

The  distribution  of  mass  in  a  system  depends  on  initial  conditions.  If,  as 
a  nebula  coils  up  and  condenses  under  gravity,  there  is  a  considerable  companion 
nucleus  already  begun,  the  supply  of  nebulosity  may  be  such  as  to  give  a  pair 
of  nearly  equal  masses,  with  smaller  satellites  near  each  body.  In  some  cases 
there  will  be  a  single  remote  body,  and  another  closer  pair  of  stars,  as  in  triple- 
star  systems;  while  in  yet  others  the  division  will  give  quadruple  and  multiple 
stars  and  clusters  of  higher  order.  Such  equable  division  takes  place  where  the 
original  nebula  is  so  widespread  as  to  permit  the  development  of  multiple  centers 
of  attraction,  all  of  large  size  and  comparable  in  mass. 

§  111.     The  Formation  of  Double  and  Multiple  Stars  and  of  Planetary  Systems. 

It  is  evident  from  the  above  considerations  that  the  resulting  mass-ratio 
in  a  system  depends  on  the  supply  of  nebulosity  and  the  original  nuclei  already 
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begun  and  slowly  developing  in  the  nebula  when  it  was  still  of  vast  extent  and 
great  tenuity.  The  resisting  medium  operates  to  build  up  the  nuclei  already 
started,  and,  as  the  sphere  of  influence  of  each  nucleus  is  thus  extended,  the 
power  of  capturing  additional  nebulosity  steadily  increases.  In  a  system  of 
two  principal  bodies  the  planet  may,  in  some  cases,  thus  rival  the  Sun;  but,  in 
general,  the  Sun's  influence  will  predominate,  while  the  remaining  nebulosity 
will  be  divided  among  a  number  of  planets  all  comparatively  small. 

Thus  we  are  justified  in  believing  that  since  the  stars  have,  in  general,  re- 
sulted from  the  condensation  of  nebular  vortices,  or  whirlpool  nebulae,  nearly 
all  the  stars  have  systems  of  planets  circulating  about  them;  but  it  is  obvious 
that  the  double  stars  and  spectroscopic  binaries  are  the  only  attendant  bodies 
which  are  sufficiently  luminous  or  sufficiently  massive  to  be  detected,  with  our 
existing  instruments,  at  the  great  distance  of  the  fixed  stars. 

According  to  this  view  there  will  exist  in  the  heavens  all  sizes  of  attendant 
bodies  from  infinitesimal  planets,  such  as  those  observed  in  the  solar  system, 
to  double  stars  with  equal  or  comparable  companions.  In  systems  with  double 
or  multiple  distribution  of  mass,  the  planets  which  are  developed,  if  they  are  to 
continue  to  revolve  in  approximately  stable  orbits,  will  have  to  be  near  the  large 
masses,  so  as  to  keep  within  the  closed  surfaces  about  these  centers  of  attraction, 
or  at  great  distances  from  both  of  them.  Probably  both  of  these  classes  of  planets 
may  be  inferred  to  exist  in  the  immensity  of  space.  But  it  is  worth  while  to 
notice  that  in  double-star  systems  with  very  eccentric  orbits  the  regions  of  stability 
about  each  mass  is  considerably  narrowed,  because  what  corresponds  to  the  closed 
Hill  surface  is  of  extremely  variable  radius,  being  very  large  when  the  stars 
are  in  apastron  and  very  small  when  at  periastron.  The  constants  of  energy, 
if  we  may  still  use  that  expression,  for  particles  revolving  in  such  eccentric  sys- 
tems, would  thus  be  very  fluctuating,  and  the  destructive  tendency  much  greater 
than  in  systems  with  approximately  circular  orbits. 

§  112.     Analogy  Between  the  Dynamical  Division  of  a  Nebula  Under  the  Secular 

Action  of  a  Resisting  Medium  and  the  Rupture  of  the  Figure  of  Equilibrium 

of  a  Rotating  Mass  of  Fluid  Calculated  by  Mathematicians. 

The  form  of  the  energy  surfaces  about  a  revolving  Sun  and  planet  has  been 
shown  to  be  closely  similar  to  that  of  a  rotating  and  condensing  mass  of  fluid 
kept  in  equilibrium  under  the  pressure  and  attraction  of  its  parts.  The  mathe- 
matical difficulties  encountered  in  the  investigation  of  the  figures  of  equilibrium 
have  proved  to   be   nearly  insuperable,  and  the  results  necessarily  have  been 
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restricted  to  the  case  of  fluid  which  is  both  homogeneous  and  incompressible,  which 
does  not  accord  with  the  conditions  in  actual  Nature.  Under  the  circumstances 
it  has  been  very  difficult  for  the  mathematician  to  attack  the  more  general  prob- 
lem of  the  division  of  heterogeneous  compressible  masses,  such  as  the  nebulae 
have  long  been  supposed  to  be. 

If  the  above  line  of  treatment  be  admissible,  we  see  that  elaborate  mathematical 
treatment  of  this  problem  is  now  rendered  unnecessary  by  the  retarding  and 
degrading  influence  of  the  resisting  medium.  To  see  what  will  happen  in  any 
case,  all  that  is  required  is  to  calculate  the  form  of  the  energy  surfaces  and  draw 
limiting  surfaces  of  energy  with  the  pear-shaped  figure  connecting  the  Sun  and 
planet.  The  division  of  the  nebulosity  is  then  necessarily  effected  automatically 
by  the  resisting  medium,  and  is  in  accordance  with  the  total  supply  of  material 
and  its  distribution  in  the  system  at  some  initial  epoch.  Of  course  the  exact  form 
of  the  pear-shaped  surface  depends  on  the  mass  of  the  planet  and  its  distance 
when  the  system  is  started,  and  it  changes  somewhat  with  the  development  of 
the  two  bodies.  This  is  a  comparatively  simple  conception  and  it  probably  will  be 
capable  of  much  more  lucid  treatment  than  that  depending  on  figures  of  equilib- 
rium of  rotating  masses  of  fluid.  Nor  will  the  variations  of  density  in  the  nebular 
medium  in  general  exert  any  unfavorable  influence  on  the  final  result.  It  is, 
moreover,  in  accord  with  actual  conditions  in  Nature,  so  far  as  these  may  be 
inferred  from  the  study  of  the  nebulae,  and  from  the  theory  of  gases.  It  is  not 
necessary  to  take  up  here  the  problem  of  the  density  of  the  nebulosity  in  the 
pear-shaped  or  hour-glass  space;  but  we  may  remark  that  the  problem  has  been 
treated  from  different  standpoints  by  the  following  well-known  authors: 

(1).  J.  Homer  Lane  (American  Journal  of  Science,  July,  1870),  who  con- 
siders the  gaseous  theory  of  the  Sun's  constitution,  and  develops  the  theory  of 
a  gaseous  mass  in  convective  equilibrium. 

(2).  Lord  Kelvin  (Popular  Lectures  and  Addresses,  pp.  376-429),  who 
treats  the  gravitational  theory  of  the  Sun's  heat,  and  (in  Proc.  Roy.  Soc.  of  Edin- 
burgh, Vol.  XXVIII,  Part  IV,  March  9,  1908)  solves  the  problem  of  a  spherical 
gaseous  nebula,  under  several  hypotheses. 

(3).  A.  Ritter,  who  treats  various  problems  in  Wiedemann's  Annalen, 
1878-1882. 

(4).     G.  W.  Hill,  in  Annals  of  Mathematics  (Vol.  4,  No.  1,  February,  1888). 

(5).  G.  H.  Darwin,  Phil.  Trans.  Roy.  Soc,  Nov.  15,  1888.  He  treats  the 
mechanical  condition  of  a  swarm  of  meteorites  from  the  gaseous  standpoint. 

(6).  T.  J.  J.  See,  who  treats  very  fully  the  monatomic  theory  in  A.N.,  4053, 
November,  1905. 
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Among  these  several  investigators  Darwin  is  the  only  one  who  considers 
the  mass  to  be  a  swarm  of  meteorites;  but  even  he  adopts  the  theory  of  gases, 
which,  however,  is  only  partially  valid  for  nebular  conditions.  Probably  the 
law  of  density  found  by  the  present  writer  in  A.N.,  4053,  which  makes  the  density 
increase  quite  slowly  and  becomes  exactly  six  times  the  mean  density  at  the 
center,  is  that  which  will,  on  the  whole,  accord  best  with  the  conditions  of  the 
nebulae.  In  the  present  discussion  it  is  sufficient  to  remark  that  the  density 
of  the  nebulosity  or  cosmical  dust  certainly  increases  toward  each  center,  but 
the  rate  of  increase  is  likely  to  be  less  rapid  than  in  the  case  of  ordinary  gases, 
which  makes  the  central  density  about  twenty-three  times  the  mean  density. 

Leaving  the  settlement  of  these  details  to  the  future,  it  is  evident  that  the 
process  of  automatic  division,  by  degradation  of  energy,  under  the  action  of  a 
resisting  medium,  always  going  on  in  a  nebula,  is  comparatively  simple,  and 
easily  understood  in  connection  with  the  closed  surfaces  which  operate  to  capture 
the  particles  of  nebulosity.  This  slow  dynamical  process  by  which  particles  are 
gathered  in  one  by  one  takes,  indeed,  a  very  long  time,  because  it  depends  upon 
the  degradation  of  the  energy  under  resistance,  but  its  mode  of  operation  is  sure, 
and  the  final  outcome  beyond  doubt. 

Though  this  new  line  of  thought  deprives  us  of  the  principles  of  hydrostatic 
pressure,  heretofore  largely  invoked  in  these  researches  on  cosmical  evolution, 
and  we  have  to  give  up  the  historical  point  of  view  as  largely  inapplicable  to  the 
nebulae;  yet  as  it  can  no  longer  be  held  that  the  attendant  masses  are  detached 
by  rotation  proceeding  from  the  center  of  the  system,  as  formerly  believed,  per- 
haps we  shall  have  less  need  for  the  theory  of  hydrostatics.  The  figures  of  the 
connecting  energy  surfaces,  as  defining  the  boundaries  of  capture,  may  well  take 
the  place  of  the  figures  of  equilibrium  of  rotating  masses  of  fluid.  The  method 
of  attack  here  adopted  is,  therefore,  much  simpler,  and  also  possibly  less  exact 
than  those  followed  by  Poincare  and  Darwin;  and,  although  the  conclusions 
drawn  from  the  two  lines  of  investigation  are  similar,  one  cannot  help  thinking 
that  this  latter  process  conforms  much  more  closely  to  the  law  of  Nature  than 
that  based  on  figures  of  equilibrium.  This  process  of  automatic  division  we  may 
call  Nebular  Fission,  in  contrast  to  the  process  of  Fluid  Fission,  found  from  the 
researches  of  mathematicians  on  the  figures  of  equilibrium  of  rotating  masses  of 
fluid. 

It  is  easily  shown  that  if  the  resistance  is  proportional  to  the  surface  or  cross 
section,  the  effect  on  two  unequal  spheres  of  homogeneous  density  is  inversely  as 
their  radii,  and  thus  the  large  body  experiences  a  very  small,  and  the  small  body  a 
very  large,  change.     Both  bodies  approach  the  sun,  but  the  smaller  one  so  much 
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more  rapidly  than  the  larger  one  that  it  is  generally  permissible  to  neglect  the 
change  in  the  mean  distance  of  the  planet.  There  are  some  additional  considera- 
tions which  render  this  approximation  still  more  exact  than  it  seems:  (1)  The 
orbit  of  the  satellite  is  generally  eccentric,  and  in  crossing  the  orbit  of  the  planet 
the  tendency  of  the  perturbations  is  to  throw  its  orbit  entirely  within  that  of  the 
planet ;  (2)  Just  as  the  action  of  the  planet  throws  the  satellite  within,  so  also  the 
reaction  of  the  satellite  throws  the  planet  slightly  but  correspondingly  out.  Ac- 
cordingly this  reaction  of  the  small  bodies  thrown  within  counteracts  in  some  de- 
gree the  effects  of  resistance  in  decreasing  the  mean  distance  of  the  planet. 
And  the  addition  of  a  secular  term  to  Jacobi's  integral  is  more  accurate  than 
might  be  inferred  from  a  superficial  examination  of  the  subject. 

In  conlcusion,  it  only  remains  to  add  that  the  writer's  indebtedness  to  the 
researches  of  Hill,  Poincare  and  Darwin,  for  valuable  suggestions  in  connec- 
tion with  the  problems  of  Cosmical  Evolution,  has  been  sufficiently  pointed  out 
in  the  papers  published  during  the  past  eighteen  years;  but  he  may  here  again 
emphasize  the  profound  significance  of  the  famous  "Researches  in  the  Lunar 
Theory,"  of  the  classic  "  Methodes  Nouvelles  de  la  Mecanique  Celeste,"  and  of  the 
celebrated  Memoir  on  "Periodic  Orbits,"  without  which,  it  is  to  be  feared,  the 
problems  here  treated  would  have  remained  insoluble.  Imperfect  as  this  feeble 
effort  may  be,  he  entertains  the  hope  that  it  has  considerably  cleared  up  the 
problem  of  the  capture,  and  transformation  of  the  orbits  of  satellites;  and  of 
the  Fission  of  Nebulae  under  the  Secular  Action  of  a  Resisting  Medium,  on  which 
Cosmical  Evolution  so  largely  depends. 


CHAPTER  XL 


Origin    of    the    Lunar-Terrestrial   System    by    Capture,    with    Further 

Considerations  on  the  Theory  op  Satellites  and  on  the  Physical 

Cause    which    has    Determined    the    Directions    of   the 

Rotations   of  the   Planets  About  Their  Axes.* 

§  113.     Comparison  of  the  Moon  with  Other  Satellites  of  the  Solar  System. 

In  A.N.,  4308,  the  writer  has  adduced  a  general  argument  tending  to  show 
that  the  planets  and  satellites  of  the  solar  system  have  in  no  case  been  detached 
from  the  central  masses  which  now  govern  their  motions,  but  have  all  been  cap- 
tured, or  added  from  without,  and  have  since  had  their  orbits  reduced  in  size 
and  rounded  up  under  the  secular  action  of  the  nebular  resisting  medium  for- 
merly pervading  our  system.  And  in  A.N.,  4341-2,  and  in  the  foregoing  Chapter, 
an  outline  of  the  dynamical  basis  of  this  new  theory  of  the  origin  of  our  satellite 
systems  has  been  developed  in  sufficient  detail  to  render  it  intelligible.  The 
methods  there  given  appear  to  be  entirely  rigorous,  and  sufficiently  general  to  be 
convincing  without  the  examination  of  particular  phenomena,  except  in  the  case 
of  the  Earth  and  Moon,  which  is  the  only  planetary  sub-system  about  which 
any  doubt  could  arise. 

The  principal  circumstance  which  might  make  our  Moon  seem  different 
from  the  other  satellites  is  its  relatively  large  mass,  which  amounts  to  81.45  of 
the  mass  of  the  Earth,  (cf.  A.N.,  3992,  p.  117).  This  long  ago  led  Professor 
Sir  G.  H.  Darwin,  and  others,  to  the  belief  that  its  mode  of  origin  probably 
was  quite  different  from  that  of  the  other  satellites  of  the  solar  system.  But 
the  considerations  adduced  by  former  writers  rest  on  the  hypothesis  that  our 
Moon,  and  the  other  satellites,  have  all  been  detached  from  the  central  masses 
which  now  govern  their  motions;  whereas,  in  A.N.,  4308,  and  in  the  preceding 
Chapter,  this  hypothesis  has  been  shown  to  be  no  longer  admissible.     If  our 

♦Given  here  substantially  as  communicated  to  the  A stronomische  Nachrichten,  May  22,  1909.  The  capture  of  the 
Moon  by  the  Earth  was  first  announced  May  24,  by  a  cablegram  printed  in  A.N.  4325.  A  further  communica- 
tion on  the  subject  was  made  to  the  Astronomical  Society  of  the  Pacific,  June  25,  1909  (cf.  A..\ .  4343). 
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reasoning,  that  the  satellites  have  been  captured,  is  valid,  it  becomes  advisable 
to  examine  the  special  case  of  the  Moon  with  some  care,  and  to  inquire  whether 
the  Moon  is,  after  all,  relatively  so  large,  or  the  Earth  merely  comparatively 
small.  In  the  following  table  will  be  found  what  I  believe  to  be  the  best  available 
diameters  of  the  satellites  of  the  solar  system. 

Table  of  Satellite  Diameters. 


Mass 

Planet. 

Satellite. 

Diameters 

in 
Kilometers 

in  Terms  of 

the  Earth's 

Mass  as  Unity. 

Density. 

The  Earth 

The  Moon 

3480.5 

1:81.45 

3.31 

Mars 

Phobos 
Deimos 

58 
16 

Jupiter 

V 

50 

I 

*3145 

1:111.2 

3.29 

II 

2817 

1:135.5 

3.76 

III 

4770 

1:38.75 

2.70 

IV 

4408 

1:146.5 

1.90 

VI 

160 

VII 

50 

VIII 

50 

Saturn 

Mimas 

35.1 

1:143200 

1.8 

Enceladus 

528 

1 

42100 

1.8 

Tethys 

866 

1 

9450 

1.8 

Dione 

1032 

1 

5642 

1.8 

Rhea 

1331 

1 

2632 

1.8 

Titan 

*5049 

1 

49.4 

1.79 

Hyperion 

315 

1 

197600 

1.8 

X 

300 

1 

200000 

1.8 

Iapetus 

1314 

1 

1053 

4.77 

Phabe 

320 

1 

200000 

1.8 

Uranus 

Ariel 

1030 

1 : 5700 

1.83 

Umbriel 

835 

1 

10670 

1.83 

Titania 

1350 

1 

2522 

1.83 

Oberon 

1295 

1 

2856 

1.83 

Neptune 

Satellite 

2962 

1:238.7 

1.83 

*A.N.  3764 


§  114.     Further  Considerations  on  the   Capture  of  the  Satellites. 

In  the  foregoing  Chapter  on  the  "Dynamical  Theory  of  the  Capture  of  Sat- 
ellites" (cf.  also  A.N.,  4341-2),  it  has  been  shown  that  all  the  satellites  of  the  solar 
system  are  well  within  Dr.  G.  W.  Hill's  closed  surfaces  about  the  several  planets; 
and  it  is  made  quite  clear  how  these  bodies  have  been  brought  within  these  folds 
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by  the  secular  action  of  the  nebular  resisting  medium  formerly  pervading  our 
planetary  system.  As.  is  there  pointed  out,  this  disturbing  cause  has  the  effect 
of  adding  a  secular  term  to  the  Jacobian  Integral,  which  thus  becomes  of  the  form : 

2  (1  -  u)  2m  i  =  oo 

(286) 
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In  accordance  with  the  usual  notation  of  Dynamics,  the  subscript  i  may  be 
used  in  this  equation;  for  it  will  hold  for  an  infinite  number  of  particles  of  nebu- 
losity in  the  system,  and  each  particle  will  have  its  own  surfaces  of  zero  relative 
velocity.  The  infinite  family  of  energy  surfaces,  for  all  the  particles  of  nebulosity 
in  the  system,  is  defined  by  the  expression 
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The  secular  co-efficient  is  different  for  different  particles,  even  when  the 
co-ordinates  are  the  same;  because  it  depends  on  the  velocity  and  direction  of 
motion  at  the  initial  epoch.  It  will  be  determined  by  the  resistance  encountered 
along  the  actual  path,  and  as  infinite  variation  in  the  trajectory  is  possible,  the 
value  of  coefficient  av  cannot  be  exactly  specified  for  any  given  case.  It  is 
easy  to  see,  however,  that  it  will  always  be  a  finite  one-valued  function.  In 
the  long  run  it  will  be  positive,  though,  through  the  accidental  collisions  of  the 
particle  with  others  having  different  velocities  and  directions,  it  may  temporarily 
become  negative.  If  ax  ,  a^  ,  a^  .  .  .  .  a,  be  the  values  which  this  coefficient 
acquires  at  the  epochs  tx  ,  t2 ,  t3  .  .  .  .  tt ,  owing  to  accidental  collisions  of 
the  particle,  some  being  positive  and  others  negative,  it  is  clear  that  for  a  long 
interval  of  time  we  may  take 


1    i=00 


(288) 


For  any  given  path,  starting  at  an  initial  epoch,  t0,  this  function  will  always 
be  definite  and  comparatively  small;  but  as  the  collisions  are  countless,  and  the 
values  of  the  terms  in  the  series  a,  ,  ch  ,  <h  ■  ■  ■  .  at  will  vary  from  one  par- 
ticle to  another,  according  to  the  path,  no  two  of  the  coefficients  a,  can  be 
expected  to  be  the  same.  We  may  form  some  idea  of  the  numerical  values  of 
these  coefficients  by  taking  a,  =  0.000  000  01,  and  £,  =  10,000,000  years. 
Then,  for  a  particle  with  such  a  path,  the  second  member  of  equation  (278)  will, 
after  the  lapse  of  ten  million  years,  have  increased  by  0.1.  This  will  bring  the 
Hill  surface  of  the  particle  considerably  nearer  the  central  masses  than  it  was 
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at  the  outset;  so  that  in  time  it  will  become  closed  for  that  particle  about  one  of 
the  bodies,  and  the  particle  will,  therefore,  become  a  permanent  satellite  of  the 
Sun  or  of  the  planet. 

Moreover,  as  the  numerical  value  of  the  coefficient  a{  fluctuates  somewhat 
with  the  time,  owing  to  collisions,  it  is  clear  that  the  Hill  surface  is  not  strictly 
of  constant  dimensions,  but  varies  slightly,  according  to  the  nature  of  the  col- 
lisions which  the  particle  suffers  in  its  path  about    S    and     J. 

§  115.     Hill's  Closed  Surface  About  the  Earth. 

We  shall  now  consider  somewhat  more  fully  the  problem  of  the  origin  of 
the  terrestrial  Moon.  From  the  data  given  by  the  table  in  the  preceding  Chapter, 
on  the  "Dynamical  Theory  of  the  Capture  of  Satellites,"  we  see  that  in  this  case 
the  closed  suface  extends  to  about  1497577  kilometers  from  the  center  of  the 
Earth,  or  about  four  times  the  present  distance  of  the  Moon.  This  is  the  max- 
imum value  corresponding  to  the  part  of  the  surface  nearest  the  Sun,  and,  of 
course,  other  parts  of  the  surface  are  considerably  nearer  the  Earth ;  which  agrees 
very  well  with  Dr.  Hill's  estimate  of  the  extent  of  this  surface  in  his  "  Researches 
in  the  Lunar  Theory,"  pp.  300-301-334,  where  he  finds  the  Moon  of  maximum 
lunation  to  be  204.896  days. 

It  is  true  that  in  his  Mecanique  Celeste,  Tome  I,  p.  109,  Poincare  has  traced 
a  looped  orbit  of  even  wider  extent  and  longer  period,  and  Lord  Kelvin  has 
drawn  an  orbit  of  similar  type  in  the  Philosophical  Magazine  for  November,  1892, 
p.  447;  but  Professor  Sir  G.  H.  Darwin  justly  points  out  (cf.  Periodic  Orbits, 
p.  192),  that  both  of  these  eminent  mathematicians  have  neglected  the  solar 
parallax,  so  that  the  solutions  given  do  not  quite  correspond  with  the  ideal 
conditions  of  the  problem.  We  are,  of  course,  concerned  here  only  with  the  space 
within  the  cusps  as  given  by  Dr.  Hill,  and  not  at  all  with  the  loops  found  by 
Poincare  and  Kelvin. 

If  our  Moon  has  therefore  been  captured  by  the  Earth,  it  has  at  length 
come  well  within  Hill's  closed  surface.  In  fact,  the  Moon  revolves  at  a  distance 
corresponding  to  the  inner  fourth  of  the  possible  radius.  The  same  thing  is  true 
of  the  other  satellites  of  our  solar  system,  and  they,  too,  are  near  the  central 
portions  of  their  several  closed  surfaces. 

Dr.  Hill  remarks  that  "If  the  body  whose  motion  is  considered,  is  found 
at  any  time  within  the  first  fold  (the  closed  space  about  the  Earth),  it  must  for- 
ever remain  within  it,  and  its  radius  vector  will  have  a  superior  limit."  Neglect- 
ing the  secular  effects  of  the  resisting  medium  upon  Jacobi's  Integral,  which 
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has  not  been  considered  by  previous  writers,  Moulton,  and  others,  have  drawn 
the  unwarranted  conclusion  that  because  a  satellite  cannot  now  escape  from  a 
planet,  so,  also,  conversely,  such  a  satellite  cannot  have  come  to  its  planet  from 
a  great  distance  (cf.  Astrophysical  Journal,  Vol.  XXII,  No.  3,  October,  1905, 
pp.  177-178).  But  in  the  preceding  Chapter  on  the  "Dynamical  Theory  of  the 
Capture  of  Satellites,"  we  have  established  the  erroneous  character  of  this  reason- 
ing. Probably  a  considerable  number  of  astronomers  and  mathematicians  have 
been  misled  by  this  deceptive  argument,  which  has  the  appearance  of  sound 
mathematics,  but  is  easily  shown  to  lead  to  false  conclusions. 

In  no  other  way  can  we  account  for  the  failure  of  previous  writers  to  recog- 
nize a  truth  which  is  of  the  first  order  of  importance  in  our  theories  of  the  heavenly 
motions,  and  which  alone  gives  us  a  clear  insight  into  the  nature  of  cosmical 
evolution.  This  process  by  which  satellites  are  captured  and  reduced  to  order 
and  stability  by  revolving  against  resistance,  is  undoubtedly  one  of  Nature's 
greatest  laws,  and  it  operates  uniformly  throughout  the  physical  universe. 

§  116.     Physical  Grounds  for  Classifying  the  Moon  with  the  Other  Satellites,  All 

of  Which  Have  Been  Captured. 

It  will  be  seen  from  the  foregoing  table  that  two  of  Jupiter's  satellites,  III 
and  IV,  are  considerably  larger  than  our  Moon;  while  Saturn's  satellite  Titan  is 
much  larger.  Jupiter's  satellites  I  and  II  have  diameters  nearly  as  large  as  that 
of  the  Moon,  and  the  same  is  true  of  the  satellite  of  Neptune,  to  which,  however, 
considerable  uncertainty  attaches,  owing  to  the  great  distance  of  that  planet. 
In  all  cases  where  the  satellites  present  no  telescopic  discs  the  diameters  are  cal- 
culated from  the  brightness,  the  albedo  being  taken  to  be  the  same  as  that  of 
the  planets  about  which  they  revolve,  and  the  density  one-third  that  of  the  Earth. 

If,  therefore,  two  satellites  larger  than  the  Moon,  and  two  almost  as  large, 
exist  in  the  system  of  Jupiter;  and  if  Titan  in  the  system  of  Saturn  is  much  larger, 
while  the  satellite  of  Neptune  is  almost  as  large,  and  the  two  larger  satellites  of 
Uranus  probably  have  diameters  about  half  as  large;  it  cannot  really  be  said 
that,  when  judged  by  the  size  of  the  satellites  observed  in  other  parts  of  the  solar 
system,  our  Moon  is  abnormally  large.  The  real  fact  is  that  the  Earth  is  com- 
paratively small.  And  this  makes  the  moon  seem  relatively  large,  and  gives  rise 
to  a  mass  ratio  of  1:81.45,  which  is  much  the  largest  in  the  solar  system,  Jupiter 
being  1 :  1047.35  of  the  Sun's  mass,  and  Titan  only  1 :  4700  of  the  mass  of  Saturn. 
So  far  as  one  may  judge  from  these  considerations,  therefore,  there  is  nothing 
improbable  in  the  view  that  the  Moon,  too,  was  captured  by  the  Earth. 

16 
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If  we  recall  that  our  planet  is  considerably  the  most  massive  body  within 
the  orbit  of  Jupiter,  and  that  the  Sun's  enormous  mass  has  been  built  up  by  the 
gathering  in  of  small  bodies,  many  of  them  certainly  as  large  as  the  satellites, 
and  perhaps  even  as  large  as  the  terrestrial  planets,  it  will  be  seen  that  the  cap- 
ture of  the  Moon  by  the  Earth  presents  no  inherent  improbability.  The  throw- 
ing of  hundreds  of  small  planets  within  the  orbit  of  Jupiter  (cf.  A.N.,  4308), 
and  the  capture  of  dozens  of  periodic  comets  in  the  same  way,  affords  us  a  good 
idea  of  the  state  of  the  solar  system  in  the  remote  past.  As  the  illustrious  Euler 
remarked  before  the  cosmogonic  theories  of  Kant  and  Laplace  were  proposed, 
the  Earth  itself,  at  one  time,  moved  as  far  out  as  where  the  Asteroids  now  cir- 
culate; and,  we  may  add,  in  an  orbit  of  considerable  eccentricity.  That  such 
a  planet  as  the  Earth  should  capture  a  companion  planet  (for  the  Moon  is  nothing 
but  one  of  the  neighboring  planets  which  were  once  so  numerous  in  our  system), 
is  perfectly  natural,  and  now  demonstrated  to  be  entirely  within  the  range  of 
possibility. 

§  117.     The  Chief  Objection  to  the  Theory  that  the  Moon  was  Captured  Based  on 
Darwin's  Researches  on  Tidal  Friction  and  Cosmogony. 

The  chief  objection  to  the  theory  that  the  Moon  was  captured  is  based  on 
Darwin's  celebrated  researches  on  "Tidal  Friction  and  Cosmogony"  (Proc. 
and  Phil.  Trans.  Roy.  Soc,  1878-1882). 

The  present  writer  has  studied  this  work  closely  during  the  past  twenty 
years  and  considers  that  the  conclusions  drawn  by  Darwin  are  quite  justifiable 
in  the  premises.  On  the  traditional  view  that  the  satellites  were  detached  from 
the  planets  which  now  govern  their  motions,  as  taught  by  Laplace,  and  his  suc- 
cessors, for  more  than  a  century,  no  other  outcome  than  that  traced  by  the  mas- 
terly hand  of  Sir  George  Darwin  was  possible.  But  if  our  point  of  view  is 
now  changed,  and  we  see  clearly  that  all  the  other  satellites  were  captured,  the 
question  naturally  arises  whether  any  good  grounds  can  be  adduced  to  show  that 
the  Moon  should  be  considered  to  be  an  exception  in  the  cosmogony  of  the  solar 
system.  After  very  careful  consideration  of  all  the  relations  involved,  it  seems 
to  me  that  we  shall  have  to  give  up  this  idea,  and  regard  the  moon  as  in  the  same 
class  with  the  other  satellites. 

It  is  true  that  Darwin's  work  appears  to  be  put  together  very  powerfully 
by  the  relations  he  has  brought  out  between  such  elements  as  the  Earth's  time 
of  axial  rotation,  the  obliquity  of  the  ecliptic,  the  eccentricity  of  the  lunar  orbit, 
etc.,  and  the  secular  changes  of  these  elements  during  past  ages.     With  admirable 
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philosophic  frankness  Sir  George  asks  whether  all  these  apparent  confirmations 
of  his  theory  can  be  accidental.  If  we  still  believed  the  satellites  were  formed 
by  any  kind  of  separation  or  process  of  detachment,  as  was  taught  by  Laplace, 
we  should  unhesitatingly  answer  by  saying  that  the  relationships  which  Darwin 
has  so  skillfully  traced  could  not  well  be  the  result  of  chance.  But  with  the 
whole  point  of  view  now  changed,  and  the  capture  of  the  satellites  shown  to  be 
possible,  in  the  way  above  described  —  by  the  extension  of  the  methods  of  Hill, 
Poincare,  and  Darwin,  the  latter's  work  being  especially  useful  and  suggestive, 
all  of  which  have  come  into  use  since  the  work  on  "  Tidal  Friction  and  Cosmogony  " 
was  published  thirty  years  ago  —  it  is  difficult  to  escape  the  impression  that 
the  relationship  there  brought  out  will,  after  all,  prove  to  be  largely,  or  wholly, 
accidental. 

It  might  be  best  to  leave  the  settlement  of  this  question  to  the  future,  and 
avoid  drawing  hasty  conclusions  on  so  weighty  a  matter.  For  the  probabilities 
in  the  case  will  appear  different  to  different  minds.  Some  will,  no  doubt,  prefer 
the  traditional  view,  and  believe  that  the  Moon  has  been  detached  from  the  Earth, 
while  others  will  think  it  more  probable  that,  like  the  other  satellites,  it  came 
to  us  from  the  planetary  spaces,  and  has  since  neared  the  terrestrial  globe  about 
which  it  revolves.  In  any  case,  tidal  friction  has  exercised  some  influence  on 
the  past  history  of  the  lunar  terrestrial  system;  but  here,  as  elsewhere  in  Nature, 
the  influence  of  the  resisting  medium  has  largely  counteracted  the  secular  effects 
of  tidal  friction.  If  the  Moon  came  from  the  heavenly  spaces,  the  eccentricity 
of  the  lunar  orbit  is  more  likely  to  be  the  survival  of  an  original  eccentricity  than 
a  development  due  to  tidal  friction,  because  in  this  event  the  latter  cause  will 
have  been  much  less  powerful  than  has  been  heretofore  supposed. 

If  the  Moon  was  captured,  and  not  detached  from  the  Earth,  as  Darwin 
supposed,  there  would  be  no  necessary  relationship,  and  but  little  exchange 
need  have  taken  place,  between  the  moment  of  momentum  of  the  Earth's  axial 
rotation  (0.7044)  and  the  moment  of  momentum  of  the  Moon's  orbital  motion 
(3.384).  And  the  great  moment  of  momentum  of  the  whole  Lunar-Terrestrial 
system  might  be  the  more  easily  explained.  The  Moon's  great  distance  and 
relatively  large  mass  is  favorable  to  a  large  orbital  momentum,  and  thus  it  might 
well  be  4.8  times  that  of  the  Earth's  axial  rotation  (cf.  Appendix  to  Thomson  & 
Tait's  Nat.  Philos.,  Vol.  I,  Part  II,  p.  508),  even  if  the  latter  had  not  been  de- 
creased and  the  former  increased  by  tidal  friction.  In  fact,  this  very  large  moment 
of  momentum  of  the  Moon's  orbital  motion  is  a  very  suspicious  circumstance, 
and  is  not  easily  explained  except  on  the  supposition  that  it  points  directly  to 
the  capture  of  our  satellite.     If  so,  we  shall  have  to  give  up  the  accepted  view 
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that  the  Earth  formerly  rotated  so  rapidly  that  it  was  highly  oblate  and  finally 
became  unstable  and  broke  up  into  two  masses;  and  the  corresponding  problems 
of  Astronomy,  Physics  of  the  Earth  and  Geology  will  have  to  be  re-examined 
from  the  ground  up. 

§  118.     Darwin's  Graphical  Method  of  Representing  the  Past  History  of  the  Earth 
and  Moon  Under  the  Secular  Action  of  Tidal  Friction. 

On  account  of  the  great  importance  of  realizing  fully  the  great  strength  of 
the  celebrated  graphical  |method  which  Darwin  developed  at  the  suggestion 
of  Sir  Wm.  Thomson  (Lord  Kelvin),  as  well  as  the  weakness  underlying  the 
interpretation  of  it  heretofore  adopted,  it  becomes  necessary  to  explain  briefly 
the  fundamental  equations  with  the  accompanying  diagram. 

Let  M  be  the  mass  of  the  Earth,  m  that  of  the  Moon,  fi  the  angular 
velocity  of  the  two  bodies  about  their  common  center  of  gravity,  the  orbit  being 
supposed  circular.  Introduce  a  special  system  of  units  designed  to  reduce  the 
analytical  expressions  to  their  simplest  forms,  and  take  the  unit  of  mass  to  be 

,-  m       ,     the  unit  of  length    y     to  be  such  a  distance  that  the  moment  of 

M  +  m     '  °        ' 

inertia  of  the  planet  about  its  axis  of  rotation  shall  be  equal  to  the  moment  of 
inertia  of  the  Earth  and  Moon,  treated  as  particles,  about  their  center  of  inertia, 
when  distant  y  apart  from  each  other.  Then,  if  C  be  the  Earth's  moment 
of  inertia  about  its  axis  of  rotation,  we  shall  have 

my    V  ,       (    My    V  _  ■         _  5  C  (M  +  m)  )  * 


Ml"''         +m 


-°.«»-|£4^}J-  <»> 


^M  +  mj  \M  +  mj 

Take  for  the  unit  of  time  t  the  interval  in  which  the  satellite  revolves  through 
57°. 3,  when  the  satellite's  radius  vector  is  equal  to  y  ;  then  -  is  the  orbital 
angular  velocity,  and  by  Kepler's  law  of  periodic  times, 

t-2  /  =  p  (M  +  m)  ,  (290) 

where  /*  is  the  attraction  between  unit  masses  at  unit  distance.  Substitut- 
ing for    y    its  value  in  (289),  we  get 


=  1 


/*2(Afm)8     5 


This  special  system  of  units  makes  each  of  the  following  expressions  unity: 
y^Mm  {M  +  m)-*  ;  fiMm  ;  and  C.  The  moment  of  momentum  of  orbital 
motion,  in  a  circular  orbit  of  radius  r  ,  is 
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"(V^y° + »(W£-y°  - 1^-^  •         (292) 

\M  +  mj  \M  +  mj  M  +  m  v      ' 

And  Kepler's  law  gives 

OV  =  ix  (M  +  m) ,   or  Or2  =  ^  (M  +  m)*r» .       .  (293) 

Therefore,  by  means  of  the  special  units,  the  moment  of  momentum  of  orbital 
motion  in  (292)  becomes 

(I'lm  (M  +  m)"1 7^  =  7*.  (294) 

The  moment  of  momentum  of  the  Earth's  rotation  is  Cn  ,  where  C  is  the 
moment  of  inertia  and  n  the  angular  velocity  of  rotation.  The  total  moment 
of  momentum  of  the  system  is  constant,  and  made  up  of  two  parts,  one  depending 
on  the  rotation  of  the  Earth  about  its  axis,  the  other  on  the  orbital  motion  of 
the  two  bodies  about  their  center  of  inertia ;  therefore  if  h  be  this  constant,  we 
have,  in  the  special  units, 

h  =  n  +  r*  .  (295) 

The  kinetic  energy  of  orbital  motion  is 

1  /     mr    V    „       1      /     Mr    V    ,       1      Mm      in.      1     Mm  . 

-M [1r7-i —    n2  +-m  tt- —    O-s  xrn — r  Q  =  o/* — "'  C296) 

2  \M  +  mj  2      \M  +  mj  2  M  +  m  2       r  v 

The  kinetic  energy  of  the  Earth's  rotation  is  %Cn2 ,  and  the  potential  energy 
of  the  system  is     -  ^— -  •       The  sum  of  these  three  energies,  in  the  special  units, 


becomes 


2e  =  n2  -  -  ■  (297) 


Putting 

x  =  r*     ,     y  =  n     ,     Y  =  2e  ,  (298) 

Darwin  has  illustrated  these  fundamental  equations  and  another  called  rigidity, 
which  gives  the  condition  that  the  two  bodies  should  revolve  as  parts  of  a  rigid 
system : 

Momentum,  h  =  y  +  x .  (299) 

Energy,  Y  =  y*  -  ±  =  (h  -  xf  -  1  •  (300) 

Rigidity,  x'y  =  l .  (301) 
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Equation  (299)  is  the  equation  of  conservation  of  moment  of  momentum; 
(300)  the  equation  of  energy;  (301)  that  of  rigidity.  When  the  system  is  once 
started,  h  remains  rigorously  constant  under  any  interaction  between  the 
two  bodies,  but     Y    degrades,  and  the  curve  of  energy  has  maximum  and  min- 


dY 


imum  values  defined  by  the  condition    -~-  =  0    ,     or 


x*  -  hx*  +  1  =  0 . 


(302) 


DIAGRAM  DRAWN  TO  SCALE  FOR  THE  CASE  OK  EARTH  AND  MOON. 


Fig.   33.         Darwin's   Graphical  Method   of   Illustrating   the   Secular  Effects   of 

Tidal   Friction. 


Taking  the  Moon's  mass  to  be  ^V  °f  tne  Earth's  mass,  and  the  Earth's  moment 
of  inertia  as  •  \M a3 ,  Darwin  found  the  special  unit  of  mass  to  be  ^V  °f 
the  Earth's  mass,  the  unit  of  length  5.26  radii  of  the  Earth  (33506  kilometers), 
and  the  unit  of  time    2h  41m  . 
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In  these  units  the  present  angular  velocity  of  the  Earth's  rotation  becomes  0.7044 
and  the  Moon's  radius  vector  11.454.  This  position  of  the  Moon  is  indicated 
in  the  diagram  by  the  point  P,  and  the  moment  of  momentum  of  its  orbital 
motion  is  3.384,  and  thus  very  large.  This  is  Darwin's  celebrated  analysis  of 
the  interaction  of  the  Earth  and  Moon  (cf.  Proc,  Roy.  Soc,  June  19,  1879; 
also  Thomson  &  Tait's  Nat.  Philosophy,  Appendix  G;  or  Encyclopedia  Britannica, 
article  "Tides"). 

As  the  energy  curve  has  a  maximum  near  the  origin,  corresponding  to  a 
small  distance  between  the  Earth  and  Moon,  Darwin  inferred  that  they  had 
once  been  a  single  mass,  rotating  temporarily  as  a  rigid  system;  and  that  after 
the  separation,  the  Moon  had  receded,  according  to  the  downward  slope  of  the 
energy  curve,  till  it  reached  its  present  distance.  The  time  of  the  Earth's  rota- 
tion was  calculated  to  be  about  2h  41m,  which  would  barely  enable  the  equilib- 
rium of  the  globe  to  maintain  its  stability  under  gravity  (cf.  Phil.  Trans.,  Part 
II,  1879,  pp.  510,  537;  and  Phil.  Trans.,  Part  II,  1880,  pp.  835,  877).  And  as 
this  pointed  to  the  rupture  of  the  globe  from  too  rapid  rotation,  Darwin  in- 
ferred that  it  had  actually  occurred,  and  that  the  Moon  had  thus  been  detached 
from  the  Earth. 

Nolan,  and  others,  pointed  out  the  extreme  difficulty  the  Moon  would  have 
in  holding  together  under  tidal  strain  within  so  small  a  distance  of  the  Earth; 
and  the  inevitable  disruption  of  such  a  satellite  within  2.44  radii  of  the  planet 
has  been  well  established  by  the  earlier  researches  of  Roche  and  the  subsequent 
investigations  of  Darwin.  So  long  as  it  was  uncertain  whether  the  Moon  could 
hold  together  so  near  the  Earth,  it  was,  for  a  time,  believed  that  the  primeval 
satellite  might  have  taken  the  form  of  a  flock  of  meteorites  when  the  separation 
first  took  place.  The  difficulty  of  making  out  how  the  Moon  got  started  as  a 
single  mass  so  near  the  Earth,  Darwin  has  repeatedly  acknowledged.  As  the 
result  of  Nolan's  criticism,  he  found  6500  miles  from  the  center  of  the  Earth  to 
be  the  minimum  distance  at  which  the  Moon  could  revolve  in  its  entirety  (Phil. 
Trans.,  Vol.  CLXXVIII,  1887,  p.  416);  but  this  was  not  entirely  satisfactory, 
and  at  the  end  of  his  important  paper  on  the  "  Figures  of  Equilibrium  of  Rotating 
Masses  of  Fluid"  (Phil.  Trans.,  Vol.  CLXXVIII,  1887,  p.  422),  he  concluded  in 
some  despair,  that  it  is  "  necessary  to  suppose  that,  after  the  birth  of  a  satellite, 
if  it  takes  place  at  all  in  this  way,  a  series  of  changes  occur  which  are  quite  un- 
known." 

Accordingly,  we  see  that  by  tracing  the  Moon  back  towards  the  Earth,  this 
supposedly  reversed  process  brought  them  into  close  contiguity,  one  rotating 
and  the  other  revolving  in  approximately  the  same  time,  and  both  not  far  from 
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the  critical  period  of  instability  for  the  terrestrial  spheroid.  "  Is  this,"  asks 
Darwin,  "a  mere  coincidence,  or  does  it  not,  rather,  point  to  the  break-up  of 
the  primeval  planet  into  two  masses  in  consequence  of  a  too  rapid  rotation?" 

In  addition  to  the  objections  already  advanced,  another  formidable  one 
arises  from  the  difficulty  of  finding  any  cause  adequate  to  produce  the  supposed 
very  rapid  rotation  of  the  primitive  globe.  This  objection  is  now  recognized 
to  be  much  greater  than  it  was  supposed  to  be  when  Darwin's  work  was  finished, 
thirty  years  ago;  for  Laplacian  conceptions  were  then  universally  current,  and 
it  was  natural  to  think  of  the  Moon  as  a  part  of  the  Earth,  while  such  an  idea  as 
the  capture  of  satellites  would  not  have  been  entertained.  In  the  views  prevalent 
thirty  years  ago,  the  above  question  of  Darwin  was  naturally  answered  in  the 
affirmative,  in  spite  of  outstanding  difficulties  of  considerable  magnitude.  To-day 
with  all  the  other  satellites  proved  to  be  captured,  the  wonderful  relations  brought 
out  by  Darwin's  analysis  must  be  declared  to  be  only  an  accidental,  but  most 
deceptive,  coincidence.  It  probably  is  the  most  remarkable  result  of  this  kind 
in  the  annals  of  science. 


§119.     Stratton's  Researches  on  Planetary  Inversion. 

In  the  Monthly  Notices  of  the  Royal  Astronomical  Society  for  April,  1906  (Vol. 
LXVI,  No.  6),  Mr.  F.  J.  M.  Stratton,  of  Cambridge,  England,  has  a  scholarly 
discussion  of  the  problem  of  planetary  inversion,  which  had  been  suggested  by 
Professor  W.  H.  Pickering's  discovery  of  the  retrograde  motion  of  Phoebe, 
and  the  tacit  assumption  formerly  adopted  by  all  writers  that  the  satellites  have 
been  detached  from  the  planets  about  which  they  revolve. 

In  stating  his  problem  Mr.  Stratton  says :  "  If,  then,  a  satellite  were  thrown 
off  in  a  very  early  stage  of  the  planet's  evolution,  it  would  commence  moving 
in  a  retrograde  direction  around  the  planet.  If  the  oblateness  of  the  planet 
were  very  small,  or  the  satellite  at  a  considerable  distance  from  the  planet's  center, 
the  plane  of  the  orbit  of  the  satellite  would  not  follow  the  plane  of  the  planet's 
equator  as  it  tilted  over,  but  would  fall  back  into  a  stable  position  near  the  ecliptic 
—  a  term  used  in  this  paper  for  the  plane  of  the  planet's  orbit.  Such  a  satellite 
would  remain  of  the  retrograde  type  exemplified  by  Phoebe.  If,  however,  the 
satellite  were  evolved  in  a  later  stage  of  the  planet's  development  (after  the  planet 
had  greatly  contracted  and  become  more  oblate),  the  satellite  would  move  in  an 
orbit  whose  stable  .position  was  almost  coincident  with  the  planet's  equator,  and 
the  satellite  would  follow  the  planet's  equator.  Most  of  the  known  satellites  of 
the  solar  system  fall  into  this  class." 
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"Professor  Pickering  urged  in  support  of  this  view  that  the  classical 
nebular  hypothesis,  according  to  which  the  planets  were  thrown  off  in  the  form 
of  rings,  required  an  initial  retrograde  rotation  of  the  planet  and  not  a  direct 
one,  as  Laplace  assumed.  But  of  recent  years  Sir  George  Darwin,  Professor 
T.  C.  Chamberlin,  and  Dr.  F.  R.  Moulton,  have  adduced  strong  reasons  for 
discarding  the  ring-theory,  and  it  would  seem  that  such  confirmation  as  it  would 
undoubtedly  have  given  to  this  investigation  must  for  the  present  be  disregarded. 
Though,  apparently,  the  classical  form  of  the  nebular  hypothesis  cannot  now  be 
accepted  without  considerable  modifications,  I  have  here  followed  it  in  general 
as  regards  the  history  of  the  planetary  sub-systems,  and  have  assumed  a  planet 
to  be  a  gradually  contracting  body,  which,  from  time  to  time,  may  pass  through 
a  form  of  instability,  resulting  in  the  evolution  of  a  satellite." 

Mr.  Stratton  found  many  difficulties  and  uncertainties  in  this  work  and 
has  discussed  them  fully.  On  pp.  396-8  he  has  the  following  remarks:  "There 
remains  one  other  difficulty  in  connection  with  the  time  required  for  the  working 
out  of  the  theory,  and  that  difficulty,  though  an  almost  necessary  accompaniment 
of  any  such  theory,  would  be  alone  sufficient  to  prevent  one  from  urging  its  ac- 
ceptance on  dynamical  grounds  alone..  It  does  not  appear  that,  for  such  enormous 
periods  of  time  as  we  are  here  concerned  with,  our  ordinary  dynamical  equations 
are  of  sufficient  exactitude  to  prevent  the  entrance  of  some  unknown  factors, 
which  may  profoundly  modify  the  course  of  the  evolution  of  the  system.  This 
difficulty  must  be  regarded  as  an  additional  cause  for  receiving  the  theory  with 
all  reserve."  .... 

"The  present  small  obliquity  of  Jupiter,  requiring  an  almost  impossibly 
great  viscosity,  if  explained  by  solar  tidal  friction  alone,  had  been  regarded  as  a 
natural  consequence  of  the  tidal  action  of  the  satellites.  And  the  large  angle 
through  which  Saturn*  had  tilted  since  the  evolution  of  Phoebe  had  been  looked 
upon  as  in  great  part  due  to  the  tidal  action  of  its  satellite."  .... 

"We  may  say,  then,  that  the  theory  of  planetary  inversion  suggests,  but 
does  not  absolutely  require  as  a  condition  for  its  truth,  an  annular  stage  in  the 
history  of  the  satellites  of  Jupiter  and  Saturn.  More  than  this  we  do  not  care  to 
state  till  a  more  detailed  application  of  the  tidal  theory  has  been  made  to  the 
case  of  a  planet  attended  by  a  group  of  satellites.  The  very  doubtful  question 
whether  perturbations  in  a  ring  of  satellites  could  ultimately  lead  to  the  forma- 
tion of  one  or  several  satellites  must  also  be  discussed  before  the  difficulties  con- 
sidered in  this  section  can  be  removed." 

Again,   in   the   summary   of  his  results,   on  pp.   400-401,   Mr.   Stratton 

*  Jupiter's  Eighth  Satellite  had  not  been  discovered  when  Mr.  Stratton's  paper  was  written. 
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continues :  "  Jupiter  must  have  evolved  its  satellites  after  its  obliquity  had  de- 
creased below  90° ;  partly  under  their  influence  it  has  been  driven  down  towards  a 
stable  position  of  small  obliquity,  which  it  has  now  nearly  reached.  Saturn 
shed  Phoebe,  and  possibly  also  Iapetus  and  Hyperion,  while  its  obliquity  was  greater 
than  90°;  as  under  solar  tidal  influence  it  passed  through  the  critical  position, 
where  its  obliquity  was  90°,  Phoebe  sank  down  into  the  ecliptic  in  a  retrograde 
orbit,  while  Iapetus  and  Hyperion  moved  over  with  the  planet's  equator.  After- 
wards the  inner  satellites  were  evolved,  and  under  their  influence  and  the  influ- 
ence of  the  rings  Saturn's  obliquity  has  steadily  diminished  —  and  is  still  dimin- 
ishing —  towards  a  small  stable  value.  As  seems  highly  probable  for  a  planet 
further  removed  from  the  Sun,  and,  therefore,  less  likely  to  have  its  increasing 
rotation  checked  by  solar  tidal  friction,  the  satellites  of  Uranus  were  evolved 
in  an  earlier  stage  of  its  evolution,  before  its  obliquity  had  decreased  to  90°;  they 
have  stopped  the  decrease  in  obliquity,  which  would  arise  from  the  solar  action, 
and  they  are  now  driving  Uranus  back  to  a  stable  position  with  an  obliquity 
of  180°.  Neptune,  with  its  one  satellite  of  extremely  large  tidal  influence,  is 
being  driven  towards  an  equilibrium  position  with  an  obliquity  of  180°.  I  should 
add  that  uncertainty  as  to  the  data  for  the  satellites  of  Uranus  and  Neptune 
leaves  even  the  present  direction  of  motion  of  their  equators  very  doubtful,  but 
that  the  results  above  given  seem  on  the  whole  the  most  probable."  .... 

"I  suggest  as  the  easiest  explanation  of  certain  remaining  difficulties  that 
the  satellites  of  Jupiter  and  Saturn  have  passed  through  an  annular  form  at  some 
previous  stage  in  their  history.  This  latter  idea  is  not  essential  to  the  successful 
working  out  of  the  theory;  at  present  it  is  only  put  forward  very  tentatively 
indeed,  and  as  a  subject  for  further  research." 

"Viewed  broadly,  then,  the  theory  of  planetary  inversion,  though  it  entails 
some  difficulties  of  detail,  remains  a  tenable  hypothesis.  As  explained  by  Sir 
George  Darwin's  tidal  theory  it  involves  three  main  assumptions:  (1)  that 
the  outer  satellites  of  a  planet  were  evolved  before  the  inner  ones;  (2)  that  the 
determining  factor  producing  secular  alterations  in  a  planet's  obliquity  has  been 
tidal  friction;  and  (3)  that  the  time  involved  in  the  scheme  is  not  so  great  as  to 
invalidate  the  ordinary  dynamical  equations.  A  justification  for  these  assump- 
tions may,  perhaps,  lie  in  the  satisfactory  explanation  which  the  theory  affords, 
both  of  the  large  obliquities  of  Uranus  and  Neptune  and  of  the  presence  of  a  sat- 
ellite such  as  Phozbe.  The  secular  motions  with  which  the  theory  is  concerned 
are  so  extremely  slow  that  it  can  hardly  yet  be  proved  or  disproved  by  reference 
to  the  gravitational  theory  of  the  motions  of  planets  and  their  satellites;  the 
theory  would  gain  some  support  by  the  discovery  of  satellites  to  Uranus  and 
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Neptune  of  the  same  type  as  Phoebe,  if  their  motion  were  retrograde;  it  would 
be  overthrown  if  their  motion  were  direct.  The  theory  remains  then  at  present 
a  speculative  hypothesis,  which  is  on  the  whole  well  supported  by  the  theory  of 
tidal  friction,  and  which  gives  the  only  explanation  so  far  offered  for  certain 
facts." 

It  is  impossible  to  convey  the  contents  of  this  lengthy  and  well  prepared 
paper,  even  by  quotations  of  such  considerable  length  as  are  here  given;  but 
this  seemed  the  only  way  of  doing  the  author  even  moderate  justice,  because  of 
the  difficulty  of  condensing  the  results  into  smaller  compass,  without  omitting 
some  important  considerations.  The  chief  significance  of  Mr.  Stratton's  in- 
vestigation lies  in  the  continued  adherence  to  Laplacian  traditions,  in  spite  of 
the  negative  and  therefore  unsatisfactory  criticisms  of  Moulton  and  Chamber- 
lin;  and  in  the  avoidance  of  any  suggestion  that  the  observed  satellites  might 
have  been  captured,  though  Sir  George  Darwin,  under  whose  inspiration  Mr. 
Stratton's  work  was  done,  had  eight  years  before  published  his  celebrated  memoir 
on  "Periodic  Orbits"  {Acta  Mathematica,  Vol.  XXI),  and  during  the  previous 
year  had  given  valuable  suggestions  on  cosmical  evolution  in  his  Presidential 
Address  to  the  British  Association  at  Capetown,  1905.  One  cannot  but  wonder 
to  what  extent  Moulton 's  misleading  criticism  of  Professor  W.  H.  Pickering's 
suggestion  of  the  possible  origin  of  Phoebe  by  capture  (Astrophysical  Journal, 
October,  1905,  pp.  177-180),  with  the  accompanying  fatal  misinterpretation  of 
Jacobi's  Integral,  may  have  been  responsible  for  the  rejection  of  the  only  idea 
which  could  simplify  our  theory  of  the  observed  satellites,  and  bring  it  into  har- 
mony with  the  purely  mathematical  results  arrived  at  by  Professor  Sir  G.  H. 
Darwin  in  his  justly  celebrated  memoir  on  "Periodic  Orbits." 

§  120.     On  the  True  Physical  Cause  Which  Determines  the  Direction  of 

Planetary  Rotation. 

It  will  be  seen  from  the  considerations  already  adduced,  and  examined  with 
some  care  in  Chapter  X,  on  the  "Dynamical  Theory  of  the  Capture  of  Satellites," 
that  we  explain  the  direction  of  rotation  of  the  planets  on  the  same  principle  by 
which  we  account  for  the  direction  of  revolution  of  the  satellites  in  their  orbits. 
About  each  planet,  within  the  Hill  closed  surface,  and  in  the  hour-glass  surfaces 
which  are  not  closed,  waste  matter  from  the  nebulosity  circulating  about  the  Sun 
passes  freely.  As  the  hour-glass  surface  is  not  entirely  closed  for  most  of  the 
particles,  they  naturally  enter  the  region  about  the  planet  with  a  direct  motion; 
and  this  same  direction  is  naturally  preserved  when  they  fall  down  near  the  planet 
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so  as  to  pass  within  the  closed  surfaces.  Therefore  in  general  the  satellites  have 
direct  revolutions  in  their  orbits  and  the  planets  have  direct  rotations  on  their 
axes.  Only  crossing  satellites,  or  those  of  irregular  foreign  origin  have  retro- 
grade revolution:  and  most  of  these  are  destroyed.  Those  which  fall  into  the 
planet  under  the  secular  effects  of  resistance  check  its  rotation  but  slightly. 

"Accordingly,  while  we  admit  Mr.  Stratton's  theory  of  planetary  inversion 
under  his  postulated  conditions,  involving  enormous  duration  of  time,  we  deny 
that  such  history  has  been  enacted  in  the  solar  system,  unless  possibly  a  slight 
effect  of  the  kind  has  arisen  in  the  systems  of  Uranus  and  Neptune  which  are  so 
remote  from  the  Sun.  In  our  view  the  direct  rotations  of  the  planets  are  inevit- 
able consequences  of  the  capture  of  nebulosity  in  the  sheltered  regions  enclosed 
within  the  Hill  closed  surfaces.  These  closed  spaces  are  regions  into  which 
waste  material  drifts  as  inevitably  as  water  runs  down  hill.  In  these  sheltered 
and  sequestered  regions  systems  of  satellites  collect,  because  the  nebular  vor- 
tices arising  there  circulate  incessantly,  and  the  waste  nebulosity  finally  goes 
to  the  building  up  of  the  planets  or  of  their  satellites.  This  conception  of  the 
sheltered  vortex  inside  the  Hill  closed  surfaces  gives  one  a  very  clear  idea  of 
what  takes  place  about  the  planets  as  they  slowly  develop  in  the  vaster  extent 
of  nebulosity  circulating  about  the  Sun. 

As  the  planets  originate  at  much  greater  distance  from  the  Sun  than  they 
now  have,  we  cannot  assume  that  their  rotations  may  not  be  partly  fixed  before 
they  reach  their  present  positions.  Even  retrograde  rotation  might  be  started 
in  remote  planets ;  and  may  be  this  still  partially  survives  in  the  systems  of  Uranus 
and  Neptune.  Accident  has  much  to  do  with  the  rotations  of  remote  bodies, 
but  in  the  inner  parts  of  the  system  a  more  orderly  development  prevails,  be- 
cause the  retrograde  motions  are  largely  obliterated,  as  we  see  in  the  actual  solar 
system.  Various  causes  have  modified  the  rotations  and  axial  tilts  of  the  planets, 
but  direct  rotation  is  natural;  while  planetary  inversion  seldom,  if  ever,  takes  place. 

§  121.     The  Moon  and  Other  Satellites,  Being  Small  Captured  Bodies,  Probably 

Never  Had  Much  Rotation,  but  Even  This  Has  Been  Destroyed  by 

Resistance  and  by  Tidal  Friction. 

This  proposition  is  almost  obvious  without  elaborate  analysis  of  the  reasons 
why  the  smaller  bodies  have  little  rotational  moment  of  momentum.  For  in 
coming  together  the  elements  of  such  a  mass  could  hardly  give  it  a  rapid  rotation 
about  any  axis,  because  the  closed  Hill  surface  about  it  is  too  small  to  give  a 
large  vortex  for  the  collection  of  waste  matter;    and  nothing  but  a  large  amount 
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of  this  gathered  rubbish  revolving  under  strong  central  force  could  produce  a 
rapid  rotation  in  the.  planet  formed  by  the  subsequent  condensation  of  the  ma- 
terial. Thus,  owing  to  the  small  size  of  the  Hill  closed  surface,  and  the  feeble 
central  attraction  —  both  being  due  to  the  smallness  of  the  mass  —  the  rota- 
tion of  a  small  body  like  the  Moon  can  never  be  very  rapid.  Accordingly 
neither  the  Terrestrial  Moon  nor  any  of  the  other  satellites  of  the  solar  system 
ever  had  rapid  axial  rotation,  and  the  same  remark  applies  to  the  planet  Mercury. 
Yet  what  little  rotations  the  Moon,  the  satellites  of  Jupiter,  Saturn,  and  other 
planets,  may  have  had,  have  been  exhausted  by  subsequent  resistance,  and  es- 
pecially by  the  tidal  friction  of  the  planets  about  which  they  revolve.  It  is  not 
surprising,  therefore,  that  they  show  only  one  face  towards  their  several  planets. 
The  result  has  long  been  regarded  as  probable,  but  previous  writers,  being  un- 
aware of  the  causes  which  determine  the  rotation,  and  not  suspecting  that  the 
satellites  were  captured,  have  perhaps  overrated  the  chances  of  primitive  rapid 
rotation,  and  made  the  destruction  of  the  axial  rotations  seem  more  important 
than  it  really  is.  For  as  the  Earth  has  been  thought  to  have  rotated  in  about 
2h  41m,  according  to  Darwin,  it  might  naturally  have  been  supposed  that  the 
rotation  period  of  the  Moon,  also,  was  at  one  time  comparatively  short.  If  the 
present  views  are  correct,  this  has  never  been  the  case,  and,  although  tidal  friction 
has  been  the  main  cause  working  to  exhaust  the  rotations,  there  never  was  much 
rotation  of  the  Moon  to  be  destroyed.  The  force  of  this  argument  becomes  more 
apparent  by  remembering  that  if  the  Moon  is  a  captured  body,  there  is  no  good 
reason  to  suppose  that  the  Earth  ever  did  rotate  much  more  rapidly  than  it  does 
at  present. 

Problems,  such  as  the  loss  of  the  atmospheres  of  the  Moon  and  of  other  sat- 
ellites, also  take  on  a  new  aspect;  for  we  have  no  reason  to  believe  any  sensible 
atmosphere  ever  existed  about  these  small  captured  bodies.  Nor  is  it  probable 
that  there  is  snow  or  ice  on  the  Moon's  surface,  as  many  writers  have  supposed. 
Whether  the  large  craters  can  have  been  formed  by  the  impact  of  small  satellites 
upon  a  heated  and  molten  surface,  as  the  geologist  G.  K.  Gilbert  believed,  will 
be  carefully  considered  in  Chapter  XIV. 

The  Moon  being  in  the  present  hypothesis  a  planet  and  not  a  portion  of  the 
Earth,  we  have  to  give  up  most  of  the  supposed  analogy  between  Terrestrial  and 
Lunar  volcanoes  and  mountains.  The  mountains  on  the  Moon  apparently  were 
formed  before  it  was  captured  by  the  Earth.  And,  therefore,  while  we  lose  by 
giving  up  the  assumed  analogy  with  the  Earth,  we  gain  by  our  new  privilege 
of  studying  at  close  range  a  planet  from  the  celestial  spaces  formed  quite  inde- 
pendently of  the  Earth.     If  this  view  be  admissible,  there  will  be  considerable 
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advantage  to  science;  for  we  never  expected  that  this  privilege  of  such  close 
telescopic  inspection  of  another  planet  of  the  solar  system  would  be  given  to 
the  inhabitants  of  our  terrestrial  globe. 

In  this  connection,  I  may  say,  that  on  one  or  two  occasions  when  the  seeing 
was  at  its  best  during  the  observations  of  the  planet  Mercury,  at  Washington, 
in  1901  and  1902,  I  believed  I  obtained  glimpses  of  the  planet's  surface  of  the 
same  type  as  that  of  the  Moon.  It  may  well  be  that  these  brief  glimpses,  gained 
at  moments  of  best  seeing,  supported  as  they  are  by  the  evidence  of  photometric 
measures,  showing  that  the  planet  has  a  rough  surface,  rest  on  a  more  substan- 
tial basis  than  any  one  heretofore  has  ventured  to  believe.  One  gets  the  impression 
that  the  origin  of  the  Moon  and  of  the  planet  Mercury  is  essentially  the  same, 
and  that  in  the  remote  past  both  revolved  in  the  planetary  spaces  between  the 
present  orbits  of  Mars  and  Jupiter. 

§  122.     The  Terrestrial  Spheroid  Itself  Shows  Little,  if  Any,  Evidence  of  Having 
Had  More  Rapid  Rotation  in  Former  Times. 

The  theory  that  the  Moon  is  a  captured  body  carries  with  it  several  important 
corollaries,  which  deserve  careful  consideration.  Foremost  among  these  is  the 
question  whether  the  Earth  rotated  much  more  rapidly  in  former  times  than  it 
does  now.  It  has  long  been  believed  that  the  Earth  once  had  a  much  more  rapid 
rotation  than  at  present,  and  tables  of  the  changes  in  the  Earth's  figure  and  physical 
constitution,  arising  from  such  supposed  rapid  rotation,  have  been  calculated  and 
published  in  various  works  on  Geology  and  Physics.*  But  it  is  a  remarkable  fact 
that  if  we  examine  this  work  carefully,  we  shall  find  that  it  rests  not  on  observed 
phenomena,  but  on  Darwin's  celebrated  papers  on  the  "  Origin  of  the  Lunar-Terres- 
trial System,"  which  have  been  analyzed  above.  On  the  other  hand,  the  terrestrial 
spheroid  itself  gives  little,  if  any,  evidence  of  more  rapid  rotation  in  former  times. 
No  well  established  facts  in  Geology,  Physics,  or  Geodesy  support  such  a  view. 

It  is  true  that  the  changes  in  the  rate  of  rotation  of  our  planet  might  be 
supposed  to  be  so  slow  that  all  traces  of  the  former  state  of  the  Earth  would  have 
been  wholly  obliterated  by  the  transformations  which  have  intervened;  yet 
it  is  not  at  all  certain  that  this  would  be  so,  and  it  seems  more  probable  that  the 
greater  oblateness  once  existing  would  have  left  sensible  traces  of  incomplete 
adjustment  to  modern  conditions.  So  far  as  may  be  judged  from  accurate  meas- 
urements of  gravity,  and  from  many  trigonometric  measurements  carried  out  in 
all  latitudes  and  in  both  hemispheres,  by  various  Geodetic  Surveys,  no  certain  in- 

*  cf.  "  The  Rotation-Period  of  a  Heterogeneous   Spheroid,"  by  Charles  S  Slichter,  Publication  107  of  the 
Carnegie  Institution,  1909. 
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equalities  pointing  to  a  former  rapid  rotation  of  the  Earth  have  been  discovered. 
The  inequalities  found  all  seem  to  be  local,  and  connected  with  the  formation 
of  the  continents,  which  owe  their  elevation  and  outlines  to  the  secular  leakage 
of  the  oceans  (cf.  "Further  Researches  on  the  Physics  of  the  Earth,  and  Es- 
pecially on  the  Folding  of  Mountain  Ranges  and  the  Uplift  of  Plateaus  and  Con- 
tinents Produced  by  Movements  of  Lava  Beneath  the  Crust  Arising  from  the 
Secular  Leakage  of  the  Ocean  Bottoms,"  Proc.  Am.  Philosophical  Society,  Phila- 
delphia, No.  189,  1908). 

In  his  valuable  work  on  "Tides  and  Kindred  Phenomena  in  the  Solar  System," 
pp.  300-304,  Sir  George  Darwin  discusses  this  question  of  the  Earth's  adjust- 
ment with  some  care.  He  admits  that  Lord  Kelvin  did  not  share  his  view  that 
the  Earth  had  adjusted  its  figure  to  suit  its  rate  of  rotation.  He  says  Lord  Kelvin 
held  "that  the  fact  that  the  average  figure  of  the  Earth  corresponds  with  the 
actual  length  of  the  day  proves  that  the  planet  was  consolidated  at  a  time  when 
the  rotation  was  but  little  more  rapid  than  it  is  now."  And  adds:  "The  differ- 
ence between  us  is,  however,  only  one  of  degree,  for  he  considers  that  the  power  of 
adjustment  is  slight,  whilst  I  hold  that  it  would  be  sufficient  to  bring  about  a 
considerable  change  of  shape  within  the  period  comprised  in  geological  history." 

Sir  George  Darwin  then  proceeds  to  analyze  four  classes  of  facts  derived 
from  observation  —  gravity,  the  ellipticity  of  the  Earth,  the  lunar  inequality 
depending  on  the  Earth's  figure,  and  the  precession  and  nutation  of  the  Earth's 
axis  —  and  says  that  they  are  so  intimately  intertwined  that  one  of  them  cannot 
be  touched  without  affecting  the  others.  In  conclusion,  he  adds:  "Edouard 
Roche,  a  French  mathematician,  has  shown  that  if  the  Earth  is  perfectly  plastic, 
so  that  each  layer  is  exactly  of  the  proper  shape  for  the  existing  rotation,  it  is 
not  possible  to  adjust  the  unknown  law  of  internal  density  so  as  to  make  the  values 
of  all  these  elements  accord  with  observation.  If  the  density  be  assumed  such 
as  to  fit  one  of  the  data,  it  will  produce  a  disagreement  with  observation  in  others. 
If,  however,  the  hypothesis  be  abandoned  that  the  internal  strata  all  have  the 
proper  shapes,  and  if  it  be  granted  that  they  are  a  little  more  flattened  than  is 
due  to  the  present  rate  of  rotation,  the  data  are  harmonized  together;  and  this 
is  just  what  would  be  expected  according  to  the  theory  of  tidal  friction.  But  it 
would  not  be  right  to  attach  great  weight  to  this  argument,  for  the  absence  of 
harmony  is  so  minute  that  it  might  be  plausibly  explained  by  errors  in  the  nu- 
merical data  of  observation.  I  notice,  however,  that  the  most  competent  judges 
of  this  intricate  subject  are  disposed  to  regard  the  discrepancy  as  a  reality." 

The  views  here  expressed  by  Darwin,  who  may  be  considered  the  highest 
authority  on  the  subject,  accord  sufficiently  well  with  those  reached  by  the  present 
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writer,  on  the  theory  that  the  Moon  is  captured,  to  justify  the  statement  that 
the  Earth  itself  shows  little,  if  any,  evidence  of  more  rapid  rotation  in  former  times. 
If  the  supposed  greater  tidal  efficiency  of  the  Moon  in  past  ages  is  given  up, 
various  tidal  and  physical  questions  will  be  left  unsettled,  and  most  of  the  prob- 
lems of  the  Physics  of  the  Earth  will  have  to  be  re-examined.  The  uniformi- 
tarian  theories  in  Geology  will  gain  some  additional  importance  by  changes  in 
fundamental  principles  which  exclude  the  Moon  from  a  more  active  part  in  the 
past  history  of  the  Earth. 

§  123.     Light  Throvm  on  the  Earth's  Primitive  Rotation  Period  by  the  Observed 
Rotations  of  the  Other  Planets  About  Their  Axes. 

Before  finally  dismissing  this  important  subject  it  is  worth  while  to  remark 
that  some  further  light  on  the  question  of  the  Earth's  rotation  in  past  ages  may 
be  gathered  from  the  study  of  the  other  planets  in  space.  If  we  consider  atten- 
tively the  present  slow  rotations  of  the  other  planets,  we  shall  perceive  how  ex- 
tremely improbable  it  is  that  the  Earth  once  rotated  rapidly  enough  to  detach 
the  Moon.  The  best  determined  rotation  periods  of  the  several  planets  seem  to 
be  the  following  (cf.  A.N.,  4308):    . 


Mercury, 

88  days. 

Jupiter, 

9.928      hours. 

Venus, 

225  days,  or  1  day. 

Saturn, 

10.641      hours. 

The  Earth, 

24  hours. 

Uranus, 

10.1112    hours. 

Mars, 

24.62297  hours. 

Neptune, 

12.84817  hours. 

In  the  case  of  Venus,  I  have  given  preference  to  the  period  found  by  Lowell, 
though  there  is,  perhaps,  still  a  little  doubt  attached  to  the  rotation  period  of 
this  planet.*  Working  with  the  spectrograph  at  Poulkowa,  Belopolski  obtained 
apparently  slight  spectral  displacements  corresponding  to  a  period  of  one  day 
(cf.  A.N.,  3641),  but  this  result  was  not  confirmed  by  Lowell,  who  repeated 
the  experiment  at  Flagstaff  under  favorable  conditions.  There  are,  however, 
two  additional  reasons  for  being  very  cautious  about  concluding  what  the  period 
of  Venus  is:  (1)  From  the  mass  of  the  planet,  namely,  0.8153  of  the  Earth's 
mass  (cf.  A.N.,  3992,  p.  118),  one  would  expect  an  original  rotation  nearly  as 
rapid  as  that  of  the  Earth,  owing  to  the  physical  cause  which  determines  rotation, 
as  set  forth  in  the  present  Chapter.  (2)  If  a  rapid  rotation  once  existed,  in  a 
period  of  about  one  day,  the  question  arises  whether  it  could  have  been  destroyed 
by  tidal  friction.     Heretofore  we  have  been  inclined  to  answer  this  question  in 

♦This  discussion  is  left  as  it  was  in  A.N.  4343,  but  the  rotation  of  Venus  is  further  considered  in  Chapter 
XVI,  where  it  is  shown  that  the  true  period  probably  is  23h  21m. 
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the  affirmative,  but  it  is  not  clear  that  we  have  been  right.  It  is  true  that  the  tidal 
frictional  resistance  due  to  the  Sun's  action  on  Venus  would  be  about  5.8  times 
what  it  is  on  the  Earth;  but  Dr.  Hecker's  recent  observations  at  Potsdam  indicate 
a  yielding  of  the  solid  Earth  under  the  action  of  the  Moon  of  only  about  six  inches, 
according  to  a  statement  by  Professor  Sir  G.  H.  Darwin  in  a  public  lecture 
at  Cambridge,  May  10,  1909.  This  corresponds  to  a  solar  tide  in  the  solid  Earth 
of  three  inches,  and  this  would  make  the  bodily  tide  in  Venus  not  over  seven 
inches.  For  in  the  paper  on  the  "Rigidity  of  the  Heavenly  Bodies,"  A.N.,  4104, 
I  have  shown  that  the  rigidity  of  Venus  must  be  taken  to  be  but  little  less  than 
that  of  the  Earth.  If,  then,  the  solid  Earth  yields  to  the  Sun's  attraction  to  the 
extent  of  about  three  inches,  and  the  solid  globe  of  the  planet  Venus  not  over  seven 
inches,  the  question  arises  whether  the  frictional  resistance  against  the  rotation 
would  not  be  excessively  slow,  and,  in  fact,  almost  insensible.  If  the  moon  has 
been  captured,  as  set  forth  in  this  paper,  it  appears  that  we  cannot  point  with 
certainty  to  any  sensible  retardation  of  the  Earth's  rotation,  due  to  the  action 
of  the  Sun  and  Moon;  nor  should  we  expect  such  a  result  from  a  tidal  yielding 
of  the  Earth's  mass  of  only  about  three  and  six  inches,  respectively,  for  these  two 
disturbing  bodies.  Under  the  circumstances,  it  seems  necessary  to  preserve  an 
open  mind  about  the  rotation  period  of  Venus. 

However  this  question  may  be  decided  by  future  events,  the  period  will  in 
no  case  be  appreciably  less  than  a  day,  and  this  minimum  value  is  sufficient  for 
our  present  purposes.  What  is  true  of  Venus,  is  even  more  certainly  true  of 
Mercury. 

Now,  the  period  of  2h  41m,  or  2.7  hours,  found  by  Darwin,  for  the  Earth 
when  rotating  as  if  rigidly  connected  with  the  Moon,  is  only  about  one-ninth  of 
the  present  rotation  period  of  the  Earth;  and  even  Jupiter,  which  has  the  largest 
mass  and  shortest  period  of  any  of  the  planets,  rotates  3.7  times  more  slowly 
than  our  primitive  Earth  is  supposed  to  have  done.  By  dividing  the  primitive 
Earth's  hypothetical  period  of  2.7  hours  into  the  periods  of  the  other  planets, 
we  obtain  for  the  several  planets  the  following  minimum  numbers,  namely:  Mer- 
cury, 9;  Venus,  9;  Mars,  9.1;  Jupiter,  3.7;  Saturn,  4.0;  Uranus,  3.7;  Neptune, 
4.8;  and  we  may  calculate  the  probability  that  in  seven  different  cases  the  ob- 
served periods  would  so  much  exceed  that  of  the  primitive  Earth,  or  that  the 
Earth's  original  period  would  have  been  so  much  shorter  than  that  of  any  of  the 
other  planets.  If  the  Earth,  as  an  ordinary  planet  of  very  modest  size,  could 
really  have  attained  to  a  rotation  in  so  short  a  period  as  2.7  hours,  the  chances 
that  seven  other  planets  would  not  all  miss  in  the  same  direction,  and  by  these 
amounts,  the  average  being  about  6.2,  would  be  about  as  the  continued  products 
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of  the  above  numbers,  which  is  193745.  Thus  the  chances  that  the  Earth  could 
have  had  such  a  short  period  as  2.7  hours  when  calculated  from  the  data  furnished 
by  the  other  planets  scarcely  exceeds  1  in  200000,  or  the  chances  are  200000  to  1 
that  no  such  short  period  as  2.7  hours  ever  existed.  And  if  the  known  physical 
cause  of  the  rotations,  as  established  in  this  work,  be  introduced,  the  probability 
becomes  practically  infinity  to  one  that  such  a  rotation  period  as  2.7  hours  never 
existed;  and  the  probability  remains  enormous  that  the  Earth  never  rotated 
much  more  rapidly  than  it  does  now.  So  far  as  one  may  judge,  therefore,  by 
the  data  furnished  by  the  other  planets,  we  are  justified  in  rejecting  once  for  all 
the  hypothesis  that  the  day  was  ever  appreciably  shorter  than  at  present. 

§  124.     Summary  of  Results. 

These  several  considerations  may  be  briefly  summed  up  as  follows: 

(1)  As  all  of  the  other  satellites  are  proved  to  be  captured  bodies,  the  over- 
whelming presumption  is  that  this  is  true,  also,  of  the  Moon,  and  this  enormous 
probability  is  naturally  increased  by  the  demonstrated  fact  that  all  the  planets, 
likewise,  have  been  captured  by  the  Sun,  and  not  one  of  them  detached  from  that 
central  globe,  as  was  formerly  supposed  by  Laplace  and  other  early  writers  on 
Cosmical  Evolution. 

(2)  If  we  calculate  the  probability  that  the  otherwise  uniform  rule  of  capturing 
companions  has  been  broken  in  the  single  case  of  the  planet  Earth,  we  shall  find  the 
chances  against  it  so  overwhelmingly  as  to  wholly  exclude  it  from  consideration. 

(3)  Thus  the  companions  or  satellites  could  originate  in  but  one  of  two 
possible  ways;  namely,  by  capture,  and  by  detachment.  Let  us  make  the  case 
as  favorable  as  possible  to  the  theory  of  detachment,  and  put  the  probability 
of  the  two  events  each  equal  to  £.  Then,  as  we  have  eight  principal  planets, 
25  satellites  (besides  our  Moon) ,  and  over  660  asteroids  —  all  certainly  captured  — 
the  chances  are  at  least  (2)693  to  unity  that  the  Moon  has  been  captured.  This 
number  exceeds  a  decillion  decillion  (1066)  to  the  third  power  (1066)3,  and  is  so 
enormous  that  it  passes  all  comprehension. 

(4)  Even  a  decillion  decillion  (1066)  is  so  large  that  we  are  compelled  to 
resort  to  a  method  employed  by  Archimedes  to  illustrate  it.  Imagine  sand  so 
fine  that  10,000  grains  will  be  contained  in  the  space  occupied  by  a  poppy  seed, 
itself  about  the  size  of  a  pin's  head;  and  then  conceive  a  sphere  described  about 
our  Sun  with  a  radius  of  200,000  astronomical  units  (a  Centauri  being  at  a  distance 
of  275,000),  entirely  filled  with  this  fine  sand.  The  number  of  grains  of  sand 
in  this  sphere  of  the  fixed  stars  would  be  a  decillion  decillion  (1066). 
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(5)  But  to  correctly  understand  the  actual  probability  of  the  origin  of  the 
Moon  by  capture,  we  .must  extend  the  method  of  Archimedes  and  conceive  all 
the  grains  of  sand  included  within  this  sphere  with  radius  extending  nearly  to 
a  Centauri,  to  be  arranged  in  a  continuous  straight  line  as  close  together  as  pos- 
sible (such  a  line  will,  of  course,  extend  to  infinity),  and  then  imagine  a  cube 
erected  on  this  infinite  line  as  a  base;  and  when  this  infinite  cube  is  entirely  filled 
with  the  finest  sand,  all  the  grains  included  within  it  against  one  is  the  probability 
that  our  Moon,  also,  has  been  captured,  and  that  the  Lunar-Terrestrial  system 
forms  no  exception  to  the  general  rule  of  cosmical  evolution  by  capture  prevail- 
ing in  the  development  of  the  solar  system. 

(6)  As  this  mode  of  calculation  by  the  theory  of  probability  is  entirely  rigor- 
ous and  not  merely  approximate,  it,  therefore,  incontestibly  follows  that  our 
Moon,  too,  has  been  captured  and  added  to  our  terrestrial  system  from  without, 
and,  therefore,  never  has  been  nearer  us  than  at  present,  but  has  come  to  Earth 
from  heavenly  space,  as  was  announced  by  the  author's  cablegram  in  A.N.,  4325. 

(7)  Consequently  we  conclude  that  the  events  traced  by  Darwin  depend 
on  occidental  coincidences  and  do  not  represent  the  true  physical  history  of  Nature. 
Accordingly  all  our  previous  conceptions  in  Astronomy,  Physics  of  the  Earth, 
and  Geology,  as  dependent  on  the  Moon's  supposed  detachment  from  our  planet,* 
must  be  wholly  abandoned,  and  all  the  questions  again  re-examined,  in  the  light 
of  the  new  theory,  from  the  ground  up.  This  affords  us  an  impressive  illustra- 
tion of  the  incompleteness  of  the  Physical  Sciences  to-day. 

(8)  The  present  distance  of  the  terrestrial  Moon  in  the  inner  part  of  the 
closed  Hill  surface  about  the  Earth  corresponds  with  the  theory  that  this  body 
has  been  captured,  in  which  case  it  could  hardly  have  remained  very  near  the 
outer  portions  of  this  space.  When  the  Moon  was  first  captured,  however,  its 
distance  can  hardly  have  been  much  less  than  twice  what  it  is  now;  so  that  the 
distance  probably  has  been  greatly  reduced  with  the  lapse  of  ages. 

(9)  If  this  view  be  admissible,  it  follows  that  the  mean  distance  has  been 
reduced,  principally  by  the  secular  action  of  the  resisting  medium;  and  the 
month  has  been  shortened  from  some  eighty  days  to  27.32166  days,  as  at  present. 
The  original  month  may  have  exceeded  100  days,  but  as  Dr.  Hill  has  shown 
cannot  have  exceeded  204.896  days. 

(10)  If  the  mean  distance  has  been  so  much  reduced,  it  follows  that  the 
eccentricity  of  the  orbit  has  also  been  correspondingly  diminished.  The  present 
eccentricity  of  0.05489972,  therefore,  agrees  well  with  the  capture  theory.     The 

♦The   theory  that  the  Moon  was  thrown  off  from  the  Earth  seems  to  date  back  to  the  Greek    philosopher 
Anaxaooras,  B.  C.  500-428. 
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view  that  the  present  eccentricity  is  a  survival  of  a  larger  value  appears  probable 
in  itself;  and  is  in  harmony  with  the  tendencies  observed  in  other  satellite  sys- 
tems, where  the  same  cause  has  been  at  work. 

(11)  The  inclination  of  the  Lunar  orbit  to  the  ecliptic,  5°  8'  43".35,  is 
about  what  would  be  expected  from  the  capture  theory,  and  naturally  the  orbital 
motion  would  be  direct.  For  when  a  body  is  captured  the  chances  of  theory 
are  much  greater  that  it  will  move  direct  rather  than  retrograde,  and  we  see  this 
theory  confirmed  by  what  is  observed  in  the  other  satellite  systems.  This  fol- 
lows naturally  from  the  circumstances  that  a  captured  satellite  has  to  cross  the 
line  of  conjunctions  before  coming  under  the  control  of  the  planet,  in  order  to 
give  a  retrograde  motion,  unless  of  course  such  satellite  has  come  in  at  random 
and  follows  no  law  whatever. 

(12)  The  great  preponderance  of  the  Moon's  moment  of  momentum  of 
orbital  motion  (3.384)  over  that  of  the  Earth's  axial  rotation  (0.7044)  is  of  itself 
a  suspicious  circumstance,  and  difficult  to  account  for,  without  introducing  vio- 
lent hypotheses.  But  if  the  Moon  is  captured,  this  unusual  circumstance  presents 
no  difficulty. 

(13)  Darwin's  celebrated  diagram  does  not  show  how  the  system  of  the 
Earth  and  Moon  came  to  be  started;  but  only  shows  what  will  follow  from  a 
given  condition  of  the  system.  Now  if  the  bodies  were  started  to  revolving  in 
a  perfect  vacuum,  they  might  separate  as  he  supposed,  but  if  the  resisting  medium 
is  more  effective  than  tidal  friction,  the  bodies  will  approach  one  another  in  spite 
of  the  energy  curve  in  the  diagram;  for  this  curve  rests  on  dynamical  equations 
which  postulate  no  resistance.  When  the  resisting  medium  is  introduced  the 
energy  curve  is  no  longer  valid,  but  the  outcome  will  depend  on  the  relative  im- 
portance of  the  two  rival  forces  —  tidal  friction  and  the  resisting  medium,  the 
secular  effects  of  which  are  exactly  opposite.  In  order  to  judge  which  is  likely 
to  predominate,  it  is  sufficient  to  recall  the  circularity  of  the  orbits  of  the  planets 
and  satellites  noticed  elsewhere  in  our  system,  and  directly  traceable  to  this 
latter  cause  and  no  other. 

(14)  Halley  first  suspected  the  existence  of  a  secular  acceleration  of  the 
Moon's  mean  motion  in  1693.  It  was  confirmed  by  Dunthorne,  in  1749,  and 
in  the  same  year  Euler  advanced  the  view  that  all  the  heavenly  bodies  were 
subject  to  the  secular  effects  of  a  resisting  medium.  Notwithstanding  Laplace's 
celebrated  discovery  in  1787,  that  the  secular  decrease  in  the  eccentricity  of 
the  Earth's  orbit  was  responsible  for  most  of  the  observed  secular  acceleration 
of  the  Moon,  it  continues  to  be  an  unsettled  question.  The  correction  of  Laplace's 
process  of  calculation  by  Adams,  in  1853,  and  the  verification  of  the  latter's  pro- 
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cedure  by  Delaunay,  Plana,  Lubbock,  Hansen,  Cayley,  and  others,  allows 
gravitational  theory  to  account  for  only  about  two-thirds  of  the  observed  effect 
indicated  by  the  most  ancient  observations,  6".  11  according  to  Delaunay,  while 
the  most  ancient  eclipses  of  the  Sun  make  the  observed  secular  acceleration  about 
8".2.  And,  recently,  Mr.  Cowell  has  confirmed  a  secular  acceleration  of  the 
Moon  of  some  9"  by  new  researches  on  eclipses,  and,  besides,  found  a  sensible 
secular  acceleration  of  the  Sun,  which  could  not  be  accounted  for  by  any  hitherto 
recognized  cause.  Why  not  go  back  to  Euler's  sagacious  suggestion  of  the 
resisting  medium,  to  explain  both  of  these  outstanding  anomalies?  If  the  re- 
sisting medium  has  shaped  the  orbits  of  the  heavenly  bodies,  it  has  not  yet  en- 
tirely disappeared,  but  must  produce  small  effects  which  are  sensible  to  observa- 
tions extending  over  long  ages. 

(15)  And  of  all  the  bodies  in  our  system  adapted  to  disclosing  the  secular 
effects  of  this  slowly  acting  cause,  the  Moon  is  by  far  the  most  sensitive,  as  was 
long  ago  remarked  by  Euler.  It  is  like  a  delicately  adjusted  chronometer,  and 
the  slightest  disturbance  will  at  length  become  sensible  to  observation.  The 
next  most  sensitive  of  the  heavenly  bodies  is  undoubtedly  the  Sun  (or,  rather, 
the  Earth),  because  of  the  accuracy  of  our  modern  observations  and  the 
considerable  period  over  which  they  have  extended.  And  here  it  is  that  Mr. 
Cowell,  of  Greenwich,  has  recognized  the  anomalies  which  heretofore  have 
been  attributed  to  the  secular  effects  of  tidal  friction  in  changing  the  length  of 
the  day. 

(16)  If  the  views  set  forth  in  this  Chapter  be  admissible,  they  will  tend 
to  restore  our  confidence  in  ancient  eclipse  observations,  and  also  in  the  steadiness 
of  the  Earth  as  a  time-keeper,  while  they  will  give  a  severe  shock  to  those  who 
consider  the  heavenly  spaces  devoid  of  sensible  resistance.  And  while  the  effects 
attributed  to  tidal  friction  seems  to  be  less  important  than  they  have  been  sup- 
posed to  be,  on  account  of  the  present  great  distance  of  the  Moon,  and  the  indica- 
tion that  it  has  never  been  sensibly  nearer  the  Earth;  yet  the  importance  of  this 
cause  will  always  be  considerable,  both  in  our  own  system,  and  in  other  systems 
observed  in  the  immensity  of  space.  The  change  in  our  point  of  view,  of  course, 
does  not  diminish  the  value  of  Professor  Sir  G.  H.  Darwin's  celebrated  work 
on  this  subject,  but  simply  limits  the  scope  of  the  results  when  applied  to 
the  systems  nearest  at  hand.  Even  if  inapplicable  to  the  Moon,  or  applica- 
tion to  but  a  limited  extent,  his  beautiful  analysis  will  always  be  the  basis 
of  future  researches  in  this  extensive  subject,  which  deals  with  one  of  the 
most  important  physical  causes  effecting  the  figures  and  motions  of  the  heavenly 
bodies. 
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§  125.    Moulton's  Latest  Criticism  of  Darwin's  Theory  of  the  Terrestrial  Origin 

of  the  Moon. 

Since  the  above  discussion  was  completed  and  forwarded,  in  a  somewhat 
abbreviated  form,  to  the  Astronomische  Nachrichten,  May  22,  1909,  the  author 
has  had  an  opportunity  of  examining  Moulton's  recent  criticism  of  Darwin's 
theory  of  the  origin  of  the  Moon,  in  publication  No.  107,  of  the  Carnegie  Institu- 
tion. Whilst  the  results  there  reached  are  negative,  and  consist  in  showing  the 
untenability  of  the  Fission  Theory,  they  are  of  considerable  interest  as  affording 
an  additional  confirmation,  even  if  only  an  indirect  one,  of  the  new  theory  that 
the  Moon  is  a  captured  body,  and  has  come  to  the  Earth  from  celestial  space. 
The  following  are  Moulton's  chief  results: 

(1)  He  finds,  by  methods  depending  on  equations  of  energy  and  moment 
of  momentum,  not  greatly  different  from  those  of  Darwin,  that  the  Moon  cannot 
be  traced  back  to  close  contact  with  the  Earth;  but  that  when  they  are  brought 
into  closest  proximity  deducible  from  these  methods,  an  interval  of  4201  miles 
separates  the  surfaces  of  the  Earth  and  Moon,  or  a  space  243  miles  greater  than 
the  Earth's  radius. 

(2)  It  is  not  possible  to  bridge  over  this  difficulty  by  any  admissible  hy- 
pothesis, such  as  supposing  that  the  Earth  once  had  a  larger  volume  and  greater 
oblateness  and  has  since  shrunk  up.  Moulton  considers  the  case  in  which  the 
Earth  is  made  so  oblate  as  to  reach  the  Moon,  under  conditions  by  which  the 
volume  and  rotational  moment  of  momentum  are  kept  constant  and  Laplace's 
law  of  density  prevails;  and  finds  that  the  polar  radius  would  thus  be  942  miles, 
and  the  equatorial  radius  9194.  "A  scale  drawing  shows  that  this  oblateness 
is  out  of  the  question,  and  a  little  consideration  shows  that  the  equatorial  zone 
must  have  been  so  rare  as  to  make  it  impossible  to  account  for  the  mass  of  the 
Moon." 

(3)  By  no  variation  of  the  data  on  the  several  admissible  hypotheses  con- 
sidered by  Moulton  could  the  Earth  and  Moon  be  traced  back  to  closer  proximity 
than  4201  miles  between  the  surfaces.  At  this  distance,  corresponding  to  9241 
miles  between  the  centers,  the  period  of  revolution  could  not  be  less  than  4.93 
hours.  The  accompanying  diagram  shows  the  Earth  and  Moon  at  their  nearest 
approach;  and  he  finds  that  there  is  no  way  in  which  such  a  separation  can  be 
reconciled  with  the  fission  theory.  Darwin  encountered  this  same  difficulty 
thirty  years  ago/but  Moulton's  researches  have  strongly  emphasized  it. 

(4)  Assuming  that  4"  per  century  is  the  outstanding  difference  between 
observation  and  gravitational  theory,  in  the  matter  of  the  secular  acceleration 
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of  the  Moon's  mean  motion,  Moulton  shows  that  it  would  take  30,000,000  years 
for  the  Moon  to  gain  one  revolution.  If  the  physical  condition  of  the  Earth  has 
been  essentially  constant,  then  it  is  shown  that  the  length  of  the  day  was  twenty 
of  our,  present  hours,  and  of  the  month  twenty-four  of  our  present  days,  not  less 
than  220,000,000,000  years  ago.  "It  is  extremely  improbable  that  the' neglected 
factors,  such  as  the  eccentricity  of  the  Moon's  orbit,  could  change  these  figures 
enough  to  be  of  any  consequence.  This  remarkable  result  has  the  great  merit 
of  resting  upon  but  few  assumptions  and  in  depending  for  its  quantitative  char- 
acter upon  the  actual  observations.     If  it  is  accepted  as  being  correct  as  to  its 


Fig.  34.     Nearest  Approach  of  Moon  to  Earth  by  Darwin's  Theory. 

general  order,  it  shows  that  tidal  evolution  has  not  affected  the  rotation  of  the 
Earth  much  in  the  period  during  which  the  Earth  has  heretofore  been  supposed 
to  have  existed  even  by  those  who  have  been  most  extravagant  in  their  demands 
for  time.  And  if  one  does  not  accept  these  results  as  to  their  general  quantitative 
order,  he  faces  the  embarrassing  problem  of  bringing  his  ideas  into  harmony  with 
these  observations." 

(5)  Moulton  finds  many  results  inconsistent  with  the  fission  theory  of  the 
origin  of  the  Earth  and  Moon,  and  finally  says  that  it  will  have  to  be  rejected. 
"In  a  word,  the  quantitative  results  obtained  in  this  paper  are  on  the  whole 
strongly  adverse  to  the  theory  that  the  Earth  and  Moon  have  developed  by  fission 
from  an  original  mass,  and  that  tidal  friction  has  been  an  important  factor  in 
their  evolution.  Indeed,  they  are  so  uniformly  contradictory  to  its  implications 
as  to  bring  it  into  serious  question,  if  not  to  compel  us  to  cease  to  consider  it  as 
even  a  possibility." 
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(6)  At  the  end  of  a  second  paper,  on  the  fission  of  a  contracting  fluid  mass, 
he  again  reaches  negative  results,  both  as  regards  the  solar  system,  and  the  binary 
star  systems,  and  finally  expresses  himself  in  despair  as  follows:  "The  results 
obtained  by  the  computations  above  are  quite  adverse  to  the  fission  theory,  in 
general,  except  if  it  is  applied  to  masses  in  the  nebulous  state,  and  seem  prac- 
tically conclusive  against  it  so  far  as  the  solar  system  is  concerned,  either  in  the 
future  or  past.  Perhaps  the  hypothesis  that  stars  are  simply  condensed  nebulas, 
which  has  been  stimulated  by  a  century  of  belief  in  the  Laplacian  theory,  should 
now  be  accepted  with  much  greater  reserve  than  formerly.  Up  to  the  present 
we  have  made  it  the  basis  not  only  for  work  in  dynamical  cosmogony  but  also 
in  classifying  the  stars.  It  may  be  the  time  is  ripe  for  a  serious  attempt  to  see 
if  the  opposite  hypothesis  of  the  disintegration  of  matter  —  because  of  enormous 
sub-atomic  energies,  which,  perhaps,  are  released  in  the  extremes  of  temperature 
and  pressure  existing  in  the  interior  of  Suns,  and  of  its  dispersion  in  space  along 
coronal  streamers  or  otherwise  —  can  not  be  made  to  satisfy  equally  well  all 
known  phenomena.  The  existence  of  such  a  definitely  formulated  hypothesis 
would  have  a  very  salutary  effect  in  the  interpretation  of  the  results  of  astronom- 
ical observations.  We  should  then  more  readily  reach  what  is  probably  a  more 
nearly  correct  conclusion,  viz.:  that  both  aggregation  and  dispersion  of  matter 
under  certain  conditions  are  important  modes  of  evolution,  and  that  possibly 
together  they  lead  in  some  way  to  approximate  cycles  of  an  extent  in  time  and 
space  so  far  not  contemplated." 

§  126.     Concluding  Remarks  on  the  Two  Theories  of  the  Origin  of  the  Moon. 

It  is  unnecessary  to  comment  on  the  unjustifiable  character  of  Moulton's 
last  conclusion,  above  quoted,  except  to  say  that  there  is  not  the  slightest  founda- 
tion for  the  supposition  that  explosions  of  stars  are  in  progress  anywhere  in  the 
universe.  Such  a  reckless  suggestion  is  only  an  expression  of  a  strong  feeling 
of  despair,  the  natural  outcome  of  negative  results.  It  is  generally  recognized 
that  in  destructive  criticism  Moulton  has  had  much  better  success  than  in  any 
kind  of  constructive  effort;  but  it  is  this  failure,  this  ability  to  tear  down,  but 
not  build  up,  which  produces  the  feeling  of  despair  and  a  tendency  to  take  refuge 
in  new  and  extraordinary  hypotheses.  If  the  new  hypotheses  had  any  observa- 
tional or  dynamical  foundation  they  would  be  less  objectionable,  but  being  perfectly 
arbitrary  and  inconsistent  with  known  laws,  they  must  be  considered  illegitimate 
and  beyond  the  domain  of  the  recognized  canons  of  philosophical  speculation. 

Notwithstanding  this  undeniable  weakness  in  most  of  Moulton's  work  on 
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Cosmical  Evolution,  it  seems  to  the  author  that  he  has  considerably  improved 
our  knowledge  of  the-  difficulties  encountered  in  Darwin's  theory.  It  will  be- 
come evident  to  all  who  study  these  papers  carefully  that  the  difficulties  recog- 
nized both  by  Darwin  and  by  Moulton  cannot  be  overcome,  except  by  abandon- 
ing the  theory  itself,  and  conceding  that  the  Moon  is  no  part  of  the  Earth,  but  is 
a  planet  which  came  to  us  from  the  heavenly  spaces. 

Since  these  numerous  difficulties  are  insuperable,  on  the  fission  hypothesis, 
while  by  the  new  theory  it  is  shown  on  the  one  hand  that  the  probability  is  in- 
finity to  one  that  the  Moon  originated  by  capture  like  the  other  planets  and  sat- 
ellites, and  on  the  other  that  the  probability  is  infinity  to  one  that  the  Earth 
could  not  have  acquired  a  rotation  sufficiently  rapid  to  detach  the  Moon;  and 
moreover,  if  disruption  really  took  place,  the  scattered  matter  could  not  be  gath- 
ered into  a  body  such  as  our  satellite  is  known  to  be;  it  follows  that  the  new 
theory  of  the  celestial  origin  of  the  Moon  may  now  be  regarded  as  thoroughly 
established  by  the  most  impressive  evidence  which  Nature  could  offer  to  the 
natural  philosopher.  In  a  short  time,  when  we  come  to  realize  fully  the  truly 
everlasting  character  of  the  foundation  which  underlies  the  new  theory,  it  will 
appear  to  us  exceedingly  wonderful  that  any  one  should  ever  have  entertained 
the  absurd  doctrine  that  any  natural  cause  could  have  given  our  small  planet  a 
rotation  sufficiently  rapid  to  disrupt  it  by  throwing  off  pieces  which  were  sup- 
posed to  have  collected  into  a  body  like  the  Moon  . 

In  view  of  the  known  cause  of  the  rotations  of  the  planets  about  their  axes,, 
as  set  forth  in  §  120  of  this  Chapter,  it  is  absolutely  impossible  to  explain  such  a 
supposed  rapid  rotation;  and,  of  course,  a  rupture  of  our  planet  never  really 
occurred,  so  that  the  whole  theory  is  false  and  misleading.  The  proof  of  the 
correctness  of  this  conclusion  is  furnished  by  the  insuperable  difficulties  encount- 
ered by  the  fission  theory,  even  if  rupture  could  be  admitted  —  such  as  the 
problem  of  how  the  fragments  could  be  gathered  into  a  single  globe  like  the 
Moon;  the  impossibility  of  bridging  over  the  separation  shown  to  exist  at  the 
closest  stage  of  fission;  the  220,000,000,000  years  required  for  a  change  of 
only  four  hours  in  the  length  of  the  day,  etc.  Besides  we  now  know  how 
the  Moon  could  be  captured,  and  the  extreme  hypothesis  of  a  rupture  of  our 
primitive  planet  is  not  required  to  explain  the  genesis  of  the  Lunar-Terrestrial 
system. 

It  seems  advisable  to  put  in  exact  mathematical  form  the  different  elements 
of  probability  which  must  be  considered  in  dealing  with  the  theory  of  the  Moon's 
origin.  There  are  shown  to  be  three  independent  lines  of  proof  that  it  never  was 
detached  from  the  Earth,  as  follows: 
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(1)  The  theory  of  capture,  based  upon  the  demonstrated  capture  of  the 
planets  by  the  Sun  and  of  the  other  satellites  by  their  respective  planets. 

(2)  The  dynamical  theory  of  planetary  rotation,  given  in  §  120,  which 
shows  that  a  small  body  like  the  Earth  could  not  acquire  a  motion  of  rotation 
sufficiently  rapid  to  detach  the  Moon. 

(3)  The  inconsistencies  found  in  the  theory  that  the  Moon  was  detached 
(when  our  satellite  is  traced  back  towards  its  assumed  original  connection  with 
the  Earth),  some  of  which  were  pointed  out  by  Darwin  thirty  years  ago,  while 
others  have  been  brought  to  light  by  Moulton's  recent  researches. 

The  whole  evidence  might,  perhaps,  be  divided  in  a  different  manner,  but 
as  these  divisions  are  essentially  independent  of  each  other,  they  form  a  suitable 
basis  for  calculation.  Divisions  (1)  and  (2)  are  natural,  without  regard  to  any 
hypothesis;  while  (3)  results  from  the  consideration  of  the  Laplace-Darwin 
hypothesis  that  the  equilibrium  of  the  primitive  Earth  broke  down  and  the  Moon 
was  detached  in  the  form  of  a  ring,  flock  of  meteorites,  or  in  some  other  condition. 

Let  the  concluded  probability  that  the  Moon  was  detached  be  denoted  by 
P' ,  then  P  =  1  —  P'  will  be  the  probability  that  our  satellite  was  captured.  But 
the  compound  probability    P1    is  made  up  of  three  independent  factors,  namely, 

K  =  ih  '  Ps  =  iT7  '  *-*itv  (303) 

These  separate  probabilities,  pu  p2,  Vs>  are  based  on  the  evidence  supplied  by  the 
three  groups  of  phenomena  considered  above,  and  their  importance  must  be 
determined  from  the  values  assigned  i,  j,  k,  by  the  judgment  of  the  investigator. 
It  thus  follows  that  the  total  probability  that  the  Moon  was  captured,  as  inferred 
from  the  compound  probability  resulting  from  the  three  groups  of  phenomena 
considered  simultaneously,  becomes 

P-X-v      v      v       i  l  l  l         (l+i)(l  +  f)(l  +  fc)-l       (301) 

The  form  of  this  expression  is  such  that  if  i,  j,  and  k  become  very  large  and 
tend  to  approach  infinity,  P  approaches  unity  with  a  degree  of  rapidity  of  the 
third  order.  For,  with  the  increase  of  i,  j,  k,  the  product  of  the  independent 
probabilities 

P  -  ft  •  ft  •  ft  -  jrVi)  ■  (TT7)  •  (iTT) '  '    (305) 

becomes  rapidly  less  than  any  assignable  quantity,  however  small.  The  in- 
vestigator would  have  to  determine  the  limits  within  which  this  expression 
(305)  should  be  taken;   and  there  would  be  the  most  ample  range  for  choice,  the 
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total  sum  of  the  terms  in  the  product  involving  the  three  variable  parameters 
being  given  by  the  triple  summation, 


fcrf     j=j    *=* 


17 = 2  2  2 (1  +  i}  (1  +  *>  <J  + *)  • 


(306) 


(=0      >=0     *=0 


If  we  agreed,  as  most  mathematicians  probably  would  do,  that  the  upper  limits 
should  in  each  case  be  infinity,  owing  to  the  overwhelming  strength  of  the  evi- 
dence that  the  Moon  is  captured,  the  number  of  terms  made  by  the  product  of 
all  three  elements  connected  with  variable  parameters  would  be  equal  to  the 
number  of  points  in  space,  namely: 


=  ®        j=tO  jfc=00 


17 - 2  2  2  fl  +  *">  <*  +  n  o.  +  *>  =  »8 


(307) 


(=o    i=o     *=o 


But,  of  course,  in  any  one  evaluation  of  probability  only  the  extreme  terms  can 
be  used.  Under  these  circumstances  the  concluded  probability  that  the  Moon 
was  captured,  as  given  by  (304),  becomes 


1  -  P' 


(1  +  i)  (1  +  f)  (1  +  k)  -  1 
(1  +  t)  (1+  i)  (1  +  k) 


=  1 


(308) 


because    P'    is  reduced  to  zero  with  a  degree  of  rapidity  of  the  third  order. 

If  this  line  of  reasoning  be  admissible  it  is,  therefore,  an  absolute  certainty 
that  the  Moon  is  a  captured  planet  which  formerly  moved  in  an  independent 
elliptic  orbit  about  the  Sun.  The  satellites  of  such  planets  as  Jupiter  and  Saturn 
pursued  similar  orbits  before  they  were  captured  by  their  respective  primaries; 
so  that  all  our  satellites  originally  were  planets. 

We  conclude,  therefore,  that  the  Moon  is  like  the  goddess  Athene,  in  Homer's 
Iliad  (1, 194-195),  and  came  to  Earth  from  celestial  space,  (7?\0e  8'  'ASrjwq  ovpavodeu) . 

When  the  moon  first  left  the  sun's  control  and  began  to  revolve  about  the 
earth,  it  must  have  been  at  something  like  twice  its  present  distance,  and  have 
presented  to  the  terrestrial  observer  about  one-fourth  its  present  angular  dimen- 
sions, and  given  one-fourth  as  much  moonlight  as  we  now  receive.  How  strange 
such  a  spectacle  must  have  seemed  if  there  were  eyes  here  to  witness  the  coming 
of  this  large  star  from  the  depths  of  space !  Evidently  this  heaven-sent  mes- 
senger was  destined  not  only  to  give  light  at  night,  and  thus  cheer  up  the  spirits 
of  mortals,  but  also  to  adorn  the  blue  sky  by  day.  And,  owing  to  the  notable 
illumination  of  the  human  mind,  through  the  study  of  the  mathematical  theory  of 
the  motion  of  our  satellite,  the  Moon  becomes  indeed  an  everlasting  palladium 
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for  our  safety  in  scientific  research.     The  astronomer  might,  therefore,  not  in- 
appropriately exclaim  with  tEschylus: 

Hap6rjKOTr\-^pii>TOV  Si  OrjpTBpxu   7rvpos 
Hrjyr/v  kKowomiv,   r)  (StSaaxuAos   reY^s 
Udtrrj1;   /JporoTs   Tritprjvi  k<A  p.tya.%   7rdpo?. 

—  Prom.  Vina.,  109-111. 

I  brought  to  earth  the  spark  of  heavenly  fire, 
Concealed  at  first,  and  small,  but  spreading  soon 
Among  the  sons  of  men,  and  burning  on, 
Teacher  of  art  and  use,  and  fount  of  power. 


CHAPTER  III. 


On  the  Determination  of  the  Secular  Acceleration  of  the  Mean  Motion 

of  the  Moon  from  the  Observations  of  Ancient  Eclipses  and  on  an 

Indicated  Secular  Acceleration  of  the  Mean  Motion  of  the  Sun. 

§  127.     On  the  Nature  of  the  Secular  Acceleration  of  the  Moon's  Mean  Motion. 

The  secular  acceleration  of  the  Moon's  mean  motion  is  of  so  much  historical 
importance  that  it  is  necessary  to  pause  for  a  time  in  order  to  give  an  account 
of  the  results  reached  by  various  investigators  who  have  attempted  to  evaluate 
it  from  the  study  of  ancient  eclipses.  We  shall  later  consider  the  secular  acceler- 
ation found  in  the  mean  motion  of  the  Sun,  and  the  physical  causes  on  which 
both  of  these  inequalities  depend,  and  then  resume  the  consideration  of  the  prob- 
lems of  cosmical  evolution. 

We  have  already  remarked  that  the  fact  of  the  secular  acceleration  in  the 
mean  motion  of  the  Moon  was  first  recognized  by  the  celebrated  Dr.  Edmund 
Halle y  in  1693,  from  an  examination  of  the  Lunar  Observations  of  Albategnius 
compared  to  those  given  by  Ptolemy  in  the  Almagest  (Phil.  Trans.,  1693,  p. 
193;  1695,  p.  174),  and  more  fully  confirmed  by  Dunthorne  in  1749.  The 
cause  of  this  inequality,  so  far  as  it  depends  on  gravitation,  was  sought  for  in 
vain  by  Euler  and  Lagrange,  but  finally  discovered  by  Laplace  in  1787. 

From  the  study  of  the  eclipses  of  the  Almagest,  Costard  and  Dunthorne 
had  fixed  the  amount  of  the  secular  acceleration  at  10"  (Phil.  Trans.,  1749,  p. 
162;  p.  412),  while  Tobias  Mayer  found  the  value  to  be  6". 7  (Mayer's  Lunar 
Tables,  1752).  In  the  second  edition  of  these  tables,  published  in  1770,  after 
the  death  of  the  author,  but  from  manuscripts  left  by  him,  the  value  of  the  secular 
acceleration  was  raised  to  9".  In  the  Memoirs  of  the  Paris  Academy  of  Sciences 
for  1757,  Lalande  found  the  value  to  be  9".886,  and  therefore  adopted  10"  as 
the  value  to  be  used  in  lunar  tables. 

The  deduction  of  the  secular  acceleration  is  made  as  follows:  Let  w0  be 
the  mean  motion,  t  the  time,  so  that  njt  is  the  mean  longitude;  then  if 
the  mean  motion  is  constant,  the  actual  longitude  at  any  epoch  becomes 
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L  =  C  +  %t  +  n>     ;     b  =  2  B'  sin  W<  +  #)  '  (309) 

where  m  denotes  the  sum  of  the  periodic  terms,  B, ,  /8, ,  /8/  certain  constants. 
At  three  epochs,     1 „ ,   h  ,   t* ,   we  have 

L0  =  C  +  n,/  +  ro0     ;    Lj  =  C  +  n^i  +  »,     ',    Lt  =  C  +  n^  +  w2  .  (310) 

These  three  equations  give  two  independent  values  of    n0 ,    namely, 

Li  —  roi  —  (A)  -  ftp)     .    _      ^  -  ro2  -  (Lt  -  gt)  ,„in 

Now  it  is  found  by  observation  over  long  intervals  that  the  value  of  n0 
is  not  constant,  but  varies  slowly  with  the  centuries,  being  greater  in  modern 
than  in  ancient  times,  as  was  first  noticed  by  Halley  in  1693.  Hence  we  have 
for  any  epoch 

L  =  C  +  nj  +  <r  ^V  +  2  B<  sin  (fij,  +  ft')  ,  (312) 

(=0 

where    t    is   the   time   reckoned   in   Julian   years,   <r  the   secular  acceleration, 

and    T  =  — yj  >       the  time  reckoned  in  Julian  centuries,  which  is  the  notation 

frequently  employed  by  astronomers.  The  terms  in  the  expression  for  the  mean 
longitude  (312)  depending  on  the  secular  acceleration,  is  therefore  proportional 
to  the  square  of  the  time  expressed  in  Julian  centuries ;  but  for  very  long  intervals 
this  is  not  quite  accurate  and  it  is  necessary  to  introduce  terms  depending  on 
higher  powers  of  t. 

Although  Euler  and  Lagrange  had  searched  diligently  into  every  known 
perturbation,  they  failed  to  find  the  cause  of  the  Moon's  secular  acceleration; 
the  former  holding  that  it  could  not  be  due  to  gravity,  but  must  be  ascribed  to 
the  resistance  of  the  ether;  and  the  latter  that  as  it  was  not  caused  by  gravity, 
it  was  questionable  whether  the  somewhat  uncertain  observations  of  the  ancients 
could  be  accepted  as  establishing  the  fact,  and  it  was  better  to  reject  the  phenom- 
enon entirely. 

§  128.     Laplace  Explains  the  Larger  Part  of  the  Observed  Secular  Acceleration 

by  the  Theory  of  Gravity. 

Laplace  was  more  sagacious  in  his  search  for  the  cause  of  this  inequality 
than  Euler  and  Lagrange  had  proved  to  be.  He  first  tried  to  explain  it  by 
the  hypothesis  that  a  finite  duration  of  time  might  be  required  for  the  propaga- 
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tion  of  gravitation  between  the  Earth  and  Moon.  In  this  attempt  to  overcome 
the  difficulty  he  did  not  succeed,  but  subsequently  while  working  on  the  theory 
of  Jupiter's  satellites  he  noticed  that  a  sensible  term  would  be  introduced  into 
the  mean  longitude  by  a  change  in  the  eccentricity  of  the  Sun's  orbit;  and  then 
it  occurred  to  him  that  in  the  same  manner  a  decrease  in  the  eccentricity  of  the 
Earth's  orbit  would  produce  the  observed  secular  acceleration  of  the  Moon's 
mean  motion.  Laplace  first  calculated  the  amount  of  the  secular  acceleration 
to  be  11".135,  but  later  reduced  it  to  10". 18,  owing  to  changes  in  the  masses  of 
Mars  and  Venus.  Tisserand  says  that  with  the  masses  now  used  Laplace 
would  have  obtained  10".66. 

This  value  10".  18  was  used  by  Laplace  in  his  Theory  of  the  Moon,  Mecanique 
Celeste,  Tome  III,  and  agreed  so  well  with  the  values  found  from  observations 
by  Dunthorne  (10"),  Mayer  (9"),  and  Lalande  (10"),  that  the  value  of  10" 
was  introduced  by  Burg  and  Burkhardt  into  their  Tables  of  the  Moon.  Plana 
afterwards  recomputed  the  theoretical  acceleration  by  Laplace's  method  and 
found  the  value  o-  =  10". 58  ,  while  Demoiseau  by  the  same  process  obtained 
10". 72,  and  thus  confirmed  Laplace's  calculation,  as  well  as  that  of  Tisserand, 
with  the  value  of  10".66. 

§  129.     Researches  on  Ancient  Eclipses  by  Baily,  Airy  and  Hansen. 

During  the  lifetime  of  Laplace,  in  1811,  the  English  astronomer  Baily  began 
the  examination  of  the  historical  records  of  eclipses,  with  a  view  of  improving 
chronology,  and  at  the  same  time  affording  checks  to  the  theories  of  the  Sun 
and  Moon  in  remote  ages;  and  this  method  of  inquiry  was  afterwards  much  ex- 
tended by  Airy  {Phil.  Trans.,  1853;  and  Mem.  Roy.  Astron.  Soc,  Vol.  XXVI, 
1857).  In  his  first  Memoir  of  1853  Airy  found  from  the  ancient  observations 
of  solar  eclipses,  o-  =  10".72.  Using  the  new  tables  of  Hansen  in  the  Memoir 
of  1857  he  raised  the  value  to  o-  =  12".  18,  and  remarked  that  13"  would  give 
a  more  satisfactory  representation  of  two  of  the  eclipses.  As  noticed  below, 
however,  Airy  misidentified  the  eclipse  of  Larissa,  a  city  of  the  Medes,  mentioned 
by  Xenophon  as  captured  on  the  occasion  of  an  eclipse  of  the  Sun;  and  this 
error  of  date  vitiated  his  calculation  of  the  observed  secular  acceleration  of  the 
Moon.  Hansen  had  meanwhile  made  a  number  of  determinations  of  the  secular 
acceleration,  which  gave  <r  =  11".93  (A.N.  443,  1843);  a  =  11".47  (A.N.  597, 
1847) ;  <r  =  12".18  (Tables  de  la  Lune,  1857) ;  and  finally  a  =  12".56  (Darlegung, 
Band,  II,  1864). 

These  results  of  Airy  and  Hansen,  two  of  the  most  eminent  mathematical 
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astronomers  of  their  time,  therefore,  concurred  in  pointing  to  a  theoretical  and 
observed  secular  acceleration  in  good  agreement  and  appreciably  larger  than 
that  given  by  Laplace  (10".  18). 

Recent  investigations  of  ancient  solar  eclipses  by  Newcomb,  Cowell  and 
Fotheringham  have  shown  that  Airy  and  Hansen  erred  in  assigning  so  large 
a"  value  to  the  secular  acceleration  of  the  Moon's  mean  motion.  This  was  due 
partly  to  errors  in  Hansen's  tables  of  the  Moon,  which  both  of  these  older  investi- 
gators had  used,  and  partly  to  the  fact  that  Airy  adopted  the  wrong  date  for 
the  eclipse  of  Larissa.  The  three  solar  eclipses  on  which  he  mainly  relied  were 
those  of  Thales  (—  584,  May  28) ;  Larissa  (taken  to  have  occurred  —  547,  May 
19);  and  Agathocles  (—309,  Aug.  14).  The  eclipse  of  Agathocles  accords 
with  any  admissible  value  of  the  secular  acceleration;  while  that  of  Thales  is 
shown  to  have  occurred  near  sunset,  and  was  therefore  so  terrifying  that  the 
Medes  and  Persians  stopped  the  battle,  as  mentioned  by  Herodotus.  It  har- 
monizes with  the  value  of  the  secular  acceleration  of  about  8".  The  eclipse  of 
Larissa  really  occurred  either  —  609,  Sept.  30,  or  —  602,  May  18,  this  latter 
date  being  preferred  by  Cowell,  and  not  —  547,  May  19,  as  supposed  by  Airy 
and  Hansen  (cf.  Cowell 's  paper  in  Monthly  Notices,  supplementary  number, 
Vol.  LXVI,  No.  9,  1906,  pp.  530-541). 

§  130.     Adams's  Correction  of  Laplace's  Method  of  Calculating  the  Theoretical 

Amount  of  the   Secular  Acceleration. 

An  important  error  in  the  gravitational  theory  of  the  Moon's  secular  accelera- 
tion was  discovered  by  Adams  in  1853,  and  it  invalidated  the  procedure  of 
Laplace,  Plana,  and  Demoiseau,  as  well  as  the  conclusions  of  Hansen  and  Airy. 
The  defect  arose  from  the  integration  of  the  differential  equations  involving 
the  variable  eccentricity  of  the  Earth's  orbit,  Adams  holding  that  the  actual 
variable  eccentricity  must  be  used,  and  that  the  constant  value  could  be  used 
only  in  the  first  approximations.     For  the  coefficient  of  the  integral 
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where 

e'  =  c„'  -  at ,    e0  =  0.016771     ,     a  =  +  0. 000  000  4245  , 

Adams  by  his  method  found 

3    ,      3771     . 

2m  --*rm  > 
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while  Plana  obtained 

3    ,     2187    . 

Adams  thus  found  the  method  of  Laplace  essentially  incomplete.  A  controversy 
arose,  with  Hansen,  Plana  and  De  Pontceoulant  contesting  the  claims  of 
Adams;  but  the  correctness  of  his  procedure  was  confirmed  by  Lubbock,  Cayley, 
and  Delaunay,  by  means  of  independent  methods  of  their  own.  Plana  recognized 
the  error  of  his  procedure,  while  Hansen  long  clung  to  his  theoretical  values  of 
between  12"  and  13",  but  finally  admitted  that  he  had  erred  in  the  same  way 
as  Plana,  and  that  Adams's  result  was  correct. 

§  131.     The  Numerical  Results  of  Adams  and  Delaunay. 

The  theoretical  secular  acceleration  was  reduced  by  Adams  to  5". 78  (Phil. 
Trans.,  1853,  p.  397).  Delaunay  by  his  independent  method  confirmed  all 
of  Adams's  coefficients,  and  by  including  terms  in  m8  to  the  total  number  of 
42,  found  the  theoretical  value  to  be  <r  =  6".ll.  The  significance  of  these  terms 
as  found  by  Delaunay  may  be  judged  by  the  following  table  (Comptes  Rendus, 
Tome  XLVIII,  p.  825) : 


Term  in  m2  =  + 10".659 

TO*  = 

m*=  -  2".343 
m'=  -   1".582 


Terminms=  -0".711 
m'=  -0".247 
m«=  -0".062 


The  sum  of  these  terms  is  5". 714,  in  close  agreement  with  the  value  found  by 
Adams.  Delaunay's  final  value  6".  18  may  thus  be  regarded  as  proving  that 
the  theoretical  value  of  a-  is  only  about  half  of  the  larger  values  found  from 
the  ancient  solar  eclipses  by  Airy  and  Hansen,  through  the  choice  of  a  wrong 
date  for  the  important  eclipse  of  Larissa,  on  which  they  had  so  implicitly  relied. 


§  132.     Hansen's  Tables  of  the  Moon  and  the  Earlier  Researches  of  Newcomb. 

The  publication  of  Hansen's  tables  of  the  Moon  at  the  expense  of  the  British 
Government,  in  1857,  was  expected  to  yield  accurate  places  of  our  satellite,  but 
this  expectation  has  not  been  fulfilled,  and  the  subject  is  still  in  a  chaotic  state, 
though  the  recent  work  of  Newcomb,  Brown  and  Co  well  have  done  much  to 
clear  up  the  situation.  Hansen's  tables  rest  on  observations  from  1750  to  1850, 
and  with  the  knowledge  then  available  seemed  to  be  well  gotten  up,  but  yet  re- 
quired empirical  corrections  to  make  them  accord  with  observations.     The  errors 

18 
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in  longitude  resulting  from  these  tables  amount  to  only  about  1"  or  2"  between 
1850  and  1860;  but  they  became  5"  in  1870,  10"  in  1880,  and  18"  in  1889.  As 
they  failed  to  represent  the  motion  of  the  Moon  after  the  epoch,  it  was  natural 
to  inquire  how  they  represented  the  observations  before  1750. 

In  1878  Professor  Newcomb  published  his  Researches  on  the  Motion  of 
the  Moon,  in  which  he  examined  anew  the  records  of  ancient  eclipses.  He  found 
the  tables  of  Hansen  to  be  in  error  during  the  eight  centuries  preceding  the 
Christian  era  by  about  18',  so  that  the  predicted  longitude  of  the  Moon  at 
that  epoch  is  on  the  average  too  large  by  more  than  half  of  a  lunar  diameter. 
Such  a  set  of  tables  cannot  be  considered  at  all  satisfactory.  Here  are  New- 
comb's  results: 


Epoch 

Error  =  Obs.  —  Calc. 

-687 

-11'  ±  4' 

-381 

-27'  ±  5' 

-189 

-20'  ±  3' 

-134 

-16' ±  4' 

Average  correction  =  —  18' 

It  is  the  great  magnitude  of  these  corrections  at  remote  epochs  which  has 
rendered  the  correct  identification  of  ancient  eclipses  difficult.  The  position 
of  the  centre  of  the  belt  of  totality  becomes  uncertain  by  at  least  300  miles;  and 
with  such  a  great  uncertainty  in  the  path  of  totality,  the  vagueness  of  the  de- 
scriptions of  the  eclipses  often  leaves  us  in  doubt  as  to  which  date  is  to  be  adopted. 
By  seeking  new  formulae  that  would  establish  harmonious  relations  among  a 
number  of  ancient  eclipses  Cowell  has  reduced  the  uncertainty  in  the  path  of 
totality  to  about  one-sixth  part  of  its  former  value,  the  present  uncertainty  being 
about  50  miles.  This  is  a  very  great  improvement,  and  has  aided  in  clearing 
up  the  identification  of  various  eclipses. 

§  133.     Newcomb's  Latest  Researches  on  the   Unexplained  Fluctuations  in  the 

Moon's  Mean  Motion. 

In  the  Monthly  Notices  of  the  Royal  Astronomical  Society,  for  January, 
1909,  the  late  Professor  Newcomb  has  given  a  resume"  of  his  recent  researches 
on  certain  irregular  movements  of  the  Moon  which  he  designates  as  Fluctuations, 
rather  than  Inequalities,  because  he  believed  they  are  irregular  and  not  capable 
of  being  traced  "to  any  known  cause.  This  paper  is  of  great  importance,  because 
the  results  may  be  considered  to  embody  the  last  word  on  the  subject  by  this 
great  mathematician  who  had  devoted  forty  years  to  the  subject.     He  remarks 
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that  he  has  revised  the  results  given  in  his  Researches  on  the  Motion  of  the  Moon, 
published  in  1878,  and  altogether  covered  a  period  of  2,600  years.  The  observa- 
tions embrace: 

1.  The  eclipses  of  the  Moon  found  in  Ptolemy's  Almagest,  observed  between 
720  B.  C.  and  134  A.  D. 

2.  Observations  of  eclipses  by  Arabian  astronomers,  extending  from  829 
to  1004. 

3.  Observations  of  eclipses  of  the  Sun  and  of  occupations  of  stars  by  the 
Moon  made  by  Gassendi,  Hevelius,  and  others  from  1620  to  1680. 

4.  Observations  of  occupations  of  stars  from  1670  until  the  present  time. 
Newcomb  remarks  that  after  1680  the  observations  are  of  a  fair  degree  of 

precision,  but  there  are  frequent  gaps  during  the  last  half  of  the  18th  century. 
Since  1820  the  observations  are  fairly  continuous.  This  paper  is  so  important 
that  it  is  necessary  to  include  almost  the  whole  of  it,  in  order  to  convey  a  correct 
impression  of  the  present  state  of  the  subject: 

"Taken  in  connection  with  the  recent  exhaustive  researches  of  Brown, 
which  seem  to  be  complete  in  determining  with  precision  the  action  of  every 
known  mass  of  matter  upon  the  Moon,  the  present  study  seems  to  prove  beyond 
serious  doubt  the  actuality  of  the  large  unexplained  fluctuations  in  the  Moon's 
mean  motion  to  which  I  have  called  attention  at  various  times  during  the  past 
forty  years.  In  the  Monthly  Notices  for  March,  1903,  is  found  a  comprehensive 
review  of  the  whole  problem  so  far  as  it  had  then  been  developed,  so  that  I  need 
not  enter  into  details  at  present.  Indeed,  the  general  conclusions  reached  in 
the  work  of  1878  have  only  been  slightly  modified  in  the  present  one. 

"  The  feature  of  most  interest  is  the  great  fluctuation  with  a  period  of  between 
250  and  300  years.  I  call  this  a  fluctuation  rather  than  an  inequality  because, 
in  the  absence  of  any  physical  cause  for  its  continuance,  there  is  no  reason  to 
suppose  that  it  will  continue  in  the  future  in  accordance  with  the  law  followed 
in  the  past.  In  the  former  paper  I  found  it  convenient  to  represent  it  as  of  the 
same  period  with  the  great  Hansenian  inequality  due  to  the  action  of  Venus. 
Singularly  enough,  the  present  research  shows  that  the  period  which  best  repre- 
sents it  is  still  the  same  as  that  of  the  Hansenian  inequality.  In  the  former  work 
I  showed  that  the  observed  fluctuation  could  be  represented  by  a  mere  change 
of  sign  of  the  constant  term  in  the  argument  of  this  inequality. 

"  Putting 

A  =  18F  -  WE  -  g, 

Hansen's  value  of  this  term  is 

15".34  sin  (A  +  30°.2). 
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"The  empirical  term  found  by  the  writer  in  1877  to  best  represent  the  observa- 
tions was 

-  15".5  cos  A. 

"  The  sum  of  these  gives  a  term  having  practically  the  same  coefficient  with 
an  argument  differing  little  from  A  —  30°.  A  natural  suspicion  would  have 
been  that  an  error  of  sign  had  crept  into  the  theory.  But  this  is  disproved  by 
the  fact  that  the  constant  in  question  is  a  simple  function  of  the  longitude  of 
the  node  of  Venus,  the  relation  of  which  to  the  inequality,  in  theory  at  least, 
admits  of  no  doubt. 

"The  unaccounted-for  fluctuation  as  now  found  is  best  represented  by  the 

term 

12".95  sin  [1°.31  (t  -  1800)  +  100°.6]. 

"The  argument  of  the  Hansenian  term  is 

A  =  1°.32  (t  -  1800)  +  183°.9. 

"Practically,  the  annual  motion  1°.32  will  represent  observations  as  well 
as  1°.31.     We  may  therefore  write  the  empirical  term  thus  — 

d\  =  12".95  sin  (A  -  83°.3). 

"The  former  empirical  term  was,  as  above, 

15". 5  sin  (A  -  90°). 

"The  following  table  shows  the  residual  differences  between  the  result  of 
observations  of  the  Moon  since  1620  and  pure  gravitational  theory.  In  deriving 
the  elements  of  mean  motion,  it  was  necessary  to  divide  the  residual  excess  into 
two  parts,  one  the  great  fluctuation  just  described,  the  other  the  smaller  fluctua- 
tions which  were  superimposed  upon  it.  In  the  table,  the  second  column  gives 
the  minor  fluctuations,  which  are  in  fact  the  residuals  of  the  conditional  equations. 
The  third  column  shows  the  main  fluctuation  as  computed  from  the  expression 
given  above.  The  sum  of  the  two  found  in  the  fourth  column  is  the  total  excess 
of  the  Moon's  observed  longitude  over  the  result  of  gravitational  theory.  It  is, 
however,  to  be  remarked  that  in  this  theory  is  included  the  excess  of  the  observed 
over  the  theoretical  secular  acceleration. 

"The  unit  of  weight,  as  the  latter  is  given  in  the  last  column,  corresponds 
to  a  probable  error  of  about  ±0".9,  and  a  mean  error  of  about  ±1".3.  Being 
in  many  cases  partly  a  matter  of  judgment,  round  numbers  are  preferred  where 
it  is  doubtful.  The  limiting  value  assigned  is  60,  it  being  judged  that  the  actual 
probable  error  can  never  be  below  ±0".12. 
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Mean 
Date 

Minor 
Res. 

Great 
Fluctua- 
tion 

Total 
Fluctua- 
tion 

Weight 

Mean 
Date 

Minor 
Res. 

Great 
Fluctua- 
tion 

Total 
Fluctua- 
tion 

Weight 

1621 

+  39* 

-   9^6 

+  29' 

.005 

1866.5 

+  2*8 

1 
-   1.6 

it 
+   1.2 

6 

1635 

+  13 

-11.7 

+    1 

.02 

1867.5 

+  1.1 

-    1.9 

-  0.8 

5 

1639 

-13 

-12.1 

-25 

.04 

1868.5 

+  1.0 

-   2.2 

-    1.2 

10 

1645 

+  5 

-12.6 

-  8 

.03 

1869.5 

+  1.6 

-   2.5 

-  0.9 

9 

1653 

-   4 

-12.9 

-17 

.03 

1870.5 

+  0.7 

-   2.8 

-   2.1 

6 

1662 

0 

-12.7 

-13 

.06 

1871.5 

-1.3 

-   3.1 

-   4.4 

10 

1681 

-   0.4 

-10.5 

-10.9 

2. 

1872.5 

-1.8 

-  3.3 

-  5.1 

16 

1710 

+   0.5 

-  3.7 

-   3.2 

6 

1873.5 

-1.8 

-  3.6 

-  5.4 

12 

1727 

+   0.1 

+   1.2 

+   1.3 

3 

1874.5 

-2.2 

-  3.9 

-  6.1 

8 

1737 

-   0.2 

+   4.1 

+  3.9 

6 

1875.5 

-2.3 

-   4.2 

-  6.5 

8 

1747 

0.0 

+  6.8 

+  6.8 

5 

1876.5 

-2.1 

-   4.4 

-  6.5 

30 

1755 

-  0.3 

+  8.7 

+  8.4 

2 

1878.5 

-1.8 

-   4.8 

-  6.6 

18 

1771 

+    1.4 

+  11.2 

+  12.6 

9 

1879.5 

-0.5 

-  5.2 

-  5.7 

14 

1784.7 

+   1.6 

+  12.7 

+  14.3 

5 

1880.5 

-1.4 

-  5.5 

-  6.9 

20 

1792 

+   0.3 

+  12.9 

+  13.2 

10 

1881.5 

-1.6 

-  5.7 

-  7.3 

12 

1801.5 

-   0.6 

+  12.7 

+  12.1 

12 

1882.5 

-1.4 

-  6.0 

-  7.4 

8 

1809.5 

-   0.1 

+  11.9 

+  11.8 

16 

1883.5 

-2.2 

-  6.2 

-  8.4 

7 

1813 

-    1.2 

+  11.5 

+  10.3 

16 

1884.5 

-2.1 

-  6.5 

-  8.6 

30 

1821 

+   0.1 

+  10.3 

+  10.4 

14 

1885.5 

-2.5 

-  6.7 

-  9.2 

50 

1822.5 

+  0.6 

+  10.0 

+  10.6 

10 

1886.5 

-2.8 

-  7.0 

-  9.8 

18 

1829.5 

-    1.6 

+   8.6 

+  7.0 

20 

1887.5 

-2.6 

-  7.2 

-  9.8 

20 

1833.5 

-   1.6 

+  7.7 

+  6.1 

10 

1888.5 

-3.5 

-  7.5 

-11.0 

8 

1838.5 

-  0.6 

+  6.4 

+  5.8 

30 

1889.5 

-3.5 

-   7.7 

-11.2 

7 

1843 

+   11 

+  5.2 

+  6.3 

20 

1890.5 

-3.4 

-   8.0 

-11.4 

10 

1846.5 

+   1.1 

+   4.2 

+  5.3 

10 

1891.5 

-3.1 

-  8.2 

-11.3 

15 

1848.5 

+    1.9 

+  3.7 

+  5.6 

8 

1892.5 

-2.6 

-  8.4 

-11.0 

17 

1849.5 

+   0.1 

+  3.4 

+  3.5 

15 

1893.5 

-2.7 

-  8.6 

-11.3 

15 

1850.5 

+   1.0 

+  3.2 

+   4.2 

18 

1894.5 

-3.0 

-  8.8 

-11.8 

30 

1851.5 

+  0.8 

+  2.9 

+  3.7 

12 

1895.5 

-2,2 

-   9.0 

-11.2 

60 

1852.5 

+  0.9 

+  2.6 

+  3.5 

8 

1896.5 

-1.2 

-   9.2 

-10.4 

60 

1853.5 

+  0.7 

+   2.3 

+  3.0 

7 

1897.5' 

-2.0 

-   9.5 

-11.5 

20 

1854.5 

+   1.4 

+  2.0 

+  3.4 

14 

1898.5 

-1.5 

-   9.7 

-11.2 

28 

1855.5 

+  2.1 

+   1.7 

+  3.8 

6 

1899.5 

-1.4 

-  9.9 

-11.3 

12 

1856.5 

+   1.9 

+    1.4 

+  3.3 

6 

1900.5 

0.0 

-10.1 

-10.1 

15 

1857.5 

+  2.1 

+   1.1 

+   3.2 

9 

1901.5 

-0.1 

-10.3 

-10.4 

16 

1858.5 

+  3.5 

+  0.8 

+   4.3 

8 

1902.5 

+  0.3 

-10.5 

-10.2 

18 

1859.5 

+  3.9 

+  0.5 

+   4.4 

6 

1903.5 

+  0.6 

-10.6 

-10.0 

12 

1860.5 

+  3.9 

+  0.2 

+   4.1 

12 

1904.5 

+  1.1 

-10.8 

-  9.7 

20 

1861.5 

+  3.3 

-  0.1 

+   3.2 

5 

1905.5 

+  1.5 

-11.0 

-  9.5 

20 

1862.5 

+  3.9 

-  0.4 

+   3.5 

7 

1906.6 

+  1.3 

-11.1 

-  9.8 

16 

1863.5 

+  3.0 

-   0.7 

+  2.3 

6 

1907.5 

+  2.0 

-11.3 

-  9.3 

15 

1864.5 

+   2.9 

-   1.0 

+   1.9 

10 

1908.2 

+  2.1 

-11.4 

-  9.3 

9 

1865.5 

+  2.6 

-  1.3 

+   1.3 

5 

"  The  observed  secular  acceleration  is  now  found  to  be  less  by  0".37  than 
that  which  I  derived  in  1876.  As  for  the  theoretical  value,  I  have  added  0".27 
to  the  value  found  by  Brown  and  myself,  on  account  of  the  effect  due  to  the 
combination  of  the  Earth's  oblateness  with  the  secular  diminution  of  the  obliquity 
of  the  ecliptic.  This  carries  the  theoretical  acceleration  up  to  6". 08.  The  value 
now  found  from  all  observations  is 
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Sec.  ace.  from  mean  equinox  9".07 
Sidereal  value  7".96 

Tidal  excess  1".88 

"The  accompanying  plate  (Plate  II)  gives  a  graphical  representation  in 
three  sections  of  the  residual  deviations  from  pure  theory,  the  motion  derived 
from  gravitational  theory  being  represented  by  the  straight  medial  lines.  In 
order  to  show  clearly  the  two  parts  into  which  the  total  fluctuation  is  divided 
the  term  of  the  great  fluctuation  is  represented  by  a  fine,  sharp  curve.  The  curve 
of  actual  longitude  is  bounded  on  each  side  by  a  shaded  area  showing  the  mean 
error  at  each  point,  which  is  nearly  |  of  the  probable  error.  In  this  way  not 
only  the  fluctuations  as  shown  by  observation  are  exhibited,  but  also  the  error 
to  which  the  curve  may  be  subject,  the  probability  being  \  that  at  any  point 
the  true  curve  lies  inside  the  shaded  area,  and  \  that  it  lies  without  it. 

"  We  see  by  the  curve  as  well  as  by  the  numbers,  that  before  1750  the  observa- 
tions are  not  sufficiently  continuous,  numerous,  and  accurate  to  show  any  fluctua- 
tion with  certainty.  The  first  minor  fluctuation  fairly  well  shown  began  about 
1760.  During  the  years  1765-1784  the  Moon  ran  ahead  by  about  I".  Then 
the  excess  of  motion  ceased,  and  became  temporarily  reversed.  Since  1820  the 
motion  has  been  marked  by  rapid  fluctuations,  which  can  be  so  well  traced  on 
the  plate  that  no  description  is  necessary. 

"Since  what  is  actually  observed  is  neither  the  acceleration  nor  the  speed 
of  motion,  but  changes  of  the  longitude  itself,  of  which  these  quantities  are  respect- 
ively the  second  and  the  first  derivatives  as  to  the  time,  it  is  not  possible  from 
the  observations  to  make  any  approach  to  an  accurate  estimate  of  the  accelerating 
or  retarding  forces.  The  most  that  we  can  say  is  that  these  varying  forces  are 
sufficient  to  bring  about  a  change  of  annual  motion  amounting  to  between  0".5 
and  1".0  by  acting  during  a  period  of  perhaps  from  4  to  6  years. 

"It  must  be  remarked  that  the  separation  of  the  entire  deviation  into  two 
parts,  one  the  great  fluctuation  of  long  period,  the  other  minor  fluctuations  super- 
imposed upon  the  great  one,  is  made  merely  for  convenience  in  representing  past 
observations,  and  does  not  imply  a  corresponding  duplicity  in  the  causes  at  play. 
We  know  that  these  causes  have  acted  in  a  certain  way  in  the  past  250  years, 
but  we  cannot  infer  with  confidence  that  they  will  act  in  the  same  way  in  the 
future.  In  other  words,  we  cannot  confidently  predict  a  repetition  of  the  great 
fluctuation  through  the  next  250  or  300  years.  Were  there  no  minor  fluctua- 
tions whatever,  the  belief  that  the  great  fluctuation  was  permanent  might  have 
some  foundation,  our  conclusion  then  being  that  some  natural  cause  was  in  action 
having  the  period  in  question.     But,  in  the  actual  state  of  things,  we  have  no 


w 

1=1 

a 

H 

O 

y. 

00 

o 

o 

1 

Z 

O 

-< 

m 

« 

u> 

H 

cc 

w 
n 

is 

o 

a 

o 

b 

^ 

Z 

« 

o 

s 

1— 1 

H 

7. 

Z 

< 

z 

o 

CO 

z 

o 
o 

Eh 

•< 
a 

b 

a 

a 

j 

a 

fe 

H 

w 

2 

s 

hH 

H 

CO 

z 

o 

O 

E- 

IB 

<H 

O 

a 
e-> 

o 

p 

< 
O 

J 

h 

K 

tn 

H 

Q 

> 

W 

Z 

z 

l"H 

< 

03 

w 

o 

D 

is 

PL, 


FLUCTUATIONS    IN   THE    MOON'S   MEAN   MOTION.  279 

reason  to  believe  that  the  close  correspondence  between  the  observed  motion 
and  the  great  harmonic  fluctuation  is  more  than  accidental.  The  fact  is  that 
the  variations  of  accelerating  force  necessary  to  produce  the  minor  fluctuations 
are  much  greater  than  the  forces  necessary  to  produce  the  great  one,  the  measure 
of  this  force  being,  not  the  actual  deviation,  but  the  degree  of  curvature  at  each 
point  of  the  line  representing  the  path. 

"The  minor  deviations  during  the  past  100  years  may  be  empirically  repre- 
sented by  a  trigonometric  series,  the  principal  term  of  which  would  have  a  period 
of  60  years,  more  or  less,  and  an  amplitude  of  perhaps  3".  But  we  have  no  reason 
to  believe  that,  how  accurate  soever  the  representation  may  be  by  such  a  series, 
it  will  represent  the  future  course  of  the  Moon. 

"  It  would  be  of  interest  to  compare  the  present  curve  from  occultations 
with  the  deviations  derived  by  Mr.  Cowell  from  the  Greenwich  meridian  observa- 
tions, which  he  has  represented  by  a  trigonometric  series.  But  I  deem  it  desirable 
that  this  interesting  comparison,  and  the  conclusions  to  be  drawn  from  it,  should 
be  the  work  of  someone  else. 

"  I  regard  these  fluctuations  as  the  most  enigmatical  phenomenon  presented 
by  the  celestial  motions,  being  so  difficult  to  account  for  by  the  action  of  any 
known  causes,  that  we  cannot  but  suspect  them  to  arise  from  some  action  in 
nature  hitherto  unknown.  A  brief  resume  of  possible  causes,  and  the  difficulties 
in  accepting  them,  may  be  attempted. 

"Taking  it  for  granted  that  the  gravitation  of  all  known  bodies  has  been 
allowed  for  in  the  comparison,  and  that  no  unknown  bodies  exist,  the  first  ex- 
planation to  occur  to  us  is  that  the  inequalities  are  only  apparent,  being  perhaps 
due  to  fluctuations  in  the  Earth's  speed  of  rotation,  and  therefore  in  our  measure 
of  time. 

"  I  suggested  this  explanation  in  my  earlier  papers  on  the  subject.  It  is 
open  to  the  objection  that  it  seems  scarcely  possible  to  account  for  changes  so 
large  as  would  be  required  through  the  action  of  known  causes.  But  the  explana- 
tion admits  of  an  independent  test  from  observation.  If  the  fault  is  with  our 
measure  of  time,  it  can  be  detected  by  the  transits  of  Mercury  and  by  the  eclipses 
of  the  first  satellite  of  Jupiter.  As  to  the  first,  the  discussions  of  the  transits 
which  I  have  already  published,  extending  up  to  1894,  seem  to  preclude  the  possi- 
bility of  any  such  changes  in  the  measure  of  time  as  would  account  for  the  phe- 
nomena. The  recent  transit  of  1907  November  14,  which  I  have  worked  up  in  a 
preliminary  way,  seems  conclusive  on  this  point,  since  it  would  show  our  measure 
of  time  to  be  about  7  seconds  slow,  whereas  to  account  for  the  observations  of 
the  Moon  it  should  be  more  than  this  amount  fast.     I  am  now  engaged  in  the 
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working  up  of  observations  of  the  first  satellite  of  Jupiter,  which  may  throw 
additional  light  on  the  subject, 

"A  tidal  friction  varying  with  ocean  currents,  ice,  and  meteorological  condi- 
tions may  suggest  itself.  To  this  there  is  a  double  objection.  Accepting  as  com- 
plete the  received  theory,  the  only  effect  of  tidal  friction  would  be  through  a 
tidal  couple  acting  between  the  Earth  and  Moon.  Granting  the  completeness 
of  the  theory,  this  couple  could  only  result  in  the  doing  of  work  upon  the  rota- 
ting Earth  by  the  Moon,  and  never  in  the  Earth  doing  work  upon  the  Moon,  because 
in  this  case  the  friction  would  have  to  be  a  negative  quantity.  But  apart  from 
this,  the  effect  of  any  tidal  couple  would  be  to  produce  wider  fluctuations  in  the 
Earth's  rotation,  and  therefore  in  our  measure  of  time,  than  those  which  would 
by  themselves  account  for  the  fluctuations  in  the  Moon's  apparent  motion.  At  the 
same  time  it  is  worthy  of  remark  that  the  current  theory  of  tidal  friction,  and  the 
corresponding  couple,  is  incomplete,  in  that  it  takes  no  account  of  the  tide-produc- 
ing action  of  the  Sun,  which  it  seems  quite  natural  to  consider  as  incapable  of 
modifying  the  lunar  couple.     But  this  should  be  investigated,  not  assumed. 

"The  preceding  suggestions  seem  to  me  to  include  every  known  cause  of 
action.  If  we  pass  to  unknown  causes  and  inquire  what  is  the  simplest  sort  of 
action  that  would  explain  all  the  phenomena,  the  answer  would  be  —  a  fluctuation 
in  the  attraction  between  the  Earth  and  Moon.  Accepting  the  law  of  the  con- 
servation of  energy,  such  a  fluctuation  would  involve  an  expenditure  or  absorption 
of  energy  somewhere  in  the  solar  system,  which  it  seems  difficult  to  admit.  Pre- 
cisely what  changes  of  gravitation  would  be  required  I  have  not  yet  computed; 
but  it  seems  quite  likely  that  they  would  be  below  any  that  could  be  determined 
by  experimental  methods  on  the  Earth.  It  would  be  natural  to  associate  them 
with  the  Sun's  varying  magnetic  activity  and  the  varying  magnetism  of  the  Earth; 
but  I  cannot  find  that  we  have  any  data  on  this  subject  which  would  enable  us 
to  base  any  law  upon  varying  magnetic  action.  At  present  I  see  nothing  more 
to  do  than  to  invite  the  attention  of  investigators  to  this  most  curious  subject. 

"One  general  result  of  the  present  state  of  things  is  that  we  cannot  draw 
any  precise  conclusions  from  a  discussion  of  the  Moon's  motion  in  longitude, 
how  refined  soever  we  may  make  it.  For  example,  it  is  impossible  to  derive 
from  observation  the  accurate  coefficient  of  the  18.6-year  nodal  inequality  in 
longitude,  owing  to  the  varying  fluctuation. 

"  It  is  also  not  possible  to  predict  the  future  motion  of  the  Moon  with  pre- 
cision. If  we  require  our  ephemerides  of  the  Moon's  longitude  to  be  as  exact 
as  possible,  we  must  correct  the  tabular  mean  longitude  from  time  to  time  by 
observations." 
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§  134.     Remarks  on  Newcomb's  Latest  Researches. 

Probably  no  more  important  contribution  to  the  Lunar  Theory  than  this 
has  ever  been  made,  because  after  40  years'  work  Professor  Newcomb  definitely 
recognizes  the  existence  of  fluctuations  not  traceable  to  gravitational  causes, 
and  abandons  hope  of  predicting  the  motion  of  the  Moon  except  by  supplementing 
mathematical  theory  by  empirical  corrections  derived  from  observations.  These 
fluctuations  at  the  maximum  exceed  13",  by  which  in  250  years  the  Moon  oscillates 
from  its  mean  position,  having  been  behind  prior  to  1630,  but  gaining  till  1722, 
then  running  ahead  of  the  mean  place  till  about  1785,  when  the  displacement 
has  a  maximum  value  of  about  14",  then  again  falling  behind  and  reaching  the 
mean  position  in  1867.5.  Since  this  time  the  retardation  has  continued  and 
has  been  rapid,  for  in.  1893-4  it  amounted  to  about  11",  but  it  has  decreased  a 
little  during  the  past  few  years. 

From  this  study  of  the  observed  motion  it  seems  very  clear  that  there  are 
forces  other  than  gravitational  attraction  acting  on  the  Moon  which  produce 
very  sensible  fluctuations  in  its  place.  Professor  Newcomb's  discussion  of 
these  motions  is  characteristically  able  and  searching;  but  there  is  one  cause 
which  he  has  not  taken  account  of,  namely,  resistance  due  to  streams  of  cosmical 
dust,  which  is  of  variable  intensity,  owing  to  the  non-periodic  character  of  the 
forces  at  work.  It  cannot  be  assumed  that  the  meteoric  showers  which  are  ob- 
served from  the  Earth  are  all  that  are  encountered  by  the  Moon;  for  the  Moon 
is  distant  about  sixty  terrestrial  radii,  and  besides  departs  very  sensibly  from 
the  ecliptic.  To  recall  the  amount  of  this  we  need  only  remark  that  the  Moon's 
parallax  is  57'  2". 55,  or  nearly  a  degree,  and  the  inclination  of  the  Moon's  orbit 
to  the  ecliptic  5°  8'  43". 35,  so  that  it  is  above  and  below  the  mean  path  of 
the  Earth  by  at  least  five  times  the  Earth's  radius  either  way,  or  moves  through 
a  total  range  of  more  than  five  times  the  Earth's  diameter.  It  may  therefore 
encounter  very  much  more  resistance  than  the  Earth,  owing  to  the  wide  range 
of  its  motion;  and  as  the  nodes  are  constantly  shifting,  the  effects  could  not  be 
uniform,  even  if  the  meteoric  showers  were  regular,  which  they  are  not.  We 
shall  hereafter  discuss  the  number  of  the  meteorites  swept  up  by  the  Earth  and 
the  effects  which  could  thus  arise.  Without  elaborate  argument  it  is  fairly  clear 
that  if  this  cause  is  not  the  true  source  of  the  fluctuations  brought  out  by  Pro- 
fessor Newcomb  it  will  certainly  produce  effects  which  are  sensible  and  thus 
prove  to  be  one  of  the  causes  at  work.  Such  a  cause  must  be  held  to  be  much 
more  probable  than  the  other  known  causes  which  he  has  discussed  and  rejected 
as  inadequate.     If  cosmical  resistance  of  variable  intensity  is  at  work,  acting 
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sometimes  in  one  direction  and  then  in  another,  owing  to  the  various  situa- 
tions of  the  Moon  with  respect  to  the  Earth  and  Sun,  it  may  not  be  necessary  to 
suppose  any  variation  in  the  force  of  gravity.  This  is  an  hypothesis  which 
should  be  adopted  only  as  a  last  resort,  since  the  resisting  medium  is  a  real 
cause  which  has  exercised  a  great  influence  in  the  past  and  still  known  to  be  in 
operation. 

§  135.     Tisserand's  Researches  on  the  Secular  Acceleration  of  the  Moon's 

Mean  Motion. 

Tisserand  has  rediscussed  the  Arabian  eclipses  (Comptes  Rendus,  Tome 
CXIII,  p.  669;  Annuaire  du  Bureau  des  Longitudes,  Paris,  1892;  Mecanique 
Celeste,  Vol.  Ill,  p.  419),  and  derived  a  value  of  7".l.  He  remarks  that  the  de- 
parture from  Newcomb's  value  of  8". 8  found  in  1878,  is  the  outcome  of  a  different 
method  of  calculation.  He  also  points  out  that  M.  Neison  (Monthly  Notices, 
1878,  Vol.  XXXIX,  p.  73)  has  concluded  that  the  lunar  eclipse  given  by  Ptolemy 
for  —  687  is  discordant,  and  should  have  smaller  weight  than  Newcomb  gave 
it;  and  that  this  would  reduce  the  secular  acceleration  down  to  about  6".3  or 
very  nearly  the  theoretical  value. 

Tisserand  concludes  his  discussion  as  follows:  "Thus  we  see  that  it  is 
possible  to  represent  the  eclipses  of  Ptolemy  and  those  of  the  Arabians  by  the 
theoretical  acceleration;  we  should  then  have  no  need  to  invoke  tidal  friction 
to  produce  a  progressive  retardation  of  the  rotation  of  the  Earth,  giving 
the  appearance  of  a  secular  acceleration  of  the  Moon.  Thus  we  should  avoid 
the  double  inconvenience  of  disturbing  the  fundamental  base  in  the  measure- 
ment of  time,  and  of  introducing  into  the  theory  of  the  Moon  an  empirical 
member  which  cannot  be  determined  by  calculation,  and  would  prevent  the 
attainment  of  definitive  results,  even  if  all  the  other  difficulties  had  been  sur- 
mounted." 

Assuming,  however,  the  validity  of  the  work  of  Hansen  and  Airy  on  the 
solar  eclipses  of  Thales,  Larissa,  and  Agathocles,  which  as  treated  half  a  century 
ago  gave  12",  he  thinks  there  is  a  grave  objection  to  any  mode  of  procedure  by 
which  the  solar  eclipses  are  not  taken  into  account.  As  will  be  seen  below  these 
objections  are  now  overcome,  by  the  proof  that  Airy  took  the  wrong  date  for 
the  solar  eclipse  of  Larissa,  and  that  the  others  harmonize  with  a  value  of  about 
8"  for  the  secular  acceleration  of  the  mean  motion  of  the  Moon.  The  values 
recently  derived  from  the  Lunar  and  Solar  eclipses  are  therefore  in  good  agree- 
ment. 
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§  136.     Researches  on  the  Eclipses  Observed  by  the  Arabians. 

In  the  time  of  Lemonnier  and  Euler  it  was  known  that  ah  Arabic  manu- 
script containing  observations  by  Ibn  Jounis  existed  at  the  University  of  Leyden, 
of  which  some  extracts  had  appeared  in  the  Prolegomena  of  Tycho  Brahe.  To- 
wards the  end  of  the  eighteenth  century  it  was  entrusted  to  the  Institute  de 
France,  at  the  request  of  the  French  Government,  and  in  1804  translated  by  Pro- 
fessor Caussin,  who  held  the  chair  of  Arabic  at  the  College  de  France,  under 
the  title  "  Le  Livre  de  la  Grande  Table  Hakemite."  The  greater  part  of  the  eclipses 
were  published  shortly  afterward  in  Volume  II  of  the  Memoires  de  I'lnstitut. 
They  include  twenty-eight  eclipses  of  the  Sun  and  Moon  observed  at  Bagdad 
and  at  Cairo,  between  the  years  829  and  1004. 

What  gives  great  importance  to  these  eclipses  of  the  Sun  is  the  fact  that 
at  the  moments  of  the  first  and  second  contact,  the  Arabians  determined  by 
observation  the  altitudes  of  the  Sun  or  those  of  good  stars,  to  a  degree  or  half 
a  degree.  This  gives  much  more  accurate  determinations  of  the  time  than  in 
the  eclipses  recorded  by  Ptolemy.  And  although  the  Arabian  eclipses  are  only 
about  half  as  far  back  as  those  observed  by  the  Greeks,  they  have  a  final  degree 
of  accuracy  almost  as  great.  It  is  not  known  how  these  observations  were  made 
in  all  cases,  but  in  some  instances  the  Arabians  observed  the  image  of  the  Sun 
reflected  from  water.  No  doubt  the  instrument  employed  was  some  form  of 
Astrolabe;  for  this  instrument  had  been  invented  by  the  Greeks  and  described 
by  Ptolemy,  and  the  Arabians  always  made  great  use  of  the  Almagest.  In  1877 
Newcomb  discussed  these  observations  of  the  Arabians  in  relation  to  the  Tables 
of  Hansen,  with  the  following  results,  which  are  only  slightly  modified  by  his 
latest  work  already  noticed  in  §133: 

Epoch  Error  =  Obs.  —  Calc.  Number  of  Phases 
850              -3'.8±2'.4  3 

927  -1'.6±1'.7  7 

986  -4' .5  ±  1'.3  20 

He  describes  his  conclusions  from  the  investigation  of  these  eclipses,  and  of  the 
Lunar  Eclipses  given  in  Ptolemy's  Almagest,  as  follows:  "These  historical 
accounts  of  total  (solar)  eclipses  being  uncertain,  an  attempt  has  been  made  to 
derive  the  Moon's  acceleration  from  the  eclipses  of  the  Moon  recorded  by  Ptolemy 
in  the  Almagest  and  from  the  observations  of  the  Arabian  astronomers  in  the 
ninth  and  tenth  centuries.  These  observations  agree  as  fairly  as  could  be  expected 
in  assigning  to  the  Moon  a  secular  acceleration  of  about  8".4,  a  little  more  than 
2"  greater  than  that  computed  from  gravitation.  On  the  other  hand,  if  we  accept 
the  eclipse  of  Thales  as  total  where  the  battle  was  fought,  the  total  acceleration 
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will  bo  about  12",  so  that  the  two  results  are  entirely  incompatible.  The  ques- 
tion which  is  eorrect  must  be  decided  by  future  investigation;  but  the  author 
believes  the  smaller  value  to  be  founded  on  the  more  trustworthy  data"  (Popular 
Astronomy,  p.  100). 

This  statement  regarding  the  eclipse  of  Thales  now  requires  modification, 
for  it  is  shown  to  be  reconcilable  with  a  secular  acceleration  of  only  about  8". 
In  a  paper  on  the  eclipse  of  Agathocles  in  the  Monthly  Notices  for  December, 
1904,  Newcomb  concludes,  on  the  basis  of  Celoria's  identification  of  it  with 
an  eclipse  described  by  Cleomedes  as  being  total  at  the  Hellespont,  but  leaving 
one-fifth  of  the  Sun's  diameter  still  visible  at  Alexandria,  that  the  secular  accelera- 
tion formerly  adopted  by  him  (8".4)  might  be  diminished  by  about  1".5.  He 
refers  to  a  paper  by  Nevill  in  Monthly  Notices,  Vol.  XXXIX,  p.  72,  where  it 
is  suggested  that  if  the  large  weight  assigned  to  one  of  Ptolemy's  eclipses  be 
reduced,  the  eclipses  of  the  Almagest  as  discussed  in  his  Researches  of  1877  would 
give  a  value  smaller  than  was  found  by  1"  or  perhaps  1".5. 

Newcomb  concludes  his  discussion  in  the  following  prophetic  language: 
"The  important  point  is  that  this  reduction  will  carry  the  observed  acceleration 
down  almost  to  the  theoretical  value,  in  which  no  allowance  is  made  for  tidal 
retardation.  In  other  words,  the  conclusion  to  which  the  new  evidence  points 
is  that  the  actual  retardation  of  the  Earth's  rotation  is  almost  evanescent.  Although 
no  numerical  determination  of  the  probable  amount  of  retardation,  as  given  by 
theory,  has,  so  far  as  I  know,  ever  been  made,  I  think  any  estimate  must  make 
probable  a  value  larger  even  than  that  corresponding  to  my  former  result.  It 
therefore  seems  likely  that  neutralization  of  the  effect  of  tidal  friction  is  produced 
by  some  cause  not  yet  fully  investigated." 

§  137.     Results  Recently  Reached  by  Cowell,  Fotheringham,  and  Newcomb 
from  their  Researches  on  Ancient  Eclipses. 

(1)  In  the  Monthly  Notices  for  1905,  supplementary  number,  pp.  861-869, 
Mr.  Cowell  discusses  the  solar  eclipses  of  —  1062,  —  762,  —  647,  —  430,  and 
+  197,  and  concludes  that  the  records  made  at  Babylon  and  Nineveh,  as  well 
as  those  of  Archilochus  at  Thasos,  Thucydides  at  Athens,  and  Tertullian 
at  Utica  are  all  quite  safe.  He  uses  a  secular  acceleration  of  7",  taking  account 
of  the  accelerations  of  longitude  and  node,  and  finds  corrections  —  0".18  and 
—  0".05  which  are  smaller  than  the  probable  errors.  Thus  he  says  these  eclipses 
are  well  represented  by  a  secular  acceleration  of  7". 

(2)  In  the  Monthly  Notices  for  November,  1905,  Mr.  Cowell,  taking  into 
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account  some  suggestions  of  Newcomb,  finds  the  sidereal  acceleration  of  the 
Moon  to  be  +  10".9  and  of  the  Sun  +  4".l.  Then,  on  examining  the  observa- 
tions of  the  transits  of  Mercury,  he  found : 

Secular  acceleration  of  Mercury    0".0 
Secular  acceleration  of  Earth         3".0 

In  spite  of  Professor  Newcomb  's  criticisms  in  the  Monthly  Notices  for  December, 
1905,  Mr.  Cowell  maintains  his  ground  that  the  Sun  has  a  secular  acceleration. 

(3)  In  the  Monthly  Notices  for  May,  1906,  Mr.  Nevill  has  a  lengthy  and 
well-written  review  of  the  principal  ancient  eclipses,  in  which  he  shows  that  while 
Cowell 's  work  is  a  great  improvement  on  that  of  Hansen  and  Airy,  it  is  still 
not  entirely  conclusive.  Mr.  Nevill  says  (p.  418):  "But  it  will  be  seen  that 
this  new  hypothesis  as  to  the  origin  of  the  correction  required  by  the  Moon's 
argument  of  latitude  removes  one  theoretical  difficulty  only  at  the  expense  of 
restoring  another;  for  though  the  assumed  secular  acceleration  of  the  Moon's 
node  is  brought  into  accord  with  theory,  it  is  only  at  the  cost  of  reinstating  the 
discordance  between  6".0,  the  theoretical  value  of  the  secular  acceleration  in 
mean  longitude,  and  that  of  10". 9,  the  value  necessitated  by  Mr.  Cowell 's  new 
hypothesis.  It  is  true  that  such  a  discordance  conceivably  might  arise  from  tides 
in  the  body  of  the  Earth,  regarded  as  a  thin  rigid  shell  covering  a  viscous  fluid 
interior,  or  in  an  ocean  entirely  covering  the  surface  of  the  Earth,  though  not 
from  tides  in  smaller  oceans  having  the  physical  configuration  of  those  actually 
existing  on  the  terrestrial  surface;  but  there  is  no  real  evidence  in  support  of 
a  tidal  retardation  in  the  rotation  of  the  Earth  of  a  nature  which  could  be  held 
to  account  for  a  material  discordance  between  the  observed  value  of  the  secular 
acceleration  of  the  Moon's  mean  longitude  and  that  derived  by  theory  from  the 
diminution  in  the  eccentricity  of  the  Earth's  orbit." 

In  the  supplementary  number  of  the  Monthly  Notices  for  1906,  pp.  523- 
542,  Mr.  Cowell  replies  at  length,  and  seems  to  justify  his  results.  He  shows 
that  the  important  eclipse  of  Thales  accords  with  his  formulae:  "Equations 
of  condition  are  given  for  —  584  and  —  556;  for  the  former  date  my  formulae 
make  the  central  line  pass  very  slightly  to  the  south  of  Iconium  at  about  7h  4m, 
or  about  three  minutes  before  sunset.  There  is  of  course  an  uncertainty  as  to 
the  exact  position  of  the  battlefield;  but  this  is  compensated  by  the  fact  that 
formulae  which  throw  the  central  line  much  further  south  make  it  miss  the  main- 
land altogether. 

"  If  an  eclipse  be  total  just  before  sunset,  the  parts  of  the  Sun  that  are  first 
uncovered  by  the  Moon  are  roughly  the  same  as  those  that  first  disappear  below 
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the  horizon.  The  phenomenon  may  thus  be  somewhat  prolonged  and  to  that 
extent  more  terrifying."  He  had  already  described  his  method  of  procedure: 
"  In  exhibiting  more  eclipse  calculations,  I  have  had  to  decide  whether  to 
adopt  a  secular  acceleration  for  the  Sun  in  my  formulae  or  a  secular  acceleration 
of  the  node  contrary  to  gravitational  theory.  I  have  preferred  the  former  course, 
but  I  wish  it  to  be  clearly  understood  that  the  ancient  eclipses  only  afford  evidence 
of  the  relative  movements  of  the  Sun,  Moon,  and  node,  and  not  of  the  position 
of  the  equinox"  (p.  524). 

Table  of  the  Lunar  Eclipses  of  the  Almagest, 
The  Data  being  taken  from  Cowell's  Paper,  Monthly  Notices,  1906,  Supplementary  Number, 

Vol.  LXVI,  No.  9,  p.  526* 


G.M.T.  of 

Middle  of 

Eclipse 

Semi- 
Duration 
in 

Observec 

I  -  Tabular  Time 

Tabular 

No. 

Date 

Begin- 

Middle 

End 

Magni- 

Observed  Magnitude 

(Tabular) 

Minutes 

ning 

1 

-720,  Mar.  19 

h        m 

7  35.2 

m 

111.3 

m 

[-85] 

m 

m 

1.42 

Total 

2 

-719,  Mar.     8 

9  52.4 

15.9 

+  34 

0.02 

3  digits  =  0.25 

3 

-719,  Sept.    1 

5  53.8 

66.8 

-49 

0.42 

More  than  half 

4 

-620,  Apr.  21 

14  58.0 

54.1 

-23 

0.20 

0.25 

5 

-522,  July   16 

9  25.5 

86.4 

+  14 

0.59 

0.5 

6 

-501,  Nov.  19 

9  50.8 

59.9 

-29 

0.25 

0.25 

7 

-490,  Apr.  25 

8  21.2 

42.4 

+  6 

0.14 

2  digits  =  0.J7 

8 

-382,  Dec.  22 

17  36.0 

55.1 

? 

0.26 

Small 

9 

-381,  June  18 

6  52.6 

83.7 

-21 

-  8 

0.54 

10 

-381,  Dec.  12 

8  35.3 

103.4 

+   4 

1.54 

Total 

11 

-200,  Sept.  22 

5  24.7 

93.8 

-28 

-34 

0.77 

Partial 

12 

-199,  Mar.  19 

11  26.3 

104.4 

-13 

1.30 

Total 

13 

-199,  Sept.  11 

12  55.9 

107.6 

-30 

-34 

1.52 

Total 

14 

-173,  Apr.  30 

12    6.4 

73.7 

-  5 

+  11 

0.53 

7  digits  =  0.58 

15 

-140,  Jan.   27 

8  22.6 

42.4 

+  27 

0.16 

3  digits  =  0.25 

16 

+ 125,  Apr.     5 

7     9.4 

46.1 

+   3 

0.17 

0.17 

17 

+ 133,  May     6 

9  13.9 

106.0 

-   6 

1.07 

Total 

18 

+  134,  Oct.   20 

9  14.6 

93.8 

-29 

0.78 

[0.33] 

19 

+  136,  Mar.     5 

13  54.4 

71.0 

+  10 

0.48 

0.50 

Again:  "As  we  cannot  replace  4"  T2  in  the  formula  by  —  10077,  because  such 
a  correction  is  incompatible  with  modern  observations,  it  follows  that  there  is 
no  geometrical  alternative  to  correcting  the  secular  terms  until  the  errors  of.  the 
present  tables  have  been  reduced  from  the  order  4"  T2  to,  say,  the  order  Of' AT2. 
When  this  degree  of  accuracy  is  reached  small  corrections  may  be  applied,  either 
to  the  secular  terms  or  mean  motions;  in  fact  we  get  as  many  arbitrary  quanti- 
ties as  equations  of  condition;  and  hence  I  consider  that  my  formulae  will  only 
give  eclipse  tracks  correctly  to  within  fifty  miles.     I  maintain  that  they  are  free 

*  In  the  Monthly  Notices  for  November,  1906,  p.  2,  will  be  found  a  valuable  table  by  Mr.  Nevjll,  giving  the 
errors  of  Hansen's  Tables  for  each  of  these  eclipses.  The  errors  range  from  — 13  to  — 83  minutes,  with  an  average 
value  of  about  — 43  minutes  of  time.  Of  course  no  such  errors  as  these  could  have  been  made  by  the  Greek 
astronomers. 
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from  errors  of  200  to  300  miles,  and  that  the  present  tables  are  not  free  from  such 
errors."  (p.  540)  .  .  .  "Airy,  however,  only  uses  three  eclipses.  One  of 
these  three  is  the  eclipse  of  Agathocles,  where  the  uncertainty  in  the  position 
of  Agathocles  causes  the  eclipse  to  satisfy  nearly  any  formulae;  another  eclipse 
is  that  of  Thales,  which  is  well  known  to  be  satisfied  by  Hansen's  tables;  and 
the  third  eclipse  is  that  of  Larissa,  to  which  Airy  assigns  an  impossible  date. 
Inferences  from  eclipses,  in  view  of  the  want  of  absolute  precision  in  the  records, 
depends  upon  the  production  of  an  overwhelming  degree  of  coincidence.  Airy's 
investigations,  in  reality,  deduce  a  result  from  Thales,  and  show,  as  they  were 
nearly  certain  to  do,  that  the  central  line  for  Agathocles  comes  within  one  day's 
journey  of  Syracuse;  and  the  whole  degree  of  confirmation  lies  in  the  fact  of 
the  supposed  agreement  of  the  eclipse  of  Larissa,  for  which  he  has  taken  a  wrong 
date.  In  no  previous  attempt  to  explain  ancient  eclipses  has  it  ever  happened 
that  confirmation  has  been  obtained  from  other  eclipses.  But  in  my  case  the 
eclipse  at  Babylon,  the  lunar  eclipses,  the  eclipses  of  Thales  and  Larissa  have 
all  supported  the  explanation  at  which  I  had  previously  arrived  from  other  evi- 
dence, viz.,  the  eclipses  of  Nineveh,  Archilochus,  Thucydides,  Agathocles,  and 
Tertullian." 

(4)  In  the  Monthly  Notices  for  November,  1906,  p.  4-5,  Mr.  Nevill  shows  that 
the  nineteen  Lunar  Eclipses  of  the  Almagest  cannot  be  reconciled  with  any  value 
of  the  secular  acceleration  less  than  7".40.  And  he  shows  (p.  10)  that  the  Arabian 
eclipses  can  be  represented  by  a  secular  acceleration  of  6". 20,  while  those  recorded 
by  Ptolemy  require  a  value  of  at  least  7".40;  both  are  not  reconcilable  to  any 
one  value,  as  6". 80  fails  to  represent  either.  Nevill  also  says  that  he  had  often 
found  evidence  of  an  unexplained  apparent  secular  acceleration  in  the  motion 
of  the  Moon's  argument  of  latitude,  but  he  doubted  its  reality;  Co  well's  ex- 
planation, that  it  is  due  to  a  secular  acceleration  of  the  Earth,  not  having  occurred 
to  him. 

In  the  Monthly  Notices  for  December,  1907  (p.  110),  Co  well  shows  that 
Oppolzer's  results  agree  well  with  his,  and  says  he  thinks  Oppolzer  obtained 
his  formulae  from  lunar  eclipses.  He  adds  that  because  the  mean  motions  seemed 
impossible,  Oppolzer's  formulae  were  long  rejected;  but  as  his  numerical  accuracy 
is  beyond  reproach,  Cowell  says  he  feels  sure  there  is  a  solid  foundation  beneath 
the  superficial  blemishes  of  impossible  mean  motions.  He  concludes  that  the 
solar  eclipses  are  consistent  with  a  secular  acceleration  of  the  Sun  of  2". 

In  the  Monthly  Notices  for  Nov.,  1908,  p.  25,  Mr.  Fotheringham  shows 
that  Ginzel's  elements  of  ancient  eclipses  represent  modern  observations,  if 
the  secular  acceleration  be  taken  to  be  9". 7.     Fotheringham  is  uncertain  whether 
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there  is  a  secular  acceleration  of  the  Sun,  though  so  far  as  he  has  gone  Co  well's 
values  give  better  results.  In  the  Monthly  Notices  for  March,  1909,  Cowell 
states  that  his  formulae  makes  the  outstanding  residuals  in  ancient  eclipses  only 
about  £  as  large  as  the  formulae  of  other  investigators. 

He  concluded  that  it  is  not  likely  that  the  resultant  correction  of  the  secular 
acceleration  of  the  Moon  would  exceed  ±  0".5.  In  general,  the  eclipse  of  Hip- 
parchus  confirms  Newcomb's  values,  but  is  somewhat  less  consistent  with  Cowell 's 
work,  while  Hansen's  and  Ginzel's  results  are  still  more  discordant.  Using 
Newcomb's  values,  this  eclipse  gives  little  indication  of  a  secular  acceleration 
of  the  Sun,  but  is  consistent  with  a  small  value  of  1"  or  less. 

(5)  In  the  Monthly  Notices  for  January,  1909,  Mr.  J.  K.  Fotheringham 
has  identified  the  eclipse  mentioned  by  Cleomedes  as  one  observed  by  Hipparchus 
in  —  128,  Nov.  20,  and  not  that  of  Agathocles,  as  Newcomb  and  Celoria  be- 
lieved. Undoubtedly  Fotheringham  is  right.  In  working  up  the  eclipse* 
he  uses  a  secular  acceleration  of  8".012,  communicated  to  him  by  Newcomb  on 
the  basis  of  his  studies  of  all  the  eclipses  between  those  mentioned  by  Ptolemy 
and  1908.  Fotheringham  concludes  that  Newcomb's  value  (8".012)  admits 
of  but  small  corrections  between  +  0".4  and  —  0".l.  "It  would  appear  alto- 
gether that  if  we  do  not  revise  the  centennial  motions,  the  eclipse  can  only  be 
satisfied  by  a  secular  acceleration  of  the  Moon  amounting  to  8".  15  ±  0".55  4-  n" , 
accompanied  by  a  secular  acceleration  of  the  Sun  amounting  to  %n".  Here 
n"    is  any  quality  which  may  be  added  to  harmonize  the  observations. 

(6)  In  the  Monthly  Notices  for  March,  1909,  Newcomb  sums  up  the  evidence 
to  date.  He  begins  thus:  "The  passages  in  the  writings  of  ancient  authors 
supposed  to  refer  to  total  eclipses  of  the  Sun  have  been  so  fully  discussed  during 
the  last  few  years,  especially  by  Cowell  and  Nevill  in  the  Monthly  Notices, 
and  quite  recently  by  Mr.  Fotheringham,  that  the  subject  is  fairly  well  thrashed 
out  so  far  as  the  question  of  interpretation  is  concerned.  Most  of  the  supposed 
eclipses  on  which  stress  was  laid  by  Airy,  Hansen,  and  other  older  authorities, 
in  testing  the  lunar  tables,  have  been  nearly  eliminated  from  consideration  by 
doubts  and  inconsistencies  of  various  kinds.  The  only  one  of  these  I  need  mention 
is  the  eclipse  of  Thales.  The  questions  associated  with  this  eclipse  may  now 
be  considered  as  well  cleared  up.  From  the  corrections  which  I  have  applied 
to  the  lunar  elements,  it  would  appear  that  the  Sun  set  upon  the  combatants 
only  a  short  time,  perhaps  fifteen  minutes,  before  the  total  phase  commenced. 

*ln  the  Monthly  Notices  for  November,  1908,  p.  29,  Mr.  Fotheringham  gives  a  list  of  twenty-one  solar  eclipses 
not  yet  worked  up,  between  — 393,  when  the  first  eclipse  was  observed  at  Cheronea,  and  +590,  when  the  last  was 
observed  at  Constantinople.  Some  of  these  eclipses  may  yet  give  us  much  additional  data  on  the  secular  accelera- 
tion, and  until  all  of  these  are  fully  discussed  our  knowledge  of  the  subject  will  remain  somewhat  incomplete. 
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Thus  the  accuracy  of  the  phraseology  used  by  Herodotus,  and  indeed  the  whole 
story  as  he  narrates  it,  seemed  to  be  confirmed  in  a  remarkable  way.  But  the 
eclipse  still  remains  useless  for  any  astronomical  purpose." 

He  then  explains  his  methods  of  calculation,  and  treats  of  the  seven  solar 
eclipses  of  value,  giving  among  the  data  the  following  results: 


G.M.T. 

Radius  of  Shadow                  Ancient  Authority 

Eclipse  of  Babylon, 

- 1062, 

July  30.7548 

+    94' 

Babylonian  inscription.* 

Eclipse  of  Nineveh, 

-   762, 

June  14.8691 

+  151' 

Assyrian  cuneiform  tablet. 
Inscription  at  Nineveh. f 

Eclipse  of  Thasos, 

-   647, 

Apr.    5.8765 

+  178' 

Archilochus. 

Eclipse  of  Athens, 

-   430, 

Aug.    3.1327 

-   55' 

Thucydides. 

Eclipse  of  Syracuse, 

-  309, 

Aug.  14.8505 

+  145' 

Agathocles  (Diodorus  Siculus) 

Eclipse  of  Hellespont, 

-   128, 

Nov.  20.0565 

+   15' 

Hipparchus  (Cleomedes) . 

Eclipse  of  Utica, 

+   197, 

June    2.9958 

-     6' 

Tertullian. 

"The  preceding  eclipses,  that  of  — 128  excepted,  were  discussed  by  Mr. 
Cowell.  He  shows  that  five  of  the  eclipses  in  question  can  all  be  represented 
in  two  ways,  either  by  a  change  in  the  secular  acceleration  of  the  node,  or  by  a 
hitherto  unsuspected  acceleration  of  the  Sun's  longitude,  combined  with  an  equal 
correction  to  the  Moon's  secular  acceleration.  It  will  be  seen  that  the  preceding 
equations  are  confirmatory  of  Mr.  Cowell 's  results."  ....  "It  may  also 
be  remarked  that  an  increase  of  1"  in  the  secular  acceleration  of  the  mean  longitude, 
coupled  with  a  diminution  of  1"  in  that  of  the  node,  would  suffice  to  make  the 
eclipses  of  —  1062  and  —  647  total,  without  throwing  that  of  —  128  quite  away 
from  the  Hellespont.  But  this  change  in  J2^  is  outside  the  limit  of  theo- 
retical uncertainty,  and  in*  J\  is  difficult  to  admit. "  ....  "  Equally  difficult 
of  explanation  on  any  theory  is  a  secular  acceleration  of  the  Earth's  orbital  motion. 
Moreover,  while  modern  observations,  so  far  as  I  have  discussed  them,  do  not 
exclude  the  possibility  of  such  an  acceleration,  they  do  render  it  improbable." 

Mr.  Fotheringham  adds  a  note,  in  which  he  reaches  conclusions  in  close 
accord  with  those  of  Newcomb.  "The  resultant  corrections  to  Professor 
Newcomb's  secular  terms  are  therefore  quite  small.  The  value  obtained  for 
Sp  —  SD  suggests  that  there  is  in  existence  either  a  very  small  acceleration 
of  the  Sun,  or  some  very  small,  hitherto  unexplained,  retardation  of  the  node; 
but  when  we  allow  for  the  possibility  of  errors  in  the  centennial  motions,  and 
for  the  slight  disturbance  in  the  results  that  might  be  occasioned  by  an  error 
in  the  position  of  the  perigee,  it  seems  impossible  to  affirm  such  small  corrections 

*  "  On  the  26th  day  of  the  month  Sivan,  in  the  7th  year,  the  day  was  turned  into  night,  and  fire  in  the  midst 
of  heaven." 

t"ln  the  month  Sivan  the  Sun  underwent  an  eclipse."  (cf.  Paper  by  Cowell,  Monthly  Notices,  Vol.  LXV, 
Supplementary  Number,  1905,  p.  861.) 
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on  the  basis  of  so  few  eclipses.  It  would  appear,  therefore,  that  these  eclipses 
do  not  by  themselves  prove  the  existence  of  a  secular  acceleration  of  the  Sun, 
though  they  are  consistent  with  an  acceleration  of  about  1"  a  century"  (Monthly 
Notices,  March,  1909,  p.  469). 

§  138.     Concluded  Secular  Accelerations  of  the  Moon  and  Sun. 

It  will  be  seen  from  the  foregoing  discussion  that  there  is  still  a  small  element 
of  uncertainty  in  the  total  amount  of  the  secular  acceleration  of  the  Moon.  But 
there  is  no  essential  difference  of  opinion,  as  to  the  facts,  among  those  best  qualified 
to  judge;  and  the  conclusion  is  that  the  secular  acceleration  of  the  Moon  is  in 
excess  of  the  theoretical  amount  by  about  2" ;  which  is  25  per  cent,  of  the  whole 
observed  secular  acceleration,  and  this  outstanding  inequality  cannot  be  due 
to  errors  of  observation. 

To  appreciate  this  clearly,  we  need  only  remark  that  at  any  past  epoch  the 
outstanding  inequality  in  the  secular  acceleration  is  given  by  the  expression 
2"T2,  where  T  is  the  time  which  has  elapsed  expressed  in  Julian  centuries.  Thus 
at  the  epochs  indicated  we  have  the  following  results: 

Hipparchus,  —  128  B.C.,  2"  (20.37)2  =  830",  corresponding  to  an  error  in  the  obs.  of  an  eclipse  of 

28m. 
Mardocempad,  —720  B.C.,  2"  (26.29)2  =  1382",  corresponding  to  an  error  in  the  obs.  of  an  eclipse 

of  46m. 
Solar  eclipse  of  Babylon,  - 1062  B.C.,  2"  (30)2  =  1765",  corresponding  to  an  error  in  the  obs.  of 

an  eclipse  of  59m. 

The  errors  in  the  times  of  eclipses  of  the  Moon  would  never  exceed  some 
ten  minutes,  even  when  all  sources  of  error  are  considered.  Consequently  the 
outstanding  inequality  in  the  secular  acceleration  of  the  Moon  is  a  well  established 
fact,  and  no  difference  of  opinion  on  this  point  exists  among  the  recent  investi- 
gators of  the  subject.  This  result  is  also  consistent,  as  Mr.  Fotheringham 
points  out,  with  a  small  secular  acceleration  of  the  Sun;  for  this  latter  is  not  con- 
tradicted by  any  modern  observations.  We  therefore  adopt  a  secular  accelera- 
tion of  the  Moon  of  8".00,  or  about  2"  larger  than  Delaunay's  last  value  (6".  18) 
of  the  part  depending  on  gravitation  as  corrected  by  Newcomb  (6". 08),  in  the 
Monthly  Notices  for  January,  1909.  And  for  the  Sun,  we  adopt  the  value  0".75 
as  the  most  probable  amount  of  the  secular  acceleration.  It  seems  to  be  fairly 
well  established  that  a  small  secular  acceleration  of  the  Sun  really  exists.  Its 
exact  amount  may  remain  uncertain  for  a  good  many  years,  but  in  view  of  all 
the  evidence  it  is  not  likely  to  exceed  1".25,  nor  fall  short  of  0".25.  The  difficulty 
of  explaining  these  discrepancies  from  gravitational  theory  are  by  no  means 
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so  great  as  has  been  heretofore  imagined.  An  explanation  is  readily  found  in 
the  resistance  arising  from  cosmical  dust  in  space,  and  in  the  slight  increase  in 
the  mass  of  the  Sun  and  other  bodies  of  the  solar  system. 

Both  the  Earth  and  Moon  pass  through  streams  of  meteorites  at  certain 
times,  and  the  number  of  meteors  swept  up  by  the  Earth  amount  to  at  least  1,200,- 
000,000  daily  (cf.  A.N.,  3618).  In  the  Astrophysical  Journal  for  June,  1909, 
p.  379,  Professor  W.  H.  Pickering  has  estimated  that  the  mass  of  these  bodies 
is  much  larger  than  we  have  heretofore  supposed.  He  gives  grounds  for  hold- 
ing the  diameter  of  the  average  naked-eye  meteor  to  be  6  or  7  inches.  If  this 
reasoning  be  admissible,  we  shall  have  to  augment  the  calculated  effects  of  meteoric 
resistance  in  the  ratio  of  a  grain,  or  one-fifteenth  of  a  gramme,  to  seven  kilograms. 
This  increase  in  number  and  in  mass  multiplies  the  effects  of  resistance  by  at 
least  1,000,000.  As  we  shall  see  in  the  next  chapter,  the  late  Professor  Theodore 
von  Oppolzer  found  by  calculation  that  the  effects  of  meteoric  resistance  are 
adequate  to  account  for  the  observed  outstanding  inequality  in  the  lunar  accelera- 
tion. In  Young's  General  Astronomy  (edition  of  1904,  Article  778,  p.  475),  how- 
ever, it  is  stated  that  the  effects  are  too  small  to  account  for  this  outstanding 
inequality.  But  if  the  mass  of  each  meteor  has  been  much  underrated,  and 
the  total  number  of  these  masses  correspondingly  underestimated,  it  is  highly 
probable  that  our  present  more  exact  data  would  show  that  meteoric  matter 
is  the  cause  of  the  outstanding  inequality  in  the  Moon's  secular  acceleration. 
This  brings  the  Moon  nearer  to  us  by  about  a  quarter  of  an  inch  per  annum. 


§139.     Examination  of  the  Influences  Which  Might  Tend  to  Change  the  Period  of  the 

Earth's  Rotation. 

The  principal  causes  which  might  change  the  time  of  the  Earth's  rotation 
are  the  following: 

(1)  Oceanic  and  Bodily  Tidal  Friction,  tending  to  lengthen  the  day.  At 
the  present  time  the  effect  of  this  cause  probably  is  very  slight,  but  perhaps  not 
wholly  insensible. 

(2)  The  secular  expansion  of  the  terrestrial  globe,  due  to  leakage  of  the 
oceans,  which  produces  earthquakes,  the  uplift  of  mountains,  plateaus,  etc.; 
together  with  the  expulsion  of  lava,  volcanic  dust,  etc.;  all  tending  to  lengthen 
the  day.  The  displacements  thus  arising  are  often  very  considerable,  as  at  Yakutat 
Bay,  Alaska,  1899  —  where  the  coast  was  raised  for  100  miles  with  a  maximum 
elevation  of  of  47£  feet.     Against  this  is  set  the  secular  shrinkage  of  the  globe 
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due  to  cooling,  which,  however,  is  so  minute  as  to  be  infinitesimal,  the  change 
in  radius  not  exceeding  1.5  inches  in  2000  years. 

(3).  The  accumulation  of  meteoric  dust,  tending  to  lengthen  the  day  by 
increasing  the  dimensions  of  the  Earth;  but  here  again  the  effect  is  slight,  and 
more  than  counterbalanced  by  a  considerable  eastward  whirl  of  the  cosmical 
vortex  about  the  Earth,  and  therefore  tending  to  accelerate  the  Earth's  rotation. 
This  last  cause  probably  is  one  of  the  most  powerful  of  the  various  influences 
now  at  work,  since  the  Earth's  axial  rotation,  as  well  as  that  of  the  other  planets, 
has  arisen  in  that  way.  Though  at  one  time  much  more  powerful  than  at  present, 
it  still  seems  to  have  considerable  importance,  and  may  easily  counteract  all 
the  other  causes  combined.  So  far  as  observations  go,  the  indications  are  indeed 
that  it  nearly  or  quite  nullifies  the  secular  effects  of  tidal  friction.  The  net  result 
of  all  these  forces  is  that  the  day  remains  of  exceedingly  constant  length.  Ac- 
cordingly it  would  appear  that  the  rotatory  motion  of  a  planet  such  as  the  Earth 
about  its  axis  probably  is  by  far  the  best  of  all  the  possible  timekeepers  which 
might  be  selected  from  among  the  heavenly  bodies  yet  known  to  us.  For  it 
happens  that  the  algebraic  sum  of  all  the  changes  now  going  on  is  nearly  evanes- 
cent, and  the  length  of  the  day  therefore  undergoes  no  sensible  change.  It 
seems  almost  certain  that  the  change  in  the  length  of  the  day  has  not  amounted 
to  tuVtt  of  a  second  in  2000  years,  for  this  would  in  that  time  accumulate  to 
over  12m:  it  is  not  probable  therefore  that  the  period  of  the  Earth's  rotation  has 
been  altered  from  all  causes  combined  by  more  than  0.001  of  a  second,  since  the 
days  of  Hipparchus. 


CHAPTER  XIII. 


Investigation  of  the  Several  Physical  Causes  Which  May  Contribute  to 

the  Production  of  the  Observed  Secular  Acceleration  in  the 

Mean  Motion  of  the  Moon  and  of  the  Indicated  Secular 

Acceleration  in  the  Mean  Motion  of  the  Sun. 

§  140.     Oppolzer's  Theory  of  the  Outstanding  Inequality  in  the  Secular  Acceleration 

of  the  Moon's  Mean  Motion. 

As  we  have  seen  in  Chapter  IX,  the  late  Professor  Theodore  von  Oppolzer, 
of  Vienna,  was  among  the  earliest'  investigators  of  the  relationship  shown  to 
exist  between  comets  and  meteoric  showers.  In  this  way  he  came  to  look  upon 
the  cosmical  dust  pervading  the  celestial  spaces  as  a  source  of  disturbance  to 
the  purely  gravitational  motions  of  the  heavenly  bodies.  In  the  Astronomische 
Nachrichten,  Nos.  2314  and  2319  (1880),  he  discusses  the  motions  of  certain  com- 
ets, but  more  especially  those  of  Encke  and  Winnecke,  taking  the  resistance 
to  be  proportional  to  the  surface,  or  as  the  square  of  the  radius,  and  inversely 
as  the  mass;  and  therefore  for  two  unequal  spheres  of  the  same  density  inversely 
as  their  radii. 

For  when  the  body  is  supposed  to  exert  little  or  no  attraction. on  neighboring 
particles  and  to  be  resisted  in  the  simple  proportion  to  the  matter  encountered 
in  the  cylindrical  path  traced  out  by  a  section  perpendicular  to  the  tangent  to 
the  instantaneous  orbit,  we  have 

F  =  K-=  Kp^=K*--  (313) 

And  for  two  spherical  masses  of  the  same  mean  density  F :  F'  =  r1  :  r,  or 
inversely  as  the  radii.  Thus,  if  the  radii  be  very  unequal,  as  of  a  planet  and  a 
particle,  the  resistance  suffered  by  the  particle  will  be  relatively  very  large,  while 
that  of  the  planet  will  be  extremely  slight.  Under  these  circumstances  the  particle 
will  rapidly  drop  nearer  and  nearer  the  Sun,  while  the  mean  distance  of  the 
planet  will  not  be  sensibly  diminished. 
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In  discussing  the  motions  of  comets  Oppolzer  remarks  that  if  electric  forces 
are  assumed  to  be  at  work,  they  must  be  supposed  to  be  proportional  to  the  sur- 
faces on  which  the  charges  are  distributed,  whereas  gravitation  always  is  pro- 
portional to  the  mass  or  amount  of  solid  matter  in  a  body.  The  evidence  derived 
from  the  motions  of  comets  seemed  to  him  to  point  to  the  existence  of  a  resisting 
medium  which  is  discontinuous  in  character,  as  if  dependent  on  the  action  of 
streams  of  cosmical  dust  in  space. 

In  the  Astronomische  Nachrichten  No.  2573  (Feb.  14,  1884),  Oppolzer  applies 
his  theory  to  the  Secular  Acceleration  of  the  Moon,  and  reaches  results  nearly 
identical  with  those  independently  obtained  by  the  author,  in  June  and  July, 
1909,  before  the  latter  became  acquainted  with  the  little-known  results,  published 
by  the  former  a  quarter  of  a  century  ago.  Oppolzer  begins  his  paper  by  some 
general  remarks,  in  the  course  of  which  he  says  that  Delaunay  invoked  oceanic 
tidal  friction  to  explain  the  difference  between  the  Moon's  theoretical  secular 
acceleration  of  6"  and  the  observed  secular  acceleration,  which  he  thinks  may 
be  taken  at  11". 

It  is  the  outstanding  difference  of  5"  which  Oppolzer  seeks  to  explain.  He 
adds  that  if  continents  run  from  the  north  to  the  south  pole,  so  as  to  interrupt 
the  movement  of  the  waters  of  the  oceans,  the  circumstances  will  not  be  very 
favorable  to  Delaunay's  hypothesis.  And  since  this  is  very  nearly  true  on  the 
actual  Earth,  Oppolzer  remarks  that  Delaunay's  hypothesis  will  hardly  suffice, 
even  if  it  be  not  altogether  denied;  and  that  a  second  cause  may  be  suggested, 
among  others  which  will  not  be  discussed,  to  afford  the  desired  explanation  of 
the  outstanding  inequality  in  the  Moon's  secular  acceleration. 

There  is  no  justifiable  doubt,  he  says,  that  space  is  filled  with  finely  divided 
cosmical  dust,  of  which  the  larger  constituents  flying  into  our  atmosphere  are 
observed  as  shooting  stars.  If  one  admits  the  existence  of  such  fine  dust  in  space, 
its  presence  will,  under  very  plausible  assumptions,  explain  the  actual  acceleration 
of  the  Moon.  He  adds  that  it  is  obvious  that  all  the  phenomena  of  the  motions  of 
our  solar  system  will  be  influenced  by  this  cosmical  material ;  but  as  it  is  only  in  the 
case  of  the  Moon  that  the  effects  will  become  sensible,  owing  to  the  remoteness  of 
the  other  bodies,  he  restricts  his  inquiry  to  the  secular  acceleration  of  the  Moon. 

He  assumes  that  the  particles  have  no  elasticity  of  rebound,  so  that  when 
they  strike  a  heavenly  body  they  remain  united  with  it ;  and  moreover  that  the 
direction  of  motion  of  the  individual  particles,  on  the  average,  when  referred 
to  the  center  of  the  Sun,  is  equal  to  zero;  which,  he  says,  holds  true  with  great 
accuracy  for  the  shooting  stars.  Under  these  conditions  the  cosmical  dust  will 
make  itself  noticeable  in  the  motion  of  the  Moon  in  three  ways: 
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(1)  The  mass  of  the  Earth  and  Moon  increases  through  the  addition  of 
dust  particles;  and,  notwithstanding  the  fact  that  the  major  axis  of  the  Moon's 
orbital  motion,  in  its  mean  value,  does  not  appear  to  be  altered,  there  arises, 
besides  insensible  periodic  perturbations,  a  term  in  the  Moon's  mean  longitude 
multiplied  by  t2. 

(2)  A  part  of  the  material  swept  up  by  the  Moon  will  diminish  its  tangential 
velocity,  and  thereby  give  rise  to  a  term  in  the  mean  longitude  of  the  Moon  like- 
wise multiplied  by  f . 

(3)  The  material  swept  up  by  the  Earth,  which  must  be  set  rotating  by 
our  planet's  motion  about  its  axis,  will  change  the  rotational  velocity,  and  thereby 
alter  in  a  secular  manner  the  assumed  uniform  measure  of  time;  the  principal 
influence  here  considered  indeed  is  also  friction;  but  if  we  transfer  this  variation 
in  the  measure  of  time  to  the  motion  of  the  Moon,  the  rotational  velocity  of  the 
Earth  being  erroneously  taken  as  constant,  there  will  thus  come  to  light  in  the 
mean  longitude  of  the  Moon  a  term  multiplied  by  P. 

Assuming  that  the  mean  density  of  the  cosmical  dust  does  not  change  with 
the  time,  Oppolzer  proceeds  to  evaluate  the  influence  of  the  assigned  cause. 

§  141.     Determination    of  the   Secular    Terms   in   the   Moon's   Mean  Longitude 

Depending  on  the  Increase  in  the  Mass  of  the  Earth  and  Moon,  and  on  the 

Retardation  of  the  Earth's  Rotation  Arising  from  the  Deposit 

of  a  Non-rotating  Layer  of  Cosmical  Dust. 

If  we  designate  by  &2  the  attraction  of  unit  mass  at  unit  distance,  in  the 
unit  of  time,  for  which  the  Julian  century  will  be  taken;  and  by  m  and  n  the 
increase  in  the  mass  of  the  Earth  and  Moon  in  a  century,  and  by  r  the  distance 
of  the  Moon  from  the  Earth;  then  the  perturbation  in  the  radius  vector  due  to  the 
increase  in  the  mass  becomes 

fi,--*'fe  +  w)t.  (314) 

If  we  neglect,  as  here  seems  allowable,  the  eccentricity  of  the  Moon's  orbit,  and 
the  disturbing  influence  of  the  Sun  and  designate  by  a  the  mean  distance  of 
the  Moon  from  the  Earth,  we  get  for  the  differential  equation  of  the  perturbation 
in  the  mean  longitude 

d/lL^      2k  (m  +  n) 
~dt  J*  " 

And  the  integral  is 

*Ll-k(mJn'>1>.  (315) 
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Oppolzer  remarks  that  there  also  arises  an  analogous  term  in  the  longitude  of 
the  perigee  of  the  form 

d-r  =  -  ^JLt  (316) 

If  we  denote  the  mass  of  the  Earth  by    M    and  of  the  Moon  by   N,  and  choose 

k 
as  the  unit  of  mass    M  +  N  —  1;    then     -^     will  represent  the  mean  motion 

of  the  Moon  in  a  century. 

Postulating  that  the  cosmical  dust  which  falls  upon  the  Earth  in  a  century 
is  uniformly  distributed  over  the  whole  globe,  we  may  consider  it  replaced  by  a 
layer  of  the  mean  density  of  the  Earth,  of  thickness  h.  Before  combining  with 
the  Earth  this  layer  is  conceived  as  quiescent,  but  thereby  set  in  rotation,  and 
the  Earth's  rotation  therefore  correspondingly  retarded.  If  &>  denote  the  magni- 
tude of  the  Earth's  rotation  in  a  century,  p  the  radius  of  the  Earth  regarded 
as  a  sphere;  then  the  retardation,  when  the  globe  is  assumed  to  be  homogeneous, 
becomes 

K     V 

—  oo)- 1  ; 

9 

the  coefficient  5  being  the  assumed  observed  outstanding  inequality  in  the  Moon's 
secular  acceleration.  And  the  retardation  of  the  meridian  with  respect  to  its 
undisturbed  place  will  be 

If,  however,  we  take  the  time  as  progressing  uniformly  with  the  Earth's  rotation, 
and  transfer  this  correction  of  the  measure  of  the  time  to  the  orbital  motion  of 
the  Moon,  multiplying  the  same  by  the  relation  of  the  angular  velocity  of  the 
Moon's  motion  to  that  of  the  Earth's  rotation,  here  designated  by  /  =  ^^  ,  we 
shall  have 


2  9  mJ     ~  2  ?  a* 


^-2  2^.2"*.  (317) 


Let  the  mean  distance  of  the  Sun  be  denoted  by  R;  then  the  volume  swept  over 
by  the  Earth  in  a  century  becomes 

V=2irR  .  100  .  tt?'2  .  (318) 

The  mass   m   added  to  the  Earth  in  sweeping  through  this  volume  of  space  in  a 
Julian  century  is* 

m  =  4^  .  h  ;  (319) 
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the  density  of  the  layer  h  being  taken  the  same  as  the  mean  density  of  the  Earth. 
Therefore  the  density  of  the  resisting  medium  in  space  referred  to  the  mean  density 
of  the  Earth  as  the  unit  is 

If  e  denote  the  radius  of  the  Moon,  the  volume  swept  over  by  the  Moon  in  a 
century  becomes 

and 

m  +  n  =  mfl  +-A-  (321) 

If  we  express  m  in  units  of  the  chosen  unit  of  mass,  M  +  N  =  1,  taking 
80  N  =  M ,     we  get 

M  +  m  =  fir  (9  +  h)"  =  fir  \g*  +  3fcp3  +  Shfy  +  h*\  , 

of  which  the  second  term  represents  m,   the  terms  in  h*  and   h3  being  neglected 

as  insensible ;   and  therefore    -r?  =  —  > 

'  M       p 

80  3h  ..      80  j 

or    m  =  —  —     ,    since    M  =  —,     and 

ol    9  ol 


80  hi . 


W  +  n  =  279V+9^  (322) 


Accordingly  equation  (315)  may  be  written 


+  ?)£»*>  (32® 


80  h, 

27  9  V    '  9* 


which  makes     JL,,     and     JL3    dependent  on  the  same  factor  h. 

§  142.     Determination  of  the  Term  in  the  Moon's  Mean  Longitude  Depending  on 

the  Tangential  Resistance  Arising  from  the  Cosmical  Dust  in  the  Volume 

Swept  Over  by  the  Moon  in  Its  Orbital  Motion  About  the  Earth. 

It  now  remains  to  consider  JL2,  which  arises  from  the  sweeping  up 
of  relatively  quiescent  particles  through  the  orbital  motion  of  the  Moon  about 
the  Earth.  Here  we  have  to  consider  not  the  whole  mass  of  dust  falling  upon 
the  Moon,  but  only  a  fraction  of  this  augmentation  n,  which  we  shall  call  v  ; 
this  latter  represents  the  matter  included  in  the  volume  swept  over  by  the  Moon 
in  a  century: 

v  =  2wa  .  >re2  .  /  .  36525  ;  (324) 
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and  therefore 

v  =  «g  =  2«   •    «•  •   /  •    36525^  =  4o«y?*^*) 

)  (325) 

=  1461wJ«V*- 

The  relative  loss  of  tangential  velocity  will  be   ^   ,  and  if  the  density  of  the  Moon 

**    ■'-&' 

we  get 


and 

With  Oppolzer  we  may  put  R  =  400a  and  neglect  the  eccentricity  of 
the  Moon's  orbit.  The  formula  for  the  perturbation  of  the  mean  motion  thus 
becomes  simply 

4*  3  p  <fe  8    *       1        2a?_  _  8 

dt~         2  a  dt  2  a™  '  a  '  k\Ta    °  «    °  "  K       ' 

And  our  expression  for    So    itself  is 


400    '    ?* 


50  =     -  1461   •  ^    ■    -j    •  /  "  *  •  00  •  -»  •  *  , 


4383  c2        ,      .         *   ,  (329) 

Therefore  for  the  differential  equation  of  the  term  in  mean  longitude  we  have 


-(w-+*r«s  •:*./->»'i«i         w 


dJL2 
dt  \a'"°J  ~     '   a\_  20    9"      s/aJ        "  j" 

and  integration  with  respect  to  the  time  gives 

^-T?£'-"*"^  (331) 

§  143.     Numerical  Evaluation  of  the  Three  Terms. 

The  equations  (323),  (331),  and  (317)  give  the  desired  solution  as  soon 
as  we  make  a  definite  assumption  with  regard  to  h,  since  all  the  other  coefficients 
are  known.  Qppolzer  chose  as  the  unit  of  h  the  millimeter,  and  used  the  follow- 
ing approximate  values  of  the  other  constants: 
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Log 
Log 
Log 
Log 
Log 

Log 


A; 
-yi  =    9.239  (unit  of  the  second  of  arc), 

o>  =  10.675  (unit  of  the  second  of  arc), 
9  =    6.804  (unit  of  the  meter), 
R  =  11.477  (unit  of  the  meter), 
«  =    6.255  (unit  of  the  meter), 
k 


/=log. 


log.  a)  =  8.563  -  10. 


With  these  values  he  found 


ALX  =  +  0.87M2, 
JLz  =  +0.26faJ, 
JLS  =  +0.6Sht\ 
4L   =  +1.81ht\ 


(332) 


Remarking  that  the  observed  lunar  acceleration  is  about  11",  and  the  theoretical 
value  6",  leaving  the  residual  JL  =  5",  he  says  this  sum  of  the  three  terms 
will  make  h  =  2.8mm.;  which  he  considers  not  too  large.  Taking  the  density 
of  the  Earth  to  be  5.6  that  of  water,  and  water  800  times  that  of  air,  he  adds  that 
the  density  of  planetary  space  is  equivalent  to 

Density  of  Air 


3,760,000,000,000 


Of  the  terms  entering  into  equation  (332),  only  one,  namely  JL3,  was  derived 
on  the  supposition  that  the  outstanding  inequality  in  the  secular  acceleration 
is  5".  For  an  outstanding  inequality  of  2",  we  should  therefore  multiply  the 
coefficient  0".68  by  the  factor  §,  and  this  gives  0".27.  Now  if  we  put  the 
sum     Ah  =  2" ,     as  found  by  recent  researches,  and  we  shall  get 

dLx  =  +0.87ht\ 
ALt  =  +0.26/U2, 
JLS  =  +0.27W, 


dL   =  +1.40faa; 


(333) 


which  gives  the  value  h  =  1.43  mm.,  or  almost  exactly  one-half  the  value 
found  by  Oppolzer  twenty-five  years  ago.  A  meteoric  fall  of  1.43  mm.  in  a 
century  certainly  could  not  be  recognized  by  any  means  at  present  known  to 
Science.  For  Leconte  (Elements  of  Geology,  p.  11)  estimates  the  average  rate 
of  erosion  of  the  basin  of  the  Mississippi  to  be  1  foot  (304.8  mm.)  in  5,000  years, 
or  1  mm.  in  16.4  years,  or  6  mm.  in  a  century.  The  rainfalls  of  other  river 
systems  wear  away  their  basins  at  a  rate  from  two  to  four  times  faster  than  this. 
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We  may  take  the  average  rate  of  erosion  for  the  whole  Earth  to  be  12  mm.  in  a 
century,  or  one  foot  in  2,500  years.  If  erosion  is  12  mm.  in  a  century,  and  the 
fall  of  cosmical  dust  goes  on  at  the  rate  of  1.43  mm.  per  century;  in  other  words, 
if  erosion  is  8.4  times  as  fast  as  the  fall  of  cosmical  dust,  it  is  evident  that  as  the 
cosmical  dust  washed  away  would  always  be  combined  with  eight  times  as  much 
terrestrial  dust,  we  could  not  perceive  it  under  the  conditions  existing  in  nature. 


§  144.     Criticisms  of  Oppolzer's   Investigation  by  Braun  and  Kleiber,   with 
Answer  to  the  Same  by  the  Present  Author. 

In  the  Astronomische  Nachrichten,  No.  2582,  Dr.  C.  Braun,  of  Kalocsa, 
Hungary,  has  published  a  criticism  of  Oppolzer's  paper,  the  contents  of  which 
may  be  briefly  noticed.     Braun  makes  three  points: 

1.  He  admits  the  correctness  of  Oppolzer's  analysis,  as  given  above,  but 
holds  that  the  other  sciences  will  not  permit  us  to  admit  so  large  a  downfall  of 
meteoric  dust.  He  says  that  Piazzi  Smyth,  in  Nature,  of  January  30,  1884,  esti- 
mates the  fall  of  cosmical  dust  to  be  not  much  less  than  100  tons  daily,  and  not 
much  over  1,000  tons.  But  if  Oppolzer  is  right,  the  downfall  would  amount 
to  218  million  tons  daily,  or  about  a  million  times  that  calculated  by  competent 
investigators. 

2.  In  a  period  of  forty  million  years  he  says  the  Earth  would  be  covered 
with  a  layer  one  kilometer  deep.  He  considers  that  the  bed  of  the  ocean  is  but 
little  disturbed,  and  ought  to  give  evidence  of  this  deposit  of  dust;  but  deep 
sea  explorations  disclose  chiefly  chalk,  volcanic,  and  other  dust,  mostly  of  ter- 
restrial origin. 

3.  Referring  to  the  Krakatoa  disaster,  he  says  5,000  million  tons  were  blown 
into  the  air,  and  caused  the  afterglow,  or  red  sunsets  which  were  observed  to 
continue  for  some  months;  and  concludes  that  if  218  million  tons  fall  daily,  we 
should  have  a  permanent  afterglow  like  that  following  the  Krakatoa  eruption. 

We  may  answer  these  objections  as  follows: 

(1)  Professor  H.  A.  Newton  estimated  the  downfall  of  meteors  to  num- 
ber 15,000,000  daily;  but  in  A.N.  3618,  the  writer  has  found,  by  observations 
taken  at  an  altitude  of  7,000  feet  in  the  dry  climate  of  Arizona,  that  the  number 
of  telescopic  meteors  is  about  100  times  larger  than  was  calculated  by  Newton. 
The  previous  estimate  of  the  average  mass  of  a  shooting  star  was  one  grain;  but 
in  the  Astrophysical  Journal  for  June,  1909,  Professor  W.  H.  Pickering  gives 
grounds  for  estimating  the  mass  of  the  more  conspicuous  meteors  as  high  as  seven 
kilograms;    this  is  about  105,000  times  one  grain,  and  the  mass  of  such  meteors 
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could  therefore  be  multiplied  by  100,000.  And  if  100  times  as  many  meteors 
fall  as  Newton  estimated,  with  an  average  mass  of  even  one-tenth  of  that  sug- 
gested by  Pickering,  the  total  mass  would  be  1,000,000  times  that  previously 
adopted.  The  writer's  estimate  of  the  number  of  telescopic  meteors  is  certainly 
not  too  large,  but  it  may  easily  be  too  small.  It  seems  therefore  certain  that  the 
amount  of  meteoric  dust  falling  upon  the  Earth  has  been  greatly  underrated. 

(2)  Braun's  argument  regarding  the  deposits  in  the  deep  sea  is  not  valid, 
because  the  terrestrial  and  the  celestial  dust  cannot  be  separated ;  and  the  amount 
of  terrestrial  deposit  is  known  to  be  considerable,  probably  averaging  ten  times 
that  falling  from  the  sky.  As  the  Earth  has  been  built  up  by  gradual  accretion 
of  cosmical  dust,  and  not  at  all  by  any  condensation  of  masses  detached  from 
the  Sun,  chemical  and  geological  changes,  radio-activity,  etc.,  are  the  only  causes 
which  could  make  the  surface  substances  different  from  those  still  coming  to  us 
from  celestial  space. 

(3)  Braun's  inference  from  the  Krakatoa  eruption  is  not  justifiable,  because 
we  are  unable  to  judge  how  the  air  would  look  if  all  the  dust  were  entirely  removed 
from  it.  The  sudden  injection  of  an  extra  load  of  dust  would  of  course  increase 
the  sunset  glow,  as  was  observed  in  1883;  and  that  is  all  that  we  can  infer.  This 
does  not  preclude  the  possibility  that  a  large  amount  of  cosmical  dust  is  constantly 
falling  to  the  Earth. 

Braun  also  remarks  that  Oppolzer  took  no  account  of  the  contraction  due 
to  the  secular  cooling  of  the  Earth,  and  says  this  might  fully  offset  the  effect  of 
the  layer  of  cosmical  dust  deposited  on  the  surface.  Since  Braun's  criticism 
appeared,  twenty-five  years  ago,  the  writer  has  shown  (Proc.  Am.  Philos.  Soc, 
Phila.,  1907-1908)  that  the  contraction  long  held  to  occur  from  the  cooling  of 
the  globe  is  a  deception,  and  that  the  Earth  is  really  expanding  about  one  hun- 
dred times  more  rapidly  than  it  is  contracting.  Braun  adds  in  conclusion  that 
he  spoke  with  Professor  Weiss  in  Vienna  some  fifteen  years  before  (that  is, 
about  1869),  and  communicated  to  him  his  result,  that  0.88  of  a  German  cubic 
mile  of  cosmical  matter  of  density  5.5  fell  upon  the  Moon,  and  9.2  upon  the  Earth 
in  a  century.  He  says  this  would  explain  a  secular  acceleration  of  6"  in  the  Moon's 
motion,  without  regard  to  the  retardation  of  the  Earth's  rotation.  Professor 
Weiss,  he  says,  found  his  idea  plausible,  and  the  required  quantity  of  dust  not 
altogether  too  large.  Nevertheless  Braun  could  not  bring  himself  to  believe 
in  it,  and  allowed  the  idea  to  drop  as  not  corresponding  to  the  truth. 

In  A.N. ,  No.  2657,  and  No.  2664,  the  late  M.  J.  Kleiber,  of  St.  Petersburg, 
discusses  cosmical  dust,  and  finds  Oppolzer's  density  of  space,  3  .  10-18,  giving 
a  layer  2.8  mm.  on  the  Earth  in  a  century,  equivalent  to  300  times  his  own 
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concluded  maximum  density.  But  Kleiber's  work  rests  on  H.  A.  Newton's 
conclusion  that  450,000  meteors  strike  the  Earth  in  an  hour,  and  therefore  is 
too  small.  Taking  the  average  weight  to  be  five  grammes,  Kleiber  says  2,250 
kilograms  of  matter  are  added  to  the  Earth  in  an  hour.  He  estimates  the  density 
of  planetary  space  to  lie  between  10-*2  and  10-18  that  of  water  (A.N.,  2657, 
p.  264).  In  A.N.,  No.  2664,  Kleiber  calculates  that  the  mean  distance  of  the 
Earth  diminishes  yearly  by  not  more  than  three  millimeters,  and  not  less  than 
0.0003  millimeter;  and  thence  infers  that  our  planet  will  be  brought  down  to 
graze  the  Sun's  surface  in  not  less  than  5.1013  years,  and  not  more  than  5.1017 
years.  But  of  course  even  the  shortest  period  of  fifty  trillion  years  is  too  long  to 
have  any  present  interest  for  us. 

§145.     Retardation  of  the  Earth's  Rotation  by  Tidal  Friction  as  Evaluated  by 

Adams  and  Darwin. 

In  §  830  of  Thomson  and  Tait's  Natural  Philosophy  will  be  found  a  dis- 
cussion of  the  retardation  of  the  Earth's  rotation  by  tidal  friction.  The  numerical 
estimate  is  by  Adams,  who  took  the  Earth  to  be  homogeneous,  and  the  retardation 
as  the  square  of  the  respective  tide-generating  forces  depending  on  the  Sun  and 
Moon.  He  found  twenty-two  seconds  as  the  error  by  which  the  Earth,  regarded 
as  a  time-keeper,  would  in  a  century  get  behind  a  perfect  clock  rated  at  the  beginning 
of  the  century.  At  the  end  of  a  century  a  meridian  would  get  behind  its  undis- 
turbed place  by  330",  which  is  a  sensible  amount.  Part  of  the  discussion  given 
in  Thomson  and  Tait's  Natural  Philosophy,  §  830,  is  so  important  that  it  must 
be  quoted  in  full: 

"Besides  the  secular  contraction  of  the  Earth  in  cooling,  referred  to  above, 
which  counteracts  the  tidal  retardation  of  the  Earth's  rotation  to  a  very  minute 
degree,  there  exists  another  counteracting  influence,  as  has  been  pointed  out  by 
Sir  William  Thomson,  which,  though  much  more  considerable,  is  still  but  small 
in  the  amount  of  its  accelerative  effect,  compared  with  the  actual  retardation  as 
estimated  by  Adams.  It  is  an  observed  fact  that  the  barometer  indicates  vari- 
ations of  pressure  during  the  day  and  night,  and  it  is  found  that  when  these  vari- 
ations are  analyzed  into  their  diurnal  and  semi-diurnal  harmonic  constituents, 
the  semi-diurnal  constituent  rises  to  its  maximum  about  10  a.m.  and  10  p.m. 
The  crest  of  the  nearer  atmospheric  tidal  protuberance  is  thus  directed  to  a  point 
in  the  heavens  westward  of  the  Sun,  and  the  solar  attraction  on  these  protuber- 
ances causes  a  couple  about  the  Earth's  axis  by  which  the  rotation  is  accelerated. 
As  the  barometric  oscillations  are  due  to  solar  radiation,  it  follows  that  the  Earth 
and  Sun  together  constitute  a  thermodynamic  engine.     Sir  William  Thomson 


AS  EVALUATED  BY  ADAMS  AND  DARWIN.  303 

computes,  as  a  rough  approximation,  that  from  this  cause  the  Earth  gains  2.7 
seconds  in  a  century  on  a  perfect  chronometer  set  and  rated  at  the  beginning 
of  the  century.  On  the  other  hand  the  fall  of  meteoric  dust  on  the  Earth  must 
cause  a  small  retardation  of  the  Earth's  rotation,  although  to  an  amount  probably 
quite  insensible  in  a  century. 

"Whatever  be  the  value  of  the  retardation  of  the  Earth's  rotation,  it  is 
necessarily  the  result  of  several  causes,  of  which  tidal  friction  is  almost  certainly 
preponderant.  If  we  accept  Adams's  estimate  (according  to  which  the  Earth 
would  in  a  century  get  twenty-two  seconds  behind  a  perfect  clock  rated  at  the  begin- 
ning of  the  century)  as  applicable  to  the  outcome  of  the  various  concurring  causes, 
then  if  the  rate  of  retardation  giving  the  integral  effect  were  uniform,  the  Earth 
as  a  time-keeper  would  be  going  slower  by  .22  of  a  second  per  year  in  the  middle, 
and  by  .44  of  a  second  per  year  at  the  end,  than  at  the  beginning  of  the  century. 

"The  latter  is  71 7  x  10>;  of  the  present  angular  velocity;  and  if  the  rate 
of  retardation  had  been  uniform  during  ten  million  centuries  past,  the  Earth 
must  have  been  rotating  faster  by  about  one-seventh  than  at  present,  and  the 
centrifugal  force  must  have  been  greater  in  the  proportion  of  8172  to  7172, 
or  of  sixty-seven  to  fifty-one.  If  the  consolidation  took  place  then  or  earlier, 
the  ellipticity  of  the  upper  layers  must  have  been  ^tt  instead  of  about  si<r, 
as  it  is  at  present.  It  must  necessarily  remain  uncertain  whether  the 
Earth  would  from  time  to  time  adjust  itself  completely  to  a  figure  of  equilibrium 
adapted  to  the  rotation.  But  it  is  clear  that  a  want  of  complete  adjustment 
would  leave  traces  in  a  preponderance  of  land  in  equatorial  regions.  The  existence 
of  large  continents  (§  832'),  and  the  great  effective  rigidity  of  the  Earth's  mass 
(§  848),  render  it  improbable  that  the  adjustments,  if  any,  to  the  appropriate 
figure  of  equilibrium  would  be  complete.  The  fact  then  that  the  continents 
are  arranged  along  meridians,  rather  than  in  an  equatorial  belt,  affords  some 
degree  of  proof  that  the  consolidation  of  the  Earth  took  place  at  a  time  when  the 
diurnal  rotation  differed  but  little  from  its  present  value.  It  is  probable  there- 
fore that  the  date  of  consolidation  is  considerably  more  recent  than  a  thousand  mil- 
lion years  ago.  It  is  proper  however  to  add  that  Adams  lays  but  little  stress  on  the 
actual  numerical  values  which  have  been  used  in  this  computation,  and  is  of  opinion 
that  the  amount  of  tidal  retardation  of  the  Earth's  rotation  is  quite  uncertain." 

These  remarks  include  Lord  Kelvin's  important  argument  that  the  diurnal 
rotation  of  the  Earth  has  not  sensibly  changed  since  the  consolidation  of  the 
globe,  to  which  allusion  has  been  made  in  Chapter  XI.  The  subject  is  further 
treated  by  Professor  Sir  G.  H.  Darwin,  in  his  paper  on  the  "  Precession  of  a 
Viscous  Spheroid,"  and  reproduced  in  Appendix  (G)  to  the  Natural  Philosophy. 
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Adams  had  taken  the  Earth  to  be  homogeneous,  and  supposed  the  tides  to 
consist  of  a  bodily  deformation  of  the  mass:  Darwin  therefore  adapts  his 
work  to  oceanic  tides  on  a  heterogeneous  Earth,  and  works  out  the  results 
with  some  care.  After  discussing  the  equations  obtained  in  the  paper  on  the 
"Precession  of  a  Viscous  Spheroid,"  taking  account  of  the  factor  f^,  which 
is  the  ratio  of  the  density  of  the  water  to  the  mean  density  of  the  Earth,  and 
adopting  equilibrium  heights  for  the  tides,  he  confirms  the  result  of  Adams  that 
6"  in  the  lunar  acceleration  corresponds  to  twenty-two  seconds  of  time  in  a  cen- 
tury. Including,  however,  the  effects  of  the  obliquity  of  the  ecliptic  and  of  the 
diurnal  tide,  Darwin  finds  that  1"  in  the  Moon's  acceleration  would  correspond 
to  3.6274  seconds  at  the  end  of  a  century.  Taking  Newcomb's  observed  value 
8".4,  with  Delaunay's  theoretical  value  of  6".l,  he  finds  2".3  X  3.6274  =  8.3 
seconds.  According  to  this  evaluation  the  meridian  at  the  end  of  a  century 
would  be  behind  its  undisturbed  place  by  124". 8.  The  great  difference  between 
this  result  and  that  found  from  the  revision  of  the  work  of  Adams,  which  Darwin 
makes  238.4  =  351",  in  a  century,  is  due  to  the  small  difference,  2". 3,  in  New- 
comb's  value  of  the  outstanding  inequality,  compared  to  Hansen's  secular 
acceleration  of  12".56,  leaving  outstanding  6".46.  If  the  outstanding  inequality 
in  the  secular  acceleration  were  2",  the  result  would  be  108".822.  This  retarda- 
tion of  the  meridian  would  cause  the  undisturbed  Moon  to  have  an  apparent 
gain  in  mean  longitude  of 

108".822 

27.32166      6   9829- 

In  concluding  his  discourse  Darwin  remarks  that  his  result  would  be  only 
slightly  vitiated  by  the  incorrectness  of  the  hypothesis  as  to  the  heights  of  the 
tides,  and  the  retardation  of  their  phases.  "Hence  the  result  is  not  sensibly 
affected  by  some  inexactness  in  the  hypothesis,  nor  by  the  fact  that  the  oceans 
in  reality  only  cover  a  portion  of  the  Earth's  surface." 

If  instead  of  2",  as  the  outstanding  inequality  in  the  Moon's  secular  accelera- 
tion, we  had  adopted  the  smaller  value  of  1".88  given  by  Newcomb  in  the  Monthly 
Notices  of  the  Royal  Astronomical  Society  for  January,  1909,  p.  167,  the  above 
results  would  have  been  still  further  decreased. 

§  146.     Further  Considerations  on  Darwin's  Evaluation  of  the  Effects  of  Tidal 
Friction  on  the  Apparent  Motion  of  the  Moon. 

The  above  estimates  deal  simply  with  the  effect  of  the  retardation  of  the 
Earth's  rotation,  without  considering  the  effect  of  the  reaction  on  the  orbital 
motion  of  the  Moon.     This  latter  causes  our  satellite  to  recede  from  the  Earth 
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and  thereby  gives  rise  to  an  apparent  retardation  of  the  mean  motion;  the  total 
effect  of  tidal  friction  on  the  Earth's  rotation  and  of  tidal  reaction  on  the  Moon's 
orbital  motion  is,  therefore,  the  difference  of  these  separate  effects. 

William  Ferrel,  the  American  mathematician  and  meteorologist,  was 
the  first  to  apply  the  theory  of  tidal  friction  to  the  Earth's  rotation,  as  giving 
the  physical  cause  of  the  outstanding  inequality  in  the  secular  acceleration  of 
the  Moon's  mean  motion  (Proceedings  of  American  Academy  of  Arts  and  Sciences, 
Vol.  VI,  p.  379),  having  presented  his  explanation  December  13,  1864,  while 
Delaunay's  explanation  was  presented  to  the  Paris  Academy  of  Sciences,  Decem- 
ber 11,  1865.  In  his  collected  Tidal  Researches,  published  in  the  U.S.  Coast 
Survey  Report  for  1874,  Ferrel  takes  account  of  the  effect  of  Tidal  Friction 
on  the  Earth's  rotation  and  of  the  tidal  reaction  on  the  Moon's  orbital  motion; 
and  makes  the  two  tendencies  as  141"  to  54",  with  a  difference  of  87",  which  goes 
to  produce  an  apparent  acceleration  of  the  Moon's  mean  motion.  This  subject 
has  since  been  treated  by  Darwin  in  his  paper  on  the  "  Precession  of  a  Viscous 
Spheroid"  (Phil.  Trans.,  1879,  Part  II,  §14,  pp.  477-485).  Under  different 
hypotheses  as  to  the  nature  and  behavior  of  the  tides  and  the  physical  properties 
of  the  Earth,  Sir  George  Darwin  finds  different  results.  He  establishes  the 
equation, 

412.6  E  sin  2<  +  123.9  E  sin  t>  +  7.042  E"  sin  2t"  ,  (334) 

as  giving  the  number  of  seconds  of  arc  by  which  the  Moon  should  be  accelerated 
in  a  century;  and  using  4"  as  the  observed  outstanding  inequality  due  to  tidal 
friction  and  reaction,  and  introducing  other  simplifications,  he  finds  that  the  lag 
of  the  tide  due  to  friction  is  quite  small,  less  than  half  a  degree,  when  the  Earth 
is  highly  rigid.  On  this  hypothesis,  apparently  considered  the  most  probable, 
he  made  the  effect  of  friction  7".l,  and  of  the  reaction  3".l,  giving  a  difference 
of  4"  in  a  century,  as  found  by  observation.  On  the  elastico-viscous  hypothesis 
Darwin  finds  a  true  secular  acceleration  of  3".521  per  century.  The  ratio  of 
the  effect  of  tidal  friction  to  that  of  tidal  reaction  by  the  above  figures  is  about 
2.3,  while  Ferrel  had  found  a  ratio  of  2.61,  which  is  a  fairly  good  agreement. 
With  our  values  we  should  use  2"  instead  of  4",  in  Darwin's  equation  (63) ; 
and  with  his  constants  and  half  his  assumed  acceleration  this  would  lead  to  the 
cubic 

13207  s   I   7  012     2X     -1 
or  x'  -  0.08275x2  +  1.2921z  -  0.08275  =  0.  (335) 
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The  real  root  of  this  cubic  is  x  =  0.064083.  Working  out  the  corresponding 
quantities  for   the   phase    retardations,  we   find    2£"  =  ^  -  3°  40'    ;    2t  =  ^  -  8'    ; 

€'=",-  16'-    And  Darwin's  equation  (63) 

412.6  sin  4«  +  123.9  sin  2<f  +  7.042  sin  4c"  =  4  ,  (336) 

is  very  nearly  satisfied,  the  constant  being  3.97  instead  of  4.  Thus  our  values 
in  Darwin's  formulae  give  for  the  effect  of  friction  3".51,  and  of  the  reaction 
l".ol,  leaving  the  outstanding  difference  2",  as  shown  by  the  latest  discussion  of 
ancient  eclipse  observations.  At  the  close  of  his  discussion  (Phil.  Trans.,  1879, 
Part  II,  p.  483),  Darwin  adds:  "The  conclusion  to  be  drawn  from  all  these 
calculations  is  that,  at  the  present  time,  the  bodily  tides  in  the  Earth,  except 
perhaps  the  fortnightly  tide,  must  be  exceedingly  small  in  amount;  that  it  is 
uncertain  how  much  of  the  observed  4"  of  acceleration  of  the  Moon's  motion 
must  be  referred  to  the  Moon  itself,  and  how  much  to  the  tidal  friction,  and  accord- 
ingly that  it  is  equally  uncertain  at  what  rate  the  day  is  at  present  being 
lengthened." 

It  will  be  seen  from  this  whole  discussion  that  the  effects  of  tidal  friction 
and  reaction  probably  could  not  produce  an  outstanding  inequality  greater  than 
2".  And  if  most  or  all  of  the  observed  residual  inequality  of  2"  in  the  motion  of 
the  Moon  is  due  to  the  effects  of  cosmical  dust,  we  naturally  ask  if  there  is  not 
some  other  cause  counteracting  the  influence  of  tidal  friction.  This  is  an  important 
question  to  which  we  shall  hereafter  give  attention,  but  it  seems  advisable  to 
first  consider  briefly  the  analysis  of  oceanic  tidal  friction  developed  by  Ferrel, 
to  which  allusion  has  been  made  above. 

§  147.     Ferrel's  Method  of  Analysis  in  the  Evaluation  of  the  Secular  Effects  of 

Oceanic  Tidal  Friction. 

The  part  of  the  tide-generating  forces  of  the  Moon  and  Sun  resolved  in  the 
direction  of  the  tangent  to  the  rotatory  motion  of  any  particle  of  the  Earth's 
mass  has  a  tendency  to  accelerate  or  retard  the  motion,  according  as  it  is  in  the 
direction  of  motion  or  contrary  to  it.  To  get  the  final  effect  on  the  Earth's  rota- 
tion, we  must  integrate  so  as  to  take  the  algebraic  sum  of  the  moments  of  these 
forces  with  respect  to  the  Earth's  axis  of  rotation,  each  force  being  multiplied 
by  the  mass  and  length  of  arm  on  which  it  acts.  If  the  result  of  this  integration 
is  zero,  the  Earth's  rotation  remains  unchanged ;  but  if  not,  the  rotation  is  increased 
or  diminished,  according  as  the  moments  of  the  tangential  forces  in  the  direction 
of  the  Earth's  rotation  are  greater  or  less  than  those  in  the  contrary  direction. 
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Unsymmetrical  distribution  of  the  fluid  matter  acted  on  by  the  tide-generating 
forces,  in  relation  to  the  meridian  of  the  disturbing  body,  is  the  circumstance 
which  gives  rise  to  forces  which  are  not  compensated  by  any  acting  in  the  con- 
trary direction;  and  hence  arise  uncompensated  moments  about  the  Earth's 
axis  of  rotation.  Irregularities  in  the  shape  and  situation  of  the  continents  and 
in  the  contours  and  depths  of  the  sea  make  it  inconceivable  that  the  moments 
about  the  Earth's  axis  should  entirely  vanish,  but  it  remains  difficult  if  not  im- 
possible to  obtain  an  accurate  evaluation  of  the  mean  effects  of  these  irregular 
movements.  To  obtain  a  precise  evaluation  we  should  have  to  resort  to  a  process 
of  double  integration  over  the  Earth's  surface,  similar  to  that  used  by  Darwin 
in  his  treatment  of  the  fortnightly  tide  (Thomson  and  Tait's  Nat.  Phil.,  §  848). 
We  may,  however,  obtain  a  fair  approximation  to  the  mean  effect,  by  the  follow- 
ing analysis  due  to  Ferrel. 

§  148.     Evaluation  of  the  Retardation  of  the  Earth's  Rotation  by 

Oceanic  Tidal  Friction. 

Let  9  =  the  distance  of  any  particle  dm  from  the  Earth's  centre; 

9'  =  the  minor  semi-axis  of  the  tidal  spheroid; 
9'+  a  =  the  major  semi-axis; 
9'+  /}  =  any  radius  of  the  spheroid; 

9' k  =  the  Earth's  principal  radius  of  gyration; 
<r  =  the  Earth's  mean  density; 
nt  +  u  =  the  Earth's  angular  velocity  of  rotation. 

Then  it  may  be  shown  that  the  tide-generating  potential  is 

mm 

V  =  V  N.  cos  s  (nt  +  m  -  f)  ;  (337) 

the  coefficients    N,    being  functions  of  the  polar  distance  6  of  the  undisturbed 
particle  of  the  sea,  and  of  the  declination  8  of  the  tide-raising  body  (cf.  Ferrel 's 
Tidal  Researches,  Coast  Survey  Report,  1874,  p.  26). 
The  tangential  force  acting  upon  any  particle, 

dm  =  qfdq  sin  Bd6dm  ,  (338) 

and  tending  to  accelerate  the  rotation,  is  evidently 

3V       1 

tr-  -±-a  ;  <339> 

dm  9  sin  8 
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and  if  we  multiply  the  mass  of  each  particle  by  this  force  and  into  the  distance 
9  sin  6  from  the  Earth's  axis  of  rotation,  we  have  for  the  integral  of  the  sum  of  the 
moments 


/  /         /    3m  9  sin  0  y 

9'  0  0 


(340) 


Dividing  this  expression  by  the  mass  of  the  sphere  multiplied  into  the  square 
of  the  principal  radius  of  gyration,  we  get  for  the  rate  of  the  displacement  of  the 
meridian : 


■  a       S*n     fill 


>v 

9s  sin  OdydOdva 


£  "  " 1L-r-  (341) 

For  the  expression  under  the  integral,  we  use  the  principal  term  depending  on 
the  semi-diurnal  tide,  which  Feerel  shows  to  have  the  form 

V  =  0.9208  sin3  $Z  cos  2  (nt  -  <//  +  ■)  ;  ) 

an(J     ?Z=  -1.8416  sin2  0Z  sin  2  («<-■/,  +  nj)  .      |  <342) 

Here  the  coefficient  Z  depends  on  constants  in  the  tide-generating  forces, 
such  as  the  masses,  distances,  and  eccentricities  of  the  orbit  of  the  tide-raising 
body.     Accordingly  we  have  finally 

/*  9'  +  «      /*  *      Z"^* 
-1.8416     /  /        /  tfd9d6dasm*0Zsm2(nt-il,  +  w) 

(343) 


d*u  "9'  ~0     ~  0 


*'  ~  |-*V 


In  the  theory  of  oceanic  tides  we  suppose  the  tides  lag  and  that  the  vertex  of 
the  tidal  spheroid  is  east  of  the  meridian  of  the  disturbing  body  by  the  angle  /, 
depending  on  friction.  If  therefore  we  regard  9  as  constant  for  the  small  range 
of  £,  we  get 

C<fd<}  =  94  .  /?  =  92«  sin20  cos*  (nt  -  +  +  m-l)  ) 

>  •     (344) 
=  i9a  a  sin2 0  +  $fa  sin2  0jcos  2  (nt  -  yf,  +  m)  cos  21  +  sin  2  (nt  -  \f,  +  m)  sin  2l\    ) 

The  triple  integral  now  reduces  to  a  double  integral,  and  we  have 
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0.9208  a/         Id 6dm  sin6  0Z sin2  2  (at  -^  +  aj)sin2Z 


^  ■     0          0 (345) 

Here  the  terms  which  vanish  between  the  limits  of  the  integrals  are  omitted, 

leaving  only  the  last  term  depending  on  sin    21    to  be  considered.     If  we  now 
effect  the  integration  with  respect  to    6    and   m,    we  get 

5  =  0.7366  ^  sin  21.  (346) 
Integrating  this  with  respect  to  t,  we  have 


aZ 

pV* 


«  -  «„  =    -  0.3683  ^-y^2  sin  21 ,  (347) 


where  u0    is  the  value  of   u    corresponding  to    t  =  o. 

It  is  found  that   Z  =  g  X  0.8957  foot,   and    o-  =  5.5;    also  by  Laplace's 

law  for  the  density  of  the  Earth    k2  =  0.331278,    or  simply  £.  And  therefore 

~— i eg?  sin  21.  (348) 


Putting  g  =  32.2  feet,  a  =  2  feet,  and  ?  =  20,926,062  feet,  £  =  36525  X  86164 
mean  solar  seconds,  86,164  being  the  number  of  seconds  in  a  sidereal  day,  we 
get 

u  -  w0  =  -2630"  sin  21.  (349) 

This  is  the  coefficient  of  the  expression  for  the  secular  acceleration,  and 

u  -u0  =  -  2630"  e  sin  21,  (350) 

is  the  expression  for  the  secular  acceleration,  due  to  the  retardation  of  the  meridian, 
when  t  is  expressed  in  centuries.  As  the  motion  of  the  Earth  on  its  axis  is 
27.32  times  faster  than  that  of  the  Moon  in  its  orbit,  we  have  for  the  effect  on 
the  Moon's  longitude 

X  _  X0  =  ^L  t*  sin  21  =  96,'St1  sin  21  .  (351) 

The  solar  tides,  if  proportional  to  the  forces  producing  them,  are  about  0.4516 
of  the  lunar  tides,  and  the  combined  effect  of  the  two  disturbing  bodies  therefor 
becomes 

\  -  Xo  =  96".3  (1  +  0.4516)  t2  sin  21  =  141"  i3  sin  21.  (352) 
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§  149.     Evaluation  of  the  Reaction  on  the  Moon's  Motion,  Due  to 

Oceanic  Tidal  Friction. 

We  shall  now  find  the  effect  of  the  tidal  reaction  on  the  Moon's  motion  in 

its  orbit.     Put 

A  =  the  Moon's  mean  longitude  in  its  orbit; 

n  =  its  mean  velocity; 

o  =  its  mean  distance,  in  terms  of  the  Earth's  radius; 

ft.  =  its  mass  in  terms  of  the  Earth's  mass; 

o  =  the  mean  obliquity  of  the  ecliptic. 

Then  from  the  constancy  of  the  moment  of  momentum  in  the  system  of  the  Earth 
and  Moon,  we  have 

d  (a2»)       2630"  fc3  cos  o  sin  21 


dt 


(353) 


But  by  Kepler's  law  of  planetary  motion,    a3  n3   is  a  constant,  and  therefore 
o'V*  =  aV  -  C  ,     and  hence     ^(«a»4/s)  =  0. 
Accordingly,  from  the  .preceding  equation,  we  get 

■  d    /     2     N  d    ,     2     4/S  1/3N  1    aHn  2630"   W  C0S  °  8il1  2i 

.  (a?ri)  =  -j-  (a2ni/s .  n_V3)  = 


dtK      '       dty  '  3     dt 


P 


But  since  ^  =  -^  >  we  find 

d3\           3  X  2630"  k*  cos  o  sin  21  ,       \ 

w--— ^ ■  (354> 

In  this  expression    a    may  be  regarded  as  constant,  and  hence  if   we  put 
«  =  60    ,    &2  =  o     i    ^  =  80    '     anc^  integrate,  we  get 

A  -  A„  =  -  54"  f  sin  21.  (355) 


This  tidal  reaction  on  the  Moon  is  negative,  corresponding  to  an  increase  in  the 
Moon's  distance,  and  produces  a  retardation  of  the  Moon's  mean  motion.  Hence 
the  total  effect  of  the  apparent  acceleration  of  the  Moon's  orbital  motion,  due  to  the 
tidal  retardation  of  the  Earth's  rotation,  and  of  the  real  retardation  of  the  Moon's 
orbital  motion,  due  to  the  tidal  reaction  on  the  Moon,  is  the  difference  of  the  two  separate 
effects,  or 

X  -  A,  =  (HI"  -  54")  e  sin  21  =  87"  «a  sin  21.  (356) 

This  is  all  that  can  be  inferred  from  pure  tidal  theory.     In  order  to  find  the 
lag  I,  or  phase  retardation  due  to  friction,  we  have  to  equate  this  expression  to 
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2",  the  outstanding  inequality  in  the  Moon's  secular  acceleration.  Therefore 
2"  =  87"  t2  sin  21  ,  gives  I  =  39'.5  ,  or  I  =  89°— 20'.5  ,  according  as  the  tides 
are  direct  or  inverted.  These  changes  of  phase  due  to  friction  are  thus  very  small, 
corresponding  to  a  retardation  of  the  time  of  high  water  of  only  2.56  minutes, 
or  an  acceleration  of  the  same  amount,  in  the  case  of  inverted  tides. 

Ferrel  remarks  that  with  a  canal  extending  east  and  west  around  the  Earth, 
the  part  of  the  tidal  force  used  in  overcoming  friction  is  to  the  whole  force  as 
sin  21  to  unity,  or,  with  the  above  value  of   I,    as  1  to  43.5. 

§  150.     Criticism  of  the  Theory  of  Tidal  Friction  by  Ferrel  and  Newcomb. 

If  these  values  be  admissible,  it  follows  that  for  the  Earth  as  a  whole  the 
friction  of  the  ocean  is  quite  small,  which  is  conformable  to  the  results  of  experience 
and  investigation.  In  Section  262,  of  his  Tidal  Researches  (p.  267),  Ferrel 
comments  on  these  results  as  follows: 

"The  action  of  the  Moon  and  Sun  upon  the  tides  tends  to  produce  a  west- 
ward current  with  a  motion  gradually  accelerated  until  the  amount  of  friction 
between  the  fluid  and  the  nucleus  becomes  equal  to  the  sum  of  the  tangential 
forces  tending  to  decrease  the  rotation  of  the  fluid  part,  and  then  the  whole  effect 
is  transferred  through  friction  to  the  nucleus.  This  westward  motion,  however, 
is  a  very  small  part  of  what  is  known  as  the  equatorial  current,  which  is  due 
almost  entirely  to  other  causes,  and  has  its  counterpart  in  higher  latitudes  so 
far  as  these  causes  are  concerned. 

"The  doctrine  has  been  advanced  and  pretty  generally  entertained  that 
all  the  heat  arising  from  tidal  friction  and  the  force  which  turns  the  wheel  of  a 
tide-mill  is  at  the  expense  of  the  Earth's  rotation  on  its  axis;  but  from  what 
has  been  shown  the  whole  of  the  tangential  force  tending  to  retard  the  Earth's 
rotation  is  the  action  of  this  force  upon  the  part  by  which  the  tidal  spheroid  dif- 
fers from  the  inscribed  sphere,  while  the  whole  of  tidal  friction  is  equal  to  this 
same  force  acting  upon  the  whole  mass  of  the  ocean.  The  former,  therefore, 
is  to  the  latter  as  the  amplitude  of  the  tide  is  to  the  whole  depth  of  the  ocean, 
and  hence  the  former  is  a  very  small  part  of  the  latter.  If,  therefore,  there  is 
heat  arising  from  tidal  friction,  a  very  small  part  of  it  only  is  at  the  expense  of 
the  Earth's  rotation,  and  the  balance  must  be  continually  increasing  in  pro- 
portion to  the  time;  and  as  the  force  of  attraction  of  the  Moon  and  Sun  upon 
which  it  depends,  and  the  status  of  the  matter  acted  upon  with  reference  to  the 
Earth's  centre,  remain  the  same,  there  is  a  continually  increasing  amount  of 
energy  in  that  form  to  which  there  seems  to  be  no  corresponding  loss  in  any  form 
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anywhere  else,  and  which  consequently  seems  to  be  irreconcilable  with  the  doctrine 
of  a  constant  and  unalterable  amount  of  energy  in  the  universe." 

His  reasoning  after  the  words  "If,  therefore,  there  is  heat,"  etc.,  seems  to 
the  present  writer  to  be  based  on  a  misconception;  and  a  similar  slip  appears 
to  vitiate  the  remarks  of  Professor  Newcomb  on  the  same  topic  in  the  Monthly 
Notices,  of  the  Royal  Astronomical  Society,  for  January,  1909.  For  the  heat 
produced  by  the  oscillations  of  the  sea  must  necessarily  be  proportional  to  the 
friction,  or  resistance  to  the  motion  of  the  fluid,  and  therefore  also  as  the  square 
of  the  velocity  of  the  fluid  relatively  to  the  Earth;  but  it  is  to  be  observed  that 
only  a  very  small  part  of  the  motion  is  lost  by  friction,  while  the  rest  is  restored 
to  the  Earth's  rotation  by  the  returning  oscillation  of  the  sea.  On  the  other  hand, 
according  to  the  accepted  theory  of  tidal  friction,  a  far  greater  part  of  the  moment 
of  momentum  of  the  Earth  about  its  axis,  lost  through  the  effect  of  tidal  friction  in 
raising  tides  which  are  unsymmetrically  situated  with  respect  to  the  meridian  of  the 
Moon,  is  transferred  mechanically  to  the  orbital  motion  of  the  Moon,  as  an  indirect 
effect  of  the  friction  of  the  tides  due  to  the  modification  of  the  attraction,  and  without 
the  development  of  any  heat  whatever.  The  motion  converted  into  heat  by  the  oscilla- 
tions of  the  sea  is  thus  but  a  very  small  part  of  that  mechanically  transferred  to  the 
Moon  through  the  modification  of  the  Earth's  attraction  arising  from  the  displace- 
ment of  the  tidal  apex  incident  to  friction.  The  theory  of  tidal  friction  is  there- 
fore consistent  with  all  known  mechanical  laws,  and  there  remains  no  difficulty 
in  this  subject. 

But  in  addition  to  the  oceanic  tidal  friction,  there  is  a  minute  effect  due  to 
atmospheric  tides,  and  still  another  due  to  bodily  tides  in  the  solid  globe  of  the 
Earth.  These  latter  have  been  experimentally  observed  by  Dr.  O.  Hecker,  at 
Potsdam,  and  estimated  by  Sir  G.  H.  Darwin  to  have  a  vertical  movement  of 
about  six  inches.  This  enables  Darwin  to  confirm  the  earlier  work  of  Lord 
Kelvin  and  himself,  that  the  solid  Earth  as  a  whole  has  about  the  effective  rigid- 
ity of  steel.  Bodily  tides  in  so  rigid  a  globe  will  exert  but  a  very  slight  influ- 
ence on  the  motion  of  the  Moon,  and  we  need  not  further  consider  the  matter 
at  present. 

§  151.     On  the  Vortex  of  Cosmical  Dust  Revolving  About  the  Earth  and  Proved  to 
Exist  by  the  Phenomena  of  the  Gegenschein. 

Among  the  possible  influences  which  could  modify  the  rotation  of  the  Earth, 
there  is  none  so  probable  as  the  downfall  of  cosmical  dust  upon  the  surface ;  espe- 
cially if  there  be  a  vortex  of  this  dust  revolving  about  it  in  the  direction  in  which 
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the  Earth  rotates.  We  shall  now  consider  this  question.  In  the  theory  of  satel- 
lites, Chapter  X,  we  have  seen  that  there  are  vortices  of  nebulosity  developed 
about  each  planet,  by  the  particles  leaving  the  control  of  the  Sun  and  revolving 
through  the  neck  of  the  hour-glass  space  extending  around  the  planet.  And 
when  moving  within  this  closed  space  about  the  planet  we  have  seen  how  the 
particles  may  be  captured  and  abide  there  permanently  as  satellites.  There  is 
thus  developed  about  each  planet  a  vortex,  which  revolves  in  the  direct  sense, 
corresponding  to  the  planet's  rotation;  in  fact,  it  was  the  continuation  of  such 
vorticose  motion  and  the  precipitation  of  the  particles  upon  the  surface  of  the 
planets  which  finally  developed  their  rotation.  If  this  be  true,  is  it  probable 
that  the  action  has  yet  ceased?  Or  shall  we  look  to  this  cause  for  modifications 
of  the  Earth's  rotation?  The  capture  of  the  satellities  and  the  reduction  in  the 
size  of  their  orbits,  as  well  as  the  decrease  in  the  eccentricity,  shows  not  only 
what  has  gone  on  in  the  past,  but  also  what  is  going  on  now  in  a  lesser  degree. 
The  longer  a  vortex  revolves,  the  smaller  and  more  circular  become  the  orbits 
of  the  elements  of  which  it  is  composed.  This  clearly  follows  from  the  theory 
of  a  resisting  medium,  and  is  verified  by  the  observed  orbits  of  our  actual  satellites. 
As  the  vortex  gets  smaller  and  smaller,  the  inner  particles  eventually  come  within 
Roche's  limit,  as  in  the  case  of  Saturn's  rings,  and  finally  the  nearest  ones  are 
consumed  as  meteors  in  the  atmsophere.  Saturn's  rings,  in  fact,  exhibit  to  us 
a  cosmical  vortex,  about  one  of  the  largest  planets,  so  dense  that  it  is  plainly 
visible  from  the  Earth;  and  we  know  from  the  spectroscopic  observations  of 
Keeler,  Campbell,  Frost  and  Belopolski,  that  it  revolves  as  here  indicated. 
If  we  could  sufficiently  remove  from  our  telescopes  the  glare  about  Jupiter,  no 
doubt  we  should  perceive  also  a  faint  ring  about  that  great  planet;  at  least  it 
would  be  surrounded  by  a  lenticular  mass  of  particles  analogous  to  those  con- 
stituting the  zodiacal  light  about  the  Sun.  In  the  same  way  each  planet  has  a 
swarm  of  particles  about  it,  of  which  the  satellites  alone  are  large  enough  to  be 
observed  in  our  telescopes.  The  Earth  is  no  exception  to  this  rule,  for  the  Gegen- 
schein, independently  discovered  by  Brorsen  (1855),  Backhouse  (1868),  and 
Barnard  (1875),  and  since  carefully  observed  by  many  astronomers,  gives  unmis- 
takable evidence  of  cosmical  dust  revolving  about  the  Earth. 

§  152.     Gylden's  Explanation  of  the  Gegenschein. 

In  a  memoir  entitled  Sur  un  Cos  Particulier  du  Probleme  des  Trois  Corps, 
published  in  the  first  volume  of  the  Bulletin  Astronomique  of  the  Paris  Observatory, 
the  celebrated  Swedish  astronomer  Gylden,  first  explained  the  Gegenschein  by 
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the  motion  of  particles  about  the  point  opposite  to  the  Sun,  which  gives  one  of 
the  straight  line  solutions  in  the  problem  of  three  bodies.  Gylden  showed  that 
meteors  passing  this  point  might  pursue  one  or  more  oscillating  orbits  about 
it  in  ellipses  of  various  sizes,  before  resuming  their  circuits  about  the  Earth  and 
Sun.  If  the  number  of  such  particles  was  very  large  they  would  exert  no  sensi- 
ble attraction  on  one  another,  yet  present  to  us  the  aspect  of  a  hazy  patch  of  light 
exactly  opposite  to  the  Sun.  According  to  this  theory  the  centre  should  be  at 
the  anti-sun,  and  the  outline  should  be  elliptical,  with  the  longer  axis  along  the 
ecliptic.  This  is  exactly  what  is  observed,  but  it  may  be  noted  that  the  axes 
of  the  elliptical  patch  of  light  are  not  very  unequal;  which  seems  to  show  that 
some  meteors  move  about  the  Earth  in  all  directions,  with  only  a  sensible  increase 
near  the  plane  of  the  ecliptic. 

As  observed  by  the  writer  in  the  dark  pine  forests  about  the  Lowell  Observatory 
in  Arizona,  in  1897,  the  appearance  of  the  Gegenschein  was  similar  to  that  of  the 
zodiacal  light,  but  the  outline  less  oblate  than  that  of  the  lenticular  mass  of  parti- 
cles revolving  about  the  Sun.  The  only  question  of  doubt  heretofore  has  been 
whether  there  are  enough  particles  with  initial  conditions  of  motion  enabling 
them  to  oscillate  about  the  anti-sun  to  explain  the  observed  counterglow;  but 
as  the  writer  showed  by  observations  taken  in  Arizona  that  the  telescopic  meteors 
are  about  100  times  more  numerous  than  Newton  had  estimated  (15  million), 
giving  us  at  least  1,200,000,000  meteors  daily,  it  seems  certain  that  there  would 
be  enough  of  these  fine  particles  of  cosmical  dust  to  give  the  feeble  light  charac- 
teristic of  the  Gegenschein.  The  following  discussion  will  show  why  the  dust 
constituting  the  Gegenschein  ought  not  to  be  closely  confined  to  the  plane  of  the 
ecliptic,  but  somewhat  spread  out  in  latitude.  This  distribution  follows  from 
the  part  played  by  the  Moon  in  capturing  much  of  the  dust  revolving  in  the  vortex 
about  the  Earth. 

We  may  throw  some  additional  light  upon  the  nature  of  the  swarm  about 
the  Earth  by  the  analogy  of  Jupiter's  action  upon  Periodic  Comets.  In  Chapter 
VIII  we  have  seen  that  Jupiter  has  thrown  the  comets  of  his  family  and  the  Asteroids 
within  his  own  orbit.  The  motion  of  the  Asteroids  was  originally  direct,  and  of 
course  that  feature  remains  the  same;  but  in  case  of  the  Periodic  Comets  their 
motions  have  been  made  to  conform  to  the  same  general  law,  nearly  all  now  being 
direct,  though  originally  more  of  them  may  have  been  retrograde. 

In  the  problem  of  the  meteors  we  may  replace  Jupiter  by  the  Moon,  and 
consider  what  will  happen  to  bodies  passing  near  the  Earth.  The  Sun  is  a  power- 
ful disturbing  body,  and  controls  the  space  at  something  over  twice  the  distance 
of  the  Moon.     We  need  consider  only  the  meteors  which  come  within  Hill's 
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closed  surface  about  the  Earth.  It  is  evident  that  within  this  space  the  Earth 
corresponds  to  the  Sun  in  the  Jupiter  comet-problem,  while  the  Moon  corresponds 
to  Jupiter,  but  the  mass  is  relatively  about  thirteen  times  larger.  Accordingly 
just  as  Jupiter  gathers  comets  within  his  orbit  about  the  Sun,  so  also  even  more 
powerfully  the  Moon  gathers  meteors  within  her  orbit  about  the  Earth.  And 
this  process  applies  to  all  meteors  which  come  within  the  sphere  of  the  Earth's 
control. 

Moreover  in  revolving  about  the  Earth  the  Moon  carries  an  hour-glass  shaped 
space  with  it,  and  certain  particles  circulating  about  the  Earth  can  make  circuits 
about  the  Moon,  and  afterwards  return  to  the  Earth's  control.  Also  the  closed 
surface  about  the  Earth  is  somewhat  extended  in  the  direction  of  the  Moon,  and 
as  the  Moon  revolves  does  not  remain  quite  symmetrical  with  respect  to  the  Sun. 
All  these  causes  tend  to  gather  in  more  and  more  cosmical  dust,  much  of  which 
is  finally  thrown  within  the  Moon's  orbit,  and  made  to  revolve  in  the  same  direction 
in  which  the  Moon  revolves  in  her  elliptic  path  about  the  Earth. 

§  153.     Analysis  of  the  Total  Mass  of  Meteorites  Falling  Upon  the  Earth. 

The  vortex  of  cosmical  dust  revolving  about  the  Earth  is  therefore  made 
up  of  particles  which  have  left  the  Sun's  control  by  passing  through  the  neck  of 
the  hour-glass  shaped  space,  and  of  others  which  the  Moon  has  aided  the  Earth 
in  capturing,  together  with  those  captured  by  the  Earth  itself.  In  moving  origi- 
nally about  the  Sun  some  of  these  particles  have  had  their  orbits  transformed 
by  the  attraction  of  the  Earth  into  ellipses  with  aphelia  near  the  Earth,  just  as 
Jupiter's  comets  have  their  perihelia  near  his  orbit,  and  have  again  been  perturbed 
by  him.  This  tendency  of  the  Earth  to  gather  meteors  within  the  terrestrial 
orbit  facilitates  the  capture  of  meteors  from  the  Sun;  for  on  returning  near  the 
Earth,  they  may  leave  the  Sun  and  revolve  about  the  Earth,  in  the  same  direction 
as  the  Moon.  From  these  causes  it  follows  that  there  is  a  very  considerable  vortex 
of  cosmical  dust  revolving  about  the  Earth,  some  within  the  orbit  of  the  Moon, 
and  the  rest  beyond.  According  to  the  analogy  of  the  satellites,  most  of  these 
particles,  perhaps  nine-tenths  of  the  whole,  move  direct,  but  others  move  retro- 
grade. It  was  the  operation  of  this  vortex  during  past  ages  which  shaped  the 
rotation  of  the  Earth  about  its  axis,  after  our  planet  had  begun  to  form  on  the 
outer  parts  of  the  solar  system. 

It  now  remains  to  inquire  what  effect  the  terrestrial  vortex  will  have  on  the 
Earth's  rotation.     By  the  tendency  of  the  other  satellites  of  the  solar  system  we. 
may  infer  that  about  0.9  of  the  dust  revolves  direct,  the  other  tenth  retrograde. 
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This  will  leave  0.8  of  the  particles  in  the  vortex  tending  to  accelerate  the 
Earth's  rotation.  Near  the  surface  the  free  velocity  is  seventeen  times  that  of 
the  Earth's  rotation,  and  hence  the  fall  of  such  particles  will  communicate  an 
impulse  proportional  to  0.8Xl7/i,  where  h  is  the  thickness  of  the  layer  deposited. 
Since,  however,  the  total  mass  of  meteors  falling  upon  the  Earth  is  made  up  of 
two  parts,  namely,  those  moving  in  parabolic  and  elliptic  orbits  about  the  Sun, 
and  those  confined  to  the  vortex  about  the  Earth,  we  must  multiply  the  above 
expression  by  the  factor  p  ,  corresponding  to  the  ratio  of  the  dust  falling  from 
the  vortex  to  the  total  amount  falling,  the  rest  being  swept  up  from  the  orbits 
about  the  Sun  directly. 

Bodies  entering  the  atmosphere  from  planetary  space  will  descend  at  all 
angles;  while  those  which  are  regularly  attached  to  the  vortex  about  our  planet 
will  have  paths  so  nearly  horizontal  that  they  may  be  burnt  up  in  the  higher 
regions  of  the  atmosphere,  and  seldom  or  never  become  visible  from  the  Earth, 
unless  it  be  through  telescopic  observation.  In  our  ordinary  experience,  therefore, 
we  see  chiefly  the  meteors  which  come  down  more  or  less  vertically  from  celestial 
space,  as  the  Leonids,  Andromids,  Perseids,  etc.,  while  those  burnt  up  in  the  higher 
regions  of  the  atmosphere,  on  the  whole,  escape  notice.  It  is  these  unseen  meteors 
striking  the  higher  layers  of  the  atmosphere  with  large  velocity,  and  nearly  all 
moving  in  an  easterly  direction,  which  accelerate  the  rotation  of  the  Earth  by 
an  amount  proportional  to 

4  17  .  /  .  a)  .  pht 

5  '  9 

§  154.     Numerical  Calculation  of  the  Three  Terms  in  the  Moon's  Mean  Longitude 
Depending  on  Changes  in  the  Earth's  Rotation. 

By  integration  this  gives  in  a  Julian  century  an  acceleration  of  the  meridian 
with  respect  to  its  undisturbed  position  amounting  to 

Atf  -  -*  •  4  •  17  •  ^  -  -  -  •  -^-  T357) 

Here,  as  in  Oppolzer's  work,  s"  is  the  number  of  seconds  of  arc  outstanding 
in  the  lunar  acceleration,  or  counteracted  by  tidal  friction.  Since  the  fraction 
x  is  large,  this  term  AL"  will  counteract  JLS'"  (tidal  friction),  and  JL3'  , 
even  if  p  be  no  very  large  fraction.  From  the  foregoing  considerations  we  see 
that  the  three  terms  of    JL3    are  as  follows: 

m  ati       Ms"(1-rihf,>      ,  '"(1-pK  *  „ 
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depending  on  the  fall  of  the    (1  —  p)th  part  of  the  cosmical  dust,  as  imagined  by 
Oppolzer. 


(2)  *W  =  - 


af  68  Jc_  ph 

2    5^7 


depending  on  the  fall  of  the  pth  part  of  the  dust  from  the  vortex,  and  accelerating 
the  rotation  of  the  Earth. 


y\t> 


(3)  *W"  -  +  jfU- 

depending  on  tidal  friction.  This  retards  the  rotation  of  the  Earth,  because  - 
is  the  ratio  of  the  tidal  reaction  on  the  Moon's  orbital  motion  to  the  tidal  frictional 
retardation  of  the  meridian,  when  transferred  to  the  orbital  motion  of  the  Moon, 

and  thus  about    1  :  2.5,  so  that  ( 1  —  -J  =  ^,  nearly,  while  q  is  a  multiplier  which 

maybe  put  equal  to   V".     Thus  the  whole  expression  of     JLS    becomes 

^'■-i^i1  "&+*(»  -?)}*■■  « 

To  evaluate  this  expression,  we  may  safely  take  p  =  |;  then  the  three  terms 
reduce  to  the  following  numerical  values: 


JLJ 

= 

+  0.18fa2, 

JLa" 

= 

-  UZSkP, 

ALj" 

= 

+  1.92fa2, 

JLS     =  +  0.87ht2.  (359) 

It  will  be  seen  that  with  these  values  the  effect  of  the  acceleration  due  to 
the  fall  of  cosmical  dust  from  the  vortex  about  the  Earth  nearly  compensates 
for  the  retardation  due  to  tidal  friction,  but  not  quite.  Of  course  other  values 
of  JL3  could  be  found  from  the  use  of  other  constants  in  the  coefficients; 
but  I  believe  these  values  to  be  as  satisfactory  as  any  which  can  be  obtained  in 
the  present  state  of  the  subject. 

Professor  Newcomb  and  others  have  expressed  the  opinion  that  some 
unknown  cause  is  at  work  counteracting  the  secular  effects  of  tidal  friction,  (cf. 
Monthly  Notices,  Royal  Astronomical  Society,  December,  1904,  p.  183;  and  January 
1909).  This  seems  a  sufficient  ground  for  assigning  values  to  these  two  principal 
terms,  making  them  nearly  equal  but  of  opposite  sign.  Then,  too,  tidal  friction 
alone  has  been  supposed  to  be  about  2",  and  moreover  it  seemed  desirable  to 
limit    h    to  about    lmm.     Whilst  the  system  of  values  adopted  is  thus  arbitrary, 
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the  terms  evidently  have  the  right  signs,  and  also  the  correct  relative  importance. 
The  residual  difference  of  2"  alone  does  not  enable  us  to  adjust  so  many  terms 
except  so  as  to  satisfy  the  equation.     Accordingly,  we  get  finally 

dLx  =  +  o*87/i<2, 

JLa  =  +  0.26/U2, 
JLt  =  +  0.87M2, 
JL  =  +  2.00^*  =  2",  (360) 

which  gives    h  =  lram    in  a  century. 

§  155.     Remarks  on  the  Theory  Depending  on  the  Downfall  of  Cosmical  Dust. 

It  thus  appears  that  the  outstanding  inequality  in  the  secular  acceleration 
of  the  mean  motion  of  the  Moon  may  be  satisfactorily  explained  by  this  simple 
theory  based  on  real  causes,  and  without  any  extravagant  assumptions.  Tidal 
friction  is  a  real  cause,  but  it  is  not  the  only  cause;  on  the  contrary,  there  is  both 
acceleration  and  retardation  of  the  Earth's  rotation  depending  on  the  fall  of 
cosmical  dust.  The  reality  of  this  latter  cause  is  beyond  doubt,  and  it  largely 
counteracts  tidal  friction,  in  the  ways  already  explained.  All  four  of  the  terms 
considered  to  arise  from  the  fall  of  cosmical  dust  are  real;  but  the  largest  single 
term  has  a  sign  contrary  to  the  rest.  As  the  planetary  rotations  have  arisen  from 
this  cause  we  cannot  suppose  it  to  have  entirely  disappeared  even  now.  That 
one-third  of  all  our  meteoric  dust  should  come  from  the  vortex  about  the  Earth 
is  highly  probable.  Such  meteors  would  fall  in  the  upper  part  of  the  atmosphere, 
and  scarcely  be  perceived  from  the  surface  of  the  Earth. 

As  to  the  supply  of  meteors,  Braun  objected  to  Oppolzer's  estimate  requiring 
218  million  tons  daily,  and  cited  Piazzi  Smyth's  estimate  of  from  100  to  1,000 
tons;  but  in  view  of  the  fact  that  the  telescopic  meteors  are  about  100  times 
more  numerous  than  the  naked-eye  meteors,  and  the  additional  fact  that  Prof. 
W.  H.  Pickering  has  given  good  grounds  for  increasing  the  average  mass  by  a 
factor  of  the  order  of  100,000,  we  see  that  a  downfall  of  seventy-eight  million 
tons  daily  required  by  our  estimate  of  h  =  lmm  in  a  century,  is  not  at  all  improb- 
able. The  quantity  of  dust  falling  cannot  well  fall  short  of  this  amount.  So 
much  of  the  Earth  is  uninhabited  and  covered  by  the  vast  extent  of  the  oceans, 
while  our  observations  are  usually  embarrassed  by  our  location  near  the  sea  level, 
which  leaves  us  in  the  dark  regarding  the  combustion  of  meteors  in  the  upper 
atmosphere,  that  we  cannot  make  a  good  estimate  of  the  extent  of  the  meteoric 
downpour,  except  that  the  amount  is  quite  large,  and  certainly  much  greater 
than  we  have  heretofore  considered  probable. 
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§  156.     On  the  Secular  Acceleration  of  the  Sun. 

We  have  seen  that  an  acceleration  of  the  Sun  was  suspected  by  the  great 
Swiss  mathematician  Euler,  in  1749,  and  has  been  more  fully  confirmed  by  the 
recent  researches  of  Mr.  Cowell  on  ancient  eclipses.  The  exact  amount  of  this 
secular  acceleration  is  not  yet  known  with  accuracy,  but  it  seems  unlikely  to 
exceed  1".25,  and  it  may  be  no  larger  than  0".5  or  0".25  per  century.  It  is 
therefore  advisable  to  consider  what  influences  might  tend  to  modify  the  orbital 
motion  of  the  Earth.     The  following  are  the  main  causes: 

(1)  An  increase  in  the  mass  of  the  Sun  and  Earth,  owing  to  the  fall  of  cosmical 
dust.  This  has  been  shown  to  be  the  main  cause  at  work  on  the  Moon,  and  the 
effect  on  the  Sun  is  similiar.  Moreover  the  equatorial  acceleration  of  the  Sun's 
globe  is  due  mainly  to  the  fall  of  dust  upon  that  surface  from  the  vortex  of  matter 
revolving  about  it.  The  increase  in  the  Sun's  mass  from  this  source  must  be 
considerable. 

(2)  Resistance  to  the  Earth's  orbital  motion,  directed  along  the  tangent 
to  the  orbit,  and  proportional  to  the  amount  of  dust  included  in  the  volume  swept 
over  by  the  Earth  in  a  century. 

(3)  Retardation  of  the  Earth's  rotation  by  the  downfall  of  cosmical  dust 
and  tidal  friction.  This  effect  seems  to  be  very  minute,  and  will  be  less  on  the 
Sun  than  on  the  Moon  in  the  ratio  of  their  mean  motions;  so  that  the  coefficient 
0".87  in  the  motion  of  the  Moon  must  be  divided  by  13.369,  giving  a  coefficient 
of  0".065  for  the  Sun. 

(4)  Repulsion  of  the  Sun's  light,  tending  to  lengthen  the  year,  and  causing 
a  retardation  of  the  Earth's  orbital  motion.  The  secular  equations  for  these 
changes  were  given  by  Laplace  in  the  Mecanique  Celeste,  Liv.  X,  Chap.  VII,  §20. 

(5)  Closely  connected  with  the  repulsion  of  the  Sun's  light  is  another  similar  re- 
pulsive influence  depending  on  the  electrically  charged  particles  driven  out  of  the  Sun 
in  streams  of  varying  density.  In  the  Monthly  Notices  for  1904,  Mr.  Maunder  has 
shown  that  when  the  Earth  passes  through  the  varying  magnetic  field  thus  resulting, 
the  condition  of  the  Earth's  magnetism  is  disturbed  and  Auroral  displays  occur. 

(6)  A  certain  amount  of  electric  repulsion  constantly  exerted  by  the  Sun 
against  the  Earth,  owing  to  the  similar  electric  charges  borne  on  the  surfaces 
of  the  two  bodies.  If  this  force  were  constant  it  would  be  equivalent  to  a  slight 
decrease  in  the  Earth's  mass  and  thus  produce  no  change  in  the  length  of  the 
year;  but  as  it  is  slightly  variable,  depending  on  the  state  of  the  corona  and  of 
the  charge  on  the  surface  of  the  Earth,  it  may  produce  very  slight  variations  in 
the  Earth's  motion. 
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§  157.     Calculation  of  the  Terms  in  the  Sun's  Mean  Longitude  Depending  on  the 
Downfall  of  Cosmical  Dust  Upon  the  Solar  Surface. 

Now  the  first  three  causes  here  mentioned  tend  to  produce  a  secular  accelera- 
tion of  the  Sun;  while  the  last  three  tend  to  produce  a  retardation.  It  is  not 
therefore  remarkable  that  these  two  opposite  effects  should  nearly  balance,  leaving 
but  a  very  slight  secular  acceleration.  For  all  these  effects  are  minute,  except 
the  first,  which  seems  likely  to  be  considerably  larger  than  any  of  the  others. 
We  shall  now  calculate  the  effects  of  the  two  first  causes.  Making  use  of  the 
same  formulae  as  were  used  in  the  case  of  the  Moon,  but  with  notation  adapted 
to  the  Sun  and  Earth,  we  have 

328714      2>H  A        o2  \    k    . 
JL^  32S7T5  ■  B-X1  +  W^ K  (361) 

k 

where   R0  is  the  radius  of  the  Sun,  ^  the  mean  motion  of  the  Earth  in  a  Julian 

century,  the  combined  masses  of  the  Sun  and  Earth  being  unity,  and  H  the 
thickness  of  the  layer  of  dust  falling  on  the  Sun  from  the  regions  of  celestial  space 
beyond  the  Earth's  orbit. 

To  get  the  expression  for    JL2    we  proceed  thus: 

V=  2*R  .  jrp2 .  /'  .  36525  =  200*y«  ;  (362) 

where    f  =  36525     is  the  ratio  of  the  mean  motion  of  the  Sun  to  that  of  the 

Earth's  rotation. 

And 

VS  =  200wYB  ■  ^^  -  4*9*h .  .  (363) 

The  ratio,   «  is  found  by  noticing  that    v  =  V8  =  4irg2h  ; 

/         4ir9*h  _  3h 


3A/*\  h    k 

So= \-Jh)at  =   -  3 7= t 

9  V« '  J  9  Va 


3I--3A    k  "19    k 


(364) 
(365) 
(366) 


It 


Now  the  mean  motion  of  the  Sun  in  a  Julian  century  is  -^  =  1296  00000";  and 
9=6370  000  000ram; 
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therefore 


9  129600000    _   9    1296 
5  6370000000   : =  +  2  '  63700 ' 


J^=  +  s  mrmmm  ht*  =  +  s  '  «*m  ht*  =  +0"-0916  ^2 »  (367> 


where  h  is  expressed  in  millimeters. 

K    h  -  lmm,    then     JL2  =  +  0".0916£2. 
If  we  evaluate  (361)  we  get     l  +  -^  =  1.0001,     which  is  nearly  unity; 

"  0 

£=129600000-     ;      *.- 696096000000-     ;      and    -*  -  ^0  ^  =  £  *" 
=  0".0005584  #!!2 . 

Using  the  factor  1.0001,  and  #  =  l,000mm  =  lra,  we  get  dLx  -  0*.5590*»;  or 
a  secular  acceleration  of  the  Sun  amounting  to  0".5590  in  a  century.  The  three 
causes  (1),  (2)  and  (3)  would,  on  the  hypotheses  here  adopted,  give 

AL\  =  +  0.5590  f 

jl°,  =  +  o.o9i6  e 
jl°3  =  +  0.0650  e 

JL°   =  +  0.7156  t*  (368) 

A  downfall  of  cosmical  dust  which  would  produce  a  secular  acceleration  of  the  Sun 
of  0".71  per  century,  must  be  considered  most  probable. 


§  158.     On  the  Amount  of  Matter  Falling  Into  the  Sun  and  on  the  Cause  of  the 
Equatorial  Accelerations  of  the  Sun,  Jupiter  and  Saturn. 

A  layer  of  matter  of  the  mean  density  of  the  Earth  one  meter  deep  all  over 
the  Sun's  surface  would  amount  to  1  :  177.81  of  the  Earth's  mass;  or  a  little 
less  than  half  the  mass  of  the  Moon.  This  is  about  T|T  part  of  the  meteoric  down- 
fall postulated  by  J.  R.  Mayer  in  1848  for  explaining  the  Sun's  heat;  and  ^fa 
part  of  the  meteoric  increase  calculated  by  Lord  Kelvin  in  his  paper  on  the 
"Mechanical  Energies  of  the  Solar  System,"  Trans.  Roy.  Soc,  Edinb.,  April, 
1854;  reprinted  in  Mathematical  and  Physical  Papers,  Vol.  II,  Art.  LXVI.  Here 
the  estimated  increase  of  the  Sun's  mass  was  TV  °f  the  Earth's  mass  annually. 
Lord  Kelvin's  estimate  was  nearly  four  times  larger  than  Mayer's;  and  Newcomb 
therefore  adopted  an  approximate  mean  between  these  extremes  (Popular  Astron- 
omy, p.  515),  namely,  an  amount  equal  to  the  Earth's  mass  in  a  century, 
which  is  177.81  times  the  value  calculated  above,  and  adequate  to  make  a  layer 
over  the  Sun's  surface  177.81  meters  deep. 

In  assuming  such  a  downpour  of  meteorites  Mayer  realized  that  the  motions 
21 
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of  the  planets  would  be  sensibly  accelerated,  but  he  assumed  a  simultaneous 
wastage  of  solar  substance  analogous  to  that  imagined  by  Sir  Isaac  Newton, 
under  the  emission  theory  of  light.  Without  assuming  any  wastage  of  matter 
due  to  radiation,  Lord  Kelvin  calculated  that  a  downfall  of  matter  equivalent 
to  the  mass  of  the  Earth  in  forty-seven  years,  if  it  came  from  beyond  the  Earth's 
orbit,  would  shorten  the  year  by  six  weeks  in  2,000  years.  This  value  seems 
to  be  somewhat  too  large;  for  by  recalculating  the  effect  I  find  the  decrease  to 
be  twenty-six  days  instead  of  forty-two;  but  of  course  all  these  estimates  are 
much  too  large.  If  our  value  of  a  layer  of  matter  lm  deep  over  the  Sun's  globe,* 
or  i^ii  of  the  Earth's  mass  in  a  century,  be  accepted,  and  all  the  matter  be  derived 
from  sources  extraneous  to  the  Earth's  orbit,  the  secular  acceleration  of  the 
Sun  becomes  0*.71T*  =  284"  in  2,000  years,  corresponding  to  1"  48m  in  time 
since  the  epoch  of  Hipparchus.  It  seems  highly  probable  that  a  layer  of  solid 
matter  from  ten  to  fifty  metres  deep  falls  into  the  Sun  in  a  century;  but  that 
most  of  it  comes  from  within  the  Earth's  orbit,  and  only  a  layer  of  something 
like  lm  deep  comes  from  beyond  the  Earth's  orbit,  and  gives  rise  to  a  secular 
acceleration  of  the  Sun  of  say  0".75  per  century. 

This  small  downfall  of  extraneous  cosmical  dust  therefore  gives  us  the  true 
cause  of  the  Sun's  secular  acceleration,  while  the  larger  internal  downfall  produces 
the  observed  equatorial  acceleration  of  the  Sun's  rotation.  Corresponding  down- 
falls of  cosmical  dust  give  rise  to  the  equatorial  accelerations  observed  in  Jupiter 
and  Saturn,  and  enable  us  to  conclude  that  the  observed  equatorial  acceleration 
is  but  an  indication  of  the  general  process  by  which  cosmical  rotation  is  established 
and  augmented.  This  throws  an  interesting  light  upon  the  past  history  of  our 
system;  for  these  survivals  in  the  way  of  equatorial  accelerations  have  not  been 
clearly  understood  heretofore. 

§159.     Summary  of  the  Results  of  the  Present  Investigation. 

It  now  remains  to  consider  what  results  may  be  considered  established  by 
the  present  investigation.  Before  entering  upon  this  discussion,  however,  we 
may  remark  that  electric  or  magnetic  forces  sometimes  imagined  to  be  exerted 
by  the  heavenly  bodies,  such  as  the  Sun  and  Moon,  upon  the  Earth  can  hardly 
give  rise  to  sensible  effects,  for  two  reasons: 

(1)  The  forces  are  small,  and  repulsive  in  character,  and  therefore  would 
always  tend  to  develop  a  retardation  in  the  mean  motions,  while  the  observed 
effect  is  an  acceleration.  These  forces  are  feeble,  because  confined  essentially 
to  the  surface  layers  of  the  bodies  on  which  they  exist;    and  moreover  obey  the 

♦This  should  be  understood  to  be  the  excess  over  that  wasted  by  radiation,  which  may  be  a  considerable  amount. 
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same  law  of  inverse  squares  as  the  attractive  force  of  gravitation;  and  therefore 
if  these  forces  are  constant,  the  total  effect  is  equivalent  to  a  slight  diminution  of 
the  masses  of  the  two  bodies. 

(2)  The  electric  charges  borne  by  the  Sun  and  Moon  are  shown  by  observa- 
tion to  be  fairly  constant,  though  slight  fluctuations  in  the  Earth's  magnetic 
field  arise  when  our  planet  moves  through  the  varying  field  of  charged  particles 
emitted  by  certain  local  areas  on  the  Sun's  surface.  These  additional  forces, 
however,  in  the  long  run  will  be  equally  distributed  over  all  parts  of  the  orbits 
of  the  bodies  concerned,  and  therefore  produce  no  secular  effect,  except  an  additional 
retardation  in  the  mean  motions. 

Accordingly  we  may  have  no  hesitation  in  dismissing  the  electric  and  magnetic 
forces  as  exerting  no  considerable  secular  effect.  It  follows  also  that  tidal  friction, 
as  a  real  physical  cause,  has  been  much  overrated;  and  while  it  still  has  to  be 
considered,  it  is  of  secondary  importance  compared  to  the  accelerative  or  retarda- 
tive  effects  of  cosmical  dust.  This  latter  cause  has  diminished  the  major  axes 
and  eccentricities  of  the  orbits  of  all  revolving  bodies  in  our  system,  and  is  still 
the  most  powerful  influence  at  work  on  the  motions  of  the  heavenly  bodies. 

Any  supposition  that  gravitation  itself  varies  is  not  to  be  seriously  entertained, 
except  as  a  last  resort ;  and  fortunately  the  known  effects  of  cosmical  dust  relieve 
us  of  the  necessity  of  introducing  this  inadmissible  hypothesis,  while  at  the  same 
time  it  enables  us  to  connect  the  movements  now  going  on  with  those  which  have 
been  so  powerful  in  the  past  history  of  the  solar  system.  The  explanations  here 
put  forward  in  regard  to  the  secular  accelerations  of  the  Sun  and  Moon,  therefore, 
leave  little  to  be  desired ;  but  additional  observations  and  researches  will  no  doubt 
be  required  to  improve  the  details  of  the  theory. 

§  160.     The  Outstanding  Difficulty  Connected  with  the  Fluctuations  in  the  Moon's 

Motion  Probably  Not  Insurmountable. 

But  whilst  it  is  certain  that  the  phenomena  connected  with  the  secular  accelera- 
tions are  easily  and  naturally  accounted  for  by  the  above  simple  theory  based 
on  true  physical  causes,  it  is  not  yet  certain  that  the  theory  will  account  for  the 
irregular  fluctuations  recently  discussed  by  Newcomb.  We  are  not  yet  able  to 
find  from  observation  the  magnitude  of  the  forces  required  to  produce  the  observed 
effects.  Newcomb  remarks:  "Since  what  is  actually  observed  is  neither  the 
acceleration  nor  the  speed  of  motion,  but  changes  of  the  longitude  itself,  of  which 
these  quantities  are  respectively  the  second  and  the  first  derivatives  as  to  the 
time,  it  is  not  possible  from  the  observations  to  make  any  approach  to  an  accurate 
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estimate  of  the  accelerating  or  retarding  forces.  The  most  that  we  can  say  is 
that  these  varying  forces  are  sufficient  to  bring  about  a  change  of  annual  motion 
amounting  to  between  0".5  and  I",  by  acting  during  a  period  of  perhaps  from 
four  to  six  years"  (Monthly  Notices,  January,  1909,  p.  167). 

It  appears  from  these  considerations  that  the  forces  on  which  the  fluctuations 
depend  are  decidedly  larger  than  those  producing  the  outstanding  2"  per  century 
in  the  secular  acceleration.  It  is  the  irregular  character  of  the  fluctuations  and 
their  considerable  magnitude  that  renders  any  attempt  to  explain  them  very 
difficult;  though  in  the  long  run  these  irregularities  are  less  important  than  the 
secular  acceleration,  the  effect  of  which  accumulates  with  the  lapse  of  ages  and 
may  finally  become  quite  large.  For  reasons  already  pointed  out,  it  would  be 
natural  to  refer  the  fluctuations  to  irregular  resistance  due  to  swarms  of  cosmical 
dust.  But  the  intensity  of  the  forces  would  have  to  be  greater  than  those  invoked 
to  explain  the  secular  acceleration.  At  present  it  is  uncertain  whether  the  amount 
of  cosmical  dust  encountered  in  space  is  sufficient  to  account  for  the  fluctuations; 
we  must  also  remember  that  some  hitherto  unrecognized  gravitational  cause  may 
after  all  produce  the  large  fluctuation  with  a  period  of  about  250  years.  Under 
the  circumstances  it  is  necessary  to  wait  for  further  light  on  the  subject. 

It  seems  certain  that  a  considerable  increase  in  the  amount  of  cosmical  dust, 
beyond  that  postulated  to  explain  the  secular  acceleration,  might  be  admitted 
without  contradicting  any  known  phenomenon.  For  example  the  vortex  of  dust 
revolving  about  the  Earth  might  be  much  more  extensive  than  we  have  imagined ; 
and  there  might  thus  result  an  increased  acceleration  of  the  Earth's  rotation  on 
its  axis;  but  this  could  not  well  be  introduced  without  augmenting  the  retardative 
effects  of  tidal  friction,  which  are  believed  to  be  small.  The  terms  JL3"  =  —  1.23hf 
JL3'"=  +  l".92hti,  in  §151,  might  each  be  augmented  by  several  times  their 
present  values,  without  introducing  quantities  which  are  wholly  inadmissible. 
Then  again  sensible  fluctuations  in  the  motion  of  the  Moon  might  result  from 
the  temporary  movement  of  streams  of  dust  about  the  Earth  which  afterwards 
return  to  the  control  of  the  Sun. 

Accordingly  whilst  the  present  explanation  is  not  demonstrated  to  be  adequate 
to  account  for  the  fluctuations,  it  is  not  wholly  excluded  by  any  known  phenomenon ; 
and  it  is  therefore  natural  to  believe  that  the  secular  acceleration  is  only  the  more 
lasting  effect  of  a  general  cause  affecting  the  Moon's  motion,  and  that  this  cause 
rests  on  the  effects  of  streams  of  dust  through  which  the  Lunar-Terrestrial  System 
is  moving.  As  the  Moon  is  a  captured  planet  which  has  been  brought  nearer 
and  nearer  the  Earth,  this  movement  of  approach  must  still  be  going  on;  and  it 
could  not  well  take  place  without  sensible  fluctuations,  which  in  the  course  of 
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many  centuries  disappear  and  leave  outstanding  only  a  residual  acceleration  of 
2"  per  century.  At  least  until  some  other  real  cause  can  be  brought  forward, 
this  may  be  held  to  be  the  most  probable  explanation. 

Some  additional  reasons  may  be  given  for  inclining  to  this  view,  but  the 
subject  is  involved  in  so  much  obscurity  that  the  following  considerations  are 
tentative,  yet  not  likely  to  be  without  some  value.  Ferrel's  discussion  of  tidal 
friction  in  §§  149,  150  assumes  that  for  the  Earth  as  a  whole  there  is  some  average 
tidal  ellipsoid  with  phase  retardation  I.  When  we  come  to  compare  the  High 
Water  Interval  (H.W.I.)  by  which  the  high  tide  follows  the  Moon,  as  given  in 
the  Tide  Tables  of  the  U.  S.  Coast  and  Geodetic  Survey,  for  the  various  points 
on  the  Earth's  surface,  we  are  struck  by  the  fact  that  all  intervals  exist  from 
0h  0m  to  12h  0m.  And  if  the  whole  Earth  could  be  studied  it  seems  likely  that  the 
mean  interval  for  the  entire  globe  would  be  not  far  from  six  hours.  This  would 
make  the  tidal  apex,  so  far  as  such  a  thing  may  be  said  to  exist,  lie  in  a  position 
at  right  angles  to  the  Moon's  radius  vector;  and  consequently  as  the  semi-diurnal 
tides  are  nearly  equal,  no  couple  of  sensible  magnitude  would  be  produced  about 
the  Earth's  axis  of  rotation,  by  the  change  in  the  figure  of  the  sea  due  to  the  tides 
in  the  oceans. 

If  any  residual  couple  remained  when  the  whole  surface  of  the  Earth  is  care- 
fully integrated  to  get  the  mean  effect,  the  outstanding  result  certainly  would 
be  one  of  extreme  minuteness.  Therefore  it  seems  certain  that  if  there  is  any 
tidal  reaction  on  the  Moon's  motion,  it  must  be  excessively  slight.  Accordingly 
while  tidal  friction  is  at  work  against  the  Earth's  rotation,  it  is  by  no  means  cer- 
tain that  an  appreciable  reaction  against  the  Moon's  orbital  motion  takes  place. 

This  is  a  question  of  actual  integration  over  the  surface  of  the  Earth  requiring 
further  investigation,  and  will  have  to  be  left  to  the  future;  but  it  seemed  so 
doubtful  whether  there  is  a  sensible  couple  retarding  the  rotation  of  the  actual 
Earth,  that  attention  should  be  drawn  to  the  problem,  in  the  hope  that  it  may 
receive  analytical  and  numerical  treatment. 

Should  it  turn  out  that  the  average  interval  of  high  water  after  the  Moon's 
transit  is  about  six  hours,  the  tidal  reaction  on  the  Moon  would  be  reduced  to 
insensible  magnitude.  If  it  exceeds  six  hours,  as  seems  possible,  then  the  effect 
would  be  to  bring  the  Moon  nearer  the  Earth  by  a  minute  quantity.  The  annulling 
of  the  retardative  effect  heretofore  ascribed  to  tidal  friction,  would  have  the  effect 
of  apparently  accelerating  the  Earth's  rotation,  and  thereby  apparently  retarding 
by  that  amount  the  mean  motion  of  the  Moon  in  its  orbit. 

If  this  condition  really  exists  it  may  well  be  that  the  outstanding  inequality 
in  the  secular  acceleration  of  the  Moon's  mean  motion  is  greater  than  is  indicated 


326  MINUTENESS    OF  THE   EFFECTS  OF   OCEANIC   TIDAL   FRICTION. 

by  observation.  For  just  as  a  retardation  of  the  Earth's  rotation  would  have 
the  effect  of  producing  an  apparent  acceleration  of  the  Moon's  motion,  so  like- 
wise an  apparent  acceleration  of  the  rotation  by  the  abandonment  of  the  supposed 
retardative  effects  of  tidal  friction  would  give  rise  to  a  corresponding  apparent 
retardation  of  the  Moon's  motion,  and  thus  diminish  the  apparent  lunar  accelera- 
tion which  would  result  from  the  uniform  rotation  of  the  Earth  about  its  axis. 

At  present  one  cannot  feel  entirely  confident  as  to  what  is  the  actual  state 
of  fact.  It  seems  certain  that  the  effects  of  oceanic  and  bodily  tidal  friction  are 
very  minute,  and  it  might  easily  have  a  sign  contrary  to  that  heretofore  imagined. 
In  this  case  the  Moon  would  be  nearing  the  Earth  even  more  rapidly  than  the 
observed  secular  acceleration  would  indicate;  and  this  abandonment  of  tidal 
friction  would  more  than  ever  confirm  the  theory  that  the  Moon  is  a  planet  which 
came  to  the  Earth  by  capture.  The  evidence  at  present  available  is  not  decisive, 
and  the  settlement  of  this  question  must  be  left  to  the  future;  but  so  far  as  one 
may  now  judge,  this  last  view  is  not  at  all  improbable. 

We  have  treated  the  problem  of  the  Moon's  secular  acceleration  in  a  some- 
what detailed  manner,  in  order  to  bring  out  the  difficulty  and  uncertainty  attaching 
to  the  subject,  and  in  the  hope  of  opening  the  question  to  further  research.  It 
may  be  a  long  time  before  the  question  can  be  definitely  settled,  but  nothing  is 
more  certain  than  that  our  theories  on  this  subject  have  been  very  incomplete; 
and  we  have  deemed  it  better  to  consider  new  causes  in  the  hope  of  winning  new 
truth  than  to  merely  follow  the  beaten  paths  heretofore  so  generally  preferred 
by  previous  investigators. 


E^et   8'   vrrip<ppov  <rijp-'   or'   doTri'Sos   ToSe, 
<f>kiyov&'   xnr'   dorpois   oipavov  Ttrvy/J-evov 
\.a/j.irpa  Sc   iravcri\r]vo<;   hi  p.i(na   craKei, 
Trpi(rj3i(TT0v  aarpoiv,   wktos   d<pi9ttA.|u.6s,   irp«m. 


And  on  his  shield  he  bears  this  proud  device, — 
A  firmament  enchased,  all  bright  with  stars; 
And  in  the  midst  the  full  Moon's  glittering  orb, 
Sovran  of  stars  and  eye  of  Night,  shines  forth. 


-Aeschylus,  Enra  iiri  ®r}f3a.<:,  387-390,  Translated  by  Plumptke. 
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CHAPTER  XIV. 


On  the  Craters,  Mountains,  Maria  and  Other  Phenomena  Observed  on  the 
Surface  of  the  Moon,  and  on  the  Indicated  Processes  of 

Planetary  Growth. 

§  161.     Historical  Resume  of  the  Theories  of  the  Origin  of  the  Lunar  Craters. 

Heretofore  most  investigators  have  studied  the  mountains  of  the  Earth, 
and  then  attempted  to  approach  those  of  the  Moon,  in  the  hope  of  discovering 
clearer  indications  of  a  common  mode  of  formation. 

In  passing  beyond  the  mountains  of  the  Earth  they  seem  to  have  adopted  the 
suggestion  of  AESCHYLUS:  dcrryaoyeiToi/as  Se  xPV  Kopv<f>i><;  vwep/3d\\ova-av  —  "Thou 
must  cross  those  summits  near  the  stars  "  (Prom.  Vinct.,  721-2).  But  it  is  far  from 
certain  that  this  is  a  correct  procedure,  for  as  we  shall  see  in  the  course  of  this 
chapter  the  origin  of  the  Terrestrial  mountains  have  generally  been  referred  the 
wrong  physical  cause.  And  if  we  have  not  known  the  cause  of  Terrestrial  moun- 
tain formation,  it  is  clear  that  we  have  no  grounds  for  asserting  that  there  is  any 
analogy  between  the  mountains  of  the  Earth  and  those  of  the  Moon. 

The  true  mode  of  origin  of  the  so-called  craters  on  the  Moon  has  long  been 
a  matter  of  discussion,  but  no  theory  heretofore  developed  has  proved  to  be  entirely 
satisfactory.  Nevertheless  it  has  been  generally  believed  that  these  craters  are 
of  volcanic  origin,  and  such  a  view  is  still  held  at  the  present  time.  This  theory 
is  the  traditional  one  which  has  come  down  from  the  time  of  Galileo.  It  is 
true  that  it  was  neither  suggested  nor  formulated  by  the  great  Florentine  astron- 
omer, but  was  first  proposed  by  Hooke  (Micrographia,  1667,  Obs.LX.  pp.  242-246*). 

*"  These  seem  to  me  to  have  been  the  effects  of  some  motions  within  the  body  of  the  Moon,  analogous  to  our 
earthquakes,  by  the  eruption  of  which,  as  it  has  thrown  up  a  brim  or  ridge  round  about,  higher  than  the  ambient 
surface  of  the  Moon,  so  has  it  left  a  hole  or  depression  in  the  middle,  proportionately  lower."  Hooke  says  of  his 
experiment  with  boiling  alabaster,  that  "  presently  ceasing  to  boyl,  the  whole  surface  will  appear  all  over  covered 
with  small  pits,  exactly  shaped  like  those  of  the  Moon.  The  earthy  part  of  the  Moon  has  been  undermined,  or 
heaved  up  by  eruptions  of  vapours,  and  thrown  into  the  same  kind  of  figured  holes  as  the  powder  of  alabaster.  It 
is  not  improbable  also,  that  there  may  be  generated  within  the  body  of  the  Moon,  divers  such  kind  of  internal  fires 
and  heats  as  may  produce  exhalations"  (Robert  Hooke,  Micrographia,  1667,  Obs.  LX,  pp.  242-246;  cf. 
Humboldt's  Cosmos  IV,  p.  496). 
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The  volcanic  theory  was,  however,  definitely  asserted  by  such  authorities  as  Sir 
John  Herschel,  and  is  therefore  adopted  in  all  our  hand-books  of  Astronomy. 

It  was  accepted  with  greater  reserve  and  hesitation  by  Humboldt,  who  has 
the  following  remarks  on  the  subject:  "  The  progressive  perfection  of  our  acquaint- 
ance with  the  formation  of  the  surface  of  the  Moon  as  derived  from  numerous 
observers,  from  Tobias  Mayer  down  to  Lohrmann,  Madler  and  Julius  Schmidt, 
has  tended  on  the  whole  rather  to  diminish  than  to  strengthen  our  belief  in  great 
analogies  between  the  volcanic  structures  of  the  Earth  and  those  of  the  Moon; 
not  so  much  on  account  of  the  conditions  of  dimension  and  the  early  recognized 
ranging  of  so  many  ring-shaped  mountains,  as  on  account  of  the  nature  of  the 
rills  and  of  the  system  of  rays  which  cast  no  shadows  (radiations  of  light)  of  more 
than  400  miles  in  length  and  from  2  to  16  miles  in  breadth,  as  in  Tycho,  Copernicus, 
Kepler  and  Aristarchus"  (cf.  Cosmos,  Vol.  V,  p.  448,  Bohn's  Translation). 
He  recalls  also  that  Galileo  in  a  letter  to  Father  Christoph  Grienberger, 
Sulle  Montuosita  della  Luna,  compared  the  annular  mountains  on  the  Moon  to 
the  circumvallated  districts  of  Bohemia,  and  that  Hooke  attributed  the  cir- 
cular type  of  formation  to  the  reaction  of  the  interior  of  the  Moon's  body  on  the 
exterior. 

Humboldt  remarks  with  surprise  that  the  central  mountains  have  been 
found  by  Schmidt  always  to  lie  below  the  walls  by  which  they  are  surrounded. 
According  to  this  astronomer's  investigations,  begun  at  Olmiltz  and  afterwards 
continued  at  Athens,  it  appears  that  no  single  central-mountain  attains  the  height 
of  the  wall  of  its  crater,  but  that  in  all  cases  it  probably  even  lies  together  with 
its  summit  considerably  below  that  surface  of  the  Moon  from  which  the  crater 
is  supposed  to  have  been  erupted. 

This  certainly  is  a  remarkable  state  of  fact,  and  we  shall  recur  to  it  again 
when  we  come  to  deal  with  the  origin  of  these  fortress-like  structures. 

But  whilst  the  volcanic  theory  of  the  Lunar  craters  is  still  very  generally 
taught  in  the  universities  and  other  schools  of  Europe  and  America,  a  few  sagacious 
thinkers  have  always  hesitated  to  accept  this  orthodox  interpretation  of  the 
most  remarkable  phenomena  presented  by  the  Moon's  surface.  In  his  Popular 
Astronomy,  edition  of  1878,  p.  320,  Newcomb  hints  at  a  new  theory  of  the  Lunar 
craters,  as  follows:  "The  mountains  consist,  for  the  most  part,  of  round  saucer- 
shaped  elevations,  the  interiors  being  flat,  with  small  conical  mounds  rising  here 
and  there.  Sometimes  there  is  a  single  mound  in  the  centre.  It  is  very  curious 
that  the  figures  of  these  inequalities  in  the  Lunar  surface  can  be  closely  imitated 
by  throwing  pebbles  upon  the  surface  of  some  smooth  plastic  mass,  as  mud  or 
mortar." 
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§  162.     Theory  of  Impact  Elaborated  by  Gilbert,  but  Not  Accepted  by 
Contemporary  Investigators. 

In  his  Presidential  Address  to  the  Philosophical  Society  of  Washington  for 
1892  (Bulletin,  Vol.  XII,  pp.  241-292),  the  eminent  geologist  Dr.  G.  K.  Gilbert 
took  as  his  topic  "The  Moon's  Face:  A  Study  of  the  Origin  of  Its  Features;"  and 
thus  developed  the  hint  thrown  out  by  Newcomb  and  others  into  a  more  elaborate 
theory.  In  examining  the  Lunar  surface  he  made  use  of  the  great  Equatorial 
Telescope  of  the  U.S.  Naval  Observatory  at  Washington,  and  thus  dealt  directly 
with  the  telescopic  aspects  of  the  Moon  as  shown  in  powerful  instruments. 

Gilbert's  theory  was  that  the  Lunar  pits  may  be  indentations  in  a  globe 
yielding  to  the  action  of  forces  produced  by  inf ailing  meteorites  or  planetoids; 
and  he  showed  by  experiment  that  under  certain  conditions  pits  of  a  similar  type, 
with  similar  central  cones,  may  be  produced  by  impact.  In  this  way  he  accounted 
for  many  of  the  phenomena  presented  by  the  Lunar  surface,  but  not  all.  The 
numerous  flat-bottomed  craters  remained  somewhat  of  an  enigma,  or  required 
the  theory  of  fusion  and  floods;  nor  could  any  satisfactory  explanation  be  found 
of  the  almost  total  obliteration  of  many  craters,  the  walls  of  which  may  now  be 
traced  with  extreme  difficulty.  The  great  smoothness  of  certain  large  areas  like 
the  plains  and  seas  was  equally  difficult  to  account  for,  except  by  the  violent 
hypothesis  that  a  deluge  of  soft  material  had  spread  over  a  large  part  of  the  Lunar 
surface. 

Gilbert's  theory  of  the  impact  of  moonlets  against  the  Lunar  surface  attracted 
some  attention  at  the  time  of  its  publication,  but  has  not  been  accepted  even 
by  Geologists.  Thus  in  their  new  work  on  Geology  (Vol.  I,  p.  598)  Chamberlin 
and  Salisbury  mention  Gilbert's  paper  in  a  footnote,  but  in  the  text  adhere 
to  the  orthodox  volcanic  theory.  Astronomers  therefore  naturally  have  con- 
tinued to  hold  the  volcanic  theory,  though  it  certainly  is  erroneous,  as  will  more 
fully  appear  from  a  number  of  considerations  adduced  below.  The  following 
references  to  the  recent  discussions  of  astronomers  must  suffice. 

In  the  Atlas  Photographique  de  la  Lune,  made  from  photographs  taken  at 
the  Paris  Observatory,  Part  I,  1896,  Loewy  and  Puiseux  have  adhered  to  the 
volcanic  theory  as  sufficient  to  explain  the  phenomena  of  the  Lunar  surface; 
and  during  June  and  July  of  the  present  year,  1909,  two  papers  bearing  on  this 
theory  have  been  presented  by  M.  Puiseux  to  the  Paris  Academy  of  Sciences. 
He  has  treated  of  the  Lunar  surface  also  in  the  Revue  Scientifique  for  May  8,  1909, 
and  concluded  that  the  craters  of  the  Moon  present  many  points  of  resemblance 
to  the  volcanoes  of  the  Earth. 
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In  A.N.,  4348,  Herr  Paul  Fuchs  has  published  a  paper  on  the  origin  of 
the  Lunar  craters,  the  purport  of  which  is  to  lend  support  to  the  well-known 
experiments  of  Professor  H.  Ebert,  tending  to  show  that  the  form  of  the  craters 
is  due  to  the  alternate  extrusion  and  retraction  of  a  suitable  magma  through  an 
orifice  in  the  crust.  Professor  Ebert's  more  recent  experiments  have  led  him 
to  -the  conclusion  that  the  lunar  maria  are  composed  of  a  kind  of  natural  volcanic 
glass,  such  as  vitrophyr  or  obsidian;  and  he  has  explained  the  systems  of  bright 
rays  radiating  from  some  of  the  craters  as  due  to  lines  of  fracture  in  the  glassy 
surface,  when  viewed  under  a  high  Sun  (cf.  Journal  of  British  Astronomical 
Association,  Vol.  XIX,  No.  9,  July  30,  1909,  p.  378). 

After  the  present  theory  of  impact  was  completed  and  ready  for  publication, 
the  author  finally  succeeded  in  obtaining  a  copy  of  Gilbert's  paper  of  1892;  it 
was  then  found  that  his  treatment  covered  so  many  points  that  a  more  detailed 
summary  of  this  early  work  was  advisable.  Accordingly  we  add  here  the  main 
conclusions  reached  by  Gilbert,  without  changing  any  of  the  rest  of  the  dis- 
cussion previously  prepared,  in  the  belief  that  the  somewhat  different  views  thus 
developed  may  not  be  wholly  without  value  to  others  who  may  study  the  subject. 

§  163.     Summary  of  Gilbert's  Conclusions. 

(1)  Gilbert  describes  the  types  of  craters  and  classifies  them,  saying  that 
the  majority  of  writers  consider  them  of  volcanic  origin.  But  he  points  out  the 
fundamental  difference  between  Terrestrial  and  Lunar  craters  thus:  "Ninety- 
nine  times  in  one  hundred  the  bottom  of  the  Lunar  crater  lies  lower  than  the 
outer  plain;  ninety-nine  times  in  a  hundred  the  bottom  of  the  Vesuvian  crater 
(taken  as  the  type  of  Terrestrial  volcano)  lies  higher  than  the  outer  plain.  Ordi- 
narily the  height  of  the  Lunar  crater  rim  is  more  than  double  its  outer  height; 
ordinarily  the  outer  height  of  the  Vesuvian  crater  rim  is  more  than  double  its 
inner  height.  The  Lunar  crater  is  sunk  in  the  Lunar  plain;  the  Vesuvian  is 
perched  on  a  mountain  top.  The  rim  of  the  Vesuvian  crater  is  not  developed, 
like  the  Lunar,  in  a  complex  wreath,  but  slopes  outward  and  inward  from  a 
simple  crest-line.  If  the  Vesuvian  crater  has  a  central  hill,  that  hill  bears  a  crater 
at  the  summit  and  is  a  miniature  reproduction  of  the  outer  cone;  the  central 
hill  of  the  Lunar  crater  is  entire,  and  is  distinct  in  topographic  character  from  the 
circling  rim. 

"The  inner  cone  of  a  Vesuvian  volcano  may  rise  far  higher  than  the  outer; 
the  central  hill  of  the  Lunar  crater  never  rises  to  the  height  of  the  rim  and  rarely 
to  the  level  of  the  outer  plain.     The  smooth  inner  plain  characteristic  of  so  many 
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Lunar  craters  is  either  rare  or  unknown  in  craters  of  Vesuvian  type.  Thus, 
through  the  expression  of  every  feature  the  Lunar  crater  emphatically  denies 
kinship  with  the  ordinary  volcanoes  of  the  Earth." 

(2)  He  recalls  most  of  the  theories  advanced  prior  to  1892,  and  finally 
rejects  them  all,  except  the  theory  of  impact,  which  was  suggested  by  Proctor 
as  far  back  as  1873.  Among  the  theories  reviewed  is  the  well  known  theory  of 
Professor  H.  Ebert,  which  has  found  considerable  favor  in  Germany.  "That 
a  circular  ridge  may  be  built  up  by  the  alternate  extrusion  and  retraction  of  a 
suitable  substance  through  an  orifice,  has  been  demonstrated  by  Ebert,  who 
devised  apparatus  and  conducted  a  series  of  experiments  (on  metallic  magmas). 
The  crater  rims  he  achieved  sloped  regularly  outward  and  were  steep  and  rudely 
terraced  inward,  thus  reproducing  the  more  important  features  of  the  Lunar 
rims,  with  the  exception  of  the  wreath,  and  by  special  manipulation  he  was  able 
to  approach  the  character  of  the  wreath." 

Having  disposed  of  these  several  theories,  Gilbert  adopts  the  impact  theory, 
and  discusses  it  as  follows:  "If  a  pebble  be  dropped  into  a  pool  of  pasty  mud, 
if  a  raindrop  fall  upon  the  slimy  surface  of  a  sea  marsh  when  the  tide  is  low,  or 
if  any  projectile  be  made  to  strike  any  plastic  body  with  suitable  velocity,  the 
scar  produced  by  the  impact  has  the  form  of  a  crater.  This  crater  has  a  raised 
rim,  suggestive  of  the  wreath  of  the  Lunar  craters.  With  proper  adjustment  of 
material,  size  of  projectile,  and  velocity  of  impact,  such  a  crater  scar  may  be 
made  to  have  a  central  hill.  Thus  scars  of  impact  may  simulate  in  many  ways 
the  scars  of  the  Moon's  face,  and  a  number  of  theories  have  accordingly  been 
broached  which  agree  in  regarding  the  craters  as  due  to  the  bombardment  of 
the  Moon  by  projectiles  coming  from  without." 

He  says  he  could  find  no  statement  of  this  theory  more  than  twenty  years 
old,  or  earlier  than  1872,  but  that  the  idea  is  older  and  various  obscure  allusions 
indicate  that  it  was  earlier  in  print.  The  first  definite  statement  is  by  Proctor 
who  suggested  it  in  1873  ("The  Moon,"  p.  346). 

(3)  With  the  cooperation  of  Professor  R.  S.  Woodward,  Gilbert  calcu- 
lates that  the  heat  of  collision  of  a  body  moving  with  the  parabolic  velocity  at 
the  Lunar  surface  would  raise  the  temperature  to  3500°  Fahrenheit,  or  higher; 
so  that  much  of  the  rock  is  molten,  and  he  thinks  this  would  explain  the  level 
surfaces  of  some  of  the  craters.  "  Meydenbauer,  as  a  corollary  of  certain  con- 
clusions in  regard  to  meteoric  matter,  holds  that  the  surface  of  the  Moon  is  clothed 
with  a  mantle  of  cosmic  dust,  a  deep  layer  of  loose  particles  everywhere  concealing 
the  solid  nucleus,  and  that  the  fall  thereon  of  aggregates  of  similar  dust  produced 
the  Lunar  craters.     By  experimentation  with  various  finely-divided  substances 
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he  has  in  this  way  produced  small  craters  simulating  several  of  the  Lunar  varieties. 
His  results  show  raised  rims  analogous  to  the  Lunar  wreath,  central  hills,  and 
arched  inner  plains,  such  as  characterize  a  few  of  the  Lunar  craters.  His  published 
results  do  not  include  level  inner  plains,  nor  the  association  of  inner  plains  with 
central  hills;  but,  on  the  other  hand,  he  does  not  extend  this  process  to  the  largest 
craters  and  the  maria.  For  them  he  suggests  the  collision  of  solid  stars  of  sulphur 
or  phosphorus,  originally  Moon's  of  the  Earth's  system,  and  he  recognizes  fusion 
as  one  of  the  results  of  their  collision"  (A.  Meydenbauer:  Sirius,  February,  1882). 

(4)  He  discusses  Ebert's  work  on  the  ratio  of  the  rim  content  to  cavity 
content.  "Ebert  has  compiled  the  available  published  data  and  computed  the 
ratio  of  rim  content  to  cavity  content  for  ninety-two  craters,  ranging  in  diameter 
from  eight  to  nearly  one  hundred  miles  (H.  Ebert:  Ueber  die  Ringgebirge  des 
Mondes,  Sitzungsberichten  d.  Physik.-med.  Societal.  Erlangen,  p.  171,  Munich, 
1890).  In  twenty-eight  instances  he  finds  the  rim  content  the  greater;  in  the 
remaining  sixty-four  instances  he  finds  it  the  smaller;  and  in  about  fifteen  instances 
the  rim  volume  is  but  a  small  fraction  of  the  content  of  the  cavity.  He  finds 
further  that  the  rim  is  relatively  large  in  the  case  of  the  larger  craters.  Though 
the  imperfection  of  the  data  gives  a  large  probable  error  to  the  determinations, 
there  can  be  no  question  of  the  general  fact  that  in  many  instances  the  rims  of 
large  craters  are  quite  inadequate  to  fill  the  cavities  they  surround.  This  is  an 
important  fact,  but  it  is  not  necessarily  inimical  to  the  impact  theory."  From 
some  experiments  Gilbert  concludes  that  these  differences  may  be  explained 
by  the  degree  of  yielding  of  the  material  of  the  Moon's  surface. 

(5)  Gilbert  then  considers  the  round  form  of  the  Lunar  craters  and  the 
angles  at  which  the  satellites  would  have  to  fall  to  produce  such  an  effect.  To 
overcome  the  tendency  to  produce  elliptic  outlines  by  falling  at  angles  consider- 
ably inclined  from  the  vertical,  he  imagines  that  all  impacts  are  due  to  a  ring  of 
moonlets  revolving  about  the  Earth  analogous  to  the  rings  of  Saturn.  With  the 
cooperation  of  Professor  R.  S.  Woodward  he  shows  that  when  the  moonlets 
move  in  a  single  plane,  the  curve  of  distribution  for  falling  moonlets  has  much 
the  same  form  as  the  curve  deduced  from  the  observed  ellipticities  of  craters*. 

(6)  Gilbert  remarks  that  the  area  of  the  surface  struck  is  as  the  square 
of  the  radius  of  the  moonlet,  but  the  energy  applied  to  the  area  being  as  the  mass 
of  the  falling  body  and  therefore  as  the  cube  of  the  radius,  more  energy  per  unit 
of  area  is  developed  by  the  collision  of  large  than  of  small  bodies;    and  he  thus 

*It  may  be  remarked  that  this  result  applies  equally  well  to  the  swarm  of  Asteroids  in  which  the  Moon  was 
revolving  before  its  capture  by  the  Earth.  The  supposed  ring  of  moonlets  about  the  Earth  is  scarcely  admissible, 
so  that  this  part  of  his  reasoning  seems  to  be  vitiated. 
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accounts  for  the  melting  of  the  material  indicated  by  the  flat  bottoms  of  some  of 
the  larger  craters. 

(7)  He  conceives  the  yielding  of  the  mass  in  collision  to  be  a  flattening  out, 
spreading,  and  overflow  at  the  margins  of  the  area  of  impact.  The  rim  would 
settle,  and  by  flowing  towards  the  centre  give  rise  to  an  upward  movement,  occasion- 
ing the  central  hill;  and  the  elastic  recoil  of  the  Moon's  mass  aided  this  effect. 
The  upper  part  of  the  moonlet  may  not  have  been  fused,  and  by  remaining  central 
in  the  crater,  it  may  have  been  uplifted  by  the  recoil  to  constitute  the  surface 
of  the  central  hill. 

(8)  Certain  surface  phenomena  "indicate  that  a  collision  of  exceptional 
importance  occurred  in  the  Mare  Imbrium,  and  that  one  of  its  results  was  the 
violent  dispersion  in  all  directions  of  a  deluge  of  material  — ■  solid,  pasty  and 
liquid.  Toward  the  southwest  the  deluge  reached  nearly  to  the  crater  Theophilus, 
a  distance  of  900  or  1,000  miles,  and  southward  it  extended  nearly  to  the  latitude 
of  Thibet.  Northward  and  northeastward  it  probably  extended  to  the  limb. 
Westward  it  passed  beyond  Posidonius,  and  toward  the  east  and  southeast  its 
traces  are  lost  in  the  Oceanus  Procellarum.  Its  more  liquid  portion  gathered 
on  the  lowlands,  giving  rise  to  several  maria  and  minor  plains.  The  fact  has 
been  recognized  by  various  students,  notably  by  Green  (E.  N.  Green:  Jour. 
Brit.  Ast.  Ass.,  April,  1891,  p.  379)  and  Meydenbauer  (A.  Meydenbauer:  Sirius, 
February,  1882)  that  many  of  the  lunar  plains  are  due  to  floods  of  molten  material 
overspreading  the  low-lying  tracts  and  burying  the  preexistent  irregularities  of 
surface.  At  various  points  in  such  plains,  and  especially  at  their  margins,  crescentic 
hills  project  above  them,  recognized  as  portion  of  crater  rims;  and  elsewhere  the 
plains  are  divided  by  systems  of  cracks  whose  arrangement  betrays  the  distri- 
bution of  underlying  ridges.  The  plains  most  closely  associated  with  the  sculpture 
system  and  the  supposed  viscous  deposit  are  the  Sinus  Roris,  Mare  Frigoris,  Locus 
Mortis,  Lacus  Somniorum,  Sinus  Medii,  Sinus  Estuum,  and  Mare  Nubium.  The 
Oceanus  Procellarum  may  have  been  created  at  the  same  time  or  may  have  been 
merely  modified  by  this  flood.  The  Mare  Serenitatis,  whose  sharp  outlines  and 
circular  form  mark  it  as  an  old  crater,  doubtless  received  a  new  surface."  .... 
"By  considering  the  extent  and  probable  thickness  of  the  various  deposits  from 
the  flood,  it  has  been  estimated  that  its  volume  may  have  equaled  a  sphere  80 
or  100  miles  in  diameter,  and  there  is  perhaps  no  occasion  for  surprise  that  the 
results  of  the  collision  of  a  body  of  such  magnitude  were  exceptional  in  character 
as  well  as  in  extent."  ....  "Thus,  by  the  outrush  from  the  Mare  Imbrium 
were  introduced  the  elements  necessary  to  a  broad  classification  of  the  Lunar 
surface.     A  part  was  buried  by  liquid  matter  whose  congelation  produced  smooth 
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plains.  Another  part  was  overrun  by  a  flood  of  solid  and  pasty  matter  which  sculp- 
tured and  disguised  its  former  details.  The  remainder  was  untouched,  and  proba- 
bly represents  the  general  condition  of  the  surface  previous  to  the  Imbrian  event." 

(9)  In  regard  to  the  white  streaks  radiating  from  Tycho,  Copernicus  and 
other  craters,  Gilbert  quotes  a  letter  from  Mr.  William  Wurdemann  of  Wash- 
ington, D.  C,  to  Dr.  B.  A.  Gould,  as  follows:  "The  most  remarkable  appearance 
on  the  Moon,  for  which  nothing  on  Earth  furnishes  an  example,  is  presented  by 
those  immense  radiations  from  a  few  of  the  larger  craters  —  perfectly  straight 
lines,  as  though  marked  with  chalk  along  a  ruler  —  starting  from  the  center  of 
the  crater  and  extending  to  great  distances  over  every  obstruction.  My  explana- 
tion is  that  a  meteorite,  striking  the  Moon  with  great  force,  spattered  some  whitish 
matter  in  various  directions.  Since  gravitation  is  much  feebler  on  the  Moon 
than  with  us  and  atmospheric  obstruction  of  consequence  does  not  exist,  the 
great  distance  to  which  the  matter  flew  is  easily  accounted  for." 

(10)  Gilbert  supposes  the  Moon  to  have  grown  by  the  gathering  up  of 
the  moonlets  once  constituting  a  ring  about  the  Earth.  "As  the  Moon's  mass 
grew,  the  blows  it  received  were  progressively  harder,  and  for  a  time  their  fre- 
quency also  increased.  The  rate  of  heating  probably  reached  and  passed  its 
maximum  while  the  mass  was  materially  less  than  now.  During  the  whole  period 
of  growth  the  surface  lost  heat  by  radiation,  but  the  process  of  growth  cannot 
have  been  slow  enough  to  permit  the  concurrent  dissipation  of  all  the  impact 
heat.  On  the  one  hand,  there  should  have  been  some  storage  of  heat  in  the  interior, 
and,  on  the  other  hand,  the  stored  heat  can  never  have  sufficed  for  the  liquefaction 
of  the  nucleus.  Toward  the  close  of  the  process,  when  blows  were  hard  but  rare, 
liquefaction  was  a  local  and  temporary  surface  phenomenon,  but  the  general 
temperature  of  the  surface  was  low." 

From  this  account  it  will  be  seen  that  while  the  theory  of  Gilbert  as  orig- 
inally set  forth  by  him  included  many  excellent  features,  it  was  not  without 
difficulties ;  the  methods  of  exposition  and  the  terminology  appealed  rather  to  the 
Geologist  than  to  the  Astronomer  and  Physicist.  But  the  main  reason  why  the 
theory  was  not  taken  up  by  Astronomers  is  that  it  was  little  known  to  them, 
while  the  Laplace-Darwin  theory  that  the  Moon  was  once  a  part  of  the  Earth 
could  not  readily  be  reconciled  with  the  doctrine  of  such  powerful  collisions  as 
were  required  to  produce  such  enormous  craters.  With  our  present  point  of  view 
that  the  Moon  is  a  captured  planet  which  once  had  its  orbit  in  the  region  where 
the  asteriods  now  revolve,  the  traditional  Laplacian  objection  is  overcome,  and 
at  the  same  time  other  asteroids  once  revolving  in  this  region  become  available 
for  making  the  observed  indentations. 
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§  164.     Theory  of  Impact  Adapted  to  a  Satellite  Impinging  Against  a  Globe  More 
or  Less  Covered  with  a  Layer  of  Cosmical  Dust. 

We  now  come  to  a  statement  of  the  general  theory  of  the  so-called  Lunar 
craters,  namely,  that  they  are  simply  Satellite  Indentations  in  a  surface  of  loose  and 
largely  uncemented  cosmical  dust  and  fragmentary  rock,  and  not  volcanic  at  all.  It 
is  to  be  remembered  all  through  this  discussion  that  the  Moon's  gravity  is  only 
about  one-sixth  that  of  the  Earth,  and  therefore  any  layer  of  dust  or  rock  on  the 
Moon  would  be  less  settled  than  on  the  Earth  in  this  proportion;  so  that  the 
material  would  be  only  very  slightly  compressed  by  gravity.  Moreover,  as  there 
has  never  been  any  water  or  other  fluid  on  the  Moon,  except  perhaps  melted  lava 
in  places,  there  has  been  no  chemical  agency  which  could  cement  the  dust  or 
fragmentary  rock  into  a  coherent  mass,  and  it  has  therefore  retained  the  form  of 
a  loose  mass  of  stony  character,  somewhat  analogous  to  the  ashes  blown  out  of  a 
terrestrial  volcano.  Falling  satellites,  whether  large  or  small,  could  therefore 
easily  indent  the  surface  by  compression  of  this  uncemented  material  under  the 
force  of  impact. 

Accordingly,  if  a  satellite  fifty  miles  in  diameter  collided  with  the  Moon,  it 
would  sink  down  into  the  soft  and  uncompacted  surface,  and  at  the  same  time 
be  flattened  and  spread  out  at  the  base,  as  shown  in  the  upper  figure  on  Plate  XII. 
This  flattening  and  basal  spreading  of  the  satellite  would  make  a  broad  saucer- 
shaped  crater,  steepest  on  the  inside,  and  surrounded  with  more  or  less  debris 
driven  out  and  scattered  by  the  force  of  the  impact,  exactly  as  shown  by  the 
Lunar  craters.  In  flattening  and  spreading  at  the  base,  the  satellite  would  force 
the  walls  of  the  crater  outward,  and  itself  be  reduced  to  fragments,  resting  on  a 
fluid  base,  with  the  highest  peak  in  the  centre.  This  is  exactly  the  aspect  pre- 
sented by  the  larger  craters.  The  peak  within  the  rim  is  essentially  central, 
though  often  irregular  and  broken,  and  it  is  impossible  to  doubt  that  this  is  how 
it  arises.  These  central  peaks  are  conspicuous  in  all  large  craters,  except  when 
they  have  been  made  flat-bottomed  by  the  fusion  of  the  satellite,  or  largely  filled 
up  by  the  deposit  of  cosmical  dust.  And  it  is  to  be  presumed  that  the  same  cause 
has  formed  the  smaller-sized  craters,  though  in  this  case  there  may  be  less  spread- 
ing of  the  mass  at  the  bottom ;  for  as  the  walls  are  very  near  the  peak  in  the  centre 
it  will  be  inconspicuous,  because  after  the  expulsion  of  the  walls  by  the  force  of 
the  impact  some  of  the  loose  material  in  so  small  a  crater  naturally  slides  down 
to  cover  it  up.  In  most  cases  these  satellite  masses  break  into  fragments,  and 
give  several  peaks.  Thus  Copernicus  has  six  central  mountains,  while  Alphonsus 
alone  exhibits  a  true  central  sharp-pointed  peak. 

22 
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Humboldt  concludes  that  "one  of  the  most  remarkable  objects,  however, 
on  the  whole  surface  of  the  Moon  is  the  annular  mountain  range  of  Petavius,  in 
which  the  whole  internal  floor  of  the  crater  expands  convexly  in  the  form  of  a 
tumor  or  cupola,  and  is  crowned  besides  with  a  central  mountain"  (Cosmos, 
V.  p.  449) .  He  adds  that  the  form  on  the  Moon  is  permanent,  whereas  in  our 
terrestrial  volcanoes  such  convexity  is  temporary,  and  soon  relieved  by  the  escape 
of  vapor.  In  the  downfall  of  many  satellites  it  would  almost  inevitably  happen 
that  the  convex  form  would  occasionally  be  preserved,  in  spite  of  the  flattening 
and  embedding  of  the  mass.  This,  then,  it  seems,  is  the  true  explanation,  and 
not  the  force  of  elastic  vapors  imagined  by  Humboldt,  by  analogy  with  terrestrial 
volcanoes. 

In  connection  with  the  formation  of  these  craters,  Captain  A.  W.  Dodd, 
U.S.N.,  has  made  several  valuable  suggestions  resulting  from  his  large  experience 
in  various  kinds  of  target  practice.  He  tells  me  that  when  the  resisting  surface 
is  not  too  hard,  experiments  with  projectiles  indicate  that  the  crater  will  have 
about  three  times  the  diameter  of  the  impinging  shell.  Accordingly  for  the  Lunar 
surface,  with  typical  craters  about  sixty  miles  across,  the  impinging  satellites 
probably  had  a  diameter  of  some  twenty  miles,  about  like  the  planet  Eros  or  the 
smaller  asteroids.  The  accompanying  figure  C,  Plate  XII,  shows  the  effect  of 
bullets  fired  against  a  leaden  disc.  The  lead  was  forced  out  in  the  form  of  a  rim, 
while  the  embedded  bullet  remains  as  a  central  peak,  just  as  observed  in  the 
Lunar  Craters.  It  is  difficult  to  imagine  a  more  satisfactory  verification  of  the 
theory  than  is  afforded  by  these  simple  experiments,  which  Captain  Dodd  devised, 
for  imitating  on  a  small  scale  effects  shown  in  the  heaviest  target  practice,  and 
obviously  applicable  to  the  indentations  produced  by  satellites  colliding  with 
the  surface  of  the  Moon. 

Summary  of  the  Phenomena  Explained  by  the  Theory  of  Impact. 

It  is  found  that  the  impact  theory  explains  the  following  facts: 

(1)  Both  large  and  small  craters,  and  their  superposition  over  one  another, 
some  being  older  and  others  newer,  as  the  case  may  be. 

(2)  The  frequent  occurrence  of  small  craters  on  the  rims  of  large  ones, 
where  they  would  scarcely  arise  from  eruptive  causes. 

(3)  The  existence  of  craters  in  perfectly  smooth  plains,  as  well  as  in  rough 
and  broken  regions;  and  the  unequal  density  of  the  craters  in  different  parts 
of  the  Lunar  surface.  Terrestrial  volcanoes  generally  follow  the  mountain 
ranges  along  the  seacoasts.     On  the  Moon  the  craters  are  scattered  indiscrimi- 
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nately,  except  that  they  are  rare  in  the  maria,  for  reasons  which  will  hereafter  ap- 
pear. 

(4)  The  greater  steepness  of  the  inner  walls,  and  the  great  diameters  of  the 
larger  craters,  which  could  not  well  be  explained  by  volcanic  forces.  If  it  be 
thought  that  more  large  craters  ought  to  be  elliptical  than,  are  observed,  it  may 
be  recalled  that,  even  if  the  first  contact  with  the  Moon  produced  such  an  outline, 
the  impact  of  a  large  satellite  would  generate  enough  heat  and  underlying  flow 
to  force  out  the  walls  about  symmetrically  all  around,  and  the  final  figure  would 
be  circular  like  the  globular  figure  of  the  satellite.  Thus  craters  which  are,  say, 
ten  times  as  wide  as  they  are  deep,  ought  to  be  almost  circular;  while  smaller 
craters  would  be  more  irregular  and  elliptical,  as  found  by  observation.  This  is 
because  the  forcing  out  of  the  material  beneath  small  craters  is  less  effective  than 
in  the  case  of  large  craters,  and  they  retain  more  nearly  their  original  shape  of 
first  contact. 

(5)  The  very  flat-bottomed  craters,  noticed  in  such  regions  as  Mare  Nubium, 
are  due  to  the  filling  up  of  deeper  and  more  irregular  craters  with  cosmical  dust, 
or  with  melted  material  which  has  assumed  a  level  surface.  This  has  at  length 
become  so  deep  as  to  leave  only  the  walls  visible  about  a  level  central  area,  while 
the  central  peaks  have  been  nearly  or  entirely  covered  up. 

(6)  In  many  cases  the  Lunar  photographs  show  that  even  the  walls  are 
practically  covered  up;  for  they  can  now  be  traced  with  difficulty,  and  merely 
as  a  faint  outline.  The  walls  are  obliterated,  especially  in  the  so-called  maria. 
So  far  as  one  can  see,  two  and  only  two,  explanations  of  these  so-called  "ghost" 
craters  are  possible:  (1)  The  deposit  of  cosmical  dust  from  the  heavens,  and 
from  the  conflagrations  arising  in  the  impact  of  satellites;  (2)  The  partial  melt- 
ing down  of  the  walls  by  the  conflagrations,  which  produced  the  maria,  so  that 
only  an  outline  of  the  original  crater  walls  can  be  traced.  The  fact  that  the 
"ghost"  craters  occur  chiefly  in  the  level  maria  supports  the  conflagration  and 
melting  hypothesis,  and  this  certainly  is  one  of  the  leading  causes.  But  since 
the  earlier  craters  away  from  the  maria  also  show  the  effects  of  age,  as  if  tending 
to  become  obliterated  by  falling  dust,  this  latter  cause  also  is  at  work.  Moreover, 
the  two  causes  necessarily  are  related.  Together  they  explain  the  ageing  of  the 
craters  in  the  rough  regions  far  from  the  maria,  as  well  as  the  buried  or  "ghost" 
craters  in  the  maria  themselves. 

(7)  This  shows  that  many  craters  have  not  only  been  obscured  and  partly 
blotted  out  by  the  falling  dust,  but  also  that  a  countless  number  of  these  objects 
have  been  permanently  buried  by  the  process  of  deposit  and  conflagration.  The 
so-called  seas  are  areas  once  leveled  down  by  melting,  in  which  few  recent  craters 
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have  been  formed.  The  seas  of  the  Moon  appear  to  be  singularly  level,  and  this 
can  only  point  to  terrible  impacts  at  some  time  in  the  past,  by  which  these  whole 
areas  were  so  fused  that  pretty  much  all  inequalities  of  elevation  disappeared. 
They  have  since  been  covered  with  a  layer  of  cosmic  dust,  but  have  suffered  rela- 
tively few  large  indentations.  They  generally  appear  dark,  because  the  surface 
is  nearly  level,  and  the  Sun's  light  when  reflected  is  but  little  scattered  and  seldom 
so  directed  that  the  beam  from  any  considerable  part  of  the  surface  passes  near 
the  eye  of  the  observer. 

(8)  If  this  view  be  admissible,  it  also  indicates  that  the  whole  Moon  was 
formed  by  accretion,  and  that  the  surface  never  did  experience  true  eruptive 
phenomena,  such  as  we  observe  on  the  Earth. 

(9)  The  interior  of  the  Lunar  craters  is  generally  below  the  level  of  the  sur- 
rounding normal  surface,  and  this  cannot  well  be  explained  except  by  impact. 
Volcanic  eruptions  could  not  well  produce  depressions  of  the  crater  basins. 

"The  bottom  of  many  of  the  craters  are  very  deeply  depressed  below  the 
general  surface  of  the  Moon,  the  internal  depth  being  often  twice  or  three  times 
the  external  height"  (Herschel,  Outlines  of  Astronomy,  §430). 

This  remark  of  Sir  John  Herschel  shows  that  decided  depression  of  the 
basins  is  common  to  all  craters,  both  those  with  rims  and  those  without.  It 
is  almost  impossible  for  volcanic  forces  to  produce  such  a  result.  One  or  two 
Hawaiian  volcanoes  are  the  only  depressed  craters  on  the  Earth,  and  they  are 
recognized  to  be  exceptions  to  the  general  rule  of  elevation  characteristic  of  our 
planet. 

(10)  It  is  evident  that  the  craters  have  not  been  produced  by  the  removal 
of  material  from  the  center  and  the  piling  of  it  up  to  make  the  surrounding  walls; 
for  in  probably  three-fourths  of  the  cases,  as  Professor  H.  Ebert  has  shown, 
it  is  easily  proved  by  calculation  that  the  volume  of  the  excavation  exceeds  the 
volume  of  the  material  contained  in  the  wall.  This  remarkable  volume  relation- 
ship would  be  explained  if  the  matter  beneath  the  crater  were  compressed  by 
the  force  of  impact,  and  only  a  part  of  it  and  of  the  falling  satellite  forced  out 
to  form  the  surrounding  walls. 

(11)  The  shorter  streaks  radiating  from  such  centers  as  Copernicus  and 
Aristarchus  are  easily  explained.  It  is  sufficient  to  suppose  that  the  collision  was 
so  forceful  that  matter  was  scattered  far  out  in  all  directions,  and  perhaps  heated 
to  fusion  in  the  process ;  yet,  as  the  Moon  has  little  or  no  oxygen,  it  did  not  burn 
and  blacken  as  meteoric  stones  do  in  falling  on  the  Earth,  but  simply  took  on  a 
fused  and  glassy  aspect,  which,  by  reflection,  gives  the  brightness  of  the  shorter 
streaks  radiating  from  Tycho  and  its  associates.     This  explanation  was  given  by 
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Mr.  Wurdemann,  of  Washington,  D.  C,  many  years  ago,  in  a  letter  to  Dr.  B.  A. 
Gould,  but  it  seems  to  be  but  little  known  to  astronomers. 

(12)  The  long  rays  from  craters  such  as  Tycho  are  similar  optical  effects 
of  glassy  material  falling  on  walls  of  craters  lying  nearly  in  a  straight  line,  and 
radiating  from  this  center.  This  is  shown  by  the  photographs.  Any  crater  which 
had  matter  ejected  from  it  radially,  in  the  process  of  formation,  will  have  a  system 
of  rays,  due  to  the  effect  of  the  sunlight  on  the  higher  elements  of  the  surface 
traversed  by  the  rays  running  from  the  crater  as  a  center. 

(13)  As  the  Moon's  force  of  gravity  is  feeble,  the  vapor  and  metallic  and 
lithic  rain  due  to  impact  might  be  carried  hundreds  of  miles,  and  these  streaks 
due  to  material  falling  on  corrugations  and  ridges  might  extend  out  from  the 
craters  for  a  considerable  distance,  and  sometimes  appear  to  be  prolonged  by 
coincidence  with  other  crater  walls,  ridges  or  rays. 

(14)  The  considerable  number  of  craters  which  are  simple  depressions  with- 
out sensible  walls  are  to  be  explained  by  the  comparative  looseness  of  the  material 
of  the  Moon's  surface  layers  —  which  allows  the  mass  to  yield  downward  without 
throwing  up  much  of  a  wall  about  the  depression  produced. 

(15)  The  clefts  are  paths  cut  by  glancing  satellites,  which  thus  leave  a  straight 
or  curved  line,  according  to  the  nature  of  the  surface  and  the  resistance  and  rebound. 
Photographs  confirm  this  origin  of  the  clefts,  and  show  that  they  are  not  cracks 
but  actual  cuts,  sometimes  more  than  a  hundred  miles  in  length. 

(16)  Rills  are  cracks  or  offsets  along  walls  of  craters  which  often  are  more 
or  less  hidden  by  later  deposits.  They  pursue  in  some  cases  an  irregular  course, 
and  often  may  be  due  to  settlement  of  loose  material,  as  in  landslides  on  the  Earth. 
The  terrible  impacts  which  have  formed  the  great  craters  have  been  so  violent 
that  it  would  be  remarkable  indeed  if  faults  or  landslips  did  not  develop  under 
the  force  of  these  mighty  oscillations  of  the  Moon's  frail  globe. 

(17)  Changes  in  the  aspects  of  a  crater  due  to  caving  in,  settlement,  etc., 
are  always  possible;  but  to  be  entirely  certain  that  the  change  is  real,  the  illumi- 
nation has  to  be  exactly  the  same  as  the  two  epochs,  which  is  seldom  possible. 
If  the  suspected  changes  are  real,  photography  will  eventually  establish  this  fact. 

(18)  The  covering  up  of  ancient  cities  on  the  Earth  is  due  to  deposits  of 
waste,  rubbish  and  dust  traceable  to  meteorological  causes  connected  with  the 
atmosphere,  such  as  sand  borne  by  the  wind  from  the  desert,  etc.  On  the  Moon, 
however,  there  is  no  atmosphere  sufficiently  dense  to  carry  dust,  and  it  must 
therefore  be  scattered  by  impacts  and  by  direct  descent  from  celestial  space. 
The  fact  that  the  older  craters  are  visibly  covered  up,  is  a  tangible  proof  of  the 
important  part  played  by  cosmical  dust  in  the  course  of  ages. 
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(19)  The  different  degrees  of  obliteration  shown  by  the  various  Lunar 
craters  is  an  impressive  witness  to  the  progressive  falling  of  cosmical  dust,  in  a 
celestial  world  devoid  of  rain  or  other  meteorological  disturbance  of  any  kind. 

(20)  At  zero  degrees  centigrade  the  maximum  molecular  velocities  of  the 
atmospheric  gases  are  found  by  Dr.  Johnstone  Stoney  to  be  as  follows:  oxygen, 
1.8  miles  per  second;  nitrogen,  2.0;  water  vapor,  2.5;  helium,  5.2;  hydrogen,  7.4. 
These  values  usually  decrease  with  the  fall  of  temperature,  but  the  slight  mod- 
ification thus  arising  is  not  very  considerable  for  small  changes. 

(21)  Now,  at  the  surface  of  the  Moon,  the  parabolic  velocity  is  1.5  miles 
(2.37  kilometres,  cf.  A.N.,  3992,  p.  136),  and  therefore  none  of  these  atmospheric 
gases  can  be  retained.  Forj  although  we  do  not  know  the  Moon's  temperature 
very  accurately,  it  would  seem  that  during  the  Lunar  night,  it  must  approach 
the  absolute  zero,  while  during  the  day  it  cannot  well  exceed  the  boiling-point 
of  water.  Accordingly,  the  above  values  are  not  sensibly  altered  by  the  ad- 
missible variations  of  temperature. 

(22)  Observations  on  the  refractions  of  stars  occulted  by  the  Moon  prove 
that  if  any  sensible  atmosphere  exists  at  the  Lunar  surface,  it  does  not  exceed 
^tfW  part  of  the  density  of  the  terrestrial  atmosphere.  We  may  therefore 
conclude  that  no  sensible  atmosphere  has  ever  existed  upon  the  Moon,  either 
before  or  since  the  capture  by  the  Earth;  but  that  the  vapors  there  arising  have 
congealed  into  dust  or  constantly  escaped  into  space. 

(23)  The  cosmical  dust  that  falls  upon  the  Moon  therefore  encounters  no 
atmospheric  resistance,  but  plunges  headlong  against  the  Lunar  surface.  Any 
vapor  due  to  the  force  of  collision  quickly  cools,  and,  if  it  condenses  into  solid 
particles,  is  precipitated  as  dust,  and  nowhere  amounts  to  a  permanent  cloud. 
If  it  remains  true  gas,  the  molecules  gradually  escape  into  space. 

(24)  If  now  we  compare  the  Lunar  photographs  with  the  accompanying 
imprints  made  by  raindrops,  and  by  bullets  fired  into  a  leaden  disc  as  a  target, 
we  shall  notice  the  most  remarkable  similarity  in  the  two  effects.  The  raindrops, 
however,  are  all  fluid,  and  leave  only  saucer-shaped  imprints,  and  no  central  peaks ; 
whereas  the  leaden  bullets  and  stony  satellites  indenting  the  Lunar  surface  would 
necessarily  leave  central  peaks,  in  accordance  with  observations.  Thus  the  Moon's 
surface  can  be  nothing  but  fragments  of  rock  filled  with  finer  dust ;  and  it  is  evident 
that  it  has  never  been  molten  as  a  whole  and  has  never  shown  true  volcanic  activ- 
ity, as  known  upon  the  Earth. 

The  last  conclusion  is  confirmed  from  another  point  of  view  by  an  exact  cal- 
culation given  in  -A.N.,  4053,  p.  345,  showing  that  the  total  gravitational  heat 
of  condensation  of  the  matter  of  the  Moon  would  raise  an  equal  mass  of  water 
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Plate  VIII.     General  Map  op  the  Full  Moon,  Showing  the   Location  of  the  Craters  and  of  the  Maria. 

(As  Seen  by  the  Naked  Eye.) 


Plate  IX.    The  Moon,  Seven  Days  Old,  Photographed  by  Ritchie  at  the  Yerkes  Observatory. 

{Naked  Eye  View.) 


Plate  X.    Thk  Moon,  Eight  Days  Old,  Photographed  by  Loewy  and  Puiseux 
at  the  Paris  Observatory,  Feb.  13,  1894  (from  Atlas  Lunaire,  Plate  A). 


(Naked  Eye  View.) 


Plate  XI.     The  Moon,  Ten  Days  Old,  Photographed  by  Loewy  and  Puiseux 
at  the  Paris  Observatory,  Feb.  23,  1896  (from  Atlas  Lunaire,  Plate  B). 


(Naked  Eye  View.) 


Fig.  a.     Satellite  Colliding  with  the  Lunar  Surface. 


Fig.  b.     Imprints  of  Raindrops,  Made  July  21,   1849,  Kentville,  Nova  Scotia 
(from  Lyell's  Geology,  P.  32S). 


Fig.  c.     Leaden  Target  Indented  by  Bullets,  as  an  Illustration  of  Crater  Formation, 
by  Captain  A.  W.  Dodd,  U.  S.  N.,  Make  Island.   1909. 


Plate  XII.     Illustrations  ok  the  Theory  of  Crater  Formation  by  the  Impact  of 
Satellites  Against  the  Lunar  Surface. 
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Plate  XIII.     Lunar  Crater  Copernicus  and  Surroundings,  Photographed  by  Ritchie  at  the 
Yerkes  Observatory  (Publications,  Vol.  II,  Plate  VII). 

(Inverted  or  Telescopic  View.) 


Plate  XIV.     Mare  Serenitatis,  Mare  Tranquilitatis,  and  Surroundings,  Photographed  by 
Ritchie  at  Yerkes  Observatory  (Publications,  Vol.  II,  Plate  VIII). 


(Inverted  or  Telescopic  View.) 


Plate  XV.     Mare  Nubium,  Bullialdus,  etc.,  Photographed  by  Ritchie  at  the 
Yekkks  OBSERVATORY  (Publications,  Vol.  II,   Plate  XVI). 


(Inverted  or  Telescopic  View.) 


Plate  XVI.     The  Moon,  Fifteen  Days  Old,  Photographed  by  Ritchie  at  the  Yerkes  Observatory. 

{Natural  or  Naked  Ei/e  View.) 
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through  only  408  degrees  Centigrade.  It  is  there  pointed  out  (p.  348)  that  the 
development  of  such  a  small  amount  of  heat,  in  the  course  of  long  ages,  would 
not  at  any  time  give  rise  to  a  temperature  that  would  produce  fusion  of  rock. 
Even  when  radio-active  substances  are  considered,  the  conclusion  is  the  same — 
namely,  that  in  the  slow  and  almost  insensible  development  of  the  Moon  by  accre- 
tion, enough  heat  to  produce  general  fusion  could  not  have  arisen. 

Accordingly  we  may  dismiss  the  old  volcanic  theory  once  for  all  as  false  and 
misleading;  and  may  look  upon  our  satellite  as  a  battered  planet,  which  presents 
to  us  the  most  lasting  and  convincing  evidence  of  the  processes  of  capture  and 
accretion  by  which  the  heavenly  bodies  are  formed. 

The  strength  of  the  present  argument  regarding  the  origin  of  the  Lunar 
craters  does  not  rest  on  one  class  of  phenomena  alone,  but  on  several  distinct 
classes  of  phenomena,  which  are  all  harmonized  among  themselves  and  brought 
into  accord  with  the  necessary  processes  of  planetary  growth.  Since  numerous 
worlds  form  in  a  nebula,  it  follows  that  impacts  between  some  of  them  will  necessa- 
rily occur;  and  the  Moon's  face  shows  the  size  of  these  masses  by  their  imprints, 
which  thus  throw  an  unexpected  light  upon  the  state  of  the  solar  system  in  the 
remote  past. 

§  165.     On  the  Temperature  Produced  by  a  Falling  Satellite  and  on  the  Origin  of 

the  Atmospheres  of  the  Planets. 

In  regard  to  the  origin  of  the  atmospheres  about  the  planets  we  may  remark, 
that  in  the  case  of  the  Moon,  a  body  moving  towards  the  surface  with  the  para- 
bolic velocity  of  2.37  kms.  per  second,  would  by  collision  produce  a  quantity  of  heat 
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-  673.57  Calories,  (369) 
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when  the  mass  is  one  kilogram.  This  quantity  of  heat  would  raise  the  tempera- 
ture of  a  kilogram  of  water  673  degrees  centigrade.  If  the  specific  heat  of  the 
body  be  like  that  of  most  terrestrial  stone,  not  exceeding  0.2,  the  effect  on  the 
meteoric  stone  striking  the  Lunar  surface  would  be  to  raise  its  temperature  through 
at  least  3367°  C,  provided  all  the  heat  were  concentrated  on  the  meteorite  itself. 
But  a  considerable  part  of  the  energy  would  be  transferred  to  the  surface  struck, 
and  only  the  remainder  would  be  available  for  raising  the  temperature.  Some 
bodies,  however,  would  collide  with  the  Lunar  surface  with  a  velocity  even  greater 
than  this,  and  perhaps  as  high  as  the  parabolic  velocity  around  the  Sun,  42  kms. 
per  second,  giving  for  the  value  of  Q  211530  Calories,  and  for  stone  a  temperature 
of  about  a  million  degrees. 
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In  view  of  these  facts  it  is  clear  that  much  of  the  material  falling  on  the  Moon 
would  be  reduced  to  a  state  of  dust  and  vapor.  As  there  is  no  atmosphere  there 
much  of  it  would  immediately  fall  down  upon  the  Lunar  surface  as  a  metallic  or 
lithic  rain  of  very  fine  dust.  The  Lunar  surface  would  therefore  be  covered  with 
cinders  and  ashes  somewhat  analogous  to  that  thrown  out  of  terrestrial  volcanoes. 
This  cosmic  dust  would  be  soft  and  yielding  like  moderately  settled  volcanic  ashes, 
and  when  a  satellite  struck  it,  there  would  be  a  scattering  of  debris  and  a  throwing 
up  of  ridges  such  as  we  see  about  the  craters.  In  some  cases  the  satellite  might 
have  such  velocity  that  after  it  buried  itself  in  the  Moon  complete  fusion  would 
take  place  by  the  intense  heat  below.  The  crater  would  thus  be  filled  with  liquid 
lava  and  might  solidify  as  an  even  surface  perfectly  level,  such  as  we  find  in  the 
case  of  the  crater  Archimedes,  to  which  Professor  Burkhalter  kindly  called 
my  attention.  In  a  vast  number  of  such  collisions  there  would  naturally  be  every 
gradation  between  complete  fusion  and  partial  fusion,  depending  on  the  velocity 
of  the  impact;  all  classes  of  these  phenomena  seem  to  be  presented  to  us  on  the 
Lunar  surface.  When  the  satellite  traversed  the  surface  at  a  small  angle,  the 
result  would  be  a  grazing  collision,  the  satellite  being  cut  away  and  vaporized 
by  the  resistance,  and  parts  of  the  Lunar  surface  cut  away  and  vaporized  at  the 
same  time.  This  sudden  collision  would  produce  a  vast  cloud  of  vapor  and  lithic 
and  metallic  rain,  like  that  which  falls  from  Aereolites  on  the  Earth;  but  in  an 
hour  or  so  it  would  again  be  precipitated  upon  the  Lunar  surface  as  fine  dust. 
The  surface  of  the  Moon  still  shows  that  a  number  of  such  grazing  collisions  took 
place.  In  all  cases  the  satellite  kept  on  moving  till  it  was  burnt  up  or  scattered 
in  small  fragments.  In  at  least  one  case  between  Triesnecker  and  Manilius  the 
satellite  seems  to  have  changed  its  course  by  rebounding  from  a  Lunar  mountain. 

Now  on  a  planet  which  can  hold  an  atmosphere  the  vapors  produced  by  impact, 
or  by  internal  heat,  gradually  accumulate,  and  this  at  length  gives  the  planet  an 
atmosphere  with  gases  and  water  vapor  suitable  to  the  maintenance  of  life.  On  a 
small  body  such  as  the  Moon  any  gases  produced  are  not  retained,  but  lost  into 
space,  or  absorbed  in  the  rock.  It  is  natural  to  suppose  that  the  Moon  has  not 
lost  her  atmosphere,  but  simply  never  had  one.  The  atmosphere  of  the  Earth 
arose  after  our  planet  was  considerably  larger  than  the  Moon  is  now. 

In  this  connection  one  point  called  to  my  attention  by  Professor  Burk- 
halter deserves  attention.  It  has  been  noticed  that  in  the  so-called  sea  areas 
of  the  Moon,  the  craters  have  lower  walls  always  toward  these  seas  than  on  the 
opposite  side;  and  .the  inference  had  been  drawn  that  the  movements  of  the 
water  supposed  to  have  once  been  in  the  Lunar  seas  had  washed  down  the  walls 
of  the  craters  exposed  to  the  tides.     This  would  seem  plausible  enough,  if  real 
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seas  of  water  could  be  admitted.  But  there  is  an  even  better  explanation,  as 
follows:  When  a  satellite  hits  the  Lunar  surface,  the  walls  thrown  up  on  the 
different  sides  of  the  crater  depend  on  the  height  of  the  surface  at  the  point  of 
contact,  the  lower  wall  being  toward  the  lower  ground.  This  law  is  verified  in 
terrestrial  experiments,  and  will  always  be  true  if  the  movement  is  so  rapid  that 
the  projectile  is  not  bent  from  its  course  by  the  unequal  resistance  on  the  several 
sides.  Now  the  falling  satellites  near  the  Moon  always  move  with  considerable 
velocity,  and  such  momentum,  that  the  higher  ground  is  crushed  down  and  out- 
ward without  any  change  in  the  direction  of  motion.  The  result  is  clearly  a 
higher  wall  on  the  side  of  the  higher  ground,  in  accordance  with  observations. 
It  is  not  strange  therefore  that  the  lower  walls  of  the  craters  are  towards  the 
seas;  for  this  naturally  follows  from  the  process  of  impact  by  which  the  craters 
are  made.  Moreover,  if  the  inequalities  once  existing  in  the  regions  now  covered 
by  the  maria  have  disappeared  by  melting,  it  would  be  natural  for  the  walls  towards 
the  centre  of  the  conflagration  to  be  more  perfectly  obliterated  than  those  nearer 
the  margin  of  the  area.  This  is  another  explanation  of  the  phenomenon  pointed 
out  by  Professor  Burkhalter.  Accordingly  we  conclude  that  the  craters 
have  not  been  washed  down  by  tidal  oscillations  in  the  Lunar  seas,  but  that  they 
always  were  lowest  or  were  most  melted  on  that  side.  There  is  therefore  no 
evidence  that  seas  ever  existed  on  the  Moon;  and  since  water  and  air  could  not 
exist  there  now,  as  we  infer  from  the  theory  of  gases,  and  confirm  by  observation, 
it  follows  that  water  probably  never  did  exist  upon  the  Lunar  surface,  and  there 
is  no  Lunar  phenomenon  really  indicating  this  condition. 

§  166.     On  the  Imprints  of  Raindrops  and  on  the  Exact  Process  of  Crater  Formation 
as  Inferred  from  Physical  Experiments  on  Highly  Elastic  Solids. 

In  connection  with  the  formation  of  the  Lunar  craters  it  is  important  to 
recall  that  the  experiments  of  Tresca  and  St.  Venant  (Sur  VEcoulement  des  Corps 
Solides,  Memoirs  des  Savants  Etrangers,  Academie  des  Sciences  de  Paris,  Tomes 
18  and  20)  have  shown  that  under  the  action  of  sufficiently  great  forces  even 
very  rigid  and  elastic  bodies  lose  their  rigidity  and  their  elasticity  and  become 
plastic.  Under  such  forces  the  most  rigid  solids  yield  and  adapt  themselves  to 
the  walls  of  a  mold,  and  even  flow  from  an  open  orifice  as  a  heated  mass  of  extremely 
high  viscosity.  Now  in  the  impacts  against  the  Moon's  surface,  as  we  have  seen 
above,  the  forces  are  so  enormous  that  not  only  could  the  satellites  be  crushed 
and  made  to  flow,  but  also  in  many  cases  reduced  to  molten  liquid  or  even  vapor- 
ized. Moreover  neither  the  satellite  nor  the  Moon's  globe  is  more  rigid  than 
average  meteoric  stone.     Therefore  it  is  certain  that  in  collision  both  masses 
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would  flow,  the  Moon's  surface  giving  down  while  the  satellite  spreads  out  as  a 
thin  disc,  thickest  in  the  centre,  the  pressure  forcing  the  yielding  material  out 
at  the  periphery  and  making  a  circular  wall  all  around.  This  leads  to  the  develop- 
ment of  craters  of  exactly  the  type  now  observed  on  the  Moon's  surface,  and  there 
can,  I  think,  be  no  possible  doubt  that  this  is  the  way  in  which  the  Lunar  craters 
were  formed. 

The  spreading  of  the  falling  raindrop  as  it  imprints  itself  in  the  soft  mud 
offers  a  case  of  crater-making  where  there  is  entire  fluidity  of  the  indenting  globe 
and  perfect  plasticity  of  surface,  but  the  forces  producing  the  indentation  and  flow 
are  very  feeble.  In  the  case  of  the  impacts  on  the  Moon  both  the  globe  of  the 
satellite  and  the  Lunar  surface  are  moderately  firm,  but  the  forces  producing  the 
flow  are  tremendous.  Therefore  it  is  not  surprising  that  the  craters  were  produced 
and  some  of  them  melted  in  the  process.  One  would  naturally  expect  much  vapor 
and  dust  to  be  scattered  in  all  directions;  and  the  streaks  and  spattering  extend- 
ing from  the  newer  craters  show  unmistakably  that  this  actually  took  place  on  a 
grand  scale. 

In  the  case  of  the  filled  crater  Wargentin,  which  is  a  smooth  circular  table- 
land some  fifty-four  miles  wide,  standing  several  thousand  feet  above  its  base, 
and  bearing  a  low  wall  about  the  greater  part  of  its  edge,  we  may  suppose  that 
when  it  was  formed  the  Moon's  surface  did  not  give  down  as  much  as  usual,  and 
yet  the  force  of  the  impact  was  such  that  very  complete  fusion  ensued,  and  the 
level  was  only  slightly  lowered  by  a  breach  in  the  wall.  The  crater  Julius  Ccesar 
stands  at  a  similar  level,  determined  by  the  lowest  breach  in  its  south-western 
rim,  but  the  surface  is  not  so  level  as  in  the  case  of  Wargentin,  Phocylides  b  and 
some  of  their  associates.  The  principal  difference  between  Wargentin  and  Archi- 
medes, for  example,  is  in  the  level  of  the  interior  floors,  the  former  being  filled  to 
overflowing,  while  the  latter  is  only  partially  filled;  but  this  is  a  difference  of 
degree  and  not  of  kind,  for  the  filling  in  both  cases  must  be  ascribed  to  exterior 
fusion  and  not  at  all  to  the  rise  of  lava  from  beneath,  as  so  many  selenologists 
have  supposed.  As  the  Moon's  globe  as  a  whole  has  never  been  molten,  it  is  not 
admissible  to  suppose  that  the  interior  poured  forth  fields  of  lava  such  as  are 
occasionally  found  upon  the  Earth.  All  the  molten  rock  noticed  on  the  Moon 
appears  to  be  superficial  and  local  in  character,  as  if  determined  by  satellite  impacts. 

The  criterion  which  seems  absolutely  conclusive  against  the  volcanic  theory 
is  that  based  on  the  great  size,  peculiar  shape  and  sunken  character  of  the  craters, 
and  the  fact  that  the  volumes  are  greater  than  those  of  the  rims  about  them.  More- 
over, it  is  to  be  noticed  that  no  possible  exertion  of  explosive  forces  directed  from 
the  top  of  the  central  peak  could  dig  out  the  hollow  circular  trough  between  the 
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peak  and  the  surrounding  crater  wall.  This  feature  of  the  lunar  craters  is  typical, 
and  quite  decisive  against  the  volcanic  theory.  It  seems  practically  impossible 
for  a  crater  such  as  Tycho  or  Theophilus  to  have  originated  except  by  the  impact 
of  a  satellite.  It  thus  appears  that  the  mountains  on  the  Moon  have  no  analogy 
whatever  with  those  on  the  Earth.  Terrestrial  volcanoes  have  been  uplifted  by 
the  action  of  explosive  vapors,  chiefly  steam,  and  the  active  volcanoes  are  there- 
fore situated  near  the  sea,  and  our  mountain  ranges  have  been  formed  by  the 
expulsion  of  lava  from  under  the  bed  of  the  sea  (cf.  "The  Cause  of  Earthquakes, 
Mountain  Formation  and  Kindred  Phenomena  Connected  with  the  Physics  of 
the  Earth,"  and  three  additional  Memoirs  by  the  writer  in  the  Proceedings  of 
the  American  Philosophical  Society,  Philadelphia,  1906-1908). 

If  it  be  remarked  that  the  outer  walls  of  a  terrestrial  volcano  were  formed 
by  explosions  which  blew  out  the  core,  and  the  central  peak  has  been  built  up  by 
subsequent  ejections  from  within;  and  the  question  be  asked  whether  a  Lunar 
crater  might  not  have  been  formed  by  an  enormous  explosion  producing  a  large 
hole  in  the  center  which  was  afterwards  filled  from  beneath,  we  may  answer  this 
question  emphatically  in  the  negative,  because  if  this  had  occurred  the  numerous 
flat-bottomed  craters  noticed  on  the  Moon  would  not  exist,  no  such  craters  being 
known  on  the  Earth;  and  moreover,  the  central  peaks  in  Copernicus,  Theophilus, 
etc.,  would  themselves  have  craters,  which  is  not  a  fact.  And  finally,  terrestrial 
volcanoes  are  all  elevated,  and  their  interior  craters  are  perched  much  above  the 
normal  level  of  the  surface;  while  on  the  Moon  the  craters  are  conspicuously 
depressed,  and  this  situation  cannot  be  reconciled  with  eruptive  forces. 

As  a  last  objection  against  the  impact  theory  it  might  be  asked  why,  if  the 
Lunar  craters  are  due  to  the  impact  of  satellites,  the  Earth  does  not  exhibit  batter- 
ings and  indentations  of  the  same  kind.  We  answer  that  the  geological  changes 
on  the  Earth,  due  to  the  action  of  the  oceans  and  the  atmosphere,  have  entirely 
obliterated  the  original  indentations  of  our  globe;  and  since  the  continents  were 
formed  the  Earth  has  suffered  no  important  collisions  with  satellites,  because  the 
region  in  which  it  moves  was  long  ago  cleared  of  small  bodies.  This  again  indicates 
that  the  conspicuous  indentations  still  visible  on  our  Moon  probably  were  made 
prior  to  its  capture  by  the  Earth;  which  affords  us  an  impressive  illustration  of 
the  enormous  age  of  the  solar  system  and  of  the  great  changes  occurring  on  the 
Earth,  while  scarcely  any  have  taken  place  on  the  Moon,  because  it  has  neither 
oceans  nor  atmosphere.  As  the  Moon  could  not  at  present  retain  air  or  water, 
it  is  obvious  that  it  has  never  had  these  elements;  and  for  this  additional  reason 
it  is  impossible  to  suppose  that  the  eruption  of  craters  has  ever  been  at  work  on 
our  satellite. 
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Aside  from  the  foregoing  apparently  conclusive  arguments  against  the  volcanic 
theory,  the  theory  of  satellite  impacts  presents  the  great  advantage  of  harmon- 
izing our  conceptions  of  Lunar  development  with  those  known  on  other  grounds 
to" have  operated  in  the  growth  of  the  planets;  for  all  the  largest  bodies  of  our 
system  have  augmented  their  masses  by  the  absorption  of  satellites.  The  impact 
theory  thus  accords  with  the  known  processes  of  cosmical  evolution,  which  are 
simple  and  everywhere  the  same. 

And  as  our  Moon  is  a  captured  planet,  on  which  surface  changes  are  nearly 
insensible,  owing  to  the  absence  of  water  and  atmosphere,  the  study  of  its  well- 
preserved  surface  phenomena  is  of  the  highest  importance  for  throwing  light  upon 
the  terrific  process  of  planetary  development  by  the  capture  of  satellites. 

§  167.     Indications  of  Planetary  Growth  Furnished  by  the  Indentations  on  the  Moon. 

The  conclusion  that  the  Lunar  globe  as  a  whole  has  never  been  molten  is  con- 
firmed from  another  point  of  view  by  an  exact  calculation  given  in  A  JV\,  4053, 
p.  345,  reproduced  in  §  208  of  this  volume,  showing  that  the  total  gravitational 
heat  of  condensation  of  the  Moon  would  raise  an  equal  mass  of  water  through 
only  408  degrees  centigrade.  It  is  there  pointed  out  that  the  development  of 
such  a  small  amount  of  heat,  in  the  course  of  long  ages,  would  not  at  any  time 
give  rise  to  a  temperature  that  would  produce  fusion  of  rock.  Even  when  radio- 
active substances  are  considered  the  conclusion  is  the  same  —  namely,  that  in 
the  slow  and  almost  insensible  development  of  the  Moon  by  accretion,  enough 
heat  to  produce  fusion  could  not  have  arisen. 

Accordingly  we  may  dismiss  the  old  volcanic  theory  once  for  all  as  false 
and  misleading,  and  may  look  upon  our  satellite  as  a  growing  mass  of  cosmical 
dust,  which  presents  to  us  the  most  lasting  and  convincing  evidence  of  the 
processes  of  capture,  collision,  and  accretion  by  which  the  heavenly  bodies  were 
formed. 

The  Moon  now  exhibits  many  large  craters  which  are  practically  buried  by 
the  accumulation  of  molten  rock  and  cosmical  dust ;  and  since  these  buried  craters 
are  no  doubt  as  deep  as  those  now  observed  in  full  view  upon  the  surface,  and 
therefore  not  far  from  five  miles  in  depth,  it  follows  that  we  have  before  us  indis- 
putable evidence  of  a  layer  of  molten  rock  and  cosmical  dust  covering  the  Moon 
to  a  depth  of  at  least  five  miles.  This  is  ?%■$  of  the  Moon's  radius,  and  the 
natural  inference  is  that  the  entire  globe  has  been  built  up  by  this  same  process 
of  accretion.  In  the  past  we  might  have  entertained  such  an  idea,  but  we  could 
nowhere  point  to  visible  proof  of  the  postulated  process.     If  this  be  the  true  mode 
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of  Lunar  formation  it  will  therefore  prove  extremely  useful  in  the  theories  of 
Cosmogony. 

As  the  South-Eastern  quadrant  of  the  Moon  is  that  which  is  the  most  terribly 
battered  by  collisions,  it  is  highly  probable  that  this  part  was  once  in  front,  when 
our  satellite  was  developing  and  revolving  as  an  independent  planet  about  the 
Sun.  If  this  be  so,  it  shows  that  after  the  Moon  began  to  form,  the  position  of 
the  axis  was  sensibly  shifted  by  collisions,  but  probably  not  greatly  changed  since 
this  globe  was  captured  by  the  Earth.  Admitting  this  probable  readjustment 
of  axis,  the  present  unsymmetrical  position  of  the  most  strongly  indented  face 
of  the  Moon,  shows  that  our  satellite  did  not  originate  near  the  Earth,  but  came 
to  us  from  the  heavenly  spaces.  The  indications  are  that  the  principal  indenta- 
tions on  the  Moon's  face  arose  when  our  satellite  was  still  an  independent  planet. 
To  be  sure,  the  contrast  between  her  face  and  that  of  the  Earth  might  be  explained 
partly  by  the  greater  activity  of  atmospheric  agents  on  our  globe;  but  since  no 
important  impacts  can  be  postulated  on  the  Moon  without  implying  corresponding 
catastrophes  on  the  Earth,  the  essential  absence  of  great  terrestrial  catastrophes 
during  Geological  History  throws  the  Moon's  construction  back  to  a  very  remote 
epoch;  and  it  therefore  becomes  more  logical  to  hold  that  the  history  of  the  two 
bodies  as  a  system  does  not  run  parallel  further  back  than  some  four  hundred 
million  years.  The  outstanding  inequality  in  the  Moon's  secular  acceleration 
makes  the  rate  of  approach  about  one  mile  in  200,000  years,  or  200,000  miles  in 
40,000,000,000  years.  If  the  effect  of  resistance  in  the  past  averaged  one  hundred 
times  what  it  is  now,  the  total  duration  since  the  capture  is  reduced  to  about 
four  hundred  million  years,  and  this  result  harmonizes  very  well  both  Astronomical 
and  Geological  phenomena.  Whilst  such  estimates  are  very  rough,  they  probably 
are  sufficiently  trustworthy  to  give  us  the  correct  order  of  the  time  involved,  and 
that  seems  to  be  all  we  can  hope  for  at  present.  Investigations  such  as  these 
afford  us  an  impressive  illustration  of  the  usefulness  of  the  theory  of  capture 
and  impact,  without  which  many  of  the  most  wonderful  phenomena  in  the  heavens 
would  remain  utterly  bewildering  to  astronomers. 

§  168.     The  Surface  Indications  of  the  Planet  Mercury  and  of  the  Other  Satellites 

of  the  Solar  System. 

« 

The  rough  experience  shown  by  the  battered  state  of  the  face  of  the  Moon 
gives  us  a  valuable  clue  to  the  past  history  of  the  other  bodies  of  the  solar  system. 
No  doubt  all  the  planetary  bodies,  both  large  and  small,  have  gone  through  a  similar 
experience,  and  we  may  conceive  all  of  them,  the  Earth  included,  to  have  suffered 
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countless  collisions  with  satellites  of  considerable  size.  Some  of  the  bodies  which 
collided  with  the  Earth  during  its  earlier  history  may  have  been  as  large  as  the 
Moon;  while  planets  as  large  as  the  Earth  may  have  collided  with  Jupiter  and 
Saturn,  Uranus  and  Neptune.  It  is  clear  that  many  such  considerable  masses 
have  been  swallowed  up  in  laying  the  foundations  of  these  immense  planets,  and 
a  similar  conclusion  is  even  more  emphatically  true  of  the  Sun.  But  the  events 
here  alluded  to  happened  a  long  time  ago,  and  no  trace  of  the  effect  is  now  observ- 
able, unless  it  be  in  the  great  red  spot  on  Jupiter,  which  may  be  a  survival  of 
such  a  catastrophe  of  comparatively  recent  date.  All  the  large  planets  are  covered 
by  atmospheres  which  conceal  from  our  view  the  internal  state  of  the  several 
bodies  in  question. 

But  if  we  consider  a  small  planet  such  as  Mercury,  which  cannot  retain  or 
build  up  an  atmosphere  of  much  density,  owing  to  its  feeble  power  of  gravitation, 
we  shall  perceive  that  its  surface  ought  still  to  be  similar  to  that  of  the  Moon, 
covered  with  great  indentations  and  streaks  due  to  the  impact  of  satellites.  Now 
in  1901,  while  observing  under  the  best  atmospheric  conditions  with  the  twenty- 
six-inch-  Equatorial  at  Washington,  the  author  obtained  the  impression  that  the 
planet  Mercury  actually  has  a  surface  similar  to  that  of  our  Moon.  In  view  of 
our  present  knowledge  of  the  causes  which  have  produced  the  craters  and  larger 
markings  on  the  Lunar  surface,  it  is  impossible  to  doubt  that  the  impression  gotten 
at  Washington  rests  on  a  real  foundation.  We  may  therefore  safely  conclude 
that  all  the  smaller  planetary  bodies,  such  as  Mercury  and  the  satellites,  have 
battered  surfaces  essentially  analogous  to  that  of  the  terrestrial  satellite,  which 
alone  admits  of  minute  telescopic  investigation. 

Some  markings  have  been  observed  on  the  satellites  of  Jupiter  and  Saturn, 
but  their  exact  character  has  not  been  made  out  with  entire  certainty.  The 
satellite  Iapetus  has  a  dark  side,  due  no  doubt  to  a  dark  area  of  large  size  similar 
to  the  so-called  seas  on  the  Moon.  This  satellite  therefore  is  variable,  and  it  has 
been  possible  to  conclude  from  observations  of  its  light  that  it  shows  always  the 
same  face  toward  Saturn.  In  the  same  way  a  number  of  the  Asteroids  are  variable 
in  brightness.  They  too  have  been  battered  up  by  collisions  such  as  we  see  im- 
pressed on  the  face  of  our  terrestrial  satellite.  It  will  be  remembered  that  the 
planet  Eros  underwent  considerable  variations  of  brightness  in  1901,  and  some 
observers  then  remarked  that  the  light  fluctuations  would  be  most  easily  explained 
by  the  hypothesis  that  it  is  double.  Though  such  a  phenomenon  would  be  ex- 
tremely rare,  it  is  clear  that  two  asteroids  might  collide  in  such  a  way  as  to  form  a 
double  planet  of  two  globes  cemented  together.  But  whether  Eros  be  double, 
or  single,  it  is  clear  that  the  asteroid  has  suffered  collisions  in  past  ages,  and  now 
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has  a  figure  of  unequal  .brightness  in  its  different  parts.  A  similar  remark  applies 
to  many  of  the  Asteroids  —  they  have  been  in  collisions !  And  therefore  their 
light  fluctuations  are  not  remarkable,  but  naturally  to  be  expected.  The  intelli- 
gent study  of  our  Moon  therefore  throws  an  unexpected  light  upon  many  celestial 
phenomena,  which  otherwise  would  remain  very  obscure. 

On  the  Cause  of  the  Variability  of  Certain  Satellites  of  the  Planets  of  the  Solar  System. 

The  observed  variability  in  the  brightness  of  certain  satellites  of  the  solar 
system  has  long  been  a  source  of  perplexity  to  astronomers,  and  although  several 
explanations  of  the  phenomenon  have  been  offered,  probably  none  of  them  can 
be  proved  to  rest  on  a  true  physical  cause.  The  distance  of  the  satellites  is  so  great 
that  in  all  probability  our  own  Moon  is  the  only  one  of  these  bodies  which  can 
ever  be  observed  with  much  detail.  It  happens,  however,  that  there  is  great 
similarity  between  our  satellite  and  those  of  the  other  planets,  and,  moreover, 
that  the  cause  which  has  operated  in  shaping  the  surface  of  our  Moon  is  now 
apparently  established  beyond  doubt.  Our  Moon  always  shows  the  same  sur- 
face towards  the  Earth,  and  the  same  relationship  seems  to  hold  true  for  the 
principal  satellites  of  Jupiter  and  Saturn.  As  pointed  out  in  A.N.,  4343,  these 
small  bodies  probably  never  had  much  axial  rotation,  but  even  that  little  has 
been  destroyed  by  tidal  friction  of  the  central  planet  which  now  governs  their 
motions.  As  an  illustration  of  the  variation  of  the  light  of  the  satellites,  it  will 
suffice  to  refer  to  the  case  of  the  Saturnian  satellite,  Iapetus.  Soon  after  its  dis- 
covery by  Cassini  in  1671,  it  became  so  faint  that  it  was  lost  and  not  recovered 
until  the  following  year.  He  then  found  that  it  regularly  became  invisible  in 
the  following  half  of  its  orbit,  and  his  early  conclusions  were  verified  by  Sir  Wm. 
Herschel  in  1792  (Phil.  Trans.,  1792,  p.  14)  and  are  familiar  to  all  modern  obser- 
vers. This  regular  fluctuation  in  the  brightness  has  been  explained  by  the  cir- 
cumstance that  the  satellite  presents  always  the  same  face  towards  Saturn,  just 
as  the  Moon  does  towards  the  Earth;  and  by  the  additional  circumstance  that 
different  areas  on  the  surface  of  the  satellite  are  of  very  different  degrees  of  bright- 
ness. But  what  is  the  cause  of  extreme  dullness  in  certain  areas,  and  great  bright- 
ness in  others?  To  answer  this  question  it  is  sufficient  to  recall  the  dark  areas 
on  the  Moon.  These  so-called  maria  are  level  plains  in  which  the  inequalities  of 
surface  have  been  obliterated  by  the  heat  of  collision  with  a  satellite  of  large 
size.  Considerable  sized  areas  have  thus  been  melted,  and  now  reflect  but  very 
little  light,  as  we  have  seen  in  the  above  discussion  on  the  origin  of  the  Lunar 
Craters. 
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A  similar  cause  has  been  at  work  on  the  surface  of  Iapetus  and  it  thus  happens 
that  the  face  turned  to  us  on  the  following  side  is  unusually  dark.  The  darkness 
is  no  doubt  similar  to  that  presented  by  the  maria  on  the  Moon  and  there  is  no 
reason  why  most  of  it  should  not  be  on  one  side.  In  fact,  our  Moon  itself  as  seen 
from  a  distance  would  be  slightly  variable.  Under  the  circumstances  it  is  not 
remarkable  that  the  larger  satellites  of  Jupiter,  as  well  as  those  of  Saturn  should 
exhibit  unmistakable  variability,  depending  on  the  conjunctions  with  their  planets, 
as  carefully  investigated  by  Dr.  Paul  Guthnick  in  A.N.,  4023,  and  A.N.,  4098. 

The  brighter  sides  of  these  satellites  are  very  rough  and  covered  by  craters 
such  as  we  find  abundantly  on  the  Moon,  while  the  darker  sides  have  a  prepon- 
derance of  maria,  and  the  result  is  the  fluctuation  in  brightness  found  by  obser- 
vation. 

The  variability  of  the  satellites  of  Jupiter  and  Saturn,  photometrically  investi- 
gated by  Guthnick  in  A.N.,  4023,  and  A.N.,  4098,  indicates  that  they,  too,  have 
maria  covering  their  surfaces,  due  to  collisions,  as  in  the  case  of  the  Moon.  For, 
as  observed  from  a  distance,  the  Moon  also  would  be  variable,  according  to  the 
extent  of  the  maria  on  the  side  towards  the  Sun.  Lastly,  the  mathematical 
argument  regarding  the  capture  of  the  satellites  and  of  the  Moon  is  confirmed  by 
Schroeter's  observations,  1789-1793,  showing  that  the  planet  Venus  rotates  in 
twenty-three  hours,  twenty-one  minutes.  For,  if  Venus  has  that  period,  the 
Earth  never  could  have  rotated  faster  than  at  present,  and  the  Moon  necessarily 
would  be  a  captured  planet.  There  is  found  also  to  be  a  theoretical  reason  why 
Venus  ought  to  rotate  faster  than  the  Earth,  so  that  the  capture  of  the  Moon  is 
confirmed  both  by  the  observations  of  Venus  and  by  mathematical  theory,  and 
the  origin  of  the  Lunar  craters  by  impact  is  a  necessary  corollary  to  the  capture 
theory  of  satellites. 

§  169.     The  Terrestrial  Mountain  Ranges  Entirely  Different  from  Those  on  the  Moon. 

The  presence  of  considerable  ranges  of  mountains  on  the  Moon  seems  to  call 
for  a  brief  discussion  of  their  mode  of  formation,  and  we  should  therefore  pause 
to  consider  the  mountains  of  the  Earth,  as  the  only  other  planet  about  which  we 
possess  any  definite  knowledge.  It  is  a  remarkable  fact  which  cannot  be  too 
strongly  emphasized,  that  the  Terrestrial  Mountains  are  entirely  different  from 
those  on  the  Moon.  We  have  seen  that  every  indication  furnished  by  the  surface 
of  the  Moon  points  to  impacts  with  other  bodies  as  the  origin  of  the  scars  now  seen 
on  her  face.  Not  only  the  craters  and  smaller  inequalities  of  surface,  but  also 
the  longer  ranges  of  mountains  may  be  traced  to  this  cause.     For  ranges  such 
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as  the  Alps  and  Apennines,  etc.,  are  found  to  enclose  areas  such  as  the  Mare 
Imbrium,  Mare  Sereniiatis,  and  other  so-called  seas.  And  we  have  seen  that 
the  larger  areas  of  the  Moon,  as  well  as  the  smaller  ones,  have  been  made  by  impact 
with  other  bodies  like  the  Asteroids.  Apparently  the  central  areas  have  been 
melted,  and  walls  thrown  up  around  them,  while  much  vapor  has  often  been 
expelled  in  various  directions.  In  the  case  of  the  Lunar  Seas,  the  falling  bodies 
have  been  of  large  size  and  the  impacts  of  unusual  violence;  so  that  mountain 
ranges  have  been  formed  about  the  margins  of  the  disturbed  areas.  A  careful 
examination  of  the  entire  Lunar  surface  shows  that  this  process  has  been 
general;  the  phenomena  are  so  continuous  that  it  obviously  applies  to  all  the 
ranges  of  mountains  as  well  as  to  the  craters  observed  on  the  surface  of  our 
satellite. 

The  process  of  satellite  impact  is  entirely  different  from  that  which  has 
been  at  work  on  the  Earth,  where  the  mountain  ranges  have  arisen  from  the 
wrinkling  of  the  crust  produced  by  the  leakage  of  the  oceans  and  the  expulsion 
of  lava  at  the  margins  of  the  sea.  This  new  Theory  of  Terrestrial  Mountain 
Formation  was  developed  by  the  writer  in  1906-8,  and  published  in  four  Memoirs 
included  in  the  Proceedings  of  the  American  Philosophical  Society  held  at  Phila- 
delphia.* 

It  is  there  shown  that  six  great  classes  of  phenomena,  namely:  (1)  world- 
shaking  earthquakes,  (2)  volcanoes,  (3)  mountain  formation,  (4)  the  formation 
of  islands  and  plateaus,  (5)  seismic  sea-waves,  (6)  the  feeble  attraction  of  moun- 
tains and  plateaus,  all  depend  on  the  movement  of  lava  beneath  the  crust,  due 
primarily  to  the  leakage  of  the  oceans.  The  Andes,  for  example,  have  been  pro- 
duced by  the  ocean  injecting  lava  under  the  west  coast  of  South  America  till  it 
has  finally  erected  a  great  wall  along  the  border  of  the  continent.  The  expulsion 
of  the  lava  produces  the  terrible  earthquakes,  and  the  subsequent  sinking  of  the 
sea  bottom  gives  rise  to  the  seismic  sea-waves  which  have  often  proved  disastrous 
to  the  western  seaboard  of  South  America. 

The  same  process  of  mountain  formation  is  beautifully  shown  in  the  Aleutian 
Islands,  which  are  a  mountain  range  still  under  water.     The  deep  valley  south 

*1.     "The  Cause  of  Earthquakes,  Mountain  Formation  and  Kindred  Phenomena  Connected  with  the  Physics 
of  the  Earth."     Proc.  Am.  Philos.  Soc.,  1906. 

2.  "On  the  Temperature,  Secular  Cooling  and  Contraction  of  the  Earth  and  on  the  Theory  of  Earthquakes 
Held  by  the  Ancients."     Proc.  Am.  Philos.  Soc,  1907. 

3.  "  The  New  Theory  of  Earthquakes  and  Mountain  Formation  as  Illustrated  by  Processes  Now  at  Work  in 
the  Depths  of  the  Sea."     Proc.  Am.  Philos.  Soc,  1907;   issued  in  March,  1908. 

4.  "  Further  Researches  on  the  Physics  of  the  Earth,  and  Especially  on  the  Folding  of  Mountain  Ranges  and 
the  Uplift  of  Plateaus  and  Continents  Produced  by  Movements  of  Lava  Beneath  the  Crust  Arising  from  the  Secular 
Leakage  of  the  Ocean  Bottoms."     Proc.  Am.  Philos.  Soc,  1908;  issued  in  September,  1908. 
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of  the  Aleutian  Islands,  formed  by  the  sinking  of  the  sea  bottom  when  the  lava 
is  expelled  from  under  it  in  great  earthquakes,  illustrates  the  process  of  mountain 
formation  so  plainly  that  no  doubt  can  remain  that  the  movement  depends  on 
the  leakage  of  the  waters  of  the  ocean  through  the  Earth's  crust.  The  greatest 
plateaus  of  the  globe,  like  the  principal  mountain  ranges  connected  with 
them,  face   the  greatest  oceans,  and  they  have  all  been  uplifted  by  the  same 

process. 

The  movement  which  results  in  mountain  uplifts  takes  place  in  a  thin  layer 
of  quasi-solid  lava  just  beneath  the  crust.  Otherwise  the  matter  of  the  globe 
behaves  throughout  as  solid,  owing  to  the  great  pressure  to  which  it  is  subjected. 
The  rigidity  of  the  Earth  depends  on  the  solidity  produced  by  the  pressure,  both 
the  temperature  and  pressure  increasing  towards  the  centre  and  keeping  the 
matter  everywhere  solid  and  rigid,  though  at  enormously  high  temperature. 

From  these  considerations  we  see  that  mountain  formation  on  the  Earth 
and  on  the  Moon  depend  on  entirely  different  causes.  On  our  planet,  under 
present  conditions,  there  would  be  no  mountain  formation  without  the  oceans. 
As  there  have  never  been  any  oceans  on  the  Moon,  the  formation  of  the  Lunar 
mountains  must  necessarily  have  depended  on  a  different  process.  And  whilst 
the  process  of  impact  which  still  shows  on  the  Moon's  face  has  also  operated  in 
the  primeval  history  of  the  Earth,  it  was  earlier  than  the  development  of  the 
mountain  ranges  now  observed  upon  our  planet.  All  traces  of  the  earliest  im- 
pacts of  satellites  against  the  Earth  have  been  obliterated  by  the  secular  effects 
of  the  oceans  and  of  the  atmosphere,  which  have  thus  produced  the  whole  series  of 
sedimentary  rocks  that  have  preserved  the  records  of  the  life  history  of  the  globe. 

§  170.     The  Misleading  Doctrine  of  the  Secular  Cooling  and  Contraction 

of  the  Earth. 

The  misleading  doctrine  of  the  secular  cooling  and  contraction  of  the  Earth 
is  so  widespread  in  the  literature  of  modern  science  that  it  calls  for  some  notice 
in  the  present  discussion.  In  the  four  Memoirs  recently  published  in  the  Pro- 
ceedings of  the  American  Philosophical  Society,  to  which  allusion  has  already 
been  made,  it  seems  to  be  proved  conclusively  that  the  terrestrial  mountains 
are  formed  by  the  sea,  and  that  the  shrinkage  of  the  Earth  is  wholly  insensible, 
and  more  than  counteracted  by  a  secular  expansion  of  the  globe,  due  to  the  leakage 
of  the  oceans.  It  is  estimated  by  the  best  data  now  available  that  the  expansion 
of  the  globe  is  from  ten  to  one  hundred  times  more  rapid  than  the  shrinkage  due 
to  secular  cooling.     No  account  is  there  taken  of  the  secular  development  of  heat 


c 


■S  —  .2 

IS  a> 

c    i.  - 

_2     O  «j 


w     OJ     ^ 

E  ~    Ji 


o    a   o. 
♦^    rt    to 


H 
M 
-< 


« 
< 
Ph 
P 

•< 

Eh 

P 
O 

K 
H 

H 

Si 

s  '""' 

H  00 


B     O 
O    h-T 


EX 

8! 


pq 
O 
J 


H      . 


00     I* 


w 


to 


03 

a 


03 

K 

.2  "C 

H 

e-  s: 

fc 

X, 

«i  -3 

-r; 

fl     oj 

M 

_c     « 

to 

H 


-J 

Oh 


AND  CONTRACTION  OF  THE  EARTH.  355 

due  to  Radio- Activity,  because  it  is  difficult  to  estimate  this  effect  accurately; 
but  if  this  could  be  included  it  seems  certain  that,  aside  from  the  expansion  depend- 
ing on  the  leakage  of  the  oceans,  it  would  be  proved  that  the  Earth  is  undergoing 
no  secular  shrinkage  whatever. 

To  show  the  basis  of  this  reasoning,  without  going  into  details,  we  may  remark 
that,  ignoring  radio-activity,  the  loss  of  heat  due  to  the  secular  cooling  of  the 
globe  is  such  as  to  produce  a  contraction  of  the  Earth's  radius  of  only  1.5  inches 
in  2,000  years.  Now  in  a  single  earthquake  at  Yakutat  Bay,  Alaska,  in  1899, 
the  sea-coast  was  raised  for  more  than  one  hundred  miles,  by  amounts  varying 
from  3  to  47J  feet.  Small  subsidences  also  occurred  in  a  few  places,  but  the 
movement  of  elevation  greatly  predominated.  As  between  a  shrinkage  of  1.5 
inches  in  2,000  years,  and  an  uplift  of  from  3  to  47J  feet  at  a  single  disturbance, 
there  is,  of  course,  no  comparison.  How  many  such  earthquakes  would  occur 
in  2,000  years  cannot  be  accurately  determined,  but  it  is  safe  to  say  that  one  in 
a  century  would  not  be  an  excessive  estimate.  Obviously  such  an  infinitesimal 
shrinkage  as  1.5  inches  in  2,000  years  would  produce  no  earthquakes  whatever. 
Accordingly  it  is  now  generally  recognized  that  earthquakes  and  mountain  forma- 
tion depend  on  the  secular  leakage  of  the  oceans  as  their  true  physical  cause. 

Under  the  circumstances  the  antiquated  doctrine  of  the  secular  cooling  and 
shrinkage  of  the  Earth  cannot  be  too  strongly  condemned.  It  has  been  a  prolific 
source  of  mischief,  and  wholly  misleading  in  its  effects  upon  scientific  thought. 
Before  we  can  make  solid  progress,  this  erroneous  doctrine  must  be  permanently 
given  up;  it  is  entirely  devoid  of  foundation,  and  contradicted  by  the  most  obvious 
phenomena  of  Nature. 

All  the  speculations  in  works  on  Geology  and  Physics  of  the  Earth,  imply- 
ing a  contraction  of  our  globe,  are  therefore  worthless.  We  must  unreservedly 
abandon  the  idea  that  faults  in  the  Earth's  crust  are  traceable  to  such  a  cause; 
for  it  has  been  proved  that  all  these  movements  are  caused  by  the  leakage  of 
the  oceans  and  by  no  other  cause  whatsoever. 

For  the  same  reason  we  are  not  to  entertain  the  doctrine  that  faults  on  the 
Moon  are  due  to  the  cooling  of  the  Moon's  globe.  The  entire  Lunar  globe  has 
never  been  at  high  temperature,  and  its  surface  has  never  been  wrinkled  by  cool- 
ing and  contraction.  Whatever  may  have  produced  the  few  faults  suspected 
to  exist  on  the  Moon's  face,  it  certainly  was  not  secular  cooling,  as  that  erroneous 
doctrine  has  been  applied  to  the  Earth.  In  all  probability  the  faults  which  may 
exist  on  the  Moon  are  to  be  referred  to  the  strains  of  the  violent  shocks  accom- 
panying the  terrible  impacts  which  our  frail  satellite  has  experienced  in  past 
ages.     If  the  great  elastic  waves  accompanying  these  terrible  blows  did  not  give 
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rise  to  some  breaks  of  the  Lunar  surface,  it  would  be  very  remarkable  indeed. 
It  is  to  such  causes,  both  tangible  and  real,  that  we  should  refer  all  the  phenomena 
of  the  Lunar  surface.  The  theory  of  secular  cooling  cannot  be  admitted  for  two 
reasons:  (1)  The  Moon,  as  a  whole,  was  never  at  very  high  temperature,  and 
therefore  never  cooled  greatly;  (2)  secular  cooling  has  produced  no  sensible  effects 
on  the  terrestrial  globe,  and  therefore  is  not  likely  to  have  been  more  effective 
on  a  globe  which  has  cooled  much  less  than  our  own. 


CHAPTER  XV. 


New  Theory  of  the  Origin  of  the  Planetary  System. 

§  171.     Three  and  Only  Three  Admissible  Hypotheses  Regarding  the  Mode  of  Origin 

of  the  Planets  and  Satellites. 

(1)  That  the  planets  and  satellites  were  originally  detached  from  the  central 
bodies  which  now  govern  their  motions,  by  acceleration  of  rotation,  or  formed  from 
the  condensation  of  matter  thus  thrown  off,  as  was  imagined  by  Laplace  in  1796. 

(2)  That  the  planets  and  satellites  are  all  captured  bodies,  the  planets  having 
been  captured  by  the  Sun  and  the  satellites  captured  by  their  several  planets, 
as  announced  by  the  author  in  Astronomische  Nachrichten,  4308. 

(3)  That  the  planets  and  satellites  were  formed  right  where  they  now  revolve, 
by  the  agglomeration  of  scattered  particles  of  cosmical  dust. 

These  are  all  the  hypotheses  which  need  be  considered  regarding  the  forma- 
tion of  the  Solar  System.  In  the  first  hypothesis  the  bodies  are  thrown  off,  and 
thus  go  from  the  center  outwards  or  at  least  remain  behind  in  the  assumed  shrink- 
age of  the  central  mass;  in  the  second  hypothesis  they  come  from  a  distance 
inwards;  while  in  the  third  hypothesis  they  neither  approach  to  nor  recede  from 
the  central  masses,  but  remain  at  the  same  distance.  Any  intermediate  hypothesis 
will  partake  of  the  properties  of  these  three.  Whatever  be  the  true  mode  of 
formation  of  the  planets  and  satellites,  it  will  necessarily  be  included  under  one 
or  more  of  these  hypotheses,  and  all  others  are  excluded. 

1.  As  to  the  first  hypothesis,  that  the  bodies  were  detached  from  their 
central  masses  by  acceleration  of  rotation,  as  imagined  by  Laplace,  we  need  do 
nothing  more  than  recall  Babinet's  criterion  given  below,  in  §  173,  to  assure 
ourselves,  by  the  results  of  exact  calculation,  that  the  supposed  detachment  did 
not  occur.  It  is  thus  shown  that  the  centrifugal  force  was  always  much  too 
small  to  overcome  the  centripetal  force  of  gravity.  Even  in  the  case  of  Saturn's 
equator,  where  the  conditions  are  most  favorable  for  a  separation,  it  never  ex- 
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ceeded  one-seventh  part  of  the  centrifugal  force  required  to  detach  a  satellite 
(cf.  A.N.,  4341-42,  and  §  101,  p.  212). 

Babinet's  criterion  is  therefore  absolutely  decisive  against  the  Laplacian 
doctrine  of  detachment,  and  we  are  compelled  to  admit  that  it  did  not  occur, 
even  for  the  rings  or  any  of  the  satellites  of  Saturn,  and  still  less  could  it  have 
occurred  elsewhere  in  our  system. 

2.  In  regard  to  the  second  hypothesis,  that  the  bodies  have  been  captured, 
and  added  on  from  without,  and  thus  come  in  from  a  distance,  the  proof  already 
advanced  is  sufficient,  and  need  not  be  repeated  here. 

3.  That  the  bodies  could  be  formed  out  of  scattered  dust  right  where  they 
now  revolve  will  not  be  admitted  by  any  one  who  has  considered  the  feebleness 
of  the  force  of  gravity  and  its  inefficiency  in  producing  aggregation,  where  dis- 
turbing and  disrupting  forces  are  at  work. 

It  is  recognized  that  gravitation  is  such  a  feeble  force  that  it  may  produce 
globes  out  of  scattered  material  only  if  disturbing  causes  are  absent,  otherwise 
aggregation  cannot  take  place.  As  far  back  as  1861  Kirkwood  had  reached 
the  conclusion  that  comets  are  disintegrated,  and  in  1884  he  became  impressed 
with  the  difficulty  of  imagining  scattered  masses  to  condense  into  globes.  The 
tidal  action  of  the  sun  had  been  shown  to  have  a  tendency  to  spread  a  loose  non- 
resisting  mass  into  a  ring  of  matter  diffused  around  the  orbit;  especially  when 
the  eccentricity  is  high,  and  the  perihelion  distance  small.  "Analysis  seems  to 
indicate  that  planets  and  comets  have  not  been  formed  from  rings  but  rings  from 
planets  and  comets"  (Proc.  Am.  Philos.  Soc,  Vol.  XXII,  p.  109).  So  much 
was  inferred  from  mathematical  theory,  and  the  theory  found  verification  in 
the  observed  diffusion  of  meteoric  trains  along  the  paths  of  comets,  which  are 
dispersed  in  many  cases  with  surprising  rapidity. 

This  objection  obviously  does  not  hold  against  a  mass  of  some  size  revolving 
in  an  orbit  nearly  circular.  It  is  only  in  the  case  of  such  considerable  masses, 
or  smaller  masses  revolving  at  greater  distances  from  the  Sun,  that  we  have  stable 
conditions  permitting  of  growth  by  accretion.  It  is  well  known  that,  within 
Roche's  limit,  the  bodies  could  not  be  detached  as  single  masses,  because  they 
would  be  torn  to  pieces  by  tidal  action.  And  if  detached  as  fragments,  within 
this  limit,  aggregation  could  not  occur  so  long  as  the  pieces  remained  near  a 
large  central  body,  because  the  disrupting  tendency  would  prevent  the  small 
bodies  from  uniting.  And  at  any  moderate  distance  from  a  dominant  central 
mass  the  particles  would  still  have  unequal  velocities  of  angular  movement, 
so  that  they  could  not  unite  under  the  feeble  attraction  of  their  own  grav- 
itation ;    and  the  result  would  be  a  swarm  of  dust  analogous  to  what  we  see  in 
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the  rings  of  Saturn  and  in  the  matter  revolving  about  the  Sun  and  producing  the 
Zodiacal  Light. 

Accordingly,  while  the  planets  and  satellites  already  formed  could  gather  up  and 
do  actually  gather  up  some  ivaste  material  where  they  now  revolve,  they  could  not 
possibly  have  started  as  mere  particles  of  dust  so  close  to  the  large  masses  which  now 
govern  their  motions.  In  a  region  so  near  large  masses  the  dispersive  and  dis- 
ruptive tendency  would  prevent  the  development  of  sensible  nuclei  from  scattered 
particles  of  fine  dust.  It  is  therefore  impossible  for  the  planets  and  satellites  to 
have  formed  where  they  now  revolve,  and  the  last  of  the  three  hypotheses  is 
wholly  excluded  from  consideration. 

As  the  first  hypothesis  is  excluded  by  Babinet's  criterion,  while  the  third 
is  eliminated  by  the  considerations  based  on  the  tendency  to  dispersion  just  adduced, 
there  remains  only  the  second  as  a  possible  mode  of  formation  of  the  planets  and 
satellites.  By  the  logical  process  of  exclusion  we  are  thus  restricted  to  the  Capture 
Theory,  and  it  therefore  follows  that  the  planets  have  been  captured  by  the  Sun, 
and  the  satellites  captured  by  their  several  planets.  This  is  the  only  admissible 
hypothesis  respecting  the  mode  of  formation  of  the  solar  system,  and  the  mathe- 
matical theory  of  the  capture  of  these  bodies  already  developed  shows  that  it  is 
the  true  law  of  Nature. 

§  172.     Statement  of  the  Objections  to  Laplace's  Theory. 

Although  Babinet's  criterion  establishes  the  inadmissibility  of  the  Laplacian 
theory,  and  it  therefore  can  no  longer  be  considered  to  represent  a  true  cosmical 
process,  yet  owing  to  the  important  part  played  by  this  now  abandoned  theory 
in  the  past  history  of  Cosmogony,  it  seems  advisable  to  give  a  condensed  resume 
of  the  principal  objections  to  this  celebrated  theory. 

1.  A  system  of  distinct  rings  could  not  form  and  separate  as  imagined  by 
Laplace;  but  if  the  rotation  were  rapid  enough  to  produce  detachment,  the 
matter  lost  would  be  in  the  form  of  a  continuous  zone  of  uniformly  scattered 
particles,  without  noticeable  division  into  rings.  And  obviously  such  a  swarm 
of  particles  could  not  condense  into  planets  and  satellites,  but  would  remain  a 
mass  of  cosmical  dust. 

2.  If  a  system  of  rings  existed,  they  could  not  condense  into  a  system  of 
planets  or  satellites,  because  the  feeble  attraction  of  gravity  would  not  enable 
the  diffused  particles  of  dust  to  get  together  into  one  mass.  The  criticism  of 
Newcomb  on  this  point  (Popular  Astronomy,  edition  of  1878,  pp.  504-6;  p.  523), 
is  still  valid,  and  could  hardly  be  improved  upon. 
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3.  In  general,  the  nebulae  of  the  heavens  are  shown  to  take  the  spiral  form, 
because  the  coils  of  the  nebulae  are  not  in  equilibrium,  but  gradually  settling 
and  winding  up  under  the  attraction  of  gravitation.  In  such  a  spiral  nebula 
there  is  little  or  no  hydrostatic  pressure;  and  therefore  there  is  no  connection 
between  the  coils  of  a  spiral  nebula  and  Laplacian  Rings,  because  by  hypothesis 
the  latter  are  thrown  off  under  conditions  of  fluid  equilibrium,  while  these  hydro- 
static conditions  are  seldom  or  never  present  in  a  spiral  nebula. 

4.  In  the  Laplacian  Theory  a  satellite  cannot  revolve  faster  than  its  planet 
rotates  on  its  axis;  this  Laplacian  condition  is  contradicted,  however,  by  the 
observed  motion  of  Phobos,  the  inner  satellite  of  Mars,  and  by  the  rapid  rev- 
olution of  the  rings  of  Saturn. 

5.  And  in  the  table  of  data  deduced  from  the  application  of  Babinet's 
criterion,  we  see  that  nearly  all  of  the  phenomena  of  the  solar  system  unmistakably 
contradict  the  theory  of  Laplace;  so  that  the  classical  nebular  hypothesis  is 
entirely  untenable  and  must  be  permanently  abandoned. 

6.  Moulton's  Criticisms  of  the  Laplacian  Theory.  In  the  Astrophysical 
Journal,  Vol.  XI,  March,  1900,  Professor  F.  R.  Moulton  has  several  destructive 
criticisms  of  Laplace's  Theory  which  are  of  considerable  weight.  We  shall  notice 
especially  that  based  on  the  lack  of  constancy  in  the  moment  of  momentum, 
which  mechanically  is  closely  related  to  Babinet's  criterion,  and  leads  to  similar 
results.  Let  M  represent  the  moment  of  momentum  of  a  sphere  of  the  radius 
R  rotating  with  the  angular  velocity  <a,  and  o-  the  density;  then  we  have  for 
the  solar  nebula  the  expression: 

M=w/       I         /<rr*smt6d6d<t>dr.  (370) 


0  0  0 


Suppose  the  density  depends  upon  the  distance  from  the  centre ;   then     o-  =  /(r) . 
Substituting  in  (370)  and  integrating,  we  have 


M  =  |  ™//(r)  r*dr.  (371) 


Using  the  laws  of  density  employed  by  Darwin  in  his  paper  of  the  "  Mechanical 
Condition  of  a  Swarm  of  Meteorites,"  p.  25,  Moulton  finds  by  quadrature  the 
following  values  of  the  moment  of  momentum: 
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M  =  32.176,  when  the  nebula  extended  to  the  orbit  of  Neptune  ; 
M  =  13.250,  when  the  nebula  extended  to  the  orbit  of  Jupiter; 
M  =    5.690,  when  the  nebula  extended  to  the  orbit  of  the  Earth  ; 
M  =    3.400,  when  the  nebula  extended  to  the  orbit  of  Mercury  ; 
M  =    0.151,  the  value  in  the  system  at  present. 

"  Instead  of  being  a  constant,  the  moment  of  momentum  is  found  to  vary- 
in  a  remarkable  manner.  On  account  of  the  approximations  made  the  first  num- 
ber is  somewhat  too  small,  while  the  last  is  too  large,  as  the  Sun  was  assumed 
to  be  homogeneous  in  computing  the  moment  of  momentum  which  enters  into 
it.  Notwithstanding  these  errors  in  opposite  directions,  the  moment  of  mo- 
mentum in  the  first  case  is  213  times  that  in  the  last.  It  follows  from 
these  figures  that  if  the  mass  of  the  solar  system  filled  a  spheroid  extending  to 
Neptune's  orbit,  and  rotated  with  a  velocity  sufficient  to  make  its  moment  of 
momentum  equal  to  that  of  the  present  system,  and  if  it  then  contracted  with 
the  law  of  density  always  that  adopted  above,  the  centrifugal  force  would  not 
equal  the  centripetal  until  it  had  shrunk  far  within  Mercury's  orbit.  Such  an 
enormous  difference  cannot  be  ascribed  to  uncertainties  in  the  law  of  density  or  to 
approximations  in  the  mechanical  quadratures;  but  it  points  to  a  mode  of  develop- 
ment quite  different  from,  and  much  more  complicated  than,  that  postulated  in 
the  nebular  theory  under  discussion." 

7.  The  rarity  of  the  solar  nebula  postulated  by  Laplace,  namely,  two  hun- 
dred and  sixty  million  times  less  than  that  of  atmospheric  air  at  sea  level,  was 
such  that  it  could  not  transmit  hydrostatic  pressure  from  the  centre  outward; 
this  objection  was  strongly  urged  over  forty  years  ago  by  Kirkwood  and  Peirce; 
and  it  alone  would  exclude  the  possibility  of  the  process  imagined  in  the  classic 
theory,  which  requires  the  exertion  of  hydrostatic  pressure. 

8.  Retrograde  satellites  like  those  of  Jupiter  and  Saturn  cannot  be  reconciled 
to  the  Laplacian  hypothesis,  without  assuming  planetary  inversion,  which  is  not 
admissible.  An  equally  great  difficulty  arises  in  any  attempt  to  explain  the  retro- 
grade systems  of  Uranus  and  Neptune. 

Many  other  objections  more  or  less  related  to  these  could  be  urged  against 
the  hypothesis  of  Laplace,  but  it  is  not  necessary  to  thrice  slay  the  slain;  and 
we  therefore  dismiss  the  subject  as  requiring  no  further  consideration.  Even  if 
the  form  of  the  Laplacian  hypothesis  be  modified  as  suggested  by  Fa  ye,  Roche 
and  other  writers,  the  above  objections  will  still  be  quite  insurmountable,  and 
there  is  therefore  no  course  open  to  us  but  to  permanently  and  uncondition- 
ally abandon  it. 
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§  173.     Babinet's  Criterion  Based  on  the  Mechanical  Principle  of  the 

Conservation  of  Areas. 

To  establish  the  truth  of  the  proposition  that  the  planets  and  satellites  have 
not  been  detached  by  acceleration  of  rotation,  as  imagined  by  Laplace,  but  on 
the  contrary  have  been  captured  and  added  on  from  without,  and  have  since 
had  their  orbits  reduced  in  size  and  rounded  up  under  the  secular  action  of  the 
nebular  resisting  medium  formerly  pervading  the  solar  system,  it  is  sufficient  to 
repeat  the  argument  advanced  in  A.N.,  4308,  and  to  apply  to  the  motion  of  these 
bodies  a  criterion  based  on  the  mechanical  principle  of  the  conservation  of  areas, 
which  was  proposed  by  Babinet  in  1861  (Comptes  Rendus,  Tome  52,  p.  481,  March 
18,  1861).  In  the  paper  of  Babinet  here  referred  to  it  is  shown  that  if  a>  be 
the  Sun's  angular  velocity  of  rotation  with  radius  r,  and  a/  and  /  the  same 
quantities  when  the  matter  of  this  globe  is  expanded  into  a  sphere  of  radius  r1 ; 
then  by  the  law  of  the  conservation  of  areas 

<oV2  =  a>rs  .  (372) 

As  to  the  derivation  of  this  formula  it  is  sufficient  to  recall  that  the  square  of  the 
radius  is  the  same  as  that  which  appears  in  the  moment  of  inertia  of  a  rotating 
mass,  and  the  product  of  this  by  the  angular  velocity  w  gives  the  moment  of 
momentum,  which  is  always  a  constant  in  any  free  rotating  system  subjected  to 
no  forces  except  the  mutual  attraction  of  its  parts.     Thus 

C  =Ymr!«i  =  <oV"i'-s  =  w'V>»r'2  .  (373) 

In  the  case  where  the  matter  of  the  Sun  is  expanded  to  fill  the  orbit  of  the 
Earth,  we  take   r  =  109.5  ,   and   /  =  23445,  and  get   of    (23445)2  =   «  (109.5)2. 

And  the  time  of  the  Sun's  rotation,  when  the  matter  of  that  globe  is  expanded 
to  the  Earth's  orbit,  becomes 

25d.3  J  =  25d.3  (^fj  =  3192  years.  (374) 

And  when  the  matter  of  the  Sun  is  imagined  expanded  to  fill  the  orbit  of  Neptune, 
at  a  mean  distance  of  thirty,  we  have  for  the  time  of  rotation  of  the  hypothetical 
solar  nebula 

25d.3  J  -  25d.3  (3°  f095445)3  =  2888533  years.  (375) 

Adopting  the  system  of  constants  for  the  solar  system  employed  in  the  paper 
in  A.N.,  3992,  with  the  latest  results  for  the  new  satellites  of  Jupiter  and  Saturn, 
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we  find  for  the  entire  solar  system  the  following  table,  which  requires  no  further 
explanation. 

Table  Showing  the  Application  of  Babinet's  Criterion  to  the  Planets  and  Satellites, 

When  the  Sun  and  Planets  are  Expanded  to  Fill  the  Orbits 

of  the  Bodies  Revolving  About  Them. 


Solar  System. 


Planet. 


Mercury 

Venus 

The  Earth 

Mars 

Ceres 

Jupiter 

Saturn 

Uranus 

Neptune 


/to 
The  Sun's  Observed 
Time  of  Rotation. 


25.3  days 
0.069267  years 


Po 

Observed  Period 

of  Planet. 


0.24085  years 

0.61237  " 
1.00000  " 
1.88085  " 
4.60345      " 

11.86 

29.46 

84.02 
164.78 


Time  of  the  Sun's 

Rotation  Calculated  by 

Babinet's  Criterion. 


479  years 


1673 
3192 

7424 

24487 

86560 

290962 

1176765 

2888533 


Subsystems. 


Planet. 


The  Earth 
Mars 

Jupiter 


Saturn 


Uranus 


Neptune 


Satellite. 


The  Moon 

Phobos 
Deimos 

V 

I 

II 

III 

IV 

VI 

VII 

VIII 

Inner  edge  of  ring 

Outer  edge  of  ring 

Mimas 

Enceladus 

Tethys 

Dione 

Rhea 

Titan 

Hyperion 

Iapetus 

Phabe 

Ariel 

Umbriel 
Titania 
Oberon 

Satellite 


Ro 

Adopted  Rotation 

of  Planet. 


1  day 
24.62297 


9.928 


10.641 


10.1112 

(cf.  A.N.  3992) 


12.84817 
(cf.  A.N.  3992) 


Po 

Observed  Period 
of  Satellite. 


27.32166  days 

7.6542  hours 
30.2983     " 

11.9563  hours 
1.7698605  days 
3.5540942 
7.1663872 
16.7535524 
250.618 
265.0 
930.73 

0.236        days 

0.6456 

0.94242 

1.37022 

1.887796 

2.736913 

4.517500 

15.945417 

21.277396 

79.329375 

546.5 

2.520383  days 

4.144181     " 

8.705897     " 

13.463269     " 

5.87690  days 


Rc 

Time  of  Planet's 

Rotation  Calculated 

by  Babinet's 

Criterion 


3632.45  days 

190.62  hours 
1193.52      " 

64.456  hours 

14.60    days 

36.900 

93.933 
290.63 
10768.8 
11602.4 
61997.2 

0.6228  days 
2.383 
4.2902 
7.0615 
10.822 
17.751 
34.620 
186.05 
273.06 
1580.1 
20712 

33.714  days 

65.435  " 
176.05  " 
314.83   " 

141.8  days 
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It  will  be  seen  from  a  study  of  the  remarkable  data  given  in  this  table  that 
the  hypothetical  solar  nebula,  when  it  extended  to  the  orbits  of  the  several  planets, 
as  imagined  by  Laplace,  could  not  have  rotated  with  sufficient  velocity  to  detach 
any  of  these  masses.  This  inference  was  already  drawn  by  Babinet  in  1861. 
Indeed  he  first  applied  the  criterion  to  the  cases  of  the  Earth  and  Neptune.  I 
have  developed  the  table  to  show  moreover  that  none  of  the  satellites  could  have 
been  detached  from  their  planets,  and  thus  the  argument  against  the  detachment 
of  the  planets  and  satellites  is  complete  and  unanswerable. 

By  the  logic  of  exact  data  based  on  a  mechanical  law  of  unquestioned  validity 
and  without  any  assumptions  as  to  the  law  of  internal  distribution  of  density 
except  that  it  remains  unchanged,  we  are  thus  compelled  to  admit  that  the  premise 
adopted  by  Laplace  was  false  and  unjustifiable,  when  he  supposed  that  the 
planets  were  detached  from  the  Sun,  and  the  satellites  detached  from  the  planets 
by  acceleration  of  rotation.  Thus  this  venerable  explanation  of  the  roundness 
of  these  orbits  falls  to  the  ground. 

Now  the  planets  and  satellites  could  be  formed  in  but  one  of  two  possible 
ways:  (1)  They  might  conceivably  have  been  detached  from  the  central  masses 
which  now  govern  their  motions,  by  acceleration  of  rotation,  as  supposed  by 
Laplace.  (2)  They  might  have  been  original  nuclei  captured  in  the  midst  of 
the  solar  nebula,  and  afterwards  gradually  built  up  by  the  agglomeration  of  more 
cosmical  dust,  while  at  the  same  time  the  orbital  motion  in  this  resisting  medium 
would  have  reduced  the  major  axes  and  eccentricities  of  their  orbits  and  thus  pro- 
duced the  near  approach  to  perfect  circularity  now  observed  in  our  solar  system. 

The  third  hypothesis  considered  in  §  171  has  already  been  disposed  of,  and 
need  not  be  considered  here. 

We  have,  however,  just  proved,  by  the  application  of  Babinet's  criterion, 
based  on  the  law  of  areas,  that  these  bodies  could  not  have  been  detached  from 
the  central  masses  about  which  they  now  revolve.  Accordingly  it  follows  that 
they  were  all  captured,  and  have  since  had  their  orbits  reduced  in  size  and  rounded 
up  under  the  secular  action  of  the  resisting  medium  formerly  pervading  the  plane- 
tary system. 

§  174.     The  True  Physical  Cause  of  the  Roundness  of  the  Orbits  of  the  Planets  and 

Satellites  is  to  be  Found  in  the  Resisting  Medium  Formerly 

Pervading  Our  Planetary  System. 

As  was  first  pointed  out  in  A.N.,  4308,  January  1,  1909,  there  is  absolutely 
no  escape  from  this  unexpected  conclusion.  For  we  may  prove  it  by  the  following 
reasoning.     The  effect  of  a  resisting  medium  in  reducing  the  major  axis  and  eccen- 
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tricity  of  the  orbit  of  the  resisted  body  is  fully  recognized,  and  has  been  known 
for  more  than  a  hundred  years.  The  formulae  for  the  changes  of  these  two  import- 
ant elements  may  be  reduced  to  the  form  (cf.  equations  (172)  and  (178) ) 

S«  =  -  p8/1+TO)  iA'  v  +  periodic  terms],  (376) 

2 

8e  = \_Aev  +  periodic  terms],  (377) 

where  p  is  the  parameter  of  the  orbit,  a  the  semi-axis  major,  e  the  eccentricity, 
v  the  true  anomaly,  and  m  the  mass  of  the  resisted  planet,  and  A  and  A' 
constants.  As  both  of  these  expressions  are  negative,  it  follows  that  under  the 
secular  action  of  a  resisting  medium  the  major  axis  and  eccentricity  always  decrease. 
In  deriving  these  formulae,  however,  the  density  of  the  resisting  medium  is  sup- 
posed to  increase  towards  the  center,  conformably  to  what  is  observed  in  the 
nebulae  and  shown  to  result  from  the  theory  of  gases. 

Laplace  himself  has  discussed  this  question  with  characteristic  penetration 
in  the  Mecanique  Celeste  (Liv.  X,  Chapter  VII,  §  19).     He  shows  that  when  the 

density  of  the  medium,  represented  by  <t>  ( -  J  •  increases  towards  the  Sun,  the  semi- 
axis  major  and  eccentricity  always  decrease;  and  finally  remarks:  "There- 
fore at  the  same  time  that  the  planet  approaches  towards  the  Sun,  by  the  effect 
of  the  resistance  of  the  medium,  the  orbit  will  become  more  circular."  It  is  sur- 
prising that  it  did  not  occur  to  the  author  of  the  Mecanique  Celeste  that  the  round- 
ness of  the  orbits  of  the  planets  and  satellites  could  be  explained  by  a  resisting 
medium  quite  as  easily  and  simply  as  by  the  theory  of  a  rotation  which  would 
gently  detach  these  masses  and  set  them  revolving  in  orbits  which  are  nearly  circular, 
especially  since  the  nebular  hypothesis  itself  necessarily  implies  the  existence  of 
such  a  medium  where  the  planets  and  satellites  now  revolve.  Laplace  merely 
remarks  that  if  the  nebula  filled  the  whole  of  this  space  the  bodies  would  encounter 
such  resistance  as  to  cause  them  to  fall  into  the  Sun;  but  in  making  this  statement 
he  overlooked  the  fact  that  most  of  the  nebulous  matter  did  go  into  the  Sun  and 
planets,  and  it  is  from  this  circumstance  that  the  central  masses  became  so  pre- 
ponderant, while  the  attendant  bodies  are  in  all  cases  so  very  small. 

During  a  recent  conference  with  my  friend  Professor  George  Davidson, 
I  mentioned  Laplace's  proof  that  a  resisting  medium  had  formerly  acted  against 
Jupiter's  Satellites  I,  II,  III,  to  bring  about  a  near  approach  to  commensurability 
in  their  mean  motions,  and  thus  enable  their  mutual  attraction  to  establish  a 
rigorous  relationship  under  the  influence  of  this  slowly  acting  cause.     This  vener- 
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able  astronomer  justly  remarked:  "Laplace  had  the  true  cause  in  sight,  but  he 
did  not  carry  it  far  enough  to  discover  the  actual  process  by  which  the  solar  system 
was  formed." 

Evidently  Laplace  had  not  tested  his  nebular  hypothesis  by  the  criterion 
based  on  the  conservation  of  areas,  afterwards  proposed  by  Babinet,  and  it 
simply  did  not  occur  to  him  that  the  circularity  of  the  orbits  pointed  unmistakably 
to  the  secular  action  of  a  resisting  medium.  As  the  very  existence  of  a  nebula 
implies  resistance  to  bodies  revolving  within  it,  this  oversight  is  the  more  remark- 
able; and  unfortunately  not  only  was  Laplace's  reasoning  vitiated,  but  an  equally 
disastrous  effect  exerted  on  all  other  investigations  in  Cosmical  Evolution  for 
more  than  a  century,  because  all  mathematicians  followed  the  same  line  of  thought, 
on  the  false  premise  that  the  planets  and  satellites  were  detached  from  the  central 
bodies  which  now  govern  their  motions. 

If  in  the  light  of  this  new  theory  of  the  shaping  of  the  orbits  under  the  secular 
effects  of  resistance  we  examine  our  solar  system  carefully  we  shall  find  many 
phenomena  confirming  the  former  existence  of  such  a  medium  in  our  system. 

It  must  suffice  here*  to  call  attention  to  but  a  very  few  of  the  numerous  sur- 
vivals of  the  primordial  resisting  medium  still  shown  by  our  system: 

(1)  The  rapid  motion  of  Phobos,  the  inner  satellite  of  Mars,  which  has  been 
brought  down  near  the  planet  by  resistance,  till  it  now  revolves  in  less  than  a 
third  of  the  time  of  the  planet's  rotation.  It  is  true  that  Professor  Sir  G.  H. 
Darwin  explains  this  motion  of  Phobos  by  a  tidal  retardation  of  the  axial  rotation 
of  Mars,  but  in  view  of  the  large  part  undeniably  played  by  the  resisting  medium 
in  the  formation  of  our  system  as  a  whole  this  explanation  will  not  hold,  though 
a  very  small  part  of  the  observed  effect  may  be  traceable  to  Tidal  Friction. 

(2)  The  famous  inequality  in  the  motions  of  the  three  inner  Galilean  satellites 
of  Jupiter,  which  points  unmistakably  to  a  resisting  medium,  as  was  sagaciously 
pointed  out  by  Laplace  in  1796.  His  remarks  on  this  subject  are  as  valid  and 
convincing  as  any  which  could  be  made  to-day. 

(3)  The  observed  rapid  motion  of  the  inner  ring  of  Saturn,  which  greatly 
exceeds  the  axial  rotation  of  the  planet.  The  rings  evidently  were  never  detached 
from  the  planet,  but  simply  survive  out  of  a  much  larger  mass  of  cosmical  dust 
which  has  been  absorbed  in  building  up  the  mass  of  Saturn.  All  the  data  in  the 
table  relative  to  Babinet's  criterion  bear  on  this  same  question. 

(4)  The  general  fact  that  the  satellite  orbits  are  so  round,  and  in  general 
rounder  and  rounder  the  nearer  we  approach  the  planets,  confirms  the  capture  of 
these  bodies  in  a  medium  which  was  denser  towards  these  centers.     The  round- 

♦This  summary  is  left  substantially  as  it  stood  in  A.N.,  4308. 
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ness  of  the  satellite  orbits  shows  that  resistance  was  very  effective  from  Mars 
to  Neptune,  and  therefore  no  doubt  throughout  our  whole  solar  system. 

(5)  The  retrograde  motion  of  Saturn's  Satellite  Phoebe  and  Jupiter's  Eighth 
Satellite  is  likewise  to  be  explained  by  the  capture  of  these  bodies.  Whatever 
may  have  been  their  original  eccentricities  at  the  time  of  capture,  even  retrograde 
directed  bodies  could  have  survived,  because  the  medium  against  which  they 
revolved  was  of  very  slight  density  at  that  great  distance  from  the  planets.  A  very 
small  density  of  the  resisting  medium  at  this  distance  is  also  indicated  by  the 
survival  of  considerable  eccentricities  in  the  orbits  of  these  two  satellites.  The 
eccentricity  of  the  orbit  of  Phoebe  is  given  as  0.22,  that  of  Jupiter  VIII  as  0.44, 
which  are  certainly  anomalous  enough  to  excite  our  suspicion.  It  is  not  by  chance 
that  retrograde  motion  in  these  two  cases  is  associated  with  the  highest  eccentri- 
cities observed  among  all  the  satellites  thus  far  discovered. 

(6)  The  orbits  of  the  Asteroids  have  been  gathered  into  their  present  positions 
mainly  by  the  action  of  Jupiter  and  of  the  resisting  medium.  Originally  they 
were  more  widely  distributed  over  the  whole  system  than  at  present;  but  even 
now  they  overlap  the  orbits  of  Jupiter  and  Mars  and  there  may  be  others  of  still 
wider  range. 

(7)  The  extreme  roundness  of  the  orbit  of  Neptune  is  a  clear  indication  that 
this  planet  moved  for  a  long  time  against  a  vast  amount  of  nebular  resistance. 
Therefore  it  is  very  improbable  that  our  planetary  system  terminates  with  Neptune. 
In  all  probability  there  are  several  more  planets  beyond  the  present  boundary  of 
the  system,  some  of  which  may  yet  be  discovered. 

(8)  The  equatorial  accelerations  noticed  on  the  globes  of  the  Sun  and  of 
Jupiter  and  Saturn,  are  to  be  explained  by  the  falling  in  of  matter  revolving  in 
vortices  about  these  bodies.  As  the  orbital  motion  of  this  matter  near  these 
bodies  exceeds  that  depending  on  the  axial  rotation,  the  falling  particles  necessarily 
produce  an  equatorial  acceleration.  This  process  may  still  be  going  on;  at  any 
rate  it  has  been  in  progress  so  recently  that  the  effects  still  continue. 

(9)  The  solar  system  was  formed  from  a  spiral  nebula,  revolving  and  slowly 
coiling  up  under  mechanical  conditions  which  were  essentially  free  from  hydro- 
static pressure.  And  spiral  nebulae  themselves  arise  from  the  meeting  or  mere 
settling  of  streams  of  cosmical  dust.  The  whole  system  of  particles  has  a  sensible 
moment  of  momentum  about  some  axis,  and  thus  it  begins  to  whirl  about  a  central 
point,  and  gives  rise  to  a  vortex.  In  the  actual  universe  the  spiral  nebulae  are 
to  be  counted  by  the  million,  and  it  is  evident  that  they  all  arise  from  the  automatic 
winding  up  of  streams  of  cosmical  dust,  under  the  attraction  of  their  mutual 
gravitation.     The  two  opposite  branches  of  the  spiral  nebulae,  so  often  shown 


368  PART    PLAYED   BY   RESISTING   MEDIUM    IN   COSMICAL   EVOLUTION. 

on  photographs,  represent  the  original  streams  of  cosmical  dust  which  are  coiling 
up  and  forming  gigantic  spiral  systems. 

(10)  When  the  nebula  rotates  and  the  coils  wind  up  in  such  a  way  as  to  leave 
open  spaces  between  the  coils,  or  at  least  freedom  from  sensible  hydrostatic  pressure, 
the  usual  result  is  the  development  of  a  system  made  up  of  small  bodies,  such  as 
the  planets  compared  to  the  greatly  preponderant  Sun,  or  the  satellites  compared 
to  the  much  greater  planetary  masses  which  control  their  motions.  In  the  solar 
system  where  the  conditions  are  accurately  known  this  is  proved  to  have  occurred ; 
and  it  was  repeated  so  many  times,  always  with  uniform  results,  giving  a  large 
central  mass  and  small  attendant  bodies,  that  the  general  law  for  this  condition 
is  clearly  established. 

(11)  If  the  streams  so  converge  that  the  nebulous  mass  becomes  very  con- 
centrated at  the  center,  so  as  to  become  a  figure  of  equilibrium  under  the  pressure 
and  attraction  of  its  parts,  the  nebula  may  divide  into  a  double  star,  as  I  have 
elsewhere  inferred  from  the  researches  of  Poincare  and  Darwin  on  the  figures 
of  equilibrium  of  rotating  masses  of  fluid. 

(12)  Now  both  of  these  forms  of  development  are  abundant  in  the  actual 
universe,  and  probably  almost  all  of  the  apparently  single  stars  are  surrounded 
by  systems  of  planets.  Evidently  there  is  one  continuous  process  by  which  both 
types  of  systems  are  produced,  and  it  appears  to  depend  on  nebular  as  distin- 
guished horn  fluid  fission,  considered  in  §  112,  p.  235.  Therefore,  whilst  the  usual 
result  of  the  condensation  of  a  spiral  nebula  is  the  development  of  a  large  cen- 
tral mass  attended  by  much  smaller  bodies,  the  circumstances  may  be  such  that 
most  of  these  smaller  globes  unite  with  the  largest  attendant  planet  and  the  sys- 
tem thus  becomes  a  double  star.     Hence  the  extreme  types  of  cosmical  systems. 

The  effect  of  this  work  will  be  to  give  the  Theory  of  the  Resisting  Medium 
the  highest  importance  in  all  researches  relating  to  the  History  of  the  Universe. 
It  is  very  remarkable  that  the  principal  secular  effects  of  this  cause  are  exactly 
opposite  to  those  due  to  Tidal  Friction  as  investigated  by  Darwin.  For  while 
Tidal  Friction  usually  increases  the  major  axis  and  eccentricity  of  an  orbit,  the 
resisting  medium  as  regularly  decreases  both  of  these  elements.  In  the  actual 
physical  universe  both  causes  are  at  work  together,  sometimes  one  influence  pre- 
dominating and  then  the  other.  Resisting  medium  is  relatively  most  effective 
in  a  system  made  up  of  a  large  central  Sun,  and  small  attendant  bodies,  such  as 
the  planets  of  our  solar  system;  and  as  the  systems  of  satellites  dominated  by 
large  planets.  Tidal  Friction  is  most  effective  in  systems  made  up  of  two  large 
masses,  such  as  the  double  stars. 

It  has  seemed  advisable  to  call  attention  to  the  cause  of  the  roundness  of  the 
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orbits  of  the  planets  and  satellites,  because  it  appears  likely  that  the  criteria  now 
introduced  may  go  far  towards  clearing  up  the  mystery  which  has  always  sur- 
rounded the  origin  of  our  solar  system. 

§  175.     Further  Considerations  on  the  Theory  of  the  Rotation  of  the  Principal  Planets, 
and  on  the  Growth  of  the  Minor  Globes  Which  Have  Finally  Become  Satellites.* 

In  Chapter  XI,  on  the  "Origin  of  the  Lunar-Terrestrial  System  by  Capture," 
(cf.  A.N.,  4343),  attention  has  been  called  to  the  fact  that  under  the  con- 
ditions existing  in  nature  it  is  impossible  for  bodies  of  small  mass  to  acquire  rapid 
rotation.  We  shall  now  examine  this  question  in  more  detail,  so  as  to  make  clear 
the  conditions  which  may  lead  to  rapid  rotation,  and  vice  versa.  If  we  adopt 
the  Laplacian  law  of  density  (cf.  A.N.,  3992,  eq.  21),  we  have 
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where  for  the  Earth  tr,  =  11.215,  water  -  1  ;  q  -  144°  53'  55".2  =  2.528959 
radians  ;  x  =  -,  a  being  the  Earth's  radius,  and  r  the  radius  of  any  shell; 
L  =  4.43463;  and  we  shall  find  for  the  mass 


i'L   /-si 
J    ' 


•a 

f*\      f  Jit Cu   L 

M  =  -iir  /  <rr*dr  =  iira'L    /  -sin  I  q-)d-  = 2 — [sin  q  —  q  cos  q]  .  (379) 


If  /  represent  the  Earth's  moment  of  inertia  for  the  Laplacian  law,  when  the 
figure  is  considered  spherical,  we  shall  have  « 
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If  we  use  the  law  indicated  in  (378)  for  o-  ,   we  shall  get 

r2r  rr    raLsin(qr-) 

I  =  J  I         J       ±-^  r* sin*  6 d0d<f>dr=  ^-f^  ^3(q3-2)sinq-q (qi-6)cosq\.     (381) 
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Introducing  the  result  indicated  in  equation  (379),  this  becomes 

*cf.  A. AT.,  4358. 
24 
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3  (q1  -  2)  sin  q  —  q  (q*  —  6)  cos  q 
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In  homogeneous  spheres  the  value  of  /  is  found  to  be  OAMa2,  but  for 
Laplace's  law  as  applied  to  the  Earth,  the  value  is  found  to  be  less;   namely, 

/  =  0.331278  Ma'.  (383) 

We  see  therefore  that  the  fraction  0.331278  is  determined  by  the  expression 

2    <3tf-2)ring-gtf-6)co,g> 
3g    C  sin  q  —  q  cos  q  >  v     ' 

Now  the  moment  of  momentum  of  axial  rotation  H  is  the  product  of  the 
moment  of  inertia  by  the  angular  velocity: 

H^Im  =  k2mMa2  .  (385) 

And  this  equation  enables  us  to  recognize  the  different  factors  which  enter  into 
the  expression  for  the  moment  of  momentum  of  axial  rotation.  Let  the  mass 
and  the  mean  radius  be  fixed;  then  it  is  evident  that  H  will  be  large  only  when 
/  and  (o  are  large.  Or  if  k2  also  be  fixed  by  Laplace's  law,  and  taken  to  be 
0.331278  in  the  case  of  the  Earth,  then  the  value  of  H  will  depend  simply  on  w. 
Thus  H  will  depend  wholly  on  the  impulse  by  which  rotation  is  established  and 
the  angular  velocity  developed. 

If  fc*  be  not  fixed,  but  variable  in  any  manner,  then  with  constant  mass 
and  mean  radius  H  will  depend  on  k2  and  w  conjointly.  To  make  k2  a 
maximum  the  density  has  to  be  a  maximum  at  the  surface  of  the  sphere;  but 
this  condition  is  dynamically  unstable,  and  such  arrangements  neither  arise  in 
nature,  nor  would  they  long  endure  if  started  by  artificial  means.  In  the  observed 
nebulae  the  density  increases  fairly  rapidly  towards  the  center,  and  the  same  law 
obviously  holds  among  the  stars,  and  planets  (cf.  A.N.,  4053). 

If  the  arrangement  of  the  internal  density  followed  the  law  for  a  monatomic 
gas,  as  outlined  in  A.N.,  4053,  and  there  applied  to  the  Sun,  major  planets  and 
fixed  stars,  we  should  have  (cf .  Chapter  XVII,  eq.  (£) ) 
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The  coefficients  a,  ,  aj ,  a3 ,  a4 ,  ....  in  this  series  are  given  in  equation  (£), 
Chapter  XVII. '  Following  equation  (p)  it  is  there  shown  that  the  radius  of 
inertia  of  a  monatomic  sphere  is  0.45  ;   so  that  for  a  monatomic  sphere 

/  =  (0.45)*  Mo»  (387) 
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Accordingly  for  a  monatomic  globe  we  should  have 

H  =  (0.202483)  «o  .  Ma2  ;  (388) 

So  that    k2    is  about  one-fifth,  and  with  this  modification  the  above  reasoning 
would  still  hold  true. 

Finally,  in  a  nebula  essentially  devoid  of  hydrostatic  pressure,  the  satellites 
prior  to  their  absorption  into  the  principal  planets  are  revolving  as  free  planetary 
bodies;  and  their  moment  of  momentum  of  orbital  motion  is  by  collision  added 
to  that  of  the  planet's  rotation  about  its  axis.  Any  satellite  contributes  an  element 
of  orbital  moment  of  momentum  given  by  the  expression 

*(^)Vf3**  +  »<5Z?k)Vr^  *  "  £&*=*#*  (389) 

And  all  the  satellites  revolving  within  the  planet's  control  will  contribute  to  the 
moment  of  momentum  of  axial  rotation 
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This  expression  is  large  when   2  m,  is  large  compared  to  M ;  so  that  if  the  planet 

has  a  large  swarm  of  satellites,  with  a  total  mass  which  is  considerable,  each  moving 
at  its  appropriate  distance  r,  ,  and  with  angular  velocity  flt  then  the  bringing 
of  them  all  down  upon  the  planet  by  the  influence  of  the  resisting  medium  will 
very  materially  augment  the  moment  of  momentum  of  axial  rotation.  The  planet's 
central  attraction  at  any,  distance    r    is  increased  as  follows: 
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But  as  the  increase  in  the  moment  of  momentum  by  (390)  is  more  rapid  than  that 
of  gravity,  since  each  mass  mt  is  multiplied  by  rf  ii,  ;  and  therefore  the  larger 
r/flf,     the  larger  the  product      2mlri2cil     is,    the   eccentricity     et      being  so 

1=0 

small  as  to  be  disregarded  in  this  discussion;  we  perceive  that  the  moment  of 
momentum  and  the  oblateness  will  frequently  increase  with  the  growth  of  the 
central  mass.  Therefore  the  larger  planets,  on  the  whole,  have  the  most  rapid 
rotations,  and  have  thus  been  rendered  quite  oblate ; *  while  all  the  smaller  planets, 

♦The  orbital  velocity  of  a  revolving  particle  about  a  planet  is  always  much  larger  than  the  velocity  of  a  sur- 
face particle  due  to  axial  rotation ;  the  precipitation  of  a  revolving  particle  against  the  surface  therefore  accelerates 
the  axial  rotation. 
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such  as  the  Earth  and  Mars,  have  slower  rotation  and  smaller  oblateness.     To 
produce  large  moment  of  momentum  of  axial  rotation  there  must  be  a  large  central 

mass,  so  as  to  give  a  strong  central  force,  and  a  large  amount  of  matter     2m-t 

added  to  the  planet  from  the  vortex  circulating  about  it.  This  gives  large  moment 
of  momentum  about  the  axis  of  rotation. 

The  moment  of  momentum  of  axial  rotation  is    H  =  &> .  k* .  Ma%  =  wl  ;    so 

that  the  increase  of  mass  by  the  addition  of  satellites  affects     M  ,a  ,   and   k2, 

as  well  as   <o.     Relatively  the  largest  change  is  in    &>  ;  for  as   the  mass    grows 

the  central  attraction   grows  in    proportion,   but   the  added  moment  of   mo- 
mentum is 


j=i 


^  m(r(20( , 


1=0 


and  thus  augmented  by  the  factors  depending  on  the  increased  radius  and  angular 
velocity,  which  are  themselves  enlarged  by  the  increase  of  the  central  mass. 

These  are  the  general  conditions  of  the  problem,  without  regard  to  how  the 
vortex  is  started  about  the  planet ;  but  it  may  be  noticed  also  that  in  small  bodies 
the  hour-glass  shaped  space  connecting  with  the  Sun's  sphere  of  control  is  so  small 
and  narrow  that  but  few  particles  enter  it,  and  what  few  do  enter  will  experience 
a  more  nearly  equal  division  between  retrograde  and  direct  revolutions  about 
the  planet.  It  thus  appears  that  on  the  whole  the  larger  masses  have  a  tendency 
to  augment  the  moment  of  momentum  of  axial  rotation  and  oblateness  which  is 
greater  than  in  small  masses. 

The  planet  Saturn  has  a  decidedly  larger  closed  space  about  it  than  Jupiter, 
because  although  of  smaller  mass  it  is  at  greater  distance ;  and  hence  as  measured 
by  the  resulting  oblateness,  has  effectively  the  most  rapid  rotation.  But  this  also 
depends  on  the  density,  and  the  conditions  for  giving  large  oblateness  in  the 
case  of  Saturn  are  most  favorable.  Uranus  and  Neptune  also  have  large  closed 
spaces  about  them,  but  their  masses  are  smaller,  the  density  greater,  and  the 
resulting  oblateness  is  therefore  no  doubt  smaller  than  in  the  case  of  Saturn.  The 
observed  oblateness  of  Uranus  exceeds  that  of  Jupiter  (cf.  A.N.,  3992),  but  there 
is  reason  to  think  that  the  values  found  are  too  large.  It  is  doubtless  true  that 
some  matter  comes  under  the  control  of  the  planets  without  passing  through  the 
neck  of  the  hour-glass  space  defined  by  the  surfaces  of  zero  velocity  extending 
around  the  Sun;  but  the  amount  thus  gathered  from  miscellaneous  sources 
probably  is  small,  and  may  not  be  a  very  important  element  in  the  theory  of 
satellites  and  of  planetary  rotation. 
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From  the  considerations  already  adduced  in  Chapter  X,  on  the  "Dynamical 
Theory  of  Satellites,"  it  is  evident  that  detachment  of  masses  by  rapid  rotation, 
if  it  occurs  at  all,  must  be  exceedingly  difficult  to  bring  about.  If  the  descending 
stream  of  matter  was  supplied  to  the  rotating  spheroid  in  a  certain  way,  which, 
however,  will  seldom  arise  in  nature,  because  it  would  all  have  to  be  directed 
against  the  periphery  of  the  rotating  mass,  so  as  to  give  maximum  angular  velocity 
of  rotation;  a  process  of  partial  fission  might  in  the  course  of  time  develop.  Yet 
even  if  this  augmentation  of  velocity  should  come  about,  it  is  more  than  probable 
that  the  matter  subsequently  detached,  by  acceleration  of  rotation,  would  be 
in  the  form  of  a  swarm  of  particles,  and  would  have  great  difficulty  in  collecting 
together  into  one  mass.  All  the  well-known  objections  to  Laplace's  theory  of 
ring  formation  and  condensation  could  be  urged  here  with  full  effect.  If  the 
separation  was  in  the  form  of  a  lump  or  nucleus,  it  might  survive,  provided  the 
action  of  the  resisting  medium  did  not  again  bring  about  its  precipitation  upon 
the  central  mass,  which,  however,  would  be  almost  certain  to  follow.  It  is  evident, 
therefore,  that,  while  the  separation  of  masses  by  accelerated  rotation  is  not 
impossible,  this  process  requires  such  very  special  conditions  that  it  seldom  takes 
place  in  Nature. 

If  we  consider,  for  example,  the  case  of  the  Earth  and  Moon,  where  the  pri- 
mordial central  mass  would  have  had  to  acquire  an  enormously  rapid  rotation, 
in  less  than  2h  50m,  it  will  become  evident  that  there  are  in  Nature  no  forces 
which  could  produce  such  very  rapid  rotation.  That  is,  there  is  no  regular  process 
at  work,  which  could  produce  such  an  effect.  A  grazing  collision  of  two  already 
existing  globes,  if  properly  aimed  with  suitable  velocities,  might  give  rise  to  one 
common  mass  spinning  so  rapidly  that  scattered  portions  of  it  would  be  detached, 
and  after  separation  circulate  around  the  residual  central  mass.  But  collisions 
of  nearly  equal  globes  are  so  rare,  owing  to  their  infrequency  and  very  small  size 
compared  to  the  large  vacant  spaces  in  which  they  move,  and  so  nearly  impossible 
to  effect  under  the  conditions  ordinarily  existing  in  cosmical  systems  dominated 
by  central  forces,  that  this  hypothesis  has  little  interest.  Moreover,  even  if  the 
primordial  mass  were  disrupted  in  this  way,  the  scattered  fragments  could  never 
get  together  to  form  a  single  globe  like  the  Moon. 

§  176.     On  the  Original  Extent  of  the  Planetary  System. 

It  appears  that  the  only  place  in  which  such  globes  as  the  Moon  can  be  started 
is  in  the  midst  of  a  diffused  nebula,  where  the  nuclei  are  not  disrupted  or  pre- 
vented from  growing  by  the  strong  attractive  forces  of  neighboring  masses.     The 
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absence  of  great  attractive  centres  allows  the  smaller  nuclei  to  grow,  both  because 
their  spheres  of  influence  are  more  extended  than  when  near  large  masses,  and 
because  the  large  masses  have  not  yet  swallowed  up  all  of  the  surrounding  nebu- 
losity;  so  that  the  smaller  masses  have  a  good  chance  to  grow  by  accretion. 

It  is  very  evident  that  the  origin  of  the  planets  and  satellites  dates  back 
to  the  earliest  nebular  stage,  and  that  the  embryo  of  a  body  such  as  our  Moon 
was  at  one  time  on  the  very  outskirts  of  the  system,  where  Neptune  now  revolves, 
or  even  beyond.  Matter  equivalent  to  twenty-seven  million  such  globes  was 
swallowed  up  in  laying  the  foundation  of  the  Sun;  and  the  fact  that  Moons  or 
planets  of  rather  small  size  have  been  captured  by  all  the  principal  planets,  from 
the  Earth  to  Neptune,  indicates  how  widely  diffused  such  globes  were  in  the  con- 
densing nebula  which  originally  formed  the  solar  system.  These  globes  have 
grown  somewhat  in  later  times,  by  the  gathering  up  of  cosmical  dust,  but  their 
main  growth  was  attained  in  the  nebular  stage  of  the  system,  which  has  now 
quite  disappeared. 

These  considerations  afford  us  some  conception  of  the  immeasurable  ages 
which  have  elapsed  since  the  foundations  of  the  solar  system  were  laid  in  a  whirl- 
pool nebula.  The  total  duration  of  time  involved  is  certainly  to  be  reckoned  in 
billions  of  years.  The  extent  of  the  system  has  grown  less  with  the  lapse  of  ages, 
and  the  orbits  have  grown  rounder  as  well  as  smaller.  And  since  there  are 
good  reasons  to  believe  that  even  now  unseen  planets  will  be  found  to  circulate 
at  least  three  times  as  far  away  as  Neptune,  we  see  how  vast  must  have  been  the 
extent  of  the  solar  nebula  when  that  primordial  cosmical  vortex  was  just  starting. 
It  may  easily  have  extended  to  one  thousand  times  the  distance  of  the  Earth 
from  the  Sun. 

Considerations  of  this  kind  explain  the  great  length  of  time  involved  in  the 
development  of  cosmical  systems.  For  in  such  a  tenuous  nebula  the  process  of 
transformation  is  slow,  because  the  resistance  of  the  diffuse  nebulosity  is  slight, 
and  a  dominant  central  Sun  has  not  yet  developed.  This  line  of  thought  also 
enables  us  to  understand  the  vast  extent  of  the  spiral  nebulae,  and  the  insensible 
velocity  of  their  rotatory  movements.  Unless  the  central  mass  is  enormous, 
these  gigantic  cosmical  vortices  must  necessarily  revolve  with  extreme  slowness. 
Therefore  it  is  not  probable  that  motion  can  be  detected  in  less  than  centuries, 
and  in  many  instances  the  period  required  to  disclose  a  whirling  movement  is  more 
likely  to  be  reckoned  in  thousands  of  years. 

If  we  recall  the  extreme  tenuity  of  the  nebulae  observed  in  the  depths  of 
space,  and  their  transparency  to  the  light  of  the  faintest  stars,  we  shall  perceive 
that  our  solar  system  must  have  been  in  a  similar  state,  which  can  also  be  proved 
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by  calculation  from  known  data.  But  as  the  major  planets  at  length  gathered 
up  the  nebulosity  in. the  regions  where  they  revolved,  it  is  clear  that  they  have 
exerted  their  influence  over  wide  belts.  This  could  be  done  partly  by  the  orbital 
motion  of  the  nebulosity  which  would  periodically  bring  it  near  the  planets,  and 
partly  by  the  secular  decrease  in  the  size  of  the  planetary  orbits.  As  Neptune's 
orbit  is  nearly  circular,  one  cannot  doubt  that  the  solar  nebula  originally  extended 
much  beyond  the  present  bounds  of  the  solar  system.  It  is  difficult  to  form  exact 
estimates  of  the  original  extent  of  our  system,  but  the  bounds  of  the  primordial 
nebula  can  hardly  have  been  less  than  one  thousand  astronomical  units. 

Accordingly  if  the  embryo  Neptune  was  originally  on  the  outskirts  of  the 
primordial  system,  this  would  make  his  present  orbit  only  about  one  thirty-third 
of  the  original  sweep  of  the  solar  nebula.  However  this  may  be,  it  seems  certain 
that  Neptune's  path  is  much  smaller  than  it  was  originally,  and  the  same  remark 
applies  to  the  orbits  of  Jupiter,  Saturn  and  Uranus.  Even  after  these  planets 
had  attained  half  their  present  size  their  orbits  can  hardly  have  been  diminished 
by  amounts  less  than  the  intervals  which  now  separate  them.  We  may  infer 
this  partly  from  the  fact  that  each  of  these  planets  has  no  doubt  been  chiefly 
instrumental  in  clearing  up  the  spaces  next  beyond  it,  and  partly  from  the  cir- 
cumstance that  the  eccentricities  are  in  all  cases  so  very  small.  The  eccentri- 
cities of  the  embryo  planetary  orbits  can  hardly  have  been  smaller  than  0.5 
and  they  may  have  been  0.8  or  even  higher;  and  a  change  which  would  extinguish 
such  an  eccentricity  would  also  greatly  reduce  the  major  axis,  since  these  two 
elements  are  closely  related  and  a  modification  of  one  affects  also  the  other.  We 
may  then  in  all  probability  consider  that  the  primordial  orbits  of  the  major  planets 
when  half  their  present  masses  had  been  attained  were  at  least  twice  as  large  as 
they  are  now,  and  a  secular  decrease  to  one-third  of  their  original  size  seems  not 
improbable. 

Since  publishing  the  paper  on  the  "Cause  of  the  Remarkable  Circularity  of 
the  Orbits  of  the  Planets  and  Satellites"  (A.N.,  4308),  January  1,  1909,  it  has 
seemed  advisable  to  emphasize  more  strongly  the  conclusion  that  there  is  certainly 
one,  most  likely  two,  and  probably  three  unknown  planets  beyond  Neptune.  In 
December,  1904,  I  examined  the  evidence  bearing  on  the  place  of  the  planet  next 
beyond  Neptune  and  concluded  that  this  body,  which  was  then  designated  as 
Oceanus,  was  most  likely  near  longitude  200°,  and  at  a  distance  of  42.25,  with  a 
period  of  272.2  years.  Such  a  body  harmonizes  all  known  data,  but  the  location 
in  longitude  is  subject  to  considerable  uncertainty.  The  longitude  cannot  be 
much  smaller  than  this,  but  it  might  be  appreciably  larger.  The  other  planets 
I  have  placed  at  distances  of  56  and  72  respectively,  but  they  will  be  much  more 
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difficult  to  discover  than  that  situated  between  42  and  44.  In  view  of  the  light 
now  thrown  upon  the  mode  of  formation  and  constitution  of  the  solar  system,  I 
would  recommend  a  persistent  photographic  search  of  the  region  of  the  ecliptic 
between  longitudes  200°  and  250°.  Different  persons  will  form  different  estimates 
of  the  validity  of  the  grounds  on  which  this  extension  of  our  solar  system  outward 
has  been  based,  but  I  am  satisfied  that  time  will  show  the  prediction  to  be  well 
founded.  To  suppose  the  planetary  system  to  terminate  with  an  orbit  so  round  as 
that  of  Neptune  is  as  absurd  as  to  suppose  that  Jupiter's  system  terminates  with  the 
orbit  of  the  Fourth  Satellite.  The  force  of  this  analogy  is  not  appreciably  weakened  by 
the  fact  that  Jupiter's  satellites  constitute  a  sub-system  of  our  solar  system. 

Since  the  above  was  written  two  important  papers  on  the  subject  of  a  trans- 
Neptunian  planet  have  appeared,  one  by  Professor  W.  H.  Pickering  (Annals 
of  the  Observatory  of  Harvard  College,  Vol.  LXI,  Part  II),  and  the  other  by 
M.  Gaillot  of  the  Paris  Observatory  (Comptes  Rendus,  March  22, 1909) .  The  prob- 
lem does  not  admit  of  definite  solution  by  the  method  of  inverse  perturbations, 
which  was  employed  by  Adams  and  Leverrier  in  the  search  for  Neptune,  but 
Pickering  finds  indications  of  a  planet  in  7h  48m  right-ascension  or  longitude 
105°. 8.  Gaillot  obtains  evidence  of  two  planets,  at  distances  of  44  and  66  respect- 
ively, the  remoter  one  being  in  longitude  108°,  near  the  position  assigned  by  Pick- 
ering. This  coincidence  in  position  is  not  decisive  as  to  the  location  of  a  real 
planet,  yet  the  subject  promises  to  become  one  of  increasing  interest  in  the  future. 
We  now  know  with  certainty  that  the  system  does  not  terminate  with  Neptune, 
but  must  be  of  enormously  greater  extent. 

§  177.     Remarks  on  the  Origin  of  the  Asteroids  and  on  the  Mass  of  the  Planet  Mercury. 

In  A.N.,  4308  (p.  192,  paragraph  6),  attention  has  been  called  to  the  mode 
of  formation  of  the  swarm  of  asteroids  between  Mars  and  Jupiter,  which  were 
gathered  into  their  present  positions  mainly  by  the  action  of  Jupiter  and  of  the 
resisting  medium  formerly  pervading  our  solar  system.  The  action  of  Jupiter  in 
capturing  periodic  comets  and  throwing  their  orbits  within  his  own  is  very  well 
known.  This  process  of  transformation  is  impressively  illustrated  by  a  diagram 
of  the  orbits  of  the  comets  of  Jupiter's  group,  given  by  Professor  W.  W.  Payne, 
in  Popular  Astronomy,  for  October,  1893.  This  diagram  merits  attention  from 
every  one  interested  in  this  subject,  and  has  already  been  discussed  in  the  Theory 
of  the  Capture  of  Comets,  Chapter  IX. 

The  late  M.  Callandreau,  of  the  Paris  Observatory,  reached  the  conclusion, 
from  extensive  mathematical  researches  on  the  theory  of  the  capture  of  comets, 
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that  there  is  a  connection  between  the  mode  of  formation  of  Jupiter's  group  of 
comets  and  of  the  zone  of  asteroids.  The  nature  of  this  connection  is  now  much 
clearer  than  it  has  been  heretofore.  Aside  from  the  perturbative  action  of  Jupiter 
in  transforming  orbits  which  cross  his  path,  the  secular  effects  of  the  resisting 
medium  upon  two  spheres  of  the  same  density  but  unequal  radius,  are  in  the  inverse 
ratio  of  their  radii.  Small  bodies  therefore  revolving  against  resistance  rapidly 
approach  the  Sun,  while  the  orbits  of  the  large  bodies  are  but  little  reduced  in  size 
by  the  secular  effects  of  the  resisting  medium.  These  two  causes  have  operated 
to  gather  the  Asteroids  within  the  orbit  of  Jupiter. 

That  many  of  the  Asteroids  formerly  extended  much  beyond  Jupiter's  orbit 
is  indicated  by  the  survival  of  the  so-called  Achilles  group,  which  has  at  least  four 
members,  with  orbits  of  this  type.  This  fact  and  the  analogy  with  the  periodic 
comets  is  satisfactory  proof  of  the  former  state  of  our  system;  but  still  more 
impressive  evidence  is  afforded  by  the  fact  now  established  that  the  satellites  of 
Saturn  are  all  captured  planets  which  once  revolved  in  independent  orbits  about 
the  Sun.  The  "Dynamical  Theory  of  the  Capture  of  Satellites"  (A.N.,  4341-42) 
thus  throws  a  clear  light  on  the  state  of  our  system  in  the  remote  past.  It  indicates 
beyond  doubt  that  small  planets  were  once  numerous  in  the  zone  between  Jupiter 
and  Saturn,  but  that  in  time  they  were  worked  out  of  this  region,  some  being  cap- 
tured by  Jupiter,  others  by  Saturn,  to  build  up  their  respective  systems  of  satellites ; 
while  still  others  were  swallowed  up  in  the  globes  of  these  planets  and  in  the  Sun. 
The  residue  of  the  primordial  group  survives  as  satellites  of  the  several  planets  and 
as  Asteroids. 

In  regard  to  the  mass  of  Mercury  it  is  to  be  observed  that  the  satellite  Titan 
is  really  a  planet  with  a  mass  1  :  4700  that  of  Saturn,  or  1  :  16450000  of  the 
mass  of  the  Sun.  By  means  of  a  method  originally  suggested  by  Dr.  G.  W.  Hill, 
Mercury's  mass  has  been  found  by  the  writer  to  be  1  :  14868548  (cf.  A.N.,  3897), 
which  is  but  little  larger  than  that  of  Titan.  Now  the  diameters  of  Mercury  and 
of  Titan  are  4350  kms.  and  5048  kms.  respectively  (cf.  A.N.,  3992) ;  and  as  both  are 
shown  to  be  planets,  one  captured  by  the  Sun,  the  other  by  Saturn,  we  see  that 
we  are  quite  justified  in  taking  the  mass  of  Mercury  smaller  than  the  values  pre- 
viously used  by  astronomers.  Since  no  satellite  has  a  density  exceeding  3.76, 
which  is  the  mean  specific  gravity  assigned  to  Jupiter's  Satellite  II,  while  all  the 
rest  are  smaller,  with  an  average  of  about  2.49  (when  given  weight  proportional 
to  the  volume  the  value  is  1.78),  (cf.  A.N.,  3764,  p.  336),  we  see  that  a  mean  density 
of  3.09  (cf.  A.N.,  3897,  p.  140)  for  Mercury  must  be  considered  highly  probable. 
At  any  rate,  we  have  not  the  least  ground  to  think  Mercury's  mass  and  density 
should  be  increased;    on  the  contrary,  if  any  change  is  made  in  these  elements, 
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they  are  likely  to  be  decreased.  Accordingly,  the  proof  that  the  satellites  are 
captured  planets,  appears  likely  to  give  us,  as  an  indirect  outcome  of  the  new 
theory  of  their  origin,  an  additional  means  of  correcting  the  mass  of  Mercury,  while 
at  the  same  time  affording  a  clear  view  of  the  origin  of  the  great  belt  of  Asteroids 
between  Mars  and  Jupiter,  which  has  long  been  so  mysterious  to  astronomers. 

During  the  early  stages  of  the  recent  work  on  the  formation  of  the  solar 
system,  in  July,  1908,  I  had  the  advantage  of  several  conferences  with  Professor 
R.  T.  Crawford,  of  the  University  of  California.  Some  of  the  suggestions  result- 
ing from  his  large  experience  in  dealing  with  the  theory  of  the  Asteroids  proved 
valuable,  and  aided  in  clearing  up  this  problem,  when  the  solution  was  by  no  means 
so  clear  as  it  is  to-day. 

§  178.     Leuschner's  Researches  on  the  Origin  of  the  Comets. 

As  we  have  seen  in  Chapter  VI,  §  68,  Laplace  adduced  reasons  for  holding 
that  the  comets  came  to  our  system  from  outer  space.  The  recent  researches  of 
Leuschner,  of  the  University  of  California,  have  tended  to  modify  this  result  in 
important  particulars.  He  no  longer  finds  that  so  many  of  these  bodies  have 
orbits  which  are  really  parabolic,  as  was  once  supposed;  but  on  the  contrary,  when 
the  observations  are  criticially  discussed  by  the  most  refined  modern  methods,  he 
finds  over  half  of  the  orbits  to  be  elliptic,  though  the  eccentricity  often  is  high. 
Leuschner  gives  the  following  important  conclusions  on  the  laws  of  cometary 
orbits,  in  a  recent  address  to  the  Astronomical  Society  of  the  Pacific  (Publica- 
tions, A.S.P.,  Vol.  XIX,  No.  113,  Apr.  10,  1907): 

"  An  accurate  knowledge  of  the  eccentricities  of  comet  orbits  is  of  importance 
in  determining  the  origin  of  comets.  It  is,  therefore,  advisable  to  study  the 
eccentricities  from  as  many  points  of  view  as  possible.  Two  methods  of  classi- 
fying the  eccentricities  have  occurred  to  me  which  do  not  seem  to  have  entered 
into  the  analysis  hitherto.  Both  are  related  to  the  accuracy  of  the  observational 
material  from  which  the  orbits  are  derived.  One  is  to  classify  the  eccentricities 
on  the  basis  of  the  general  accuracy  of  the  observations,  the  other  on  the  basis  of 
the  observed  heliocentric  arc. 

"Marked  progress  has  been  made  during  the  last  century  in  the  methods  of 
observation  and  in  the  construction  of  telescopes,  so  that  observations  have  become 
more  and  more  reliable,  and  the  number  of  days  during  which  comets  of  the  same 
brightness  may.be  followed  has  constantly  increased. 

"  Ever  since  the  first  computation  of  a  comet  orbit  was  made,  it  has  been 
customary  to  derive  a  parabola  as  a  first  approximation  to  the  orbit,  and  to  attempt 
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a  more  general  solution  only  if  the  deviations  of  the  observed  positions  from  the 
places  computed  from  the  most  probable  parabola  were  in  excess  of  the  probable 
errors  of  observation.  This  custom  has  become  so  thoroughly  fixed  in  astronomy 
that  even  now  it  would  be  considered  absolutely  unwarranted  to  suspect  a  comet 
of  moving  in  an  ellipse  if  by  a  little  stretching  of  the  probable  limits  of  observational 
error  a  parabola  could  be  found  to  represent  the  observed  positions. 

"A  prejudice  has  always  existed,  and  exists  now,  in  favor  of  the  parabola. 
This  prejudice  is  not  entirely  due  to  statistical  investigations  of  the  orbits  of  past 
comets.  A  further  excuse  for  the  same  may  be  found  in  the  fact  that  the  first 
geometrical  and  analytical  methods  for  solving  a  comet  orbit  were  parabolic.  The 
solution  of  an  elliptic  orbit  was  originally  possible  only  in  cases  like  Halle y's 
Comet,  where  more  than  one  appearance  has  been  observed,  so  that  one  of  the 
unknowns,  the  period,  became  known. 

"Gauss's  general  solution  had  its  first  application  on  the  asteroid  Ceres  at 
the  dawn  of  the  19th  century,  and  it  was  not  until  some  time  later  that  general 
methods  were  also  applied  to  comets. 

"  It  is  well  recognized  fact  that  when  the  observed  arc  is  short  and  the  prob- 
able error  of  observation  on  a  comet  is  large,  the  solution  of  the  orbit  will  be 
uncertain,  or,  in  other  words,  in  such  cases  a  large  number  of  different  orbits  will 
be  found  to  satisfy  the  observations.  The  '  Short  Method '  which  has  been  used 
extensively  in  the  Berkeley  Astronomical  Department  during  the  past  three  years 
is  well  suited  for  estimating  the  limiting  values  of  the  elements.  The  range  of 
possible  periods  and  eccentricities  is  far  greater  than  has  perhaps  been  supposed 
hitherto.  A  cursory  examination  of  many  definitive  observations  shows  that  in 
many  cases  a  long-period  ellipse  will  often  answer  as  well  as  a  parabola.  The 
ellipse  is  then  generally  dismissed  with  the  statement  that  there  is  no  reason  to 
suspect  a  deviation  from  the  parabola.  It  would  be  just  as  consistent  to  conclude 
that  there  is  no  reason  to  suspect  that  the  comet  moves  exactly  in  a  parabola.  In 
accordance  with  existing  belief  regarding  the  eccentricities  of  comet  orbits,  Dr. 
Kreutz  in  his  biennial  reports  to  the  Astronomische  Gesellschaft  adopts  the  parabola 
whenever  it  is  found  sufficient. 

"Before  proceeding  to  an  examination  of  the  published  lists  of  elements,  it 
is  therefore  well  to  emphasize  that  possibly  in  no  case  where  an  ellipse  or  hyperbola 
alone  is  given  can  the  observations  be  represented  by  a  parabola,  but  when  a 
parabola  is  given  the  observations  may  frequently  be  consistent  with  an  ellipse 
and  sometimes  with  a  hyperbola. 

"  If,  in  spite  of  this  fact,  it  can  be  demonstrated  that  by  far  the  majority  of 
well  determined  orbits  is  elliptic,  then  the  time  has  come  when  astronomers  should 
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abandon  their  prejudice  for  the  parabola,  by  investigating  and  stating  the  com- 
plete range  of  possible  solutions  in  each  case. 

"Olbers's,  Galle's,  and  Winlock's  lists  were  not  available  when  a  pre- 
liminary examination  of  the  eccentricities  was  undertaken.  The  excellent  list, 
however,  contained  in  E.  Weiss's  edition  of  '  Littrow's  Wunder  des  Himmels,'  is 
well  suited  for  the  purpose  of  the  preliminary  investigation,  especially  because  it 
gives  the  duration  of  visibility  in  days.  This  list  runs  to  1885.  The  results  of  the 
preliminary  examination  were,  however,  roughly  revised  just  before  publication, 
on  the  basis  of  Galle's  and  Winlock's  lists  and  Kreutz's  biennial  reports  to 
the  Astronomische  Gesellschaft  to  1904,  which  latter  are  contained  in  the  Viertel- 
jahrsschrift.  Comets  discovered  between  1885  and  1895  were  added  to  Weiss's 
list  only  when  the  duration  of  visibility  was  included  in  the  data  at  hand.  Peri- 
odic comets  are,  of  course,  counted  only  for  their  first  apparition. 

"  For  the  purpose  of  classifying  the  orbits  on  the  basis  of  the  general  accuracy 
of  the  observational  material  or  more  nearly  of  the  observed  positions,  the  percent- 
age of  parabolic  orbits  was  ascertained  for  each  of  three  groups,  in  the  order  of 
time  as  given  in  Table  I. 

Table  I. 
Dates  e  =  1 

-1755  99  per  cent. 

1756-1845  74  per  cent. 

1846-1895  54  per  cent. 

"  It  is  safe  to  assume  that  there  has  been  a  progressive  and  pronounced  advance 
in  the  accuracy  of  observation  in  these  three  periods  of  time.  Hyperbolic  orbits 
were  not  included  in  the  totals  on  which  the  percentages  of  Tables  I  and  II  are 
based.  From  the  more  accurate  observations  of  the  fifty  years  from  1846  to  1895, 
we  may  therefore  conclude  that  it  is  no  more  probable  that  a  comet  is  parabolic 
than  that  it  is  not. 

"  In  Table  II  the  eccentricities  have  been  grouped  on  the  basis  of  the  dura- 
tion of  visibility  in  days.  The  percentage  of  parabolas  is  given  for  each  group. 
The  comets  discovered  before  1756  have  been  excluded  in  the  totals  from  which 
these  percentages  were  derived,  as  their  orbits  can  throw  little  light  on  the  subject 
under  consideration. 

Table  II. 
Duration  of  Visibility  e  =  1 

1-  99  days  68  per  cent. 

100-239  days  55  per  cent. 

240-511  days  13  per  cent. 
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"  These  figures  are  certainly  striking.  They  show  that  the  longer  a  comet  is 
under  observation  the  more  probable  it  becomes  that  its  orbit  cannot  be  satisfied 
by  a  parabola. 

"  This  result  is  in  entire  accordance  with  the  opinion  held  by  some  astronomers 
that  few,  if  any,  orbits  are  strictly  parabolas.  In  the  last  group  only  eight  comets 
were  available,  which  are  all  given  as  elliptic  by  Weiss  and  for  one  of  these  Kreutz's 
later  reports  give  a  parabola,  which  has  been  adopted,  the  same  as  every  orbit  has 
been  considered  parabolic  in  these  tables  for  which  the  observation  could  be  satisfied 
by  a  parabola.  It  is  therefore  extremely  doubtful  whether  a  parabola  is  definitely 
established  for  any  comet  having  remained  visible  two  hundred  and  forty  days  or 
more.  It  would  have  been  better  if  Table  II  could  have  been  based  on  the  length 
of  the  observed  heliocentric  arcs,  but  these  are  not  immediately  available,  and 
in  a  first  approximation  for  a  large  number  of  comets,  the  average  of  the  number 
of  days  of  visibility  may  be  taken  to  correspond  to  the  average  heliocentric  arc. 

"  Percentages  have  also  been  derived  for  various  ranges  of  eccentricity.  These, 
however,  will  not  be  published  until  the  final  investigation  has  been  concluded. 

"The  average  eccentricity  of  periodic  orbits  is  very  high.  In  applying  the 
short  method  it  has  been  found  that  whenever  a  short  arc  yielded  a  considerable 
range  of  periodic  solution,  a  longer  arc  would  yield  solutions  for  the  eccentricity 
nearer  the  upper  than  the  lower  previous  limits.  The  explanation  of  the  high 
eccentricities  lies  in  the  nature  of  visibility  from  the  Earth  unless  their  orbits  are 
highly  eccentric.  The  others  must  remain  invisible  until  the  power  of  our  tele- 
scopes is  still  further  increased. 

"  From  the  average  brightness  of  comets  at  unit  geocentric  distance  the  maxi- 
mum perihelion  distance  at  which  a  comet  may  be  seen  in  opposition  from  the  Earth 
with  the  more  powerful  instruments  may  be  derived.  The  values  of  the  eccentri- 
city corresponding  to  this  maximum  for  a  given  value  of  the  semi-major  axis  or 
period  will  then  be  the  minimum  eccentricity  which  the  orbit  of  a  comet  of  average 
brightness  and  of  given  period  must  have  in  order  to  be  visible  from  the  Earth, 
under  the  most  favorable  circumstances. 

"This  question  will  be  studied  in  connection  with  a  proposed  further  study 
of  comet  orbits.  The  theory  that,  in  general,  comets  are  permanent  members  of 
our  solar  system,  seems  to  have  been  greatly  strengthened  by  the  foregoing  pre- 
liminary statistics." 

This  important  report  of  Leuschner  is  here  given  in  his  own  words,  because 
it  does  not  admit  of  condensation  without  omitting  some  considerations  which 
should  be  included.  Moreover  the  elliptic  character  of  cometary  orbits  has  been 
largely  overlooked  heretofore,  and   the  subject  deserves  the  prominence  thus 
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assigned  it.  Accordingly  we  may  take  it  to  be  a  fact  that  nearly  all  of  the  orbits 
of  comets  are  elliptic  and  only  in  very  exceptional  cases  are  they  parabolic  or 
hyperbolic;  and  whilst  orbits  of  these  latter  classes  may  occasionally  arise,  they 
are  very  rare  indeed.  Whence  it  follows  that  we  cannot  properly  regard  the  body 
of  the  comets  as  foreign  to  our  system.  It  is  still  possible  that  a  few  foreign  bodies 
may  enter  our  system,  as  Laplace  has  maintained,  but  it  is  doubtful  if  we  are  able 
to  observe  them  except  on  the  rarest  occasions ;  and  the  vast  majority  of  the  comets 
come  from  a  shell  on  the  outer  limits  of  the  Sun's  sphere  of  attraction.  They  are 
no  doubt  the  outlying  wisps  of  nebulosity  with  which  the  sphere  of  the  Sun's 
attraction  was  orginally*  more  or  less  filled.  All  the  interior  parts  of  this  material 
have  long  since  been  drawn  together  to  form  the  planetary  system,  and  only  the 
waste  nebulosity  from  the  periphery  of  the  sphere  now  remains  to  furnish  us 
comets.  The  orbits  have  been  transformed  in  certain  cases,  and  short-period 
comets  have  thus  arisen;  but  most  of  the  comets  retain  their  aphelia  at  the  remote 
region  where  they  originally  came.  This  also  accords  with  the  theory  that  with 
the  lapse  of  ages  the  orbits  of  the  bodies  of  our  solar  system  have  undergone  a  great 
shrinkage.  Accordingly  the  further  study  of  the  orbits  of  comets  may  throw  much 
new  light  upon  the  former  state  of  the  solar  system,  and  this  line  of  research  cannot 
be  too  strongly  commended  to  the  attention  of  astronomers. 

§  179.     Answer  to  a  Question  of  Dr.  G.  W.  Hill. 

In  a  letter  to  the  author,  dated  April  5,  1909,  Dr.  G.  W.  Hill  asks  the  follow- 
ing question:  "And  what  reason  is  there  for  supposing  that  when  the  planets 
start  out  on  their  revolutions  they  must  necessarily  have  large  eccentricities? 

"  If  all  eccentricities  are  equally  probable  we  should  expect  some  of  the  eccen- 
tricities to  be  large,  others  small.  If  all  are  small  (however  Mercury's  eccentri- 
city ought  not  to  be  called  small)  this  seems  to  indicate  that  at  the  outset  the 
motions  were  nearly  perpendicular  to  the  radii  vectores  and  of  such  amount  as  to 
make  the  centrifugal  and  centripetal  forces  nearly  equal.  Certain  conditions  in 
the  antecedent  state  of  the  system  might  compel  this." 

The  general  character  of  the  theory  developed  in  this  work  may  be  considered 
a  sufficient  answer  to  this  reasoning  of  the  great  mathematician  who  has  done  so 
much  for  American  astronomy;  yet  there  may  be  some  advantage  in  examining 
the  problem  a  little  more  critically.  In  the  first  place  we  remark  that  as  the 
planets  are  captured  bodies  and  have  been  added  to  the  system  of  the  Sun  from 
without,  it  necessarily  follows  that  they  came  from  a  distance;    and  when  the 

*  At  a  still  earlier  period  much  of  the  cosmical  dust  now  condensed  into  comets  may  have  come  to  our  nebula 
from  the  fixed  stars,  since  nebulae  also  are  built  up  gradually  by  the  process  of  capture. 
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embryo  planets  first  approached  the  nucleus  of  our  system,  they  must  have  moved 
in  orbits  of  large  eccentricity,  just  as  the  comets  do  now.  This  result  follows 
immediately  from  the  capture  theory,  unless  we  suppose  that  as  the  embryo  planets 
neared  our  system  for  the  first  time  the  motion  in  each  case  was  so  adjusted  in 
direction  and  in  magnitude  as  to  give  a  definite  velocity  suitable  to  an  ellipse  of 
small  eccentricity.  The  probability  that  these  motions  were  originally  so  restricted 
as  to  give  this  extraordinary  result  is  so  very  small  as  to  entirely  disappear,  and 
we  conclude  that  it  could  not  have  occurred. 

Moreover,  according  to  Whe well's  theorem,  the  velocity  at  any  point  of  an 
ellipse  is  equal  to  that  which  would  be  acquired  by  a  body  in  falling  from  rest  or 
with  zero  velocity  from  a  circle  with  radius  equal  to  the  major  axis  of  the  ellipse; 
this  is  also  called  Van  der  Kolk's  theorem  (A.N.,  1426),  but  Whewell  was  the 
first  to  discover  it.  As  the  planetary  orbits  are  all  nearly  circular,  this  is  equivalent  to 
saying  that  the  matter  out  of  which  they  were  formed  came  from  distances  but  little 
greater  than  twice  their  present  mean  distances — which  is  inadmissible,  as  not  har- 
monizing with  the  great  tenuity  and  extent  of  systems  observed  among  the  nebulae. 

Again,  in  starting  from  the  circle  of  zero  velocity,  the  matter  naturally  was 
at  rest  before  falling  towards  the  Sun.  But  the  present  orbital  motions  of  the 
planets  are  nearly  perpendicular  to  the  radii  vectores,  while  matter  falling  straight 
to  the  Sun  would  be  moving  parallel  to  these  same  lines ;  yet  if  there  is  a  whirling 
vortex  about  the  center,  that  which  survives  as  planets  —  obviously  an  insig- 
nificant part  of  all  the  matter  falling  into  the  Sun  —  might  thus  acquire  a  direction 
nearly  perpendicular  to  the  radii  vectores.  Now  such  a  motion  of  great  circularity 
has  been  acquired,  and  any  supposition  that  the  matter  so  set  in  motion  by  whirl- 
ing came  from  so  short  a  distance  as  that  fixed  by  the  diameters  of  the  planetary 
orbits,  is  even  more  inadmissible  than  if  the  orbits  were  less  circular.  It  follows, 
therefore,  that  the  planets  must  have  come  to  the  Sun  from  a  great  distance,  and 
their  original  orbits  must  have  been  of  large  eccentricity. 

Accordingly  we  see  that  the  motion  of  the  streams  of  primordial  cosmical  dust 
which  formed  our  system  must  have  been  such  as  would  correspond  to  orbits  of 
comparatively  close  approach  at  perihelion  and  which  would  carry  it  back  to  an 
original  great  distance  if  undisturbed.  Consequently  the  original  velocities  could 
not  have  been  such  as  to  give  round  orbits,  and  all  the  original  orbits  must  necessa- 
rily have  been  highly  eccentric.  Revolution  against  resistance,  and  gravitative 
disturbances  due  to  the  nebulosity  and  solid  planetary  bodies  ne'ar  the  Sun  would 
gradually  reduce  the  major  axes  of  these  elongated  ellipses,  and  their  eccentricities, 
and  thus  in  time  give  us  orbits  of  great  circularity  and  small  size,  like  the  plane- 
tary orbits  are  observed  to  be. 
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Fig.  35.     Diagram  Illustrating  the  Tendency  of  Spiral  Movement. 

If  central  attraction  alone  acted  the  particles  would  describe  ellipses  as  here  represented,  but  under  the  action  of 
the  rest  of  the  mass  the  paths  are  not  re-entrant ;  yet  there  is  a  gradual  rounding  up  of  the  orbits  that  would 
be  described,  the  nearer  we  approach  the  center,  because  resistance  is  everywhere  at  work,  and  the  cen- 
tral nucleus  is  more  and  more  dominant  the  nearer  it  is  approached. 
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Finally  we  see  this  theory  verified  by  what  is  observed  in  the  satellite  systems. 
Originally  the  satellite  orbits  were  all  much  larger  and  much  more  eccentric  than 
they  are  now  observed  to  be;  but  in  time  they  have  been  reduced  in  size  and 
rounded  up  under  the  action  of  a  resisting  medium.  Arid  just  as  the  satellite 
orbits  have  been  reduced  in  size  and  rounded  up,  so  also  have  the  planetary  orbits 
undergone  a  similar  transformation.  The  accompanying  figure  illustrates  the 
mode  of  transformation  of  these  orbits.  The  law  of  attraction  in  the  case  of  a 
diffused  spiral  nebula  is  such  that  the  path  of  any  particle  is  not  an  elliptic  orbit, 
but  a  series  of  constantly  shifting  and  non-re-entrant  curves  which  grow  smaller 
and  rounder  with  each  revolution.  At  length  most  of  the  nebulosity  is  absorbed 
into  the  Sun  and  planets,  and  the  orbits  of  the  planets  which  survive  near  the 
center  all  have  small  eccentricities.  This  is  the  true  secret  of  the  mode  of  forma- 
tion of  the  planetary  system. 


§  180.     Expressions  for  the  Forces  Acting  Upon  a  Particle  in  a  Nebula  of  Any 
Form  or  Extent,  and  Between  Two  Nebulae  of  Any  Figure  Whatever. 

In  the  midst  of  a  spiral  nebula  it  is  to  be  observed  that  the  particle  does 
not  obey  merely  the  force  of  gravitation  exerted  from  the  fixed  center  or  nucleus 
of  the  mass,  but  also  the  forces  exerted  by  every  other  particle  in  the  nebula.  The 
potential  of  the  forces  acting  on  the  particle  whose  coordinates  are  x' ,  y ,  z  in 
a  nebula  of  density    <r'    and  of  unlimited  extent  is 
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And  the  forces  along  the  coordinates  axes  are 
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When  the  boundaries  are  finite  they  may  be  specified  by  corresponding  changes 
in  the  limits  of  these  integrals,  but  in  the  case  of  actual  nebulae  the  extent  is 
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always  enormous,  and  infinite  limits  are  therefore  appropriate  unless  the  contrary 
is  indicated. 

If  we  have  two  nebulae  interpenetrating  each  other  in  any  manner  the  mutual 
potential  energy  of  the  two  systems  of  particles  is  given  by  the  sextuple  integral : 

/-  +  00       /"■+  oo       /"*+oo       /*  +  oo       /-»+oo       y-  +oo 

J       J       J       J       J       J  vV-^+^'-y)' +  (*'-*)* 

-oo  -oo  -oo  -oo  -oo  —oo 

where  <x  is  the  density  of  the  first  mass  at  any  point  {x,  y,  z).  And  the  forces 
along  the  coordinate  axes  would  be  found  by  simple  derivation  under  the  sextuple 
integral,  just  as  in  the  above  example  of  the  triple  integral. 

If  R  denote  the  resultant  force  acting  on  any  particle  at  (x,  y,  z),  the  exhaus- 
tion of  gravitational  energy  produced  by  bringing  a  vast  number  N  of  equal 
masses  from  rest  at  an  infinite  distance  to  an  equally  spaced  distribution  through 
a  sphere  of  radius  r  is  easily  shown  to  be  (cf.  Thomson  and  Tait's  Nat.  Philos., 
§549;    and  Baltimore  Lectures  of  Lord  Kelvin,  1904,  p.  270): 

» 
3dxdydz  =  ^)Fr  ,  (395) 


where  F  denotes  the  resultant  force  of  the  attraction  of  the  N  equal  masses 
on  a  material  point,  of  mass  equal  to  the  sum  of  their  masses,  placed  at  the  spheri- 
cal surface  of  radius  r. 

By  means  of  methods  such  as  these,  it  would  be  possible  to  determine  the 
resultant  force  exerted  by  any  nebula  upon  a  particle  within  it  (or  without  it),  if 
we  knew  the  magnitude  of  the  component  bodies  and  their  distribution  in  space; 
but  in  default  of  knowledge  we  can  only  recognize  the  general  fact  that  the  forces 
at  work  are  very  complex,  and  cannot  possibly  give  a  re-entrant  path  to  any 
revolving  particle.  On  the  contrary,  just  as  the  nebula  as  a  whole  under  the 
mutual  attraction  of  its  parts  becomes  more  and  more  symmetrical  by  revolution 
and  condensation,  so  also  will  the  paths  of  the  individual  particles  become  smaller 
and  more  circular  as  the  mass  condenses  towards  the  center  and  forms  a  Sun  sur- 
rounded by  a  system  of  planets  and  satellites. 

In  our  theory  of  the  spiral  nebulae,  we  have  seen  that  the  streams  which  coil 
up  under  their  mutual  attraction,  and  as  the  result  of  relative  motion,  slowly 
condense  towards,  the  center.  For  a  long  time  these  streams  in  the  outer  parts 
of  such  a  nebula  have  no  hydrostatic  connection  with  the  nucleus.  The  coils 
move  independently  of  each  other,  and  as  they  settle  towards  the  center  by  repeated 
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convolutions,  each  time  becoming  more  and  more  circular,  they  also  near  each 
other.  The  particles  in  these  whirling  streams  or  vortices  spread  themselves  around 
a  closed  circuit  more  or  less  elliptical,  but  not  exactly  re-entrant;  for  the  paths  are 
still  spiral  and  not  perfectly  closed  at  the  end  of  a  revolution.  The  larger  masses 
in  these  spirals  gather  more  and  more  material  to  themselves,  while  at  the  same 
time  they  revolve  incessantly  against  a  resisting  medium.  . 

The  resistance  has  the  following  double  effect:  (1)  It  decreases  the  radii 
vectores  and  thus  aids  in  building  up  the  central  mass,  till  it  begins  to  exert  an 
attraction  sufficient  to  cause  the  particles  to  revolve  in  approximate  ellipses.  (2) 
When  a  mass  begins  to  move  in  an  ellipse,  the  resistance  decreases  the  major  axis 
of  the  orbit  and  also  the  eccentricity.  The  orbital  motion  of  the  body  through 
the  nebula  brings  to  it  new  material  to  increase  the  size  of  the  embryo  planet.  As 
the  planet  by  revolving  incessantly  against  the  resisting  medium  gradually  nears 
the  Sun,  it  sweeps  up  in  time  all  the  cosmical  dust  in  a  wide  zone,  and  thus  the 
system  is  gradually  cleared  of  nebulosity. 

In  this  way  our  solar  system  originated.  When  the  nebula  began  to  con- 
dense, it  was  made  up  of  two  or  more  streams  of  matter  exerting  no  hydrostatic 
pressure  except  where  they  were  in  collision.  As  the  winding  up  of  the  streams 
progressed,  the  coils  gradually  became  rounder  and  rounder  and  the  central  mass 
grew  larger  and  larger  and  finally  became  powerful  enough  to  compel  the  embryo 
planets  to  move  in  approximate  ellipses.  Afterwards  the  continuation  of  the 
process  made  the  ellipses  nearly  circular  and  much  smaller  than  they  had  been 
originally.  The  central  parts  of  the  nebula  and  the  streams  which  converged  there 
formed  the  Sun,  while  those  which  circled  high  above  were  gradually  collected 
into  planets  moving  in  orbits  smaller  and  smaller  and  becoming  rounder  and 
rounder.  Thus  at  length  was  produced  the  planetary  system,  with  such  beautiful 
orbs  as  Jupiter  and  Saturn,  Uranus  and  Neptune,  now  revolving  in  nearly  circular 
paths,  yet  never  set  in  motion  by  hydrostatic  pressure  from  the  center,  as  imagined 
by  Laplace. 

As  the  planets  condensed  the  streams  which  formed  a  vortex  about  them 
and  gave  material  whirling  in  spiral  paths  would  likewise  include  captured  satel- 
lites, having  properties  very  similar  to  those  of  the  planets.  The  satellites  are  for 
the  planets  exactly  what  the  planets  are  for  the  Sun;  so  that  we  cannot  doubt 
that  the  mode  of  genesis  was  in  all  respects  similar.  Thus  both  the  planets  and 
satellites  are  captured  bodies  which  have  since  grown  by  accretion,  and  arose  orig- 
inally in  diffuse  nebulae,  devoid  of  hydrostatic  pressure;  and  as  that  process 
was  repeated  so  frequently  in  our  solar  system,  it  is  evident  that  the  heavens 
must  contain  vast  multitudes  of  planetary  systems  of  similar  character,  in  which 
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SYSTEM  OF  JUPITER 

Fig.   36.     Diagram    of    the    System    of    Jupiter    Drawn    to    Scale    and    Showing    the 
Retrograde  Motion  of  the  Eighth  Satellite. 
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Fig.  37.  Diagrams  of  the  Systems  of  Saturn,  Uranus,  Neptune,  and  the  Earth  and 
Mion,  Drawn  to  Same  Scale.  The  Retrograde  Orbit  of  Phcebe  is  Shown  in  the 
dlvgram  of  the  satellites  of  saturn. 
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all  the  bodies  have  been  captured  and  have  had  their  orbits  transformed  by  the 
resisting  medium  in  which  they  have  revolved. 


§  181.     On  the  Eccentricities  of  the  Orbits  of  the  Satellites. 

If  we  examine  the  eccentricities  of  the  orbits  of  the  satellites  of  Jupiter  and 
Saturn,  we  shall  be  surprised  to  find  that  the  two  retrograde  satellites  have  by 
far  the  largest  eccentricities;  in  fact  these  satellites  have  the  largest  eccentricities 
of  any  of  the  satellites  of  the  solar  system.  In  the  case  of  Jupiter's  Eighth  Sat- 
ellite, the  eccentricity  found  by  Crawford  attains  the  unprecedented  figure  of 
0.44;  while  the  eccentricity  of  Saturn's  Ninth  Satellite,  found  by  W.  H.  Pickering, 
is  just  half  as  large.  In  each  system  the  eccentricity  of  the  outer  orbit  is  remark- 
ably large  and  difficult  if  not  impossible  to  reconcile  with  the  classic  Laplacian 
nebular  hypothesis,  even  as  modified  by  Stratton.  The  following  table  shows 
the  eccentricities  of  the  principal  satellite  orbits. 


Planet 

Satellite 

Eccentricity 

Earth 

Moon 

0.05491 

Mars 

Phobos 

0.0217 

Deimos 

0.0031 

Jupiter 

V 
I 

0.00308 
0.0000 

11 

0.0000 

III 

0.001335 

IV 

0.007278 

VI 

0.1550 

VII 

0.0246 

VIII 

0.44 

Saturn 

Mimas 

0.0190 

Enceladus 

0.0046 

Tethys 
Dione 

0.0000 
0.0020 

Rhea 

0.0009 

Titan 

0.02886 

Hyperion 

lapetus 

Phoebe 

0.1043 

0.02836 

0.22 

Uranus 

Ariel 

0.000 

Umbriel 

0.000 

Titania 

0.000 

Oberon 

0.000 

Neptune 

Satellite 

0.00292 
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It  will  be  seen  from  this  table  that  the  eccentricity  is  small  for  all  of  Jupiter's 
satellites,  except  the  Sixth  (0.15)  and  Eighth  (0.44).  In  the  system  of  Saturn  a 
precisely  similar  condition  exists,  and  the  eccentricity  is  small  except  in  the  case 
of  Hyperion  (0.10)  and  Phozbe  (0.22).  Thus  the  two  retrograde  satellites  have 
by  far  the  largest  eccentricities  of  all  the  bodies  of  this  class  in  our  system,  and 
a  strong  presumption  arises  that  the  high  eccentricity,  the  retrograde  motion 
and  the  position  on  the  outer  borders  of  these  systems  are  all  intimately 
connected.  As  the  high  eccentricities  are  permanent  and  not  due  to  perturba- 
tions merely,  their  occurrence  on  the  outer  parts  of  these  systems  seems  to 
indicate  that  they  are  survivals  of  more  extreme  eccentricities  in  the  primitive 
orbits. 

If  these  retrograde  satellites  had  been  captured  and  added  to  the  outer  parts 
of  the  systems  by  encountering  of  resistance  in  passing  near  these  planets,  it  seems 
certain  that  immediately  after  their  capture  the  eccentricities  would  most  likely 
have  been  comparatively  high,  like  those  of  the  periodic  comets,  say  0.65  or  0.70. 
In  time,  however,  the  action  of  the  resisting  medium  would  have  greatly  reduced 
both  the  mean  distance  and  the  eccentricity ;  yet  if  the  medium  were  quite  rare, 
at  that  distance  from  the  planets,  as  seems  probable,  a  considerable  part  of  the 
original  eccentricities  would  survive,  and  give  us  the  very  phenomena  which  are 
now  observed.  Accordingly  the  large  eccentricities  as  well  as  the  retrograde 
motion  are  essentially  inconsistent  with  the  theory  of  Laplace;  but  both  of  these 
phenomena  find  a  natural  and  simple  explanation  in  the  capture  theory  here 
developed.  A  new  theory  which  harmonizes  such  anomalous  phenomena  will 
inevitably  have  a  strong  claim  to  acceptance. 

It  may  be  noted  also  that  besides  the  large  eccentricities  of  the  retrograde  satellites 
the  difficulty  of  explaining  the  inclinations  of  the  Sixth  and  Seventh  Satellites  of  Jupiter 
by  the  Laplacian  theory  is  generally  recognized.  The  inclination  of  Jupiter's  Sixth 
and  Seventh  Satellites  are  so  high  as  to  be  quite  remarkable.  According  to  Dr. 
Ross  (Lick.  Obs.  Bulletin,  No.  112  and  82)  the  inclination  of  these  bodies  to  Jupiter's 
orbit,  together  with  the  mean  distances  and  periods,  are  as  follows: 


Inclination 

Mean  Distance 

Period 

Satellite  VI 

28°     44'.8 

3037".0 

250.618  days 

Satellite  VII 

32° 

3152".4 

265.0      days 

Satellite  VIII 

145°     48' 

7287".0 

930.73    days 

The  corresponding  elements  for  the  Eighth  Satellite  are  added  from  the  recent 
work  of  Professor  Crawford  (Lick  Obs.  Bulletin,  No.  137).  The  capture  theory 
gives  a  natural  and  simple  explanation  of  all  these  phenomena,  and  undoubtedly 
represents  the  true  process  of  Nature. 
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§  182.     On  the  Planar  Arrangement  of  the  Planetary  System. 

Before  entering  upon  the  problem  of  the  obliquities  of  the  planets,  which 
must  receive  careful  attention,  it  seems  advisable  to  notice  one  criticism  of  the 
previous  work,  in  order  to  make  clear  the  general  principles  underlying  the  capture 
theory.  In  Nature,  of  July  29,  1909,  a  reviewer  of  the  paper  in  A.N.,  4308,  closes 
his  account  by  asking:  "Why,  for  instance,  on  the  hypothesis  of  capture,  are 
the  vast  majority  of  the  orbits  near  the  plane  of  the  ecliptic  and  their  motion 
direct?"  This  is  because  our  system  was  formed  from  a  spiral  nebula,  itself  pro- 
duced by  the  unsymmetrical  meeting  of  two  streams  of  nebulosity  or  by  the  mere 
gravitational  settling  of  a  single  nebula  of  curved  and  unsymmetrical  figure,  thus 
giving  a  rotating  cosmical  vortex,  or  spiral  nebula,  but  without  hydrostatic  pressure 
as  imagined  by  Laplace.  In  Lick  Observatory  Publications,  Vol.  VIII,  Plate  34, 
will  be  found  an  illustration  of  H.V.  2  Virginis,  a  spiral  nebula  of  unsymmetrical 
figure  just  beginning  to  coil  up  and  form  a  system.  What  will  happen  in  the  later 
stages  of  this  nebula  is  sufficiently  shown  in  the  Lick  Photographs  of  the  other 
nebulae  given  in  this  volume.  As  the  mass  whirls  and  condenses  under  resistance, 
it  will  necessarily  retain  and  draw  down  most  of  the  nebulosity  into  the  principal 
plane  of  motion.  This  is  exactly  what  has  given  the  observed  arrangement  of 
the  solar  system. 

All  these  bodies  revolve  in  the  same  direction  and  nearly  in  a  fundamental 
plane  of  maximum  areas,  which  was  discovered  by  Laplace  in  1784,  and  by  him 
proved  to  be  invariable.  Owing  to  numerous  changes  in  the  physical  universe 
this  Invariable  Plane  is  the  only  geometrical  element  of  any  system  which  remains 
rigorously  fixed,  whatever  be  mutual  action  of  the  component  bodies;  and  the 
fundamental  plane  thus  defined  cannot  be  disturbed  except  by  the  action  of  the 
fixed  stars,  which  are  too  far  away  to  exert  a  sensible  influence. 

It  is  impossible  for  a  cosmical  vortex  to  form  and  develop  in  this  manner 
without  producing  motion  confined  essentially  to  one  plane.  Such  oblate  vortices 
are  found  everywhere  among  the  nebulae.  All  well  developed  spiral  nebulae 
are  whirling  in  a  comparatively  thin  plane,  just  as  is  observed  in  the  arrangement 
of  the  bodies  of  our  planetary  system.  The  photographs  of  the  spiral  nebulae 
show  this  planar  arrangement  beautifully.  It  is  easily  understood  mechani- 
cally, as  a  gyrostatic  effect,  arising  from  the  way  in  which  the  system  is  started; 
and  being  an  observed  fact  in  the  arrangement  of  the  planetary  system,  it  shows 
that  our  system  Was  no  exception  to  the  general  order  of  nature,  but  originated 
from  a  whirlpool  nebula. 

Any  nebulous  mass  whirling  as  a  vortex  and  winding  up  will  necessarily 
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have  its  coils  mostly  in  one  plane,  and  under  the  action  of  resistance  any  nebu- 
losity not  in  that  plane' will  tend  to  be  drawn  into  the  dominant  plane  of  motion 
to  which  most  of  the  matter  is  confined.  Moreover  the  effect  will  become  more 
marked  as  the  whole  nebula  condenses  and  greatly  contracts  its  dimensions.  When 
a  nebula  in  developing  takes  an  unsymmetrical  figure,  and  then  settles  under 
the  mutual  gravitation  of  its  parts,  it  will  form  a  spiral  nebula  and  continue  to 
coil  up  and  attain  greater  and  greater  symmetry,  as  the  cosmical  vortex  con- 
denses and  decreases  in  size  under  gravitation  and  resistance. 

If  the  nebula  arises  from  the  meeting  of  two  or  more  streams  of  cosmical  dust, 
the  whole  system  thus  constituted  will  necessarily  have  some  principal  plane 
towards  which  it  gravitates  as  it  settles.  And  as  such  a  nebula  is  a  vastly  expanded 
mass  of  excessive  tenuity,  it  will  revolve  a  long  time  in  condensing,  and  therefore 
finally  acquire  arrangement  in  a  plane.  This  oblate  arrangement  usually  is  not 
due  to  centrifugal  force,  as  in  the  figures  of  equilibrium,  because  hydrostatic 
pressure  seldom  exists  in  a  true  nebula,  but  is  due  principally  to  the  gyrostatic 
and  centripetal  tendency,  as  the  nebula  whirls  and  slowly  condenses,  producing 
a  system  of  planets  revolving  around  the  Sun  in  the  center. 

§  183.     On  the  Physical  Cause  Which  Has  Produced  the  Small  Obliquity  of  the 

Planet  Jupiter  (cf.  A.N.  4367). 

We  have  seen  that  the  planets  are  as  old  as  the  Sun  itself,  and  have  gradually 
neared  the  Sun  from  a  great  distance.  Therefore  large  bodies  like  Jupiter,  Saturn, 
Uranus  and  Neptune  acquired  independent  rotations,  when  they  were  much 
further  from  the  Sun  than  at  present,  and  originally  these  rotations  may  have 
been  in  any  planes.  As  they  neared  the  Sun  and  became  more  like  the  inner 
planets,  the  rotations  would  tend  to  become  direct,  because  of  the  vortices  of 
captured  satellites  revolving  about  the  planets  in  planes  passing  through  the  Sun. 
These  vortices  increase  the  masses  of  the  planets  by  the  precipitation  of  satellites, 
and  thus  tend  to  bring  their  equators  into  the  general  plane  of  movement  of  the 
planetary  system.  The  retrograde  motion  of  the  satellites  and  the  high  tilting 
of  the  planetary  axes  is  therefore  natural  enough  on  the  outer  parts  of  the  system; 
but  it  ought  not  to  persist  in  the  planets  nearer  the  Sun;  and  here,  fortunately, 
theory  is  in  complete  accord  with  observation. 

In  the  critical  investigation  of  this  problem  of  planetary  obliquity,  we  begin 
with  Jupiter,  the  greatest  of  the  planets,  because  here  the  influence  at  work  has 
left  on  the  Jovian  system  so  distinct  an  impress  of  its  mode  of  operation  that 
there  can  be  no  doubt  of  the  correctness  of  the  assigned  physical  cause.     We  have 
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found  that  all  the  planets  have  increased  greatly  in  mass,  with  the  lapse  of  ages, 
by  the  capture  and  absorption  of  satellites.  And  it  naturally  follows  that  Jupiter 
above  every  other  planet  has  augmented  his  mass  at  the  expense  of  the  smaller 
bodies  of  our  system. 

This  is  shown  by  the  part  this  great  planet  plays  in  the  capture  and  trans- 
formation of  the  orbits  of  comets,  and  by  the  fact  that  he  has  gradually  worked 
the  Asteroids  out  of  the  regions  beyond  his  orbit,  and  thrown  them  into  the  com- 
paratively stable  region  within  where  they  now  revolve.  That  Jupiter  has  thus 
transformed  the  paths  of  thousands  and  millions  of  small  bodies  once  crossing  over 
his  orbit,  there  is  not  the  slightest  doubt.  Remarkable  survivals  still  existing  in 
our  system  prove  this  as  clearly  as  if  we  had  actually  witnessed  these  effects  within 
the  historical  period  covered  by  exact  observations. 

On  the  basis  of  the  phenomena  presented  by  the  comets  and  the  Asteroids, 
therefore,  we  may  confidently  assert  that  Jupiter  has  not  only  transformed  the 
paths  of  countless  small  bodies  once  crossing  his  orbit,  but  also  that  he  has  greatly 
built  up  his  own  mass  by  the  capture  and  absorption  of  small  bodies,  which  for 
brevity  of  diction  we  may  speak  of  as  satellites.  If  we  consider  the  past  we  see 
that  there  was  a  time  when  vast  quantities  of  these  bodies  revolved  near  Jupiter, 
in  planes  passing  through  the  Sun,  and  having  an  average  motion  coincident 
with  the  plane  of  his  orbit.  The  average  satellite  of  this  kind  when  captured 
and  precipitated  upon  the  planet  would  obviously  augment  the  planet's  mass 
and  oblateness,  and  also  tend  to  bring  the  Jovian  equator  into  coincidence 
with  the  plane  of  the  planet's  orbit.  Accordingly  whatever  may  have  been 
the  original  position  of  the  planet's  axis,  this  process  of  growth  has  tended 
to  make  it  more  and  more  nearly  perpendicular  to  the  plane  of  the  Jovian 
orbit,  which  is  also  the  mean  position  of  the  swarm  of  satellites  revolving 
about  the  Sun  and  being  gradually  captured  and  absorbed  by  this  giant 
planet. 

Now  it  is  a  fact  of  observation  that  the  axis  of  Jupiter  is  inclined  from  the 
perpendicular  to  the  plane  of  his  orbit  by  only  about  3°;  and  this  small  obliquity 
tells  the  story  of  the  capture  of  vast  quantities  of  satellites  so  plainly  that  one 
cannot  mistake  its  meaning.  Moreover,  the  observed  equatorial  acceleration  of 
Jupiter,  similar  to  the  equatorial  accelerations  observed  in  the  Sun  and  Saturn, 
shows  that  the  process  of  capture  and  precipitation  of  satellites  is  still  going  on. 
The  small  obliquity  of  Jupiter  is  therefore  a  beautiful  illustration  of  what  happens 
to  any  planet  when  the  process  of  capturing  satellites  has  gone  far  enough ;  namely, 
the  axis  tends  to  become  perpendicular  to  the  plane  of  the  orbit,  and  the  obliquity 
vanishes. 
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§  184.     On  the  Relation  Between  the  Obliquities  of  Jupiter  and  Saturn. 

If  we  consider  the  phenomena  presented  by  Saturn,  we  perceive  that  his 
obliquity  is  less  developed  than  that  of  Jupiter;  for  the  mass  of  the  former  is  less 
than  one-third  that  of  the  latter,  and  the  distance  nearly  double.  And  just  as 
Jupiter  has  worked  the  satellites  out  of  the  regions  beyond  his  orbit,  so  also  he 
has  both  grown  on  the  material  thus  captured,  and  at  the  same  time  robbed  his 
remoter  neighbor  of  material  which  otherwise  would  have  augmented  the  mass 
of  Saturn  and  diminished  the  obliquity  to  a  smaller  value  than  it  has  to-day. 

It  is  easily  shown  by  calculation  that  when  Jupiter's  mass  was  as  small  as 
that  of  Saturn  and  his  distance  as  great,  his  obliquity  may  have  been  fully  as  large 
as  that  of  Saturn  is  now. 

The  moment  of  momentum  of  a  planet  about  its  axis  of  rotation  is  H  =  k2 
(oMa2,  where  A;2  is  the  square  of  the  principal  radius  of  gyration,  and  there- 
fore a  constant  depending  on  the  law  of  density,  o»  the  angular  velocity  of 
rotation,  a  the  radius,  and  M  the  mass.  For  a  second  planet  following  the 
same  law  of  density  we  have  H'  =  k2  J  M'  a'2.  If  new  matter  be  added  to 
the  first  planet  to  produce  the  second,  we  may  imagine  the  shell  thus  deposited 
to  be  rotating  about  a  different  axis,  and  the  two  rotations  may  be  compounded 
geometrically  according  to  the  principle  of  the  parallelogram  of  forces.  Now  on 
this  hypothesis,  with  M'  =  3M ,  or  the  matter  of  the  shell  equal  to  2M,  we 
have  a>>co,  a  >  a,  while  A;2  remains  unchanged,  and  H'>SH.  For  the 
equatorial  accelerations  observed  in  the  Sun,  Jupiter  and  Saturn  show  that  as 
the  mass  increases  by  the  precipitation  of  satellites,  the  angular  velocity  o>  also 
increases.  Two  spheres  with  volumes  as  1  to  3,  have  radii  as  1:^/3  =  1:  1.4422496; 
and  the  difference  of  the  moments  of  momentum  about  the  axes  grfes  that  of  the 
shell: 

Ht=  H'  -  H=k2  \SM'*'*-mMa*\  =  /k2  {3  «.' (1.44)2  ~  ».{-*»«.  j  3^-j2.0736  -  1  I  •      (396) 

Accordingly  even  if   at    did  not  exceed     «,     H0  >  5H,     or  the  moment  of  momen- 
tum of  the  shell  exceed  that  of  the  nucleus  by  more  than  5  to  1. 

The  increase  in  the  angular  velocity  m,  over  at  the  original  angular  velo- 
city of  the  nucleus,  depends  on  the  proportion  of  satellites  revolving  with  the 
vortex,  and  accelerating  the  rotation  by  falling  upon  the  planet,  to  those  retard- 
ing the  rotation  or  falling  in  all  manner  of  contrary  directions.  This  ratio  is  not 
known,  but  from  the  proportion  of  direct  to  retrograde  satellites  in  the  solar 
system  is  believed  to  be  about  |.  Trebling  the  mass  trebles  the  force  of  gravity  at 
a  fixed  distance,  and  even  if  the  radius  be  increased  from  1  to  1.44,  there  will  still 
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be  a  large  increase  in  the  angular  velocity.  The  problem  of  the  acceleration  of 
the  angular  velocity  probably  does  not  admit  of  entirely  rigorous  treatment,  but 
the  following  process  of  calculation  will  give  approximately  the  effect  produced. 
In  order  to  determine  the  mechanical  effect  of  the  downfall  of  cosmical  dust  upon 
the  planet's  rotation  we  have  to  evaluate  the  triple  integral: 


0)    =  <■>    •    •= 


M  a2da  sin  6d6d<f, 


5     2i     i/         /        /    a3  a  sin  6 


(397) 


where    dm  =  a?  da  sin  6ddd<f>,     and  the  divisor     a  sin  6     gives  the  torque  about 
the  axis. 

But  as  the  distribution  of  material  may  be  taken  to  be  uniform  as  respects 
the  angle  <$>,  we  may  immediately  integrate  relatively  to  this  variable;  it  is 
also  obvious  that  we  may  restrict  6  to  one  of  the  two  symmetrical  hemispheres. 
Thus  we  get: 

IT  IT 

4      2     r**    Cm  a'da  sin  Odd  16  2*-    /    °S  f' \  ,      '  /M%. 

*'-•».*.-/  /    -j  r— S —  =  U  —  —  /  /  vatdadO  .       .  (398) 

o      ir  I  I     a2        a  sin  6  15  tt  /  /  v       ' 

When  the  density   <r  is  taken  to  be  uniform  and  the  matter  incompressible,  this 
gives 


r     "*  16     r-.nl.44 


=  o>  —  rr  /  a2da  =  <u^i 


-  2.234  a,  .  (399) 


Using  this  value  in  (396)  we  obtain  finally 

H0  =  H'  -  H  =  k*<o  J  13.8  -  1J  -  12.8  Pa)  .  (400) 

In  this  calculation  there  are  several  factors  to  which  considerable  uncertainty 
attaches,  but  it  seems  certain  that  the  moment  of  momentum  of  axial  rotation 
due  to  the  layer  including  two-thirds  of  the  whole  mass  could  not  well  be  much 
less  than  ten  times  that  of  the  original  moment  of  momentum  of  axial  rotation; 
so  that  the  original  obliquity  of  27°  would  be  reduced  according  to  the  relations 

^4,     *  +  /J  =  27°;  (401) 

sin  a       10 

and  thus  /8  become  less  than  three  degrees.  We  conclude,  therefore,  that  if 
Saturn's  mass  should  be  trebled  by  the  capture  of  satellites  moving  in  the  plane 
of  his  orbit,  his  obliquity  would  be  practically  obliterated,  and  the  new  axis  of 
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rotation  would  be  almost  perpendicular  to  the  plane  of  his  orbit  about  the  Sun. 
Under  the  circumstances  it  is  clear  that  Jupiter's  obliquity  may  at  one  time  have 
been  even  larger  than  that  of  Saturn  is  now,  and  yet  it  would  have  been  almost 
destroyed  in  the  course  of  time  by  the  capture  of  satellites. 

§  185.     On  the  Obliquities  of  Uranus  and  Neptune  and  of  the  Terrestrial  Planets. 

In  regard  to  the  obliquity  of  Uranus,  we  have  to  judge  principally  by  the 
planes  in  which  the  satellites  move,  though  the  planet  is  found  by  observation  to 
have  an  oblateness  of  between  1  :  25  and  1  :  12  (cf.  A.N.,  3992).  As  the  satellites 
are  observed  to  move  sensibly  in  one  plane,  and  their  orbits  show  no  recognized 
secular  displacement,  it  is  to  be  assumed  that  they  move  in  the  plane  of  the  equator. 
In  A.N.,  4341-42,  we  have  pointed  out  that  these  Uranian  satellites  are  excessively 
and  almost  unaccountably  near  the  center  of  the  large  closed  space  about  Uranus. 
It  is  evident  that  the  major  axes  have  been  enormously  reduced  since  these  bodies 
were  originally  captured.  Under  the  circumstances  it  is  not  surprising  that  in 
this  great  reduction  of  the  mean  distances  the  eccentricities  have  been  entirely 
obliterated. 

In  connection  with  this  great  decrease  of  the  mean  distance  it  is  easy  to  see 
how  the  satellites  have  gradually  worked  down  into  the  plane  of  the  Uranian 
equator.  The  effect  here  is  similar  to  that  observed  in  the  case  of  the  inner  satel- 
lites of  Saturn  and  of  the  particles  composing  the  ring.  Under  the  action  of  the 
oblateness  and  of  the  vortex  of  nebulosity  whirling  about  the  planet  the  revolving 
particles  tend  to  be  drawn  into  the  plane  of  the  equator  as  the  path  of  least  resist- 
ance. Satellites  revolving  about  an  oblate  planet  and  suffering  great  reduction 
in  the  mean  distance,  by  the  action  of  a  resisting  medium,  thus  come  finally  to 
revolve  nearly  in  the  plane  of  the  equator,  as  we  see  also  in  the  case  of  the 
inner  satellites  of  the  system  of  Jupiter.  For  departure  from  this  equatorial 
plane  is  resisted  more  and  more,  under  the  effect  of  oblateness  and  of  the  vortex 
of  nebulosity,  as  the  planet  is  approached;  and  the  wear  and  tear  of  the  vortex 
finally  leaves  the  surviving  particles  adjusted  to  move  exactly  in  the  plane  of  the 
equator.  This  is  the  origin  of  the  beautiful  system  of  rings  about  Saturn,  and 
the  satellites  near  the  planets  everywhere  show  the  same  tendency  to  exact  adjust- 
ment in  the  plane  of  the  equator,  whether  it  be  in  the  system  of  Mars  or  Uranus. 
And  just  as  the  satellites  which  now  survive  about  the  planets  are  but  a  small  part 
of  those  which  once  existed,  so  also  the  material  in  the  rings  of  Saturn  has  been 
destroyed  and  renewed  many  times.  This  cosmical  dust  is  within  Roche's  limit 
and  cannot  form  a  satellite,  but  the  symmetrical  arrangement  with  respect  to 
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the  equator  of  Saturn  illustrates  the  action  of  the  oblateness  and  of  the  revolving 
vortex  in  working  the  particles  into  the  plane  of  the  equator  as  the  path  of  descent 
offering  least  resistance. 

We  may  therefore  take  the  equator  of  Uranus  to  coincide  with  the  plane 
of  the  orbits  of  the  satellites.  Why  then  has  the  obliquity  of  Uranus  remained 
so  large?  Simply  because  the  primordial  rotation  was  largely  arbitrary  and 
started  when  the  planet  was  at  a  great  distance  from  the  Sun;  and  in  later  times 
the  supply  of  satellites  coming  in  to  build  up  the  planet's  mass  has  been  cut  off 
by  the  action  of  Jupiter  and  Saturn  in  clearing  up  the  solar  system.  Jupiter  has 
robbed  Saturn  of  building  material,  and  Saturn  has  joined  with  Jupiter  in  robbing 
Uranus.  This  effect  is  also  unmistakably  exhibited  in  the  system  of  Neptune, 
which  has  only  a  single  satellite,  with  zero  eccentricity,  and  very  small  distance 
compared  to  the  large  closed  space  about  the  planet,  showing  that  a  great  interval 
of  time  has  elapsed  since  the  capture  of  the  satellite  took  place. 

It  is  thus  a  remarkable  fact,  clearly  demonstrated  by  surviving  phenomena 
in  the  solar  system,  that  the  inner  of  the  major  planets  have  robbed  the  outer  by 
gradually  cutting  off  the  supply  of  satellites.  This  is  the  significance  of  the  fact, 
that  although  Uranus  and  Neptune  have  larger  closed  spaces  than  Jupiter  and 
Saturn  (cf.  A.N.,  4341-42),  their  surviving  satellites  are  concentrated  quite  near 
the  planets  with  the  outer  regions  apparently  vacant.  For  these  reasons  these 
outer  regions  may  be  in  fact  as  vacant  as  they  seem,  and  search  for  remoter  satel- 
lites may  prove  to  be  in  vain.  The  failure  to  find  additional  satellites  about 
Uranus  and  Neptune  seems  to  show  that  no  satellites  of  sensible  magnitude  have 
been  available  for  capture  by  these  planets  in  recent  times. 

Moreover,  since  Jupiter  has  been  able  to  rob  Saturn,  while  Saturn  joined  him 
in  robbing  Uranus;  and  since  Neptune  in  turn  was  robbed  by  all  three  of  the  major 
planets  within  his  own  orbit,  we  perceive  in  this  state  of  fact  an  indication  that 
the  orbits  of  the  satellites  thus  cut  off  from  the  outer  planets  were  of  such  con- 
siderable eccentricity  that  they  crossed  the  orbits  of  the  planets  next  within.  This 
is  another  answer  to  Dr.  G.  W.  Hill's  question  (§  169)  to  the  present  writer, 
as  to  a  reason  for  thinking  that  the  primitive  planetary  orbits  were  necessarily 
of  large  eccentricity. 

It  follows  therefore  that  if  Jupiter  and  Saturn  had  been  removed  from  our 
system  at  an  early  epoch  Uranus  would  have  had  a  much  more  extensive  system 
of  satellites  than  he  now  has,  and  the  mass  of  Uranus  would  have  grown  so  much 
that  the  obliquity  would  have  been  reduced  to  an  insignificant  value.  But  with 
Jupiter  and  Saturn  cutting  off  the  Uranian  supply  of  material  revolving  about 
the  Sun,  the  present  high  obliquity  and  the  narrow  system  of  satellites  concen- 
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trated  close  to  the  planet  has  necessarily  resulted.  And  the  causes  which  have 
operated  to  prevent  the  obliteration  of  the  obliquity  in  the  case  of  Uranus  have 
acted  even  more  powerfully  in  the  case  of  Neptune. 

The  arrangement  of  the  obliquities  and  systems  of  satellites  among  the  major 
planets  is  therefore  entirely  clear,  and  it  is  seen  to  have  been  the  direct  outcome 
of  the  available  supply  of  satellites  circulating  around  the  Sun.  The  phenomena 
still  surviving  in  the  solar  system  thus  throw  a  flood  of  light  upon  the  state  of 
our  system  in  the  remote  past,  and  indicate  with  certainty  that  the  primordial 
orbits  of  the  satellites  were  nearly  always  sufficiently  eccentric  to  overlap  the 
orbit  of  the  planet  next  within;  otherwise  the  supply  of  material  for  the  outer 
planets  would  not  have  been  cut  off  by  the  inner  ones,  so  as  to  arrest  the  develop- 
ment of  Uranus  and  Neptune.  The  development  of  Jupiter  is  typical,  and  that  of 
Saturn  almost  normal;  while  that  of  Uranus  and  Neptune  is  clearly  and  unmis- 
takably arrested,  in  spite  of  the  comparatively  large  masses  of  these  outer  planets. 
And  this  state  of  fact  can  only  mean  that  the  supply  of  satellites  was  long  ago 
cut  off  by  Jupiter  and  Saturn;  and  furthermore  that  the  orbits  pursued  by  the 
satellites  were  eccentric  enough  to  have  caused  them  to  cross  over  the  orbits  of 
the  two  inner  major  planets.  From  these  considerations  we  get  an  unexpected 
light  on  the  development  of  our  solar  system.  If  there  are  other  planets  beyond 
Neptune,  they  will  have  suffered  still  more  than  the  known  planets  by  the  cutting 
off  of  their  supply  of  building  material,  and  at  this  late  epoch  might  be  quite 
devoid  of  attending  satellites  of  any  kind. 

If  we  now  turn  our  attention  to  the  inner  or  terrestrial  planets  within  the 
orbit  of  Jupiter,  we  shall  find  indications  that  the  same  causes  have  been  at  work 
which  have  operated  in  the  outer  parts  of  the  planetary  system.  The  Asteroids 
are  the  chief  survival  of  the  swarm  of  small  bodies  formerly  traversing  the  regions 
of  the  major  planets;  but  Jupiter  has  thrown  most  of  them  within  his  own  orbit, 
and  almost  cut  off  the  supply  of  material  both  for  himself  and  for  the  other  planets 
beyond.  By  thiis  same  analogy  we  cannot  doubt  that  the  terrestrial  planets, 
Mercury,  Venus,  the  Earth,  the  Moon  (formerly  an  independent  planet),  and 
Mars,  at  a  remoter  epoch  also  crossed  over  the  orbit  of  Jupiter,  and  were  finally 
thrown  entirely  within.  Thousands  of  such  planets  were  engulfed  in  the  Sun, 
while  only  those  with  fairly  round  orbits  escaped  absorption.  The  surviving 
large  eccentricity  of  the  orbit  of  Mercury  is  therefore  in  no  sense  an  exception  to 
the  present  theory,  but  the  large  inclination  may  have  aided  this  small  planet 
in  eluding  the  influence  of  Jupiter. 

The  Moon  must  have  been  captured  by  the  Earth  after  these  bodies  were 
well  within  the  orbit  of  Jupiter  and  probably  even  within  the  present  orbit  of 
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Mars.  The  fact  that  the  Moon  is  not  very  near  the  Earth,  but  at  a  distance 
scarcely  less  than  half  of  that  at  the  time  of  capture,  shows  that  while  the  events 
occurred  a  long  time  ago,  it  was  comparatively  late  in  the  history  of  the  solar 
system. 

As  for  the  obliquities  of  the  inner  planets,  we  observe  that  all  these  globes 
are  small,  and  therefore  they  could  not  have  greatly  increased  their  masses  by 
the  capture  of  satellites  entering  the  closed  spaces  within  the  Hill  surfaces  about 
these  bodies.  The  obliquity  of  Mars  is  about  24°.8,  that  of  the  Earth  23°.5, 
while  that  of  Venus  is  not  certainly  known,  but  is  believed  to  be  small.  This  is 
in  accord  with  theory,  for  a  body  as  small  as  Mars  and  more  remote  than  the 
Earth,  other  conditions  being  equal,  ought  to  have  a  larger  obliquity;  and  in 
the  same  way  the  obliquity  of  Venus  ought  to  be  smaller  than  that  of  the 
Earth. 

Accordingly  we  conclude  that  throughout  the  solar  system  the  universal 
tendency  has  been  to  obliterate  planetary  obliquities,  but  the  deficiency  in  the 
supply  of  material  has  left  the  resulting  effects  on  the  different  planets  very  unequal, 
though  tending  everywhere  in  the  same  direction  of  zero  obliquity,  as  exhibited 
in  the  typical  case  of  the  planet  Jupiter. 

§  186.     Summary  of  the  Phenomena  Explained  by  the  New  Theory  of  the 

Origin  of  the  Planetary  System. 

1.  The  arrangement  of  the  motions  of  the  planets  in  a  narrow  zone,  near 
the  fundamental  plane  of  the  system,  making  the  mutual  inclinations  of  their 
orbits  very  small. 

2.  The  circularity  of  the  planetary  orbits,  and  their  mutual  spacing,  so  as 
to  give  great  stability  to  the  resulting  planetary  system. 

3.  The  circularity  of  the  orbits  is  due  to  the  secular  action  of  the  nebular 
resisting  medium  formerly  pervading  the  system,  and  not  at  all  to  detachment 
in  round  orbits  by  gradually  accelerated  rotation,  as  imagined  by  Laplace. 

4.  Motions  which  were  not  stable  have  not  long  endured,  but  have  passed 
by  gradual  transformation  into  a  more  stable  condition,  usually  by  the  bodies 
concerned  dropping  nearer  the  dominant  central  mass,  the  planets  descending 
towards  the  Sun  and  the  satellites  descending  towards  their  several  planets. 

5.  The  Asteroids  were  originally  distributed  over  the  entire  outer  part  of 
our  system,  but  the  attraction  of  Jupiter  rendered  their  motions  unstable,  and 
instead  of  crossing  his  path  as  formerly  they  have  now  been  transformed  so  as 
to  lie  wholly  within  his  orbit. 


OF   THE    ORIGIN    OF   THE    PLANETARY    SYSTEM. 


401 


6.  The  satellites  of  Saturn,  Uranus  and  Neptune,  were  originally  planets 
moving  in  independent  orbits  around  the  Sun.  Their  capture  and  survival  near 
the  several  planets  which  now  govern  their  motions  throws  an  interesting  and 
impressive  light  upon  the  condition  of  our  system  in  the  remote  past ;  and  enables 
us  to  make  out  with  certainty  that  many  such  bodies  once  circulated  about  the 
Sun  and  traversed  the  spaces  between  all  the  planets. 

7.  At  present  the  only  known  surviving  group  of  such  bodies  is  the  Aste- 
roids, between  Mars  and  Jupiter,  but  later  researches  may  establish  the  existence 
of  small  bodies  of  this  class  in  other  interplanetary  spaces. 

8.  Observation  shows  that  no  bodies  comparable  in  brightness  to  Saturn's 
larger  satellites  now  exist  between  Jupiter  and  Saturn;  and  therefore  it  seems 
that  Jupiter  has  done  his  work  of  clearing  up  the  system  very  effectively. 

9.  The  satellites  are  all  captured  planets,  and  since  they  became  attached 
to  their  several  primary  planets  have  had  their  orbits  reduced  in  size  and  rounded 
up  under  the  secular  action  of  a  resisting  medium. 

10.  Satellites  may  be  retrograde  as  well  as  direct,  but  the  chance  of  retro- 
grade satellites  surviving  is  very  slight,  except  on  the  outer  parts  of  the  satellite 
systems,  where  the  vortex  of  nebulosity  has  a  very  small  density. 

11.  This  explains  the  retrograde  satellites  of  Jupiter  and  Saturn  and  the 
considerable  eccentricities  of  their  orbits,  which  are  survivals  of  still  larger  eccen- 
tricities dating  from  the  epoch  of  capture. 

12.  The  capture  of  the  periodic  comets  is  similar  to  that  of  the  Asteroids, 
except  that  some  comets  may  once  have  come  to  our  system  in  parabolic  paths, 
while  most  of  the  Asteroids  were  no  doubt  parts  of  the  original  solar  nebula,  and 
have  now  been  simply  worked  into  the  region  within  the  orbit  of  Jupiter. 

13.  Jupiter's  capture  of  a  vast  number  of  satellites  or  small  planets  once 
moving  about  the  Sun,  in  the  course  of  long  ages,  has  greatly  increased  his  mass. 
As  the  planes  in  which  these  bodies  moved  passed  on  the  average  about  parallel 
to  Jupiter's  orbit  around  the  Sun,  the  final  effect  of  these  successive  additions 
to  Jupiter's  system  was  to  give  the  resulting  axis  of  the  planet's  rotation  a  situa- 
tion almost  perpendicular  to  his  orbit.  Whatever  may  have  been  the  original 
obliquity,  this  situation  with  the  planet's  axis  nearly  perpendicular  to  the  plane 
of  the  orbit  has  necessarily  resulted  from  the  capturing  of  vast  quantities  of  satel- 
lites moving  near  the  plane  of  Jupiter's  orbit  about  the  Sun. 

14.  When  Jupiter  was  as  remote  from  the  Sun  as  Saturn  is  now,  and  had 
a  correspondingly  small  mass,  his  obliquity  may  have  been  even  greater  than 
that  of  Saturn,  which  is  about  27°.  If  the  solar  system  could  supply  enough 
material  to  more  than  treble  Saturn's  mass  (as  it  might  do  in  a  sufficiently  long 
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time  if  Jupiter  were  out  of  the  way),  the  obliquity  of  Saturn  might  become  as 
small  as  that  of  Jupiter,  by  the  time  the  former  reached  the  present  orbit  of  the 
latter. 

15.  The  still  higher  obliquity  of  Uranus  and  Neptune  therefore  is  not  remark- 
able, but  rather  to  be  expected,  since  the  axes  originally  may  have  had  any  posi- 
tions whatever.  The  retrograde  systems  of  satellites  on  the  outer  parts  of  the 
solar  system  therefore  present  no  difficulty. 

16.  The  known  satellites  of  Uranus  are  all  extremely  near  the  planet,  and 
the  total  extinction  of  their  eccentricities  indicates  that  originally  they  were  at 
much  greater  distance.  In  working  down  towards  the  planet  they  have  probably 
worked  into  the  plane  of  the  equator  just  as  in  the  analogous  case  of  the  inner 
satellites  of  Saturn  and  of  the  particles  now  constituting  Saturn's  rings.  This  is 
a  natural  effect  of  oblateness  where  resistance  has  greatly  reduced  the  size  of 
the  orbits.  The  oblateness  of  Uranus  is  found  by  observation  to  be  between 
1 :  25  and  1 :  12  (cf.  A.N.,  3992,  pp.  119-120). 

17.  Neptune  too  has  a  sensible  oblateness,  as  shown  by  the  shifting  of  the 
plane  of  the  orbit  of  his  satellite;  yet  in  this  case  the  satellite  is  not  in  the  plane 
of  the  equator,  but  inclined  to  it  by  an  angle  of  something  like  20°  (cf.  A.N., 
3992,  p.  121). 

18.  The  satellites  of  Uranus  and  Neptune  were  captured  early  in  the  history 
of  our  system,  as  we  may  infer  from  the  present  smallness  and  roundness  of  their 
orbits.  This  also  follows  from  the  subsequent  action  of  Jupiter  and  Saturn  in 
clearing  our  system  of  numerous  bodies  of  this  class  once  revolving  across  their 
orbits. 

19.  And  just  as  the  Asteroids  in  the  course  of  ages  have  been  thrown  into 
the  comparatively  stable  region  within  Jupiter's  orbit,  so  also  no  doubt  were  the 
terrestrial  planets  at  a  much  earlier  epoch.  This  transformation  may  have  occurred 
when  Jupiter  was  about  as  far  away  from  the  Sun  as  Saturn  is  now.  At  any 
rate  it  was  at  a  very  early  epoch,  and  when  Mercury,  Venus,  the  Earth,  the  Moon 
(formerly  an  independent  planet)  and  Mars  were  thrown  within  Jupiter's  orbit, 
their  transformed  orbits  had  various  eccentricities,  some  fairly  large  and  others 
comparatively  small.  As  all  the  eccentricities  have  been  decreased  by  the  secular 
effects  of  the  resisting  medium,  in  which  the  planets  have  since  revolved,  it  is 
not  remarkable  that  the  eccentricities  of  Mercury  and  Mars  are  still  fairly  large. 

20.  The  considerable  eccentricity  of  Mercury's  orbit  is  therefore  no  exception 
in  the  new  theory  of  the  formation  of  the  solar  system.  For  on  the  one  hand 
orbits  much  more  eccentric  than  the  original  orbit  of  Mercury  might  have  caused 
that  planet  to  work  into  the  Sun,  and  many  planets  of  the  size  of  Mercury  undoubt- 
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edly  were  thus  swallowed  up  in  laying  the  foundations  of  that  immense  central 
mass;  while  on  the  other  if  the  eccentricity  had  not  been  sensible  it  might  have 
been  more  difficult  to  have  escaped  capture  by  Jupiter.  The  high  inclination 
of  the  orbit  of  Mercury,  however,  also  aided  it  in  escaping  capture  by  this  giant 
planet. 

21.  Just  as  Jupiter  in  the  course  of  ages  engulfed  millions  of  satellites,  so 
also  the  Sun  engulfed  millions  of  planets,  some  of  them  of  the  size  of  the  Earth, 
or  even  as  large  as  Jupiter  himself,  which  has  less  than  a  thousandth  of  the  mass 
of  the  Sun. 

22.  If  the  planets  moved  near  the  central  plane  of  the  system  it  must  have 
been  difficult  for  them  to  escape  both  Jupiter  and  the  Sun,  and  undoubtedly 
the  surviving  terrestrial  planets  are  only  a  few  of  the  fortunate  bodies  among 
vast  multitudes  which  perished.  In  clearing  up  the  interior  region  of  his  system 
the  Sun  swallowed  up  all  bodies  which  did  not  revolve  in  fairly  round  orbits, 
and  the  disturbing  action  of  the  other  planets  often  aided  in  this  destructive  work 
which  has  left  the  inner  parts  of  our  system  so  vacant. 

23.  As  the  periodic  comets  are  captured,  it  is  not  remarkable  that  they 
too,  with  few  exceptions,  have  motions  in  the  same  direction  as  the  planets,  which 
have  gradually  transformed  their  orbits.  This  is  a  natural  outcome  of  the  planar 
arrangement  of  the  solar  system,  which  itself  resulted  from  the  primordial  whirl- 
ing of  the  spiral  nebula  from  which  the  system  was  formed. 

24.  The  present  theory  explains  such  phenomena  as  the  Gegenschein,  the 
Zodiacal  Light,  the  Rings  of  Saturn,  etc.;  and  shows  us  that  every  planet  has 
a  cosmical  vortex  revolving  about  it;  but  at  the  great  distances  of  the  planets 
the  satellites  are  the  only  bodies  which  are  bright  enough  to  be  seen  in  our  tele- 
scopes. 

25.  All  the  planetary  bodies  are  growing  slightly  by  the  gathering  up  of 
cosmical  dust,  and  this  is  the  cause  of  the  outstanding  secular  acceleration  in  the 
mean  motions  of  the  Sun  and  Moon. 

26.  As  for  the  axial  tilts  of  the  terrestrial  planets  they  are  in  accordance 
with  theory,  Mars  having  a  higher  obliquity  (24°.8)  than  the  Earth  (23°.5). 
All  these  planets  are  so  small  that  they  could  not  capture  enough  satellites  to 
entirely  obliterate  their  original  obliquities,  though  in  all  cases  the  obliquities 
have  been  materially  reduced. 

27.  As  for  the  obliquity  of  Venus  it  may  be  confidently  asserted  that  it 
does  not  exceed  that  of  the  Earth,  and  probably  is  considerably  smaller.  The 
estimates  of  Schroeter,  DeVico  and  others  among  the  older  observers,  which 
give  an  obliquity  between  75°  and   53°,  must  be  regarded  as  doubtful;    but 
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Schroeter's  period  of  23"  21m  7'.977  is  more  probable,  since  DeVico  obtained 
23h  21m  22'  from  10,000  observations  in  1839-41. 

28.  The  Earth  never  rotated  on  its  axis  much  if  any  more  rapidly  than  at 
present;  and  it  is  impossible  for  it  ever  to  have  detached  the  Moon,  as  was  once 
believed.  The  Moon  was  originally  a  planet,  but  subsequently  captured  by  the 
Earth,  just  as  in  the  case  of  the  satellites  of  Jupiter  captured  by  that  giant 
planet. 

29.  All  the  geological  speculation  which  has  been  based  on  the  supposed 
former  rapid  rotation  of  the  Earth  is  therefore  absolutely  without  foundation. 
The  Moon  is  of  celestial  origin,  and  has  never  been  near  the  Earth;  and  while 
tidal  friction  is  a  real  physical  cause,  producing  some  secular  changes,  it  has  exerted 
much  less  influence  than  we  have  heretofore  believed. 

30.  It  is  therefore  probable  that  Venus  has  a  rotation  period  of  about  a 
day,  like  the  Earth  and  Mars.  But  Mercury's  rotation  was  originally  insensible 
like  the  Moon's,  and  it  probably  now  shows  one  face  towards  the  Sun,  as  observed 
by  Schiaparelli  in  1882. 

31.  In  view  of  the  roundness  of  Neptune's  orbit,  it  is  impossible  to  believe 
that  the  solar  system  terminates  at  Neptune.  There  must  be  at  least  two  or 
three  more  planets,  and  the  outer  boundary  of  the  system  is  likely  to  extend  to 
100  astronomical  units.  The  original  extent  of  the  spiral  nebula  from  which  our 
system  was  formed  probably  was  ten  times  larger,  or  1,000  times  the  radius  of 
the  terrestrial  orbit. 

32.  This  shrinkage  of  the  solar  system  with  the  lapse  of  ages  is  a  necessary 
result  of  gravitation,  and  verified  by  the  observed  fact  that  the  satellites  in  nearly 
all  cases  are  near  the  centres  of  the  closed  spaces  about  their  several  planets. 

33.  The  Moon  is  the  only  notable  exception  to  this  rule,  the  descent  toward 
the  Earth  having  been  so  gradual  as  to  leave  the  present  distance  about  half  of 
the  probable  distance  at  the  epoch  of  capture.  This  would  seem  to  indicate 
that  the  Moon  was  captured  late  in  the  history  of  the  solar  system,  when  the 
resistance  in  the  region  where  the  Earth  revolves  was  not  great  enough  to  bring 
this  satellite  rapidly  towards  its  primary  planet. 

34.  The  capture  of  the  Moon  certainly  occurred  since  the  Earth  came  within 
the  orbit  of  Jupiter,  and  probably  since  the  distance  was  less  than  the  present 
distance  of  Mars.  Our  Moon  therefore  once  revolved  as  an  independent  planet 
in  the  space  lying  between  the  present  orbits  of  Mars  and  the  Earth. 

35.  The  orbit  of  the  Moon  prior  to  its  capture  by  the  Earth  probably  had 
a  sensible  eccentricity,  of  the  same  order  as  that  of  the  present  orbit  of  Mars, 
but  not  larger  than  that  of  Mercury,  nor  smaller  than  that  of  the  Earth. 
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36.  It  follows  from  this  new  theory  of  the  origin  of  the  solar  system  that 
the  spiral  nebulae  are  not  made  up  of  gas  and  fine  cosmical  dust  merely,  but  also 
of  solid  globes  of  planetary  size.  The  nebulae  are  therefore  full  of  embryo  planets, 
and  it  is  only  in  such  a  vastly  diffused  mass  free  from  disturbing  centers  of  attrac- 
tion that  nebulosity  can  collect  together  to  form  planets.  The  planets  and  their 
systems  are  afterwards  perfected  by  the  capture  of  satellites,  but  the  nuclei  were 
already  well  developed  in  the  primordial  nebula  from  which  the  whole  system 
arose. 


CHAPTER  XVI. 


On  the  Figures  and  Dimensions  of  the  Planets  and  of  the  Ring  System 

of  Saturn,  and  on  the  Internal  Constitution  of  the  Planets 

Resulting  from  Laplace's  Law  of  Density. 

§  187.     Observations  of  the  Figures  of  the  Planets  and  of  Their  Absolute  Dimensions, 

Which  Depend  also  on  the  Most  Probable  Value  of  the  Solar  Parallax, 

Required  in  Researches  on  Cosmogony. 

To  ascertain  the  attractive  forces  at  work  near  the  planets  and  satellites, 
and  also  the  modifications  of  these  forces,  due  to  rotation,  as  required  in  researches 
on  cosmogony,  it  is  necessary  to  have  accurate  determinations  of  the  masses  and 
dimensions,  and  also  of  the  figures  and  rotation  periods  of  these  bodies.  We  shall 
therefore  examine  this  subject  with  care,  in  order  to  have  before  us  the  most 
precise  data  now  available. 

The  determination  of  the  masses  of  the  planets  is  a  problem  in  gravitational 
astronomy,  and  the  results  adopted  in  this  work  have  already  been  considered 
in  Chapter  III,  §  42.  The  problem  of  the  absolute  dimensions  of  the  planets 
involves  the  solar  parallax,  and  also  the  troublesome  effects  of  irradiation.  The 
latter  influence  indeed  has  usually  been  neglected,  but  a  method  for  eliminating 
this  disturbing  cause  was  devised  by  the  author  at  Washington  in  1901-1902, 
and  by  him  applied  to  every  planet  and  satellite  of  the  solar  system  which  has 
a  measurable  disc.  This  method  for  eliminating  the  effects  of  irradiation  depends 
on  observations  taken  by  daylight  as  well  as  by  night,  and  is  more  fully  explained 
below. 

The  problem  of  the  solar  parallax  is  a  very  old  one  and  need  not  be  discussed 
at  length  in  the  present  work.  In  A.N.,  3897,  an  account  is  given  of  an  investi- 
gation made  in  1895,  by  which  the  author  was  led  to  the  value  8". 796  ±  0".006, 
agreeing  exactly  •  with  the  value  8". 7965  independently  found  by  Newcomb 
two  years  later  (cf.  Astronomical  Constants,  p.  166).  In  A.N.,  3866,  Dr.  Boris 
Weinberg,  of  Odessa,  has  discussed  all  of  the  methods  of  finding  the  solar  parallax, 
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by  a  process  of  adjustment  based  on  the  theory  of  probability,  and  reached  the 
value  8". 8004  ±  0".00243.  Weinberg  did  not  use  Doolittle's  aberration 
constant  of  about  20". 530,  which  in  combination  with  the  Michelson-Newcomb 
velocity  of  Light  (namely  V  =  299860  ±  30kms.)  gives  v  =  8".777.  In  A.N., 
3897,  it  is  pointed  out  that  the  present  writer  assigned  the  highest  weight 
to  the  aberration  method,  and  that  depending  on  the  opposition  of  Mars  and 
the  small  planets,  which  was  substantially  the  method  followed  by  Newcomb. 
It  may  also  be  noticed  that  the  aberration  constant  found  by  Professor 
A.  Hall,  Jr.,  from  a  careful  discussion  of  the  Ann  Arbor  Meridian  Observations 
of  Polaris  in  1898  was  20".55,  corresponding  to  tt  =  8". 769.  Accordingly  it 
appears  that  the  values  of  the  solar  parallax  resulting  from  recent  work  on  the 
constant  of  aberration  are  slightly  smaller  than  Weinberg's  mean  value,  and 
the  effect  of  including  them  would  be  to  reduce  his  solar  parallax  a  little.  In 
the  Monthly  Notices  for  June,  1904,  Mr.  A.  R.  Hinks,  of  Cambridge,  England, 
finds  from  the  Eros  observations  8". 7966  ±  0".0047.  He  has  since  dealt  with 
the  problem  in  a  series  of  papers,  the  concluding  value  in  the  Monthly  Notices 
for  May,  1909,  being  w  =  8".807  ±  0".0027.  In  Lick  Observatory  Bulletin 
No.  150,  Perrine  gives  the  value  8".8067  ±  0".0025,  from  all  the  photographs 
made  with  the  Crossley  Reflector  in  1900.  The  Eros  observations  taken  by  the 
author  at  Washington,  with  the  micrometer,  gave  the  value     -n  =  8". 806. 

Under  the  circumstances  it  is  clear  that  we  may  still  adhere  to  the  value  of 
the  solar  parallax  deduced  in  1895.  If  the  true  value  is  any  larger  than  8". 796, 
the  difference  will  be  too  small  to  be  of  much  consequence;  and,  in  view  of  the 
smaller  values  given  by  the  aberration  method,  any  departure  from  the  values 
heretofore  used  by  Newcomb  and  the  author  would  not  be  justifiable. 

§  188.     On  the  Magnitude  of  the  Irradiation  of  the  Planets  and  of  the  Refraction 

Due  to  Their  Atmospheres. 

With  regard  to  planetary  irradiation,  and  the  observations  by  which  the 
author  sought  to  eliminate  this  disturbing  cause,  reference  must  be  made  to  A.N., 
3984,  and  a  series  of  papers  on  the  diameters  of  the  planets  as  seen  at  night,  affected 
by  irradiation,  and  as  measured  by  daylight,  free  from  this  enlarging  cause,  in 
A.N., numbers  3665,  3670,  3676,  3737,  3750,  3757,  3764,  3768,  where  it  has  been 
shown  that  at  night  the  discs  of  the  planets  and  satellites  are  surrounded  by  sensible 
spurious  zones  due  to  the  irradiation.  We  have  determined  by  careful  observa- 
tions about  what  these  zones  are  in  angular  magnitude,  when  the  bodies  are 
viewed  in  large  refracting  telescopes.     The  following  table  gives  these  irradiation 


408    DETERMINATION   OF  THE    AMOUNT   OF   THE    IRRADIATION    BY   OBSERVATION. 


zones,  and  their  equivalents  in  kilometres  at  the  mean  distances  of  the  several 
bodies: 


Planet  and  Satellite 

Irradiation 
in  the  Diameter 

Absolute 
Equivalent  at 

Irradiation 
on  One  Limb 

Mean  Distance 

=  One-half 

1 

km 

km 

Mercunj 

0.30 

217 

108 

Venus 

0.36  -  0.72* 

261  -  538 

130  -  269 

Mais 

0.38  -  0.76* 

307  -  615 

153  -  308 

Jupiter 

0.75 

2847 

1424 

Saturn 

0.56 

3901 

1950 

Uranus 

0.39 

5425 

2712 

Neptune 

0.20 

4376 

2188 

Jupiter's  Satellite  I 

0.25 

915 

458 

II 

0.23 

864 

432 

III 

0.34 

1277 

638 

IV 

0.27 

1025 

512 

Titan,  Sat.  of  Saturn 

0.14 

955 

478 

In  the  case  of  Mars  the  irradiation  varies  from  about  0".70  to  1".02,  with 
an  average  value  of  about  0".84  (cf.  Report  of  the  Superintendent  of  the  U.S. 
Naval  Observatory  for  1902,  p.  18).  When  we  see  a  planet  in  a  telescope  at 
night,  the  zone  of  the  irradiation  always  extends  much  beyond  where  the  atmos- 
phere of  the  planet  really  terminates.  And  hence  the  real  position  of  the  atmos- 
phere is  within  the  apparent  disc  of  the  planet,  by  an  amount  almost  equal  to 
the  constant  of  irradiation  for  the  limb. 

We  cannot  see  a  star  after  it  appears  to  touch  the  planet's  disc;  and  hence 
we  never  can  see  a  star  enter  the  atmosphere,  because  the  irradiation  zone  over- 
laps it  in  general  many  times  its  greatest  admissible  depth.  Thus  from  the  very 
nature  of  the  case  observation  of  refractive  effects  in  the  planetary  atmospheres 
appears  to  be  impossible. 

If  a  star  should  be  occulted  bright  enough  to  be  seen  by  day,  when  the  planet's 
disc  is  free  of  irradiation,  under  the  daylight  illumination  of  the  sky,  and  both 
images  should  be  steady  enough  to  give  a  perfect  contact,  there  would  be  theo- 
retically a  chance  of  seeing  the  phenomenon  heretofore  searched  for  in  vain;  but 
the  probabilities  of  realizing  these  conditions  in  practice  are  so  small  that  no 
hope  is  held  out  that  such  an  effort  would  be  successful. 

During  the  past  century  numerous  occultations  of  stars  by  the  planets  have 
been  witnessed  by  different  observers,  not  a  few  of  whom  hoped  in  this  way  to 
find  sensible  effects  of  refractive  atmospheres  about  these  bodies.  It  seemed 
natural  to  expect  that  the  light  of  a  star  in  passing  very  near  the  disc  of  a  planet 

*  The  irradiation  in  the  telescope  is  the  larger  value;   reduction  to  mean  distance  about  halves  the  angle 
subtended. 
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would  suffer  a  double  horizontal  refraction;  and  judging  by  the  amount  of  the 
horizontal  refraction  in.  our  own  atmosphere  (about  2000")  the  effect  ought  to 
be  sensible  in  some  cases,  if  the  observer  could  see  the  star  after  its  light  really 
enters  the  planet's  atmosphere.  The  probable  heights  of  the  atmospheres  have 
been  computed,  and  found  to  represent  very  small  arcs,  of  the  order  of  0".3  or 
less;  yet  if  the  observer  could  gaze  directly  upon  this  atmospheric  rim  about 
the  planet,  it  might  be  possible  to  see  a  star  slightly  affected  in  the  time  of  its 
disappearance  or  reappearance.  In  disappearing  it  ought  to  hang  on  the  limb 
of  the  planet,  and  be  somewhat  delayed  in  its  time  of  extinction;  while  in  reap- 
pearing it  ought  to  come  out  a  little  early,  and  remain  nearly  still  till  the  planet 
moved  over  the  space  represented  by  double  the  amount  of  the  horizontal  refraction 
of  the  atmosphere.  But  so  far  as  we  recall  not  one  of  the  many  attempts  to 
observe  this  phenomenon  of  planetary  refraction  has  ever  been  unequivocally 
successful.  Nevertheless,  since  refraction  is  a  true  cause,  and  must  be  at  work 
in  the  atmospheres  of  the  planets,  a  few  observers  have  noted  slight  irregularities 
(probably  of  an  optical  or  terrestrial  nature),  which  were  erroneously  attributed 
to  the  atmosphere  of  the  occulting  planet. 

The  above  considerations  will  probably  make  it  clear  that  the  phenomenon 
here  sought  can  never  be  observed. 

It  appears,  therefore,  that  owing  to  the  irradiation,  refractive  effects  are  com- 
pletely hidden  and  can  never  be  observed  in  stars  occulted  by  the  planets,  and 
all  such  effort  is  likely  to  be  vain  and  useless. 


§  189.     On  the  Diameter  and  Rotation  of  Venus  and  on  the  Efficiency  of  Tidal  Friction 

in  the  Solar  System. 

The  following  discussion  of  the  author's  investigation  of  the  diameter  of 
Venus  is  taken  from  the  Astrarwmische  Nachrichten,  No.  3676. 

During  the  past  two  hundred  years,  the  diameter  of  Venus  has  been  deter- 
mined by  more  than  fifty  separate  investigators,  and  in  the  course  of  the 
Nineteenth  Century  has  been  carefully  studied  by  the  Government  parties  in  the 
transits  of  1874  and  1882,  as  well  as  by  numerous  individual  observers  equipped 
with  Heliometers,  filar  and  double-image  Micrometers  and  other  apparatus  of 
special  design;  yet  in  spite  of  all  the  labor  which  has  been  bestowed  upon  the 
subject  it  appears  that  there  is  still  no  standard  value  in  general  use  among 
astronomers. 

The  measurement  of  the  diameter  of  Venus  presents  among  others  the  follow- 
ing peculiar  difficulties: 
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(1)  The  enormous  change  in  the  geocentric  distance  of  the  planet  renders 
the  apparent  diameter  extremely  variable.  And  unfortunately  the  phase  is  so 
arranged  as  to  give  merely  a  thin  crescent  when  the  body  is  nearest  the  Earth, 
and  when  the  disc  is  more  rounded  out  and  diminished  in  angular  diameter,  the 
distance  is  so  much  increased  that  errors  entering  into  the  measures  affect  the 
reduced  diameter  greatly. 

(2)  The  line-like  horns  of  the  very  thin  crescent  which  the  enlarged  disc  pre- 
sents when  near  inferior  conjunction,  are  so  delicate  that  small  atmospheric  irregular- 
ities set  them  in  violent  motion,  and  it  is  difficult  to  locate  their  quiescent  positions 
with  the  Micrometer  wire.  Even  greater  difficulty  is  experienced  in  forming  accurate 
contacts  of  the  images  produced  by  the  Heliometer  and  double-image  Micrometer. 

(3)  When  the  crescent  is  enlarged  the  horns  are  broadened  and  more  steady, 
but  the  apparent  diameter  is  less,  and  an  error  in  the  setting  enters  with  enlarged 
effect  into  the  final  result. 

(4)  When  the  planet  approaches  superior  conjunction,  and  the  disc  is  nearly 
round,  these  difficulties  diminish,  but  the  diameter  is  then  so  small  that  the  advan- 
tage sought  is  more  than  lost,  through  the  enlargement  of  errors  of  observation 
in  the  final  result.  Practically  these  difficulties  are  augmented  by  the  circumstance 
that  the  planet  is  then  near  the  Sun,  and  must  necessarily  be  observed  at  a  time 
of  day  when  the  air  is  much  disturbed  by  the  heat. 

(5)  During  the  transits  across  the  Sun's  disc,  the  image  is  both  large  and 
round,  but  measurement  of  its  diameter  is  vitiated  by  unknown  causes,  like  irra- 
diation, a  halo  due  to  the  planet's  atmosphere,  the  black  drop,  etc.,  which,  how- 
ever, have  been  carefully  investigated. 

(6)  Venus  is  always  extremely  bright,  and  its  light  very  white,  which  renders 
the  irradiation  large  and  the  secondary  spectrum  troublesome. 

The  experience  of  the  past  year  (1900)  led  to  the  following  conclusions: 

(a)  When  the  planet  has  a  large  angular  diameter  and  the  horns  are  very 
thin,  they  are  tremulous  and  difficult  to  see  sharply.  Errors  of  observation  under 
such  conditions  are  increased,  and  produce  in  the  reduced  diameter  an  effect 
just  about  equivalent  (within  a  certain  range)  to  that  due  to  the  errors  which 
arise  when  the  horns  are  thicker  and  the  planet  apparently  smaller  and  more 
remote  from  the  Earth. 

(b)  The  irradiation  at  the  horns  of  the  crescent  is  sensibly  the  same  while 
the  planet  moves  from  East  to  West  elongation;  but  in  order  that  the  horns 
may  be  sufficiently  thin  to  be  similarly  affected  by  the  state  of  our  atmosphere, 
observations  should  not  be  taken  when  the  planet  is  more  than  about  ten  weeks 
from  inferior  conjunction. 
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(c)  When  the  observations  are  confined  to  this  period  of  five  months  about 
inferior  conjunction,  the  horns  of  the  crescent  are  so  thin  that  with  accurate 
bisections  the  irradiation  may  be  entirely  disregarded.  It  has  the  well  known 
effect  of  blunting  the  point  of  the  crescent,  enlarging  it  inwardly,  and  outwardly, 
by  about  equal  angular  amounts,  and  if  the  centre  of  the  Micrometer  wire  be 
accurately  placed  on  the  point  of  the  horn,  it  will  be  tangent  to  the  true  limb  of 
the  planet,  without  any  correction  for  irradiation  whatever. 

In  view  of  these  considerations  no  correction  for  irradiation  has  been  applied 
to  the  diameter  given  by  the  Washington  observations;  and  all  the  individual 
determinations  of  diameter  have  been  given  equal  weight,  except  as  affected 
by  the  state  of  the  seeing.  The  arithmetical  mean  of  the  32  measures  on  22  days 
is  16".787;  the  weighted  mean  increases  this  quantity  but  slightly,  and  we  have 
D  =  16".800  ±  0".022.  Using  8".796  for  the  Solar  parallax,  this  concluded 
angular  diameter,  at  distance  unity,  makes  the  absolute  diameter  of  Venus 
12181.7  ±  16  kilometers. 

A  very  complete  table  of  the  results  found  by  previous  investigators  is  given 
in  A.N.,  3676,  but  it  need  not  be  repeated  here. 

The  value  16". 820  for  the  diameter  of  Venus,  deduced  by  Dr.  Auwers  in 
1894  from  the  transits  of  1874  and  1882,  is  especially  worthy  of  attention.  Besides 
resting  upon  a  most  rigorous  and  exhaustive  discussion  of  all  available  material, 
it  has  the  advantage  of  resulting  from  observations  taken  when  Venus  had  a 
diameter  of  63".5.  Under  these  circumstances  errors  in  the  observed  diameters 
affect  the  value  at  the  mean  distance  by  only  about  one-fourth  of  their  original 
amount.  Though  the  elimination  of  such  influences  as  the  irradiation  is  difficult 
and  attended  with  some  uncertainty,  it  hardly  seems  possible  that  his  value  of 
the  diameter  can  depart  from  the  truth  to  any  great  extent.  The  good  agree- 
ment between  the  diameter  found  at  Washington  and  that  obtained  by  Auwers 
may  be  considered  to  fix  the  true  diameter  of  Venus  at  about  16". 80  ±  0".02, 
making  the  uncertainty  only  about  1  part  in  840. 

On  the  Rotation  Period  of  the  Planet  Venus,  and  on  an  Observational  Criterion  for 
Testing  the  Efficiency  of  Tidal  Friction  in  the  Solar  System. 

In  Chapter  X,  on  the  "Origin  of  the  Lunar-Terrestrial  System  by  Capture," 
§  123,  pp.  256-7,  the  author  has  briefly  considered  the  rotation  period  of  Venus  and 
pointed  out  grounds  for  holding  that  it  cannot  differ  much  from  that  of  the  Earth. 
The  theory  of  planetary  rotation  depending  on  the  impact  of  satellites,  developed 
in  that  chapter,  and  the  similar  investigations  since  made  on  the  obliquities  of 
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the  planets  §  183,  pp.  393-7,  and  the  origin  of  the  Lunar  Craters,  Chapter  XIV, 
has  now  enabled  me  to  throw  considerable  additional  light  upon  the  problem  of 
the  rotation  of  Venus. 

On  examining  the  records  of  the  older  observers,  the  author  has  been  much 
impressed  with  the  consistency  of  their  conclusions,  and  the  care  with  which 
their  observations  were  taken.  From  the  time  when  J.  D.  Cassini  first  found 
the  rotation  to  be  about  23  hours,  in  1667,  till  1890,  there  was  very  satisfactory 
agreement  among  painstaking  and  careful  observers  that  Venus  rotated  in  23 
hours  21  minutes.  Schroeter's  work  in  1789-93  seems  very  conclusive  indeed; 
and  Sir  Wm.  Herschel,  who  gave  considerable  attention  to  the  planet  for  a 
time,  remarks  (Phil.  Trans.,  1793,  p.  214)  that  the  rotation  period  cannot  be 
so  long  as  24  days,  which  Bianchini  had  deduced  from  inadequate  data.  The 
observations  of  DeVico  at  Rome,  based  on  a  long  series  of  over  10,000  observa- 
tions taken  with  the  Cauchoix  refractor,  seem  to  be  especially  satisfactory;  and 
he  only  changed  Schroeter's  period  from  23  hours  21  minutes  19  seconds  (Phil. 
Trans.,  1795,  p.  153)  to  23  hours  21  minutes  21.934  seconds  (Roma  Oss.,  1840- 
1850,  cf.  Houzeau's  Vade  Mecum  ale  VAstronomie,  p.  467). 

The  accompanying  table  gives  the  conclusions  of  the  principal  observers  on 
this  interesting  question: 


Epoch 

Time  of  Rotation 

How  Observed 

Authority 

Source 

1665 

"  A  little  less  than  a 

A  bright  spot 

J.  D.  Cassini  at  Bo- 

Houzeau's Vade 

day,  about  23hrs." 

logna. 

Mecum,  p.  466. 

1726 

24  days,  8  hours. 

Surface  markings,  mak- 
ing obliquity  75°. 

Bianchini  at  Rome. 

a                   a 

1732 

23h.  15m. 

Observations  of  J.    D. 
Cassini,  1667. 

J.  Cassini  at  Paris. 

tt                   tt 

1732 

23h.  20m. 

Discussion  of  Bianchi- 
ni's  observations. 

J.  Cassini  at  Paris. 

p.  467. 

1789 

23h.  21m.  19s. 

Observations     of     the 
horns,       apparently 
showing   obliquity   of 
72°. 

With  reflecting  tele- 

SCHROETER. 

(i                  ,  tt 

1793 

"Subject  to  consid- 

Sir Wm.  Herschel. 

Phil.  Trans.,  1793 

erable  uncertainty 

scopes  which  showed 

p.  214. 

but  it  can  hardly 

faint  spots. 

be  so  slow  as  24  d." 

1801 

23h.  22m. 

By  the  return  of  same 
indentation  of  phase. 

Fritsch. 

Houzeau's  Vade 
Mecum,  p.  467. 

1811 

23h.  21m.  7.977s. 

Rediscussion  of  obser- 
vations. 

SCHROETER. 

it            tt 

1840-50 

23h.  21m.  21.934s. 

• 
*• 

By  the  study  of  over 
10,000      observations 
with  large  Cauchoix 
refractor    at    Roman 
College    Observatory : 
obliquity  49°  57'.5. 

De  Vico 

it            a 

1890-95 

225  days. 

Brilliant     white     spots 
near  terminator. 

Schiaparelli 

A.N.  3304. 

1891 

23h.  21m.  22s. 

Observations   at   Brus- 
sels. 

Niesten. 

Clerke's  Hist,  of 
Astron.,  p.  252. 

1900 

One  day. 

Spectrographs  observa- 
tions at  Poulkowa. 

Belopolski. 

A.N.  3641. 

1903 

Period  probably  not 
short. 

Spectrographic  observa- 
tions at  Flagstaff. 

Loweli.  and  Slipher 

A.N.  3891. 

Plate  XIX.     The  Planet  Venus,  as  Observed  by  Professor  E.   E.  Barnard  with  the  12-inch  Equatorial 

Telescope  at  Lick  Observatory,  1889,  May  29d,  11"  12'",  A.M. 
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The  older  observational  evidence,  therefore,  which  was  free  from  any  theoret- 
ical bias,  nearly  all  supports  a  period  of  23h  21m  21s,  which  is  about  35  minutes 
less  than  our  sidereal  day  (23h  56m  48.09).  Now  Mars  rotates  in  24h  37m  229.67, 
or  in  a  period  about  41  minutes  longer  than  a  terrestrial  day.  On  carefully  reflect- 
ing over  this  excess  of  the  Martian  day,  and  the  nearly  equal  deficiency  of  the 
Cytherian  day,  compared  to  the  terrestrial  as  standard,  I  have  been  much  sur- 
prised at  such  equable  differences  in  the  rotation  periods  of  two  planets  about 
equally  distant  without  and  within  the  orbit  of  the  Earth  respectively.  And 
the  impression  has  grown  on  my  mind  that  there  must  be  some  physical  cause 
for  this  orderly  arrangement  connecting  the  axial  rotations  of  the  planets  with 
their  distances  from  the  Sun.     What,  then,  is  this  cause? 

To  answer  this  question  it  is  sufficient  to  remark  that  (in  A.N.,  4343)  the 
axial  rotations  of  the  planets  have  been  traced  to  the  capture  of  satellites,  which 
by  impact  against  these  bodies  has  given  them  a  direct  rotation,  similar  to  the 
prevailing  revolutions  of  the  satellites  in  their  orbits.  This  conclusion  is  con- 
firmed by  the  investigations  of  the  obliquities  of  the  planets  and  of  the  origin 
of  the  Lunar  craters. 

To  understand  why  Venus  rotates  more  rapidly  than  the  Earth,  while  Mars 
rotates  more  slowly,  it  is  sufficient  to  recall  that  the  orbital  velocities  of  all  satel- 
lites within  the  Earth's  orbit  are  greater  than  those  without.  When  moving  in 
any  kind  of  orbits  and  colliding  with  the  body  of  Venus,  they  gave  that  planet 
a  greater  impulse  in  its  rotation  about  its  axis,  than  would  arise  under  similar 
conditions  at  the  distance  of  Mars  or  the  Earth.  This  follows  at  once  from  the 
augmentation  of  the  velocity  in  that  region  and  from  the  nature  of  the  closed 
Hill  surfaces  at  different  distances  from  the  Sun,  as  discussed  in  A.N.,  4341-42; 
and  has  been  treated  by  Professor  Lowell  from  a  somewhat  different  point 
of  view  in  A.N.,  4351.  The  vortex  about  the  planet  always  has  a  systematic 
tendency  to  direct  rotation,  though  a  few  of  the  individual  particles  move  retro- 
grade, just  as  shown  in  the  observed  motions  of  the  satellites. 

If,  therefore,  a  planet  such  as  Venus  revolving  at  a  considerable  distance 
within  the  orbit  of  the  Earth  should  have  the  mass  increased  by  the  capture  of 
satellites  moving  with  higher  average  velocities,  there  would  be  increased  force 
in  the  impacts,  and  these  cumulative  impulses,  in  the  course  of  ages,  would  give 
it  a  more  rapid  axial  rotation.  This,  then,  is  the  true  physical  cause  of  the  con- 
nection existing  between  the  rotation  periods  and  the  distances  of  the  planets 
Venus,  the  Earth  and  Mars.  The  mass  of  Venus  is  only  slightly  smaller  than  that 
of  the  Earth,  while  that  of  Mars  is  much  smaller;  all  of  which  is  consistent  with 
the  causes  here  at  work  and  the  secular  effects  which  would  arise  from  these  causes. 
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And  as  the  rotations  have  thus  been  determined  by  the  nature  of  the  vortex 
revolving  about  the  planets,  it  is  clear  that  the  obliquities  have  been  correspond- 
ingly modified  by  the  same  influence.  This  is  an  additional  reason  for  thinking 
that  the  obliquity  of  Venus  probably  does  not  exceed  ten  or  twelve  degrees,  as 
inferred  from  observation  by  Schiaparelli  and  other  recent  investigators. 

The  reinvestigation  of  the  rotation  period  of  Venus  by  means  of  the  specto- 
graph  is  greatly  to  be  desired;  but  the  light  now  thrown  upon  the  problem  from 
the  theory  of  the  impact  of  satellites,  it  seems  to  me,  is  such  that  the  chances 
are  almost  infinity  to  one  that  Schroeter,  unbiased  by  any  theory,  found  the 
true  rotation  period  over  a  hundred  years  ago.  If  this  inference  is  justifiable, 
it  will  show  that  tidal  friction  has  exerted  but  little  influence  on  the  past  history 
of  the  solar  system,  and  that  the  impact  of  satellites  has  everywhere  proved  to 
be  the  more  dominant  cause.  It  follows  from  this  line  of  investigation  that  the 
fall  of  meteoric  matter  is  still  accelerating  the  rotation  of  the  Earth  and  counter- 
acts the  secular  effects  of  tidal  friction. 

In  order  to  show  this  it  is  sufficient  to  recall  that  if  r  be  the  radius  of  the 
Earth,  /  that  of  Venus,  9  and  /  the  distances  of  these  planets  from  the  Sun,  and 
M  the  mass  of  the  Sun,  the  principal  terms  of  the  potentials  of  the  solar  tide- 
generating  forces  become 

where  z  and  /  are  the  zenith  distances  of  the  Sun  from  the  disturbed  particles 
on  the  two  planets.  As  Venus  has  an  abundance  of  clouds,  and  water  vapor, 
the  extent  of  the  oceans  on  the  two  planets  may  be  assumed  to  be  comparable; 
and  in  A.N.,  4104,  the  writer  has  shown  that  the  average  rigidity  of  the  two 
globes  is  about  as  steel  and  iron,  respectively,  so  that  the  bodily  tides  would  be 
of  similar  character. 

Now  the  efficiency  of  tidal  friction  in  retarding  the  axial  rotation  is  pro- 
portional to  the  square  of  the  tide-generating  forces,  or 

V*      (9'Y(rY(cos>z-W 

v'2     \?J  VV  (cosV-  $y'  w 

Neglecting  the  factor  depending  on  coefficient  of  Legendre,  as  being  about  the 
same  when  extended  to  all  parts  of  the  surfaces  of  both  planets,  and  using  0.723 
for  the  ratio  of  planetary  distances,  and  putting  r  =  8". 796,  /=  8".40  (cf.  A.N., 
3676) ,  we  find  the  efficiency  of  solar  tidal  friction  on  the  Earth  and  Venus  to  be 
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in  the  ratio  of  1  :  5.823  (cf.  A.N.,  4343,  p.  382).  The  solar  tidal  friction  is  there- 
fore nearly  six  times  as  large  on  Venus  as  on  the  Earth. 

But  to  get  the  total  friction  tending  to  retard  the  rotation  of  the  Earth, 
we  have  to  take  account  also  of  the  Lunar  tidal  friction.  Now  the  Lunar  tide- 
generating  force  is  easily  shown  to  be  about  2.17  times  that  of  the  Sun.  Conse- 
quently the  total  tidal  friction  on  the  Earth  is  to  that  on  Venus  as 

(2.17)'  +'l       5.7  n 

5.823  5.823 '  W 

Thus  the  combined  tidal  friction  of  the  Sun  and  Moon  is  nearly  but  not  quite 
equal  to  that  of  the  Sun  alone  on  Venus.  Therefore,  if  the  distances  of  the  bodies 
have  been  sensibly  the  same  as  now,  throughout  past  ages,  Venus  ought  to  have 
been  somewhat  more  retarded  than  the  Earth.  But  on  the  other  hand,  if  the 
Moon  had  formerly  been  nearer  the  Earth,  as  Darwin  supposed,  then  the  tidal 
friction  on  the  Earth  would  have  exceeded  that  on  Venus. 

To  get  some  additional  light  on  this  question,  we  may  turn  to  the  planet 
Mars,  the  satellites  of  which  are  so  small  that  solar  tidal  friction  is  the  only  cause 
which  could  modify  the  planet's  rotation.  Now  it  is  easily  found  by  equation 
(6)  that,  when  the  two  planets  are  taken  to  have  the  same  constitution,  solar 
tidal  friction  alone  is  160  times  more  powerful  on  the  Earth  than  on  Mars.  The 
Earth,  however,  has  a  4.7  times  greater  tidal  friction  depending  on  the  Moon, 
and  thus  the  total  solar  and  lunar  tidal  friction  working  against  the  Earth's  rota- 
tion is  about  912  times  greater  than  the  solar  tidal  friction  retarding  the  rotation 
of  Mars.  But  notwithstanding  nearly  a  thousand-fold  greater  retardation  of 
its  axial  rotation  for  indefinite  ages,  the  Earth  still  rotates  41  minutes  faster 
than  Mars.  This  result  seems  irreconcilable  with  the  theory  that  the  rotations 
of  these  two  planets  have  been  modified  by  tidal  friction. 

As  the  observations  indicate  that  Venus  rotates  in  23  hours  and  21  minutes, 
it  will  be  seen  that  this  rotation  in  a  shorter  period  than  the  Earth  is  equally 
unfavorable  to  the  theory  that  tidal  friction  has  exerted  any  sensible  influence 
in  past  ages. 

Accordingly,  as  matters  now  stand,  a  confirmation  of  the  rapid  rotation  of 
Venus  found  by  Cassini  and  Schroeter,  would  show  that  the  rotations  of  these 
three  planets  had  been  determined  by  causes  other  than  tidal  friction.  And  if  the 
Earth  never  rotated  appreciably  faster  than  at  present,  it  would  be  impossible 
for  the  Moon  ever  to  have  been  a  part  of  the  terrestrial  globe  detached  by  rapid 
rotation;  and  the  theory  that  the  Moon  is  a  captured  planet  would  admit  of  obser- 
vational confirmation. 
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With  regard  to  the  markings  on  Venus,  it  is  sufficient  to  say  that  the  indenta- 
tion of  the  southern  horn  of  that  planet  seen  by  Schroeter  and  drawn  by  him, 
in  the  Philosophical  Transactions  for  1792,  p.  360,  and  1795,  p.  176,  I  have  myself 
seen,  with  the  26-inch  refractor  at  Washington,  in  1900.  I  remember  that,  on 
one  occasion,  I  made  a  drawing  of  the  indentation  of  the  southern  horn  almost 
exactly  like  that  given  by  Schroeter.  This  indentation  was  clear  and  unmis- 
takable, but  as  it  was  not  seen  on  more  than  one  or  two  occasions,  the  observation 
is  reconcilable  only  with  a  rapid  rotation,  such  as  that  found  by  Schroeter. 
The  observations  of  1900  were  devoted  to  the  measurement  of  the  diameter  of 
the  planet,  and  the  observer  therefore  did  not  have  opportunity  to  make  a  pro- 
longed study  of  the  planet's  rotation.  But  as  the  indentation  on  the  inside 
of  the  southern  cusp  was  plain  and  so  easily  recognized  on  one  occasion  that  I 
made  a  drawing  of  it,  I  am  satisfied  that  nothing  but  good  atmospheric  con- 
ditions and  persistence  are  required  to  confirm  the  short  rotation  period  with 
certainty. 

It  is  really  not  possible  that  the  rotation  period  can  be  identical  with  the 
sidereal  revolution.  Since  I  observed  Venus  on  22  days  between  April  23  and  August 
18,  1900,  and  only  drew  the  indentation  of  the  southern  cusp  on  one  day,  whereas 
on  June  5,  I  noted  "Two  cusps  identical,"  these  observations  alone  are  irreconcil- 
able with  a  period  of  225  days.  For  if  Venus  showed  the  same  face  towards 
the  Sun,  there  would  be  no  libration  of  a  planet  revolving  in  an  orbit  nearly  cir- 
cular that  could  account  for  the  observed  indentation  of  the  southern  horn.  Under 
the  hypothesis  of  a  225-day  rotation-period,  the  indentation  of  the  southern  horn, 
if  it  showed  at  all,  would  show  all  the  time,  and  this  certainly  was  not  the  case. 
Observers  who  may  take  up  the  problem  of  the  rotation  of  Venus  will  find  this 
somewhat  rare  but  unmistakable  indentation  of  the  southern  horn  the  most 
satisfactory  method  of  settling  the  question  of  rotation  and  obliquity,  as  well 
as  the  importance  of  tidal  friction  in  the  development  of  the  solar  system. 

If  Venus  should  thus  be  shown  to  have  a  rotation  in  a  shorter  period  than 
the  Earth,  there  would  be  two  planets  on  which  tidal  friction  should  be  nearly 
a  thousand  times  more  powerful  than  on  Mars,  and  yet  after  the  lapse  of  long- 
ages,  both  still  rotating  the  most  rapidly,  and  Venus  more  rapidly  than  the  Earth, 
notwithstanding  its  greater  tidal  friction.  This,  then,  would  be  a  valuable  observa- 
tional criterion  which  would  authorize  us  to  reject  tidal  friction  as  an  appreciable 
factor  in  planetary  development,  which  at  the  same  time  would  confirm  the  capture 
of  the  Moon  by  the  Earth,  by  showing  that  as  tidal  friction  had  not  retarded 
the  Earth's  rotation,  no  such  rapid  rotation  as  had  been  postulated  for  the  detach- 
ment of  the  Moon  could  ever  have  existed. 
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§  190.     Concluded-  Absolute  Diameters  of  the  Planets  and  Satellites  and  of 

Saturn's  System  of  Rings. 

The  constants  of  irradiation  of  the  planets  have  been  found  by  comparing 
the  diameters  taken  at  night  with  those  found  under  the  best  conditions  by  day- 
light, the  latter  being  free  of  irradiation  and  therefore  absolute  so  far  as  this  may 
be  attained  by  eliminating  known  disturbing  causes.  This  is  explained  in 
A.N.,  3757,  where  it  is  shown  that  the  values  thus  derived  are  to  be  preferred 
to  those  obtained  with  the  heliometer,  which  is  also  supposed  to  eliminate  the 
effects  of  irradiation.  The  results  of  measurements  on  the  planetary  diameters 
made  with  the  heliometer  appear  to  exhibit  slight  systematic  errors  which 
are  not  yet  fully  understood;  under  the  circumstances,  it  seems  probable 
that  the  micrometer  by  daylight,  in  the  hands  of  a  skillful  observer,  will 
give  better  results  than  could  be  obtained  with  the  heliometer.  The  discus- 
sion of  the  diameters  of  Jupiter,  in  A.N.,  3757,  closes  with  the  following 
remarks : 

In  view  of  the  differences  here  brought  to  light,  it  is  obvious  that  two  sets 
of  planetary  diameters  should  come  into  use  among  astronomers:  One  repre- 
senting the  apparent  size  of  the  planet  as  seen  by  observers  in  their  telescopes 
at  night,  and  to  be  used  in  physical  observations  and  ephemerides,  and  in  work 
on  the  satellites,  where  these  objects  are  referred  to  the  limbs;  the  other  repre- 
senting the  true  dimensions  of  the  spheroid  independent  of  its  illumination  by 
the  Sun.  This  absolute  diameter  is  to  be  used  in  the  theory  of  the  figure  of  the 
planet,  and  in  the  study  of  its  physical  constitution,  such  as  the  law  of  density, 
the  moments  of  inertia,  momentum,  etc. 

I  am  not  aware  of  any  previous  determination  which  gives  these  two  sets  of 
diameters  separately,  although  for  many  years  it  has  been  recognized  that  the 
irradiation  renders  the  illuminated  planetary  disc  sensibly  too  large.  In  view 
of  the  interest  attaching  to  the  absolute  dimensions  of  the  planets,  it  is  a  little 
remarkable  that  so  little  attention  has  been  paid  to  the  subject  by  practical  astrono- 
mers. The  supposed  difficulty  of  evaluating  the  irradiation  with  accuracy  is 
doubtless  the  cause  of  this  neglect. 

The  observations  of  the  equatorial  diameter  of  Jupiter  were  taken  by  day- 
light, either  before  or  immediately  after  the  setting  of  the  Sun.  The  observa- 
tions were  made  in  the  interval  of  good  seeing  which  occurs  at  sunset,  when  the 
atmospheric  currents  have  ceased  ascending  from  the  heat  of  the  day,  and  have 
not  yet  begun  to  descend  from  the  cooling  effects  which  follow  the  advance  of 
night.     This  period  of  quiescence,  depending  on  the  thermal  equilibrium  of  the 
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atmosphere,  varies  in  duration  on  different  days,  and  at  different  seasons  of  the 
year,  but  may  be  estimated  approximately  at  one  hour. 

It  was  necessary  to  take  the  measures  within  this  quiet  period,  and  also 
when  the  light  of  day  was  just  strong  enough  to  take  off  the  glare  and  eliminate 
the  irradiation,  without  cutting  down  the  disc  of  the  planet,  which  is  always 
hazy  on  the  phase  limb.  After  a  little  practice  it  was  found  that  this  could  be 
done  with  entire  satisfaction;  and  measures  of  the  highest  precision  were  secured. 
The  color  screen  used  was  filled  with  the  usual  solution  of  Picric  Acid  and  Chloride 
of  Copper,  dissolved  in  water.  The  planet  appeared  of  a  soft  greenish  yellow 
in  a  fainter  field  of  the  same  color.  The  daylight  sky  was  quite  bright,  so  that 
dark  wires  were  used.  The  contrast  between  the  planet  and  the  field  was  great 
enough  to  give  a  perfectly  definite  limb,  but  not  sufficient  to  introduce  any  sensible 
irradiation.     It  is  difficult  to  see  how  the  conditions  could  have  been  better. 

The  observations  of  Saturn  were  taken  by  daylight,  either  shortly  before, 
or  immediately  after  the  setting  of  the  Sun.  The  process  of  measurement  was 
the  same  as  that  employed  in  the  case  of  Jupiter  (A.N.,  3757).  The  limb  of 
Saturn  appeared  perfectly  sharp  and  distinct.  I  have  never  seen  better  definition 
on  any  object.  The  observations  were  so  timed  that  on  the  whole  the  field  illu- 
mination had  just  the  right  intensity.  The  concluded  equatorial  diameter  is 
17". 240  ±  0".006.  It  is  difficult  to  see  how  this  value  can  be  subject  to  an  uncer- 
tainty of  more  than  ±  0".02;  which  would  mean  that  Saturn's  diameter  is  accu- 
rate to  3^  part  of  the  whole.  The  diameter  now  deduced  from  the  night  measures 
is  17". 804.  These  observations  were  taken  soon  after  dark  and  are  strictly  anal- 
ogous to  those  made  in  daylight.  Very  great  care  was  exercised  to  free  the  settings 
from  systematic  errors,  and  measures  were  taken  only  in  perfect  seeing. 

Applying  corrections  for  irradiation,  the  concluded  dimensions  of  the  entire 
ball  and  ring  system  of  Saturn  are  as  follows  (A.N.,  3768): 


External  diameter  of  the  outer  ring 

Internal  diameter  of  the  outer  ring,  or  external  diameter  of 

Cassini's  division 
Diameter  o'f  the  centre  of  Encke's  division 
Width  of  Encke's  division 
Total  width  of  the  outer  ring 
Width  of  the  outer  part  of  the  ring 
Width  of  the  inner  part  of  the  outer  ring 
Width  of  Cassini's  division 
External  diameter  of  .central  ring 
Internal  diameter  of  central  ring,  or  external  diameter  of 

dusky  ring 
Width  of  central  ring 
Internal  diameter  of  dusky  ring 


As  Observed 

As  Corrected 

at  Night 

for  Irradiation 

9 

r                      km 

40.274 

39.971  -  276474 

34.757 

34.605  =  239358 

37.747 

37.747  =  261090 

0.107 

0.410  =      2836 

2.758 

2.455  -    16981 

1.237 

0.934  =      6460 

1.414 

1.111  =      7685 

0.418 

0.818  =      5658 

33.921 

33.671  =  232898 

25.932 

25.932  -  179368 

3.995 

3.745  =    25904 

20.434 

20.434  =  141339 

Fig.  a.     Represents  the   Planet   Mercury  as  Glimpsed  by  the  Author 
with  the  26-inch  Refractor  at  Washington,  in  June,  1901. 


Fig.   b.     A   General  View  of  the   Earth    and    Moon,   as   They   Would 
Appear  from  a  Point  in  Space. 


Fig.  c.  The  Planet  Mars,  as  Drawn  and  Photographed  ry  Lowell. 
The  Latter  View  is  the  Drawing  Made  from  a  Number  of  the 
Lowell  Photographs  by  the  Skillful  Hand  of  Mr.  W.  H.  Wesley, 
Assistant  Secretary  of  the  Royal  Astronomical  Society. 

Plate   XX.     The    Planets   Mercury,   the    Earth   and    Moon, 

and  Mars. 


Plate  XXI.     Drawings  or  the  Planet  Jupiter  Made  by   Keeler  at 

Lick  Observatory,  1889. 


Plate  XXII.  The  Planet  Saturn,  as  Drawn  by  Proctor,  but  Modified  to  Take 
Account  of  the  Extension  of  the  Dusky  Ring  Observed  by  the  Author  at 
Washington  in  1901   (A.N.  376S). 


Fig.  a.     The  Planet  Uranus,  with  Equatorial  Belts, 
as  Drawn  bt  the  Henry  Brothers  at  Paris,  1884. 


Fia.  l>.  Drawing  of  the  Planet  Neptune,  Showing 
the  Faint  Equatorial  Belts  Discovered  hy  the 
Author,  with  the  26-inch  Refractor  at  Wash- 
ington, Oct.   10,   1899. 

Plate   XXIII.     Views  of  the  Planets  Uranus  and  Neptune 
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Width  of  dusky  ring 

Black  space  between  Saturn's  globe  and  dusky  ring 

Equatorial  diameter  of  Saturn 

Assumed  oblateness  of  Saturn  (H.  Struve's  value) 

Polar  diameter  with  this  oblateness 

Assumed  mass  of  Saturn  (H.  Struve's  value) 

Resulting  mean  density  of  the  planet 


s  Observed 

As  Corrected 

at  Night 

for  Irradiation 

it 

it 

km 

2.749 

2.749  = 

19014 

1.315 

1.597  - 

11046 

17.804 

17.240  = 

119247 

0.1013 

16.005 

15.494  = 

107167 

1  :  3495.3 

0.7105  (water  = 

1) 

Summary  of  Data 

Adopted  for  the  Planets  and  £ 

iatellites  of  the  Solar  System*  (A. N.  3992). 

Mass  in  Units 

Absolute  Equatorial  Diam. 

Planet 

t 

Mass  m.-k.u, 

ui 

of  the  Earth 
without  Moon 

log  a 

In  Arc 

In  Km. 

The  Sun 

0 

1 

332750 

0.0000000 

1920'00 

1392196 

Mercury 

1 

1:(14868548±743427) 

1:20 

0.02238 

a 

6.00 

4350.62 

Venus 

2 

1:  (408134  ±8165) 

1:50 

0.815296 

a 

16.80 

12181.72 

The  Earth  &  Moon 

3 

1:  (3287 15  ±328) 

1:1000 

1.00000 

ti 

17.592 

12756.000 

Mars 

4 

1:  (3089967  ±10300) 

1:300 

0.107685 

n 

9.30 

6743.44 

Jupiter 

5 

1:(1047.35±0.10) 

1:10000 

317.701 

0.7160033 

37.646 

141944 

Saturn 

6 

1:(3500±2.0) 

1:1750 

95.072 

0.9795000 

17.240 

119244 

Uranus 

7 

1:(22780±76) 

1:300 

14.607 

1.2831044 

3.0738 

42772 

Neptune 

8 

1:(19313±96) 

1:200 

17.229 

1.4781414 

2.000 

43608 

Mass  in  Units 

Absolute  Diameter 

Satellite 

log  A 

without  Moon 

In  Arc 

In  Km. 

The  Moon 

1:    81.45 

0.0000000 

4.8000 

3480.5 

Jupiter's  Satellite  I 

1:111.2 

0.7160033 

0.834 

3145 

II 

1: 135.5 

" 

0.747 

2817 

III 

1:    38.75 

tt 

1.265 

4770 

IV 

1: 146.5 

u 

1.169 

4408 

Titan 

1:    49.4 

0.9795000 

0.73 

5049 

■ 

The  following  discussion  is  taken  from  the  Astronomische  Nachrichten,  3764, 
and  explains  how  the  diameters  of  the  satellites  were  measured. 

As  observed  with  the  telescope  the  satellites  attending  the  planets  of  the 
Solar  system  have  measurable  discs  in  three  cases,  viz:  the  terrestrial  Moon,  the 
four  satellites  of  Jupiter  discovered  by  Gamleo,  and  Titan  and  Iapetus,  the  two 
principal  satellites  of  Saturn.  In  every  other  case  arising  among  the  nineteen 
remaining  satellites,  the  discs  presented  are  spurious  or  stellar  in  character,  and 
no  estimate  of  the  diameters  can  be  formed  except  on  photometric  hypotheses 
involving  with  the  measured  brightness  assumed  albedoes  of  the  satellites.  While 
the  resulting  diameters  are  the  best  that  science  affords,  such  hypothetical  deter- 
minations are  always  more  or  less  unsatisfactory. 


*cf.  A.N.,  3G65,  3670,  3676,  3737,  3897,  3750,  3757,  3764,  3768,  3923;  also  Report  of  Superintendent  U.S. 
Naval  Observatory,  Washington,  1902. 
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Even  in  the  cases  of  those  satellites  of  Jupiter  and  Saturn  which  present 
measurable  discs,  the  difficulties  of  exact  measurement  are  very  great.  Besides 
being  extremely  small,  the  images  as  seen  in  the  telescope  are  easily  disturbed 
by  the  stream-like  movements  of  the  atmosphere  (cf.  A.N.,  3455).  The  unstead- 
iness of  the  image  augments  the  difficulty  of  precise  measurement,  and  the  same 
causes  which  produce  a  tremor  of  the  image  as  a  whole,  render  its  limbs  broken 
and  indistinct,  so  that  it  is  difficult  for  the  eye  to  judge  of  its  apparent  diameter. 
A  series  of  diameter  measurements  on  the  four  large  satellites  of  Jupiter  and  on 
Titan  were  made  with  the  26-inch  refractor  last  year  (1900).  The  observer's 
inexperience  in  the  measurement  of  such  small  discs,  combined  with  certain  dis- 
turbing causes  incident  to  the  low  altitude  of  the  planet  prevented  the  observa- 
tions, taken  at  various  hours  of  the  night  and  in  the  midst  of  other  work,  from 
being  entirely  satisfactory.  Observations  during  the  present  year  (1901)  show 
that  the  fringes  surrounding  the  satellites  are  a  source  of  greater  embarrassment 
than  was  formerly  suspected.  Their  motion  about  the  limb  of  the  satellite  obscures 
its  outline;  and  as  some  allowance  must  be  made  mentally  for  this  effect  of  atmos- 
pheric blurring,  it  was  easy  to  set  the  wires  too  close  together  by  about  their 
own  thickness.  A  systematic  correction  of  about  +  0".20  to  the  diameters  found 
last  year  would  have  given  a  better  approximation  to  the  truth.  Under  the 
circumstances  it  was  decided  to  renew  the  observations  this  year,  and  I  availed 
myself  of  a  number  of  fairly  good  nights  during  the  summer.  Yet  such  is  the 
effect  of  a  slight  unsteadiness  on  these  small  discs,  that  but  few  wholly  satisfactory 
measures  could  be  secured.  The  results  of  these  observations  are  given  below 
and  require  no  further  explanation  (cf.  A.N.,  3764). 

Subsequently  measures  were  begun  on  the  diameters  by  daylight,  in  the 
brief  period  of  stillness  which  precedes  and  follows  immediately  after  the  setting 
of  the  Sun.  During  these  favorable  moments  the  images  of  the  satellites  were 
beautifully  round,  wholly  devoid  of  fringes,  and  affected  by  no  sensible  irradiation. 
The  field  illumination  being  supplied  by  the  diffused  light  of  the  evening  sky, 
was  probably  more  steady  and  uniform  than  any  light  which  could  be  furnished 
at  night  by  artifical  means.  A  color  screen  filled  with  Picric  Acid  and  Chloride 
of  Copper  was  used  throughout.  During  the  work  on  the  absolute  diameters 
the  field  was  so  strongly  illuminated  by  skylight  that  as  seen  through  the  screen 
it  appeared  of  a  soft  greenish  yellow  color.  The  limbs  of  the  satellites,  while 
perfectly  smooth  and  distinct,  presented  very  little  contrast  with  their  surround- 
ings. The  satellites  differed  adequately  in  brightness,  but  hardly  at  all  in  color, 
from  the  field  in  which  they  were  projected.  In  the  whole  series  of  observations 
the  measures  were  so  timed  with  regard  to  the  brightness  of  the  skylight  field 
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that  the  irradiation  was,  I  think,  well  eliminated.  The  dark  wires  appeared 
sharp  and  could  be  set  with  the  nicest  accuracy.  In  fact  every  condition  which 
could  contribute  to  accuracy  was  fulfilled,  and  I  have  little  hope  of  improving 
on  the  results. 

The  complete  elimination  of  systematic  errors  in  such  delicate  work  is  always 
extremely  difficult.  To  exercise  adequate  precaution  in  this  regard,  the  measures 
were  taken  by  two  methods:  first,  with  the  satellite  discs  placed  behind  the  wires; 
and  second,  with  the  discs  just  adjacent  to  the  wires,  so  that  the  illuminated 
space  between  the  wires  could  be  made  equal  to  the  diameters  of  the  satellites. 
As  the  daylight  illumination  of  the  field  made  the  space  between  the  wires  com- 
parable in  brightness  with  the  satellites  themselves,  while  the  absorbing  medium 
in  the  screen  gave  both  the  same  color,  the  second  method  proved  to  be  the  most 
natural,  and  apparently  gave  the  best  results.  In  the  later  observations  the 
second  method  was  generally  preferred,  and  its  superior  accuracy  seemed  to  be 
confirmed  by  experience. 

Accepting  the  results  of  the  Washington  observations  for  the  absolute  diam- 
eters (A.N.,  3764),  it  is  easily  seen  that  the  irradiation  constants  for  the  several 
satellites  are 

Satellite  I  L08  -  (183  =  0.25 

Satellite  II  0.98  -  0.75  =  0.23 

Satellite  III  1.60  -  1.26  =  0.34 

Satellite  IV  1.44  -  1.17  =  0.27 

These  values  are  considerably  smaller  than  the  irradiation  for  Jupiter  (0".75). 
When  projected  on  the  planet's  disc  in  transit  all  the  satellites,  as  is  well  known, 
appear  fainter  than  the  body  of  Jupiter,  except  Satellite  II,  which  appears  as 
a  white  spot,  and  is  thus  brighter  area  for  area.  Mr.  E.  J.  Spitta's  albedoes: 
0.656;  0.715;  0.405;  0.266;  that  of  Jupiter  being  0.624,  conform  accurately 
to  my  own  estimates  of  the  relative  lustre  of  these  several  objects.  But  while 
Satellites  I  and  II  are  slightly  brighter  area  for  area  than  the  disc  of  Jupiter,  their 
irradiations  when  off  his  disc  nevertheless  are  smaller,  on  account  of  the  great 
increase  in  the  area  of  the  satellite  discs  due  to  irradiation.  Thus  it  appears 
from  the  figures  given  above  that  the  diameters  of  the  satellites  are  enlarged 
about  28  per  cent,  by  irradiation,  which  gives  64  per  cent,  of  increase  in  illuminated 
surface. 

The  average  brightness  at  the  limb  of  the  satellite  disc  is  therefore  greatly 
reduced,  and  the  reduction  in  brightness  of  the  limb  increases  rapidly  with  the 
shrinkage  of  the  radius. 
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In  measuring  the  diameters  by  daylight,  two  opposite  causes  had  to  be  con- 
sidered: first,  the  encroachment  of  the  daylight  illumination  upon  the  disc  of 
the  satellite,  when  the  Sun  was  too  bright;  second,  the  expansion  of  the  disc 
beyond  its  real  size,  on  account  of  irradiation,  which  would  begin  as  soon  as  the 
field  illumination  attained  a  certain  faintness.  The  aim  was  to  so  time  the  observa- 
tions that  these  two  causes  would  destroy  each  other.  And  in  the  whole  series 
of  observations  I  believe  that  the  desired  end  was  well  attained.  It  is  doubtful 
if  an  uncertainty  of  ±0".05  (188  kilometres)  attaches  to  the  concluded  diameter 
of  any  one  of  these  four  satellites. 

§  191.     Certain  Elements  of  the  Terrestrial  Spheroid  Used  in  the  Calculations  on 

the  Other  Planets. 

The  following  account  from  A. N.,  3992,  explains  the  elements  of  the  Terres- 
trial Spheroid,  employed  in  the  calculations  on  the  other  bodies  of  the  solar  system 
and  also  the  results  adopted  for  the  major  planets. 

The  equatorial  radius  of  the  Earth  adopted  is  6378000m.  This  is  the  value 
which  Professor  Helmert  recently  communicated  to  Professor  Newcomb, 
and  subsequently  announced  to  the  International  Geodetic  Association  in  August, 
1903  (cf.  Proces-verbeaux  de  la  Quatorzieme  Conference  Generate  de  V Association 
Geodesique  Internationale,  Rapport  du  Bureau  Central,  Aout,  1903).  It  is  notice- 
able that  the  geodetic  authorities  of  the  Continent  from  the  time  of  Bessel 
have  used  slightly  smaller  values  than  Clark  and  some  other  British  writers. 
But  Superintendent  Tittman,  of  the  U.S.  Coast  Survey,  and  others  of  large 
experience  in  geodetic  work,  agree  that  an  uncertainty  of  at  least  250m.  still 
exists  in  the  equatorial  radius  of  the  Earth,  without  great  promise  of  early  dis- 
appearance; yet  the  accuracy  already  attained  represents  about  one  part  in 
25000. 

The  masses  of  the  planets  here  adopted  are  those  used  in  the  paper  on  the 
Invariable  Plane  of  the  Planetary  System  (A.N.,  3923),  which  contains  also  the 
methods  and  considerations  leading  to  these  masses,  as  well  as  the  probable  uncer- 
tainties (ut)  by  which  they  are  affected. 

The  material  included  in  Table  I,  §  198,  is  that  considered  most  accurate, 
and  in  general  requires  little  explanation.  The  oblateness  of  the  Earth  is  taken 
to  be  1  :  297.7,  in  accordance  with  an  unpublished  investigation  based  upon  all 
the  available  dajba  for  determining  the  figure  of  the  Earth.  The  equatorial  radius 
at  distance  unity  subtends  an  angle  of  8".796,  and  the  polar  radius  8". 766645, 
making  the  mean  radius  8". 78615.     The  ratio  of  the  centrifugal  force  to  the  force 
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of  gravity  at  the  equator  here  adopted  is  the  value  recently  communicated  to 
Professor  E.  W.  Brown  by  Professor  Helmert,  namely :  y  =  0.00346768 
=  1  :  288.3773.  With  Helmert's  value  of  the  equatorial  radius,  6378000m. 
and  a  rotation  period  of  86164.09  mean  solar  seconds,  the  centrifugal  force  is 
3.3915  cm.  and  the  acceleration  of  gravity  at  the  equator  9.780305m.  This  makes 
the  acceleration  of  pure  gravity  at  the  equator  9.81422m.  And  using  Helmert's 
formula  for  the  variation  of  gravity  in  different  latitudes,  the  observed  gravity 
in  mean  latitude  35°  15'  52"  becomes  9.79762m.  We  adopt  this  value  as  mean 
gravity  for  the  Earth,  and  shall  use  it  hereafter  in  treating  of  the  other  planets. 
The  values  of  the  oblateness  adopted  in  Table  I  for  Mars,  Jupiter  and  Saturn 
appear  to  be  the  most  probable  when  all  the  available  investigations  are  con- 
sidered, and  the  resulting  figures  of  these  planets  have  been  found  to  satisfy  the 
equations  of  equilibrium  (cf .  Struve,  Beob.  der  Saturnstrabanten,  Publicat.  de  I'Obs. 
Cent.  Nicolas,  Serie  II,  Vol.  XI,  p.  233).  Further  explanation  of  this  material 
seems  unnecessary. 

In  A.N.,  3768,  it  was  estimated  that  the  uncertainty  in  the  absolute  diameter 
of  Saturn  did  not  much  exceed  ±0".02,  or  1  :862nd  part  of  the  whole.  In  this 
connection  attention  should  be  called  to  Professor  Kaiser's  very  elaborate 
investigation  of  the  diameter  of  Saturn  (Leid.  Ann.  Ill,  264),  made  from  observa- 
tions on  40  nights  in  1862-3,  by  means  of  a  double-image  Micrometer,  which 
is  supposed  to  eliminate  the  irradiation  quite  perfectly.  The  diameter  found 
at  Washington  is  17".240,  while  Kaiser  found  from  his  observations  17".274. 
The  difference  is  only  0".034,  clearly  within  the  range  of  the  two  probable 
errors. 

In  A.N.,  3768,  attention  was  also  called  to  the  nearly  uniform  difference  of 
the  Washington  daylight  diameters  of  Jupiter,  Saturn  and  Uranus,  from  those 
found  with  the  Heliometer,  which  were  smaller  by  0".20,  0".18  and  0".19,  respec- 
tively. One  can  hardly  believe  this  uniform  difference  is  accidental;  and  if  it  is 
due  to  a  systematic  tendency  of  the  Heliometer,  as  seems  probable,  the  results 
may  perhaps  justify  the  designation  absolute  given  to  the  daylight  diameters 
determined  at  Washington.  The  figures  of  Uranus  and  Neptune  have  hereto- 
fore remained  so  uncertain  that  it  becomes  advisable  to  treat  the  two  outer  planets 
with  some  detail. 

§  192.     The  Theoretical  Rotation  Periods  of  Uranus  and  Neptune  (cf.  A.N.,  3992). 

The  following  measures  of  the  oblateness  of  Uranus  have  been  made  by  experi- 
enced observers: 
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Observer   . 

Oblateness 

Remarks 

Hkrschel,  1781-1792 

Longer  axis  of  planet  extends  in 

No  measures  of  oblateness.     Philos. 

the  plane  of  the  orb.  of  the  Sat. 

Trans.,  1798,  p.  71 

Madler,  1842 

0.092166 

120  diameters  on  5n.,  24cm.  refrac.  at 
Dorpat. 

Madler,  1845 

0.10080 

150  diameters  on  7n. 

Madler,  1845 

0.10582 

60  diameters  on  6n. 

SCHIAPARELLI,    1883 

0.091477 

25n.,  fine  series  of  observations 

Schiaparelli,  1884 

0.076394 

18n.,  fine  series  of  observations 

Young,  1883 

0.071480 

14n.,  with  58.4cm.  refrac.  at  Princeton 

Barnard, 1894 

0.069832 

9n.,  with  91.44cm.  refrac.  at  Lick 

The  best  oblateness  we  have  been  able  to  deduce  from  this  material  is  gotten 
by  the  following  process: 


Obi. 

Wt. 

Observations  of  Madler 

0.099599 

1 

Observations  of  Schiaparelli 

0.083935 

2 

Observations  of  Young 

0.071480 

2 

Observations  of  Barnard 

0.069832 

1 

Mean  0.080042  =  1: 12.4935 

In  view  of  the  claims  of  Meyer  and  Millosevich  that  the  disc  of  Uranus 
was  sensibly  round  in  1883,  it  is  improbable  that  the  oblateness  is  really  so  large 
as  these  figures  indicate.  Moreover  we  can  learn  something  about  the  probable 
form  of  the  disc  of  Uranus  from  the  history  of  the  oblateness  of  Mars,  which  also 
has  a  rather  small  disc. 

Sir  W.  Herschel  made  the  oblateness  of  Mars  1: 16.3;  Schroeter  made 
it  1:  81;  Arago,  1:  45.7;  Encke,  1:  41.2;Galle,  1:  89.4;  Airy,  1:50;  while  Bessel's 
long  series  of  305  equatorial  and  polar  diameters  taken  with  the  Konigsberg  Helio- 
meter  in  1830-37,  and  reduced  by  Oudemans  in  1852  (A.N.,  838),  indicate  that 
the  oblateness  is  insensible.  The  large  value  of  the  oblateness  found  by  many 
good  observers  has  not  been  verified  by  experience,  and  the  recent  proof  that 
the  oblateness  is  about  1:192,  shows  that  among  all  the  old  observations,  Bessel's 
measures  alone  were  remarkably  accurate.  It  thus  appears  that  the  oblateness  of 
Mars  for  many  years  was  made  out  from  two  to  four  times  larger  than  it  really  is. 
Under  the  circumstances  there  is  very  strong  probability  that  the  compression 
of  the  disc  of  Uranus  has  been  similarly  overestimated.  It  would  certainly  be 
moderate  to  conclude  that  the  oblateness  does  not  exceed  0.04,  or  1  :  25,  which 
is  half  of  the  mean  afforded  by  the  best  observations. 

In  view  of  the  almost  unbroken  testimony  of  observers  from  the  time  of 
Herschel,  there  can  be  little  doubt  that  the  planet  is  sensibly  oblate,  especially 
when  the  planes  of  the  orbits  of  the  satellites  pass  through  the  Earth.  An  oblate- 
ness not  larger  than  1  :  25  makes  the  difference  in  the  equatorial  and  polar  axes 
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not  greater  than  0".15,  which  is  less  than  the  thickness  of  the  usual  micrometer 
wire,  and  would  be  difficult  to  recognize  in  some  of  the  telescopes  employed  in 
measuring  the  planet.     We  therefore  adopt  for  Uranus  an  oblateness  of  1  :  25. 

With  regard  to  the  time  of  rotation  of  Uranus,  such  observations  as  have 
been  made  are  inconclusive,  and  entitled  to  little  confidence.  Yet  it  seems  to 
be  established  by  the  observations  of  Young  in  1883  and  the  Henry  Brothers 
at  Paris  in  1884,  that  equatorial  belts  exist  on  the  planet,  somewhat  inclined  to 
the  planes  of  the  orbits  of  the  satellites.  The  equatorial  regions  are  reported  some- 
what brighter  than  the  dusky  regions  near  the  supposed  poles;  and  if  this  be 
true  the  resulting  differential  irradiation  might  account  for  part  of  the  large  oblate- 
ness observed. 

Dr.  Osten  Bergstrand  of  Upsala  has  considered  the  probable  rotation 
period  from  the  effects  of  the  oblateness  upon  the  motion  of  the  Periuranium  of 
Ariel  {A  .N. ,  3889) .  His  work  seems  to  show  a  secular  motion  of  the  Periuranium  of 
Ariel  amounting  to  about  14°. 31  per  annum.  Much  of  the  data  employed  in  his 
paper  appears  to  me  rather  too  uncertain  for  safe  use;  and  I  have  preferred  to 
use  only  the  best  of  his  material.  This  is  the  Lick  observations  of  1897  by  Schae- 
berle  and  Hussey  and  those  of  Aitken  in  1899,  to  which  Bergstrand  assigns 
weights  of  20.66  and  11.87,  respectively.  These  two  series  make  the  motion  of 
the  Periuranium  9°. 7  per  annum.     In  the  secular  equation 


dir 
di 


_|^l+2c«r)  +  n(x-|)^+»2^;  (402) 


where  n0  =  mean  motion  of  Uranus  =  4°.284931  per  Julian  year,  n  =  mean 
motion  of  Ariel  =  52170°.  12,  y  =  the  inclination  of  the  satellite  orbits  to  the 
plane  of  the  planet's  orbit,  x  =  oblateness,  ?  =  ratio  of  centrifugal  force  to 
equatorial  gravity,  m,  =  the  masses  of  the  disturbing  satellites,  Bw  the  usual 
coefficient  introduced  by  Leverrier,  a  =  mean  distance  of  Ariel  =  13". 748, 
a  =  equatorial  radius  of  planet,  Dr.  Bergstrand  has  shown  that  the  first  term 
is  less  than  0°.0001,  and  that  all  the  components  of  the  last  term  together  do  not 
exceed  0°.5,  so  that  the  first  and  last  terms  may  be  neglected.  This  leaves  the 
middle  term  for  the  right  member  of  the  equation,  and  with  the  values  here  adopted, 
we  get  by  observation  for  the  left  member 

.      fl  r.T-+MW>'<x-»,)l  (403) 

or  approximately  x-$<j>  =  0.015.  ) 

To  find  the  ratio    -    by  Bergstrand 's  method,  we  must  first  decide  upon  a 
value  for  the  function 
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X 

In  the  case  of  some  of  the  other  planets  we  have 

Planet  >p 

Earth  0.49 

Mars  0.56 

Jupiter  0.31 

Saturn  0.19 

The  mean  value  of  «/»  for  these  four  planets  is  about  0.39,  and  we  shall  there-; 
fore   be  safe  in   taking  for  Uranus  the  value     ^  =  - — —  =  0.375,    which  would 

A 

accord  somewhat  better  with  the  tendency  in  the  two  great  planets  Jupiter 
and  Saturn,  where  the  value  of  V  is  rather  small.  As  the  average  density  of 
Uranus  is  2.21,  the  value  of  »/»  for  such  a  body  should  by  analogy  lie  between 
those  of  Jupiter  and  Saturn  on  the  one  hand,  and  of  the  Earth  and  Mars  on  the 
other. 

In  case  of  a  homogeneous  body  it  is  well  known  that  x  is  verv  nearly  f  <*> 
(cf.  Tisserand's  Mec.  Celeste,  Tome  II,  p.  90).  Thus  on  the  hypothesis  of  homo- 
geneity and  x  —  hf—  0.015  by  observation,  the  oblateness  of  the  Uranian 
spheroid  becomes     x  =  0.025  =  1  :  40. 

If  on  the  other  hand  we  take  i/»  =  0.375,  as  concluded  above,  then  x  ==  0.04 
=  1  :  25  for  the  case  of  heterogeneity  having  apparently  the  greatest  probability. 
This  gives  <r  =  0.05  =  1  :  20.  Substituting  these  values  in  the  formula  for  the 
rotation  of  the  planet 

where  T  =  periodic  time  of  Ariel  =  60.489192  hours,  a  =  Ariel's  mean  distance 
=  13". 748,  a  =  equatorial  radius  =  1".5369,  we  find  for  the  most  probable  rota- 
tion period 

T0  =  10h  6ra  40V32. 

It  is  somewhat  remarkable  that  this  time  is  within  4m  18s  of  the  mean  of 
the  equatorial  rotation  periods  of  Jupiter  and  Saturn,  and  is,  I  think,  likely  to 
prove  quite  near  the  truth.  The  Henry  Brothers  of  Paris,  Young  and  McNeil 
of  Princeton,  Perrotin  and  Thollon  of  Nice,  and  perhaps  others,  recognized 
faint  equatorial  belts  on  Uranus  in  1883  and  1884;  and  the  Nice  observers  inferred 
a  rotation  period  of  about  ten  hours,  from  a  lucid  spot  which  appeared  near  the 
equator.     The  belts  seen  upon  the  disc  were  usually  thought  to  deviate  about 
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40°  from  the  plane  of  the  orbits  of  the  satellites.  Using  the  Nice  76cm.  refractor 
in  1889,  however,  Perrotin  made  the  deviation  only  10°.  The  reaction  of  the 
oblateness  of  the  planet  upon  the  orbit  plane  of  Ariel  would  be  larger  than  that 
of  Neptune  upon  his  satellite,  which  is  quite  sensible  in  a  few  years;  and  as  all 
the  Uranian  satellites  appear  to  lie  in  one  plane,  and  no  secular  reaction  on  the 
orbit  planes  has  been  discovered,  it  seems  most  probable  that  the  equator  of 
Uranus  practically  coincides  with  the  orbit  plane  of  the  satellites,  as  was  orig- 
inally remarked  by  Herschel. 

In  the  case  of  the  planet  Neptune  the  only  known  criterion  for  finding  the 
rotation  period,  aside  from  observation,  which  has  not  yet  yielded  satisfactory 
results,  is  derived  from  the  motion  of  the  pole  of  the  orbit  of  the  satellite.  This 
appears  to  be  describing  a  precessional  motion,  due  to  the  action  of  the  oblate- 
ness of  the  planet,  in  a  period  of  about  500  years;  and  it  has  been  concluded 
that  the  plane  of  the  orbit  is  inclined  to  the  Neptunian  equator  by  about  20°. 
If  the  planet  were  homogeneous  Tisserand  concluded  that  an  oblateness  of  1  :  100 
would  account  for  the  perturbation  of  the  satellite's  orbit  plane,  while  others 
have  required  an  oblateness  as  great  as  1  :  85. 

During  a  series  of  observations  of  Neptune  made  with  66cm.  refractor  at  Wash- 
ington between  Oct.  6,  1899,  and  Feb.  27,  1900,  faint  equatorial  belts  were  occa- 
sionally seen  on  the  planet  (cf.  A.N.,  3663,  3665)  at  intervals  when  the  seeing 
was  extraordinarily  sharp  and  steady,  and  the  glare  of  the  planet  was  reduced 
by  dense  smoke  in  the  atmosphere.  These  belts  were  again  seen  by  Mr.  Din- 
widdie  and  the  writer  in  January,  1901,  and  their  existence  is  beyond 
doubt. 

On  more  than  one  occasion  in  October  and  November,  1899,  when  the  see- 
ing was  at  its  best  and  the  air  smoky,  so  that  the  disc  appeared  small,  faint  and 
perfectly  sharp  at  the  limb,  a  slight  oblateness  was  repeatedly  suspected,  and 
once  or  twice  noted  in  the  observations.  The  amount  of  the  oblateness  was  very 
small,  usually  estimated  at  1  :  20,  or  1  :  25  (cf.  A.N.,  3663).  This  appeared 
rather  too  small  to  measure  with  any  confidence  in  the  case  of  a  disc  only  2".3 
in  apparent  diameter.  I  am  convinced  that  the  suspected  oblateness  was  real, 
though  as  in  the  case  of  Uranus,  already  discussed,  the  observer  may  have  con- 
siderably overestimated  the  amount.  If  we  apply  the  same  reasoning  employed 
in  the  case  of  Uranus,  fixing  £he  oblateness  at  1  :  45,  which  corresponds  to  a 
difference  in  the  equatorial  and  polar  diameters  of  0".05,  a  difference  just  per- 
ceptible in  very  perfect  seeing,  and  holding  «A  =  x  ~  '  =  0.375,  as  in  the  case  of 
Uranus,  we  shall  find    y  =  0.0278.     Taking  for  the  equatorial  radius  of  Neptune 
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a  =  1".00,  the  distance  of  the  satellite,    a  =  16".305,    T  =  141.04407  hours,  the 
rotation  period  of  the  planet  becomes 

T0  =  12h.84817  -  12h  50m  53\4. 

The  preeessional  action  of  such  a  heterogeneous  planet  would  be  equivalent 
to  that  of  a  corresponding  homogeneous  spheroid  of  oblateness  1  :  70.  Probably 
this  corresponds  quite  as  closely  with  the  oblateness  predicted  from  the  motion 
of  the  pole  of  the  satellite's  orbit,  as  the  present  state  of  our  knowledge  of  that 
phenomenon  will  justify.  It  thus  appears  probable  that  Neptune  has  an  oblate- 
ness of  about  1  :  45,  and  rotates  in  about  12h  50"1  53s,  a  period  considerably  longer 
than  that  of  any  other  large  planet. 


§  193.     Laplace's  Law  of  Density  Applied  to  the  Earth  and  to  the  Other 
Encrusted  Planets  (cf.  A.N.,  3992). 

The  celebrated  law  of  Laplace  results  from  an  hypothesis  introduced  into 
Clairaut's  general  differential  equation  for  the  equilibrium  of  a  heterogeneous 
fluid  mass  endowed  with  a  rotatory  motion,  which  permits  the  integration  of  the 
equation  in  some  particular  cases,  and  thus  enables  the  geometer  to  connect  the 
oblateness  of  the  layers  of  the  fluid  with  the  radius  of  the  spheroid,  of  which  the 
density  is  supposed  to  be  a  function.  If  x  denote  the  radius  of  the  spheroid,  <r 
the  density,  and  Q  a  constant,  then  the  simplified  integral  equation  expressing 
Laplace's  law  is 

a  = 2—  i  (40a) 

X 

where  q  is  a  coefficient  denoting  the  degree  of  compressibility  of  the  matter 
of  the  globe  (cf. Thomson  and  Tait's  Natural  Philosophy,  Vol.  I,  Part  II,  p.  404; 
Tisserand's  Mec.  Cel.,  Tome  II,  p.  233;  or  Pratt's  Figure  of  the  Earth,  Third 
Edition,  p.  100). 

Lord  Kelvin  remarks  that  in  default  of  knowledge  Laplace  assumed  as 
an  hypothesis  that  the  law  of  compressibility  of  the  matter  of  which,  before  its 
solidification,  the  Earth  consisted,  should  be  that  the  increase  of  the  square  of  the 
density  is  proportional  to  the  increase  of  pressure,  or  dp  =  k<t  do-,  the  integra- 
tion of  which  leads  to  the  above  equation. 

The  solution  of  (404)  is  effected  by  finding  the  angle  q  x  from  the  transcen- 
dental equation 

'  =  2^55  =  <f? (1  _  qx  cotg  9x) '  (406) 
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where  /  is  the  ratio  of  the  mean  density  of  the  Earth  (5.50)  to  the  density  at  the 
surface  (2.55),  and  q  x-  is  found  to  be  144°  53'  55".2  =  2.52896  radians.  Then 
the  constant  Q  is  found  by  the  condition 

Q  =  JL^L  =4.434595  . 
sin  qx 

The  density  at  the  centre  is  found  by  multiplying  Q  by  qx  in  radians,  and  the 
result  is  o-0  =11.215. 

In  the  case  of  the  other  inner  planets,  the  Moon,  the  four  Galilean  satellites 
of  Jupiter  and  Titan,  the  ratio  of  the  mean  to  the  surface  density  is  found  by 
solving  an  equation  of  the  same  form  as  (406) ,  in  which  q  x  is  known  from  the 
ratio  of  the  radius  of  the  body  in  question  to  the  mean  radius  of  the  Earth.  If 
the  mean  radius  of  the  Earth  in  latitude  35°  15'  52"  be  R  and  the  radius  of  Mercury 
be  r;   then  we  shall  have 

q  x  ^  =  [9.9362578]  =49°  28'  30"  ,  (407) 

where  the  bracket  denotes  a  logarithm.  This  value  of  q  x  for  Mercury  leads 
to  the  value  of  /  by  an  equation  like  (406) ;  and  as  the  mean  density  of  the  planet 
is  taken  as  known,  the  surface  density  is  thus  determined.  Q  and  the  central 
density  <r0  are  then  easily  determined  as  in  the  case  of  the  Earth.  The  method 
here  applied  to  Mercury  is  applicable  in  like  manner  to  Venus,  Mars,  the  Moon, 
Jupiter's  satellites  and  Titan. 

The  detailed  numerical  results  found  by  this  application  of  Laplace's  law 
of  density  to  the  encrusted  bodies  of  the  solar  system  are  given  in  §  198.  The 
data  for  a  planet  like  Venus  naturally  are  very  similar  to  those  found  for  the 
Earth,  while  those  deduced  for  Mars  and  Mercury  are  considerably  different. 
Yet  notwithstanding  some  differences  depending  mainly  on  the  masses  and  mean 
densities  of  these  bodies,  it  cannot  be  doubted  that  there  is  a  great  similarity 
in  the  physical  constitution  of  the  terrestrial  planets,  just  as  there  is  also  among 
the  four  major  planets  of  the  solar  system,  which  constitute  an  analogous  group 
of  bodies  of  much  larger  size. 

§  194.     Laplace's  Laiv  of  Density  Applied  to  the  Major  Planets  (cf.  A.N.,  3992). 

When  we  come  to  deal  with  the  major  planets,  Jupiter,  Saturn,  Uranus  and 
Neptune  and  the  Sun,  the  above  method  of  procedure  must  be  considerably 
modified.  Their  surfaces  are  covered  with  clouds,  and  on  Jupiter  and  Saturn 
changes  are  frequently  noted  by  observers.     This  indicates  that  their  visible 
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surfaces  are  cloud  surfaces,  made  by  the  precipitation  of  water  and  other  vapors 
in  the  upper  layers  of  their  atmospheres,  where  the  cold  is  intense. 

Upon  the  Earth  clouds  seldom  form  at  a  height  exceeding  16kms.  On  the 
major  planets,  where  the  force  of  gravity  is  considerably  greater  than  upon  the 
Earth,  atmospheres  under  the  same  conditions  would  terminate  more  suddenly 
than  our  own,  in  the  inverse  ratio  of  the  intensity  of  the  respective  surface  gravi- 
ties. As  the  atmospheric  circulation  appears  to  be  rather  violent  on  Jupiter 
and  Saturn,  clouds  might  perhaps  be  forced  up  to  regions  of  rarer  atmosphere 
than  upon  the  Earth,  but  yet  not  very  much  higher,  because  under  their  greater 
attractions  the  atmospheres  terminate  more  suddenly.  If  we  take  one-tenth 
of  the  density  of  atmospheric  air,  corresponding  to  a  barometric  pressure  of  7.6  cms. 
of  quicksilver,  and  a  terrestrial  height  of  21.6  kms.,  according  to  the  barometric 
formula  of  Laplace,  perhaps  we  shall  have  a  satisfactory  approximation  to  the 
surface  densities  of  Jupiter  and  Saturn;  and  the  same  value  will  apply  to  the 
surface  densities  of  Uranus  and  Neptune  and  the  Sun. 

Regnault  found  by  experiment  that  the  specific  gravity  of  air  under  tem- 
perature of  0°  C  and  76.0cms.  barometric  pressure  is  0.001293187. 

Thus  in  the  case  of  Jupiter  the  surface  density  would  be  0.0001293187,  and 

'  =  0.0001293187  "  10™M  '  (408) 

In  the  use  of  Laplace's  law,  where  the  surface  density  is  extremely  small, 
and  q  x  infinitely  nearly  equal  to  180°,  Professor  G.  H.  Darwin  has  shown  that 

/-        3 

w  (it  —  q  x) 
,  )  (409) 

(cf.  Thomson  and  Tait's  Natural  Philosophy,  Vol.  I,  Part  II,  p.  409).  Apply- 
ing the  first  formula  to  Jupiter,  we  find 

qx  -  [0.4971372]  =  179°  59'  41".132  , 

where  the  bracket  is  the  logarithm  of  q  x  in  radians.     The  second  equation  of 

(409)  supplies  the  important  condition  that    ^    cannot  surpass    -£•     With  qx 

accurately  determined,  Q  is  found  as  usual,  and  also  the  central  density.  In 
the  case  of  Jupiter  these  quantities  are  respectively 

log  Q  =  0.1503624  <r0  =  4.444  . 
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The  treatments  of  the  densities  of  Saturn,  Uranus,  Neptune  and  the  Sun  are  similar 
to  that  of  Jupiter,  and  the  results  are  given  in  Table  I,  §198. 

It  will  be  observed  that  Laplace's  law  does  not  make  the  density  in  the 
major  planets  and  the  Sun  so  large  as  in  the  cases  of  Venus  and  the  Earth.  The 
densities  at  the  centres  of  Uranus  and  Neptune,  however,  are  7.27  and  7.96,  and 
thus  decidedly  large;  while  the  central  density  of  Saturn  is  only  2.336.  If  such 
be  the  real  distribution  of  the  density  within  these  bodies,  there  is  no  doubt  also 
a  high  internal  temperature,  increasing  like  the  density  towards  the  centres  of 
these  masses.  This  inference  accords  very  well  with  the  evidence  of  observa- 
tion. For  it  seems  to  be  established  that  none  of  these  bodies  except  the  Sun 
gives  a  sensible  amount  of  inherent  light;  nor  should  this  be  expected  of  non- 
incandescent  planets  covered  with  clouds  precipitated  from  vapors  in  close  con- 
tact with  the  cold  of  space. 


§  195.     The  Curves  of  Density  for  the  Planets  and  the  Probable  Physical  Properties 
of  Matter  Under  Planetary  Pressure     (cf.  A.N.,  3992). 

The  numbers  deduced  in  Table  I  are  graphically  illustrated  by  the  curves  of 
density  drawn  in  Plates  XXVI-VII,  Chapter  XVIII.  The  pressure  curves  deter- 
mined by  the  processes  described  in  the  next  section  are  also  drawn  on  these  plates. 

Some  important  features  of  the  laws  of  density  here  brought  out  are  worthy 
of  careful  consideration.  In  the  first  place  it  should  be  remarked  that  the  law 
of  Laplace  appears  to  be  fairly  exact  in  the  case  of  the  Earth.  The  figure  of 
the  Earth  determined  from  the  precession  by  means  of  this  law,  and  depending  on 

C  —  A 
the  difference  of  the  moments  of  inertia  — ^ — ,  /  and  q  x,  as  well  as  the  observed 

annual  precession  and  inclination  of  the  lunar  orbit  at  some  chosen  epoch,  yields 
an  oblateness  of  1  :  297.1034.  The  method  afforded  by  Laplace's  law  of  find- 
ing the  ellipticity  of  any  stratum,  and  therefore  of  the  outer  stratum  or  surface 
of  the  globe,  gives  an  ellipticity  of  1  :  298.041.  The  mean  of  these  two  values 
is  1  :  297.572:  and  as  all  the  different  methods  for  finding  the  Earth's  figure  make 
the  most  probable  oblateness  about  1  :  297.7,  we  may  conclude  that  such  a  close 
agreement  indicates  that  Laplace's  law  is  very  approximately  a  law  of  nature. 
If  this  law  applies  so  accurately  to  the  Earth,  it  is  natural  to  suppose  that 
it  must  apply  almost  as  accurately  to  all  similar  bodies  of  the  solar  system, 
such  as  the  other  inner  planets  and  the  satellites.  Indeed  this  must  necessa- 
rily be  true  if  the  coefficient  of  compressibility  be  the  same  in  all  these 
bodies. 
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As  the  Earth's  precessional  phenomena  indicate  the  validity  of  Laplace's 
law,  it  becomes  obvious  that  the  increase  in  density  towards  the  centre  is  very 
nearly  what  the  curve  of  density  indicates.  Probably  the  matter  in  the  interior 
of  our  globe  is  of  the  same  general  character  as  the  lava  which  flows  from  our 
volcanoes,  simply  compressed  by  the  enormous  weight  of  the  superincumbent 
matter  surrounding  it  on  all  sides.  Professor  Wiechert's  hypothesis  that 
the  Earth  has  an  iron  core,  covered  by  a  superstructure  of  rock,  while  apparently 
a  possibility,  is  ingenious  rather  than  probable:  for  such  discontinuity  in  the 
arrangement  of  the  matter  of  the  Earth  seems  highly  improbable,  and  in  view 
of  the  tremendous  pressure  shown  to  exist,  such  an  hypothesis  is  inadmissible, 
because  the  rigidity  is  too  high  to  permit  of  a  separation  of  the  elements. 

The  curve  of  density  in  the  case  of  the  Earth  is  such  as  to  suggest  great  strength 
and  power  of  resistance  in  the  arrangement  of  our  globe.  The  increase  of  pressure 
towards  the  centre  is  equally  significant.  It  seems  that  the  pressure  is  the  cause 
of  the  density,  and  the  density  of  the  matter  under  great  pressure  in  turn  the 
cause  of  the  high  effective  rigidity  of  our  globe,  which  Professor  G.  H.  Darwin 
has  shown  to  be  somewhat  greater  than  that  of  a  corresponding  globe  of  steel 
(cf.  The  Tides  and  Kindred  Phenomena  of  the  Solar  System,  p.  260).  In  view 
of  these  considerations,  and  the  similiarity  in  the  form  of  the  density  curve  for 
Venus,  would  it  be  very  rash  to  infer  that  the  globe  of  Venus  also  is  quite  rigid, 
perhaps  about  as  rigid  as  a  corresponding  globe  of  platinum  or  wrought  iron? 

On  the  other  hand  nearly  homogeneous  globes  of  rock  such  as  those  of  Mer- 
cury, Mars,  the  Moon,  and  other  satellites  would  be  notably  less  rigid  than  glass, 
because  such  a  lithosphere  is  nowhere  vitrified  or  crystallized;  and,  moreover, 
would  be  almost  equally  compressible  throughout.  From  this  point  of  view  we 
may  perhaps  approximate  the  rigidity  of  the  smaller  planets  and  satellites,  though 
we  can  never  hope  to  measure  the  stiffness  of  their  matter  by  any  direct  experi- 
ments, such  as  are  available  in  the  case  of  the  Earth. 

In  comparing  the  diagrams  for  the  four  inner  planets  it  is  worthy  of  note 
that  as  the  mass  increases,  and  therefore  also  the  internal  pressure,  the  curve 
of  density  assumes  more  and  more  the  form  of  the  curves  of  pressure  in  approxi- 
mately homogeneous  bodies  like  Mercury  and  Mars.  In  accordance  with  the 
assumptions  underlying  Laplace's  law,  this  means  of  course  that  the  condensa- 
tion of  matter  augments  with  the  pressure,  and  that  small  bodies  under  the  feeble 
gravitation  of  their  matter  are  nearly  homogeneous,  while  large  ones  are  greatly 
condensed  and  hardened  near  their  centres.  We  have  no  present  means  of  fixing 
the  extent  to  which  such  condensation  may  be  carried,  and  the  unknown  tempera- 
tures within  the  actual  planets  is  a  complicating  circumstance  very  difficult  to 
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eliminate.  From  their  large  central  densities  Uranus  and  Neptune  appear  to  be 
approaching  the  stage  of  consolidation  long  since  attained  by  Venus  and  the  Earth. 

Perhaps  we  can  safely  say  that  under  planetary  pressure  molecular  forces 
are  insignificant,  and  the  hardest  natural  bodies  would  behave  as  if  perfectly 
porous.  This  has  been  distinctly  indicated  by  numerous  experiments  since  the 
days  of  the  Florentine  Academicians,  of  1661,  and  still  more  obviously  by  the 
familiar  pressure  of  the  deep  sea  in  forcing  water  into  hollow  glass  balls  with  walls 
several  centimeters  thick.  But  as  the  depth  of  the  sea  does  not  much  exceed 
10,000m.  the  pressure  on  such  balls  is  never  greater  than  1,000  atmospheres,  which 
does  not  compare  with  the  pressure  at  the  centres  of  even  the  satellites.*  The 
least  pressure,  5,844  atmospheres,  at  the  centre  of  Jupiter's  Fourth  Satellite,  arises 
from  the  extremely  rare  state  of  that  mass,  which  presents  striking  analogies 
with  the  planet  Saturn. 

If  in  addition  to  perfect  interpenetrability  of  matter  under  planetary  pressure, 
we  imagine  an  enormously  high  temperature  which  would  instantly  vaporize 
the  most  refractory  elements,  we  may  conceive  that  most  of  the  matter  in  the 
interior  of  the  Earth  and  similar  planets  has  the  property  of  a  rigid  fluid,  a  gas 
rendered  more  rigid  than  steel  by  its  confinement,  but  capable  of  expansion  with 
a  violence  surpassing  the  eruption  of  Krakatoa  if  the  pressure  could  only  be  removed. 
In  those  bodies  which  have  cooled  down  by  the  secular  dissipation  of  their  primor- 
dial heat,  as  perhaps  the  Moon  and  other  satellites  may  have  done,  the  explosive 
force  would  be  wanting,  and  the  matter  already  in  a  solid  condition.  No  large 
body  in  the  solar  system  seems  as  yet  to  have  -reached  this  stage. 

§  196.     Internal  Pressures  of  the  Heavenly  Bodies     (cf.  A.N.,  3992). 

We  shall  determine  the  pressures  throughout  the  planets  which  follow  from 
Laplace's  law. 

If  cr0  denote  the  central  density  of  the  Earth,  o-  the  density  at  any  other 
point,  we  shall  have 

5=5"^.  (410) 

qx 

The  constant  q  is  determined  by  the  density  at  the  surface,  and  approaches 
the  limit  q  =  it  when  the  surface  density  becomes  infinitely  small.  If  AM  denote 
the  element  of  mass  enclosed  within  a  spherical  shell  of  density  <r,  and  radius 
p     we  shall   have 

*  The  greatest  artificial  pressure  yet  produced  appears  to  be  4,000  atmospheres,  which  Amaoat  developed  in  some 
experiments  described  in  Ann.  de  Chimie  el  He  Phi/sif/ite,  sixth  series,  Vol.  29  (1893). 
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dlf-Wdpa,^.  (411) 

The  variable  *  =  £ .    where  r  is  the  radius  of  the  planet,  and  hence  d/>  =  rdx, 
and  we  have 


— ?  /  a;  sin  (y  x) 


ilf  =  4,rr'C,/a!  sin  fax)  dx  (412) 

'0 


=     ^  /"  (sin  fax)  -  yx  cos  fax) )  .  (413) 

In  the  particular  case  of  the  Earth,  we  may  write  the  mass 

E  =  i^lf?  (sin  ?  _  ?  Cos  ?)  .  (4H) 

Also 

tf-flrl*^,  (415) 

where  or,  is  the  mean  density  of  the  Earth  treated  as  a  sphere  of  mean  radius  r. 
By  equating  (414)  and  (415)  we  get 

qt°>  (416) 


"       3  (sin  q  —  q  COS  q) 

If   3  be  the  ratio  of  the  specific  gravity  of  the  matter  at  the  surface  of  the 

1       2  55 

Earth  to  the  average  specific  gravity  of  the  whole  Earth,  so  that  p  -  ^q  >    we 
shall  have 

fi  -  ^  •  (417) 

Equating  this  expression  with  (416),  we  find 

-!--= -"£•  (418) 

y*      9  tang  </       3  v       ' 

which  gives    g  =  2.52896  =  144°  53'  55".2,  as  already  found  in  the  theory  of 
the  Earth's  density. 

Equation   (417)   now  gives  for  the  central  density 

<r0  =  -^-  =  2.03894  o-,  •  (419) 

Suppose  the  gravitational  acceleration  at  the  surface  of  a  mass  M  of  radius 
p   to  be  g1 ',  and  that  due  to  the  whole  Earth  E  at  its  surface  to  be  g;   and  let  the 
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a'  Mr3         M  o 

ratio    -  =  v  =  -W1  =  -=j—2 .    since  *  --  -  ■      Then  if  we  substitute  for  M  and  E 

y  Jip         Hx  r 

their  values  from  (413)  and  (415),  we  shall  get 

!j'       n      (sin  o x  —  ox  cos  ox) 

v  ?  3tr°      ^h  (420) 

But  by  Laplace's  law  we  have  also 

a  _  sin  (qx) 


qx 


(421) 


If  we  differentiate  this  expression  for  a    with  respect  to    x,  and  substitute  the 
da- 

dx 


value  of    -^    in  (420),  we  shall  have 


g'  3    do- 

-  " i  3Z '  (422> 

In  a  gaseous  sphere  in  equilibrium,  the  pressure  at  a  distance  p  =  r  x  from  the 
centre  is  given  by  the  equation 

dp  =  —  trff'dp  =  —  a-f/'rdx  .  (423) 

Substituting  for   gf    its  value  from  (422),  and  integrating,  we  have 

A'  =  ^Ad->  (424) 

where  the  limit    8    denotes  the  density  at  the  surface.     This  equation  gives 

In  reducing  this  formula  to  numbers  we  take  for  the  mean  radius  of  the 
Earth  r  =  6370521m.,  o-j  =  5.50,  as  before;  and  hence,  with  the  metre  and  the 
kilogram  as  the  units  of  length  and  weight  respectively,  {cr^g)  =  5500  kg.  At 
the  surface  of  the  Earth  the  density  is  2.55,  so  that  (Sgr)  =  2550  kg.,  and  at  the 
centre  the  density  is  11.215,  so  that    (<r0g)  =  11215kg.      The  logarithm  of  the 

3r 

coefficient   y,h — ~\  tnus  becomes  [2.4340199],  and  the  pressure  at  the  centre  of 

the  Earth  is  found  to  be 

p  =  32401470000  kg.  per  square  m., 
=  3240147  kg.  per  square  cm. 

The  pressure  in  atmospheres  is  found  by  dividing  the  pressure  in  kilograms  per 
square  centimetre  by  1.0333,  and  hence 
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p  =  3135727  atmospheres. 

The  height  of  a  column  of  quicksilver,  which  under  uniform  gravity  would  give 
the  equivalent  pressure,  is  found  by  multiplying  by  0.76m.;  the  result  is 

H  =  2383.152  km. 

This  pressure  is  so  enormous  that  it  is  difficult  of  comprehension.  The  tallest 
quicksilver  column  of  the  kind  ever  built  is  one  devised  for  physical  experiments 
on  the  Eiffel  Tower  in  Paris,  about  305m.  in  height,  and  with  a  pressure  equal  to 
about  400  atmospheres.  Thus  the  pressure  at  the  centre  of  the  Earth  is  7,838 
times  that  of  a  column  of  quicksilver  as  high  as  the  Eiffel  Tower. 

To  compute  the  pressure  at  any  point  of  the  Earth's  radius,  the  process  is 
the  same  as  the  above,  the  density  at  the  point  in  question  taking  the  place  of 
o-0  =  11.215.     And  to  apply  the  formula  (425)  to  any  other  planet  or  the  Sun, 

we  have  merely  to  introduce  a  factor   - »  where  G  is  mean  gravity  on  the  planet, 

and  g  mean  gravity  on  the  Earth,  or  9.79762m. 

In  Table  II  of  §  198  we  give  the  pressures  at  each  tenth  of  the  radius  for 
the  planets  and  the  Sun;  and  also  the  pressures  at  the  centres  of  the  principal 
satellites.  As  some  of  the  planets  are  considerably  oblate,  we  have  used  their 
mean  radii,  and  assumed  the  attraction  to  be  as  if  the  whole  mass  were  collected 
at  the  centres  of  their  spheroids.  This  will  not  in  all  cases  be  strictly  accurate, 
but  in  the  present  somewhat  uncertain  state  of  our  knowledge,  it  seems  sufficient, 
and  preferably  to  a  method  which  varies  from  one  planet  to  another. 

The  method  of  computing  the  internal  pressure  here  developed  is  essentially 
that  given  by  Ritter,  in  his  Anwendungen  der  mechanischen  W  drmetheorie  auf 
kosmologische  Probleme,  Leipzig,  1882.  For  the  simple  case  of  homogeneous 
bodies  it  suffices  to  use  the  formula  given  by  Tisserand,  Mecanique  Celeste,  Tome 
II,  p.  92,  namely: 


( 


r2DH\        p 


(426) 


where  m  =  pressure  of  one  atmosphere ;  the  mean  density  of  the  Earth  <rx  =  5.50  ; 
the  density  of  quicksilver  D  =  13.5959;  the  equatorial  radius  of  the  Earth 
a  =  6378000  metres;  the  normal  height  of  the  barometer  H= 0.76m.;  y8  is  the 
polar  radius  of.  the  Earth,  and  ft  the  polar  radius  of  any  internal  layer.  For 
the  centre  of  the  Earth,  /S'  =  0,  and  this  formula  gives  for  the  pressure 

p  =  1697445  id  . 
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Tisserand  remarks  that  if  the  Earth  were  formed  of  only  one  substance, 
as  lava  in  fusion,  notwithstanding  the  small  coefficient  of  compressibility  of  liquids, 
it  would  be  necessary  to  take  account  of  compression  under  such  enormous  pressure, 
and  thus  one  cannot  consider  the  Earth  as  homogeneous. 

The  process  given  above  is  applicable  to  heterogeneity  following  Laplace's 
law  for  any  body  whatever,  provided  the  density  is  numerically  determinable, 
and  is  thus  of  very  general  interest  for  all  the  heavenly  bodies. 

The  matter  of  the  interior  of  the  Earth  probably  is  sufficiently  heated  to 
vaporize  with  terrific  explosive  force  if  the  pressure  could  only  be  removed.  The 
matter  in  a  cooled  solid  globe  like  the  Moon,  however,  has  acquired  a  fixed  density, 
and  while  the  removal  of  pressure  would  cause  some  expansion,  and  therefore 
cooling,  it  would  not  vaporize.  To  all  appearances,  therefore,  our  Earth  is  still 
effectively  a  gaseous  sphere,  except  that  the  increase  of  density  under  tremendous 
pressure  has  rendered  it  highly  rigid  like  a  ball  of  steel. 

§  197.     Moments  of  Inertia  and  Other  Constants  for  the  Principal  Bodies  of  the 

Planetary  System. 

The  law  of  density  is  of  great  importance  in  giving  the  moment  of  inertia 
of  a  body  with  respect  to  its  axis  of  rotation.  If  r,  0  and  (f>  be  the  usual  polar 
coordinates,  the  element  of  mass  dm  =  or2  sin  6  dr  dd  d<£,  and  its  distance  from 
the  axis  is  r  sin  0,  so  that  the  moment  of  inertia  about  the  polar  axis  becomes 

2ft 

ari8m$(]rddd<f,  .  r2sm20.  (427) 


The  moment  of  inertia  about  another  principal  axis,  as  an  equatorial  radius, 
taken  in  the  plane  from  which    <f>    is  measured  is 


A  =  2   I        I  /<T>*sinedrd6d<t>  .   r2(l  -  sin20  sin2  </>)  .  (428) 


In  bodies  made  up  or  concentric  spheroidal  layers  having  a  common  axis 
with  the  density  increasing  and  the  ellipticity  decreasing  from  the  surface  to 
the  centre 

r=  r,[l  +  c(|  -cos20)],  (429) 

where    e   is  the  oblateness  of  any  layer,  and    r0   denotes  the  mean  radius  of  the 
surface  of  equal  density  passing  through  the  point    (r,  6,  <f>). 
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By  substituting  the  value  of  r  from  (429)  in  (427)  and  (428)  and  integrating 
it  is  easily  shown  (cf.  Thomson  and  Tait's  Nat.  Phil.,  Vol.  I,  §827)  that 

<tiA  = x-*y (430) 

C         l-6(/-l)  :/(?*)'  ^U; 

Also 

C-A=  §Mr03(x-Aqp),  (431) 

and 


C 


*Mr-{l~%r}  (432) 


The  moment  of  inertia  of  a  homogeneous  sphere  is  \  Mr02.  A  heterogeneous 
spheroid  of  revolution  following  Laplace's  law  of  density  will  have  a  smaller 
moment  of  inertia,  and  it  is  important  to  know  the  ratio  of  its  moment  of  inertia 
to  that  of  a  corresponding  homogeneous  sphere. 

From  the  above  equation  (432),  we  find  the  ratio 


C        5 

$Mr*      3 


•■m 


Table  I  also  includes  the  precessional  constants  for  these  bodies,  — pr—  ■  found 

k 
from  (430),  and  also  the  attraction  constants  ^  for  the  several  planets,  determined 


by  the  condition 
where 


£<£<£■  <434> 


jfc,        3  a* -I?  .     fc0         3^  (a*  -  P 
C    ~  4       «2      '     «2  ~  10 


'0 


&K-/JV.     k     _5fk\.  (435) 


70  v    «2   ;      C.      2  v« 


k  =  3/C-A 
C       2\    C 

by  Laplace's  law;    and 

k      3  k 


0 


a1      5  k2 


(436) 


for  the  major  planets. 

The  moment  of  inertia  of  the  Sun  and  major  planets  is  necessarily  open  to 
considerable  uncertainty,  as  different  hypotheses  regarding  the  internal  distri- 
bution of  density  would  give  different  results.  The  values  here  given  are  based 
upon  Laplace's  law.  For  reasons  already  stated,  it  is  not  improbable  that  in 
most  cases  these  numbers  represent  fair  approximations  to  the  truth. 
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In  conclusion,  it  may  be  remarked  that  most  of  the  planets  are  so  situated 
that  the  determination  of  their  internal  distribution  of  density  is  very  difficult. 
This  is  best  found  from  the  precession,  where  it  can  be  observed,  as  in  the  case 
of  the  Earth;  but  observation  of  the  precessional  motion  is  not  yet  achieved 
for  any  other  of  the  planetary  spheroids.*  In  the  case  of  Mars,  at  least,  such 
observations  ought  to  become  possible  in  the  course  of  time.  For  the  orbits  of 
the  satellites  can  be  found  with  great  accuracy,  and  as  their  planes  are  inclined 
but  little  to  the  Martian  equator,  on  which  the  nodes  regress  uniformly,  the  posi- 
tion of  the  Martian  equator  itself  will  become  known  with  the  same  accuracy  as 
the  planes  of  the  orbits  of  the  satellites.  When  the  periodic  shifting  of  the  posi- 
tion of  the  orbit  planes  of  the  satellites  due  to  the  regression  of  their  nodes  on 
the  equator  of  Mars,  is  determined  by  observation  and  allowed  for,  the  remain- 
ing secular  motion  of  these  planes  should  be  the  Martian  precession,  depending 
on  the  action  of  the  Sun.  Professor  Hermann  Struve  computes  this  pre- 
cession at  — 7".07.  This  is  much  smaller  than  the  Luni-Solar  precession  in  the 
case  of  the  Earth,  but  as  it  amounts  to  about  12'  in  a  century,  it  ought  to  become 
sensible  before  many  years  if  the  satellites  continue  to  be  observed  with  great  care. 

A  comparison  between  the  observed  precession  of  Mars,  with  that  computed 
on  the  basis  of  Laplace's  law,  will  afford  a  criterion  of  the  accuracy  of  that  law. 
It  will  also  enable  the  future  investigator  to  judge  whether  the  coefficient  of  com- 
pressibility is  sensibly  the  same  for  the  matter  of  Mars  as  for  that  of  the  Earth, 
which  is  assumed  in  all  our  present  work,  in  accordance  with  the  suggestion  of 
Professor  G.  W.  Hill  (A.J.,  452).  Thus  in  time  perhaps  investigators  may 
be  able  to  use  the  great  pressure  in  the  centre  of  Mars  as  a  means  of  verifying 
and  extending  the  laws  of  compressibility  found  to  hold  true  in  the  interior  of 
the  Earth.  If  the  results  in  the  two  cases  prove  to  be  accordant,  it  will  become 
evident  that  the  densities  in  the  centres  of  the  planets  are  due  to  pressure  upon 
matter  similar  to  that  of  the  crust  of  the  Earth;  and  no  doubt  will  remain  that 
ordinary  matter  may  be  so  compressed  by  forces  such  as  we  have  computed  for 
the  centres  of  the  planets.  These  forces  are  so  hopelessly  beyond  any  at  the 
command  of  the  experimenter,  that  those  properties  of  matter  which  come  to 
light  under  enormous  pressure  can  be  best  deduced  from  phenomena  observed 
in  the  laboratory  of  the  heavens. 

*  The  precession  of  Saturn's  equator  has  not  yet  been  recognized  with  certainty.  From  a  discussion  of  the 
disappearances  of  the  rings  between  1750  and  1833,  Bessel  determined  the  precession  on  the  fixed  orbit  of  1750  at 
—  3".85.  Professor  H.  Struve,  however,  has  shown  that  the  observations  are  equally  well  satisfied  without 
any  precession  of  the  equator  of  Saturn;  and  from  theoretical  grounds  finds  the  combined  precession  due  to  Titan 
and  the  Sun  (the  action  of  the  other  satellites  being  insensible)  to  have  an  average  value  of  —  0".46  per  annum 
during  the  nineteenth  century.  And  he  shows  that  at  the  maximum  the  precession  will  not  exceed  —  0".7.  The  mo- 
tion of  Saturn's  equator  is  therefore  so  slow  that  probably  it  cannot  be  accurately  determined  by  observations  until 
several  additional  centuries  have  elapsed  (cf.  Struve,  Public,  de  I'Obs.  Cent.  Nicolas,  Serie  II,  Vol.  XI,  p.  167,  235-6)- 
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§  198.     Tables  of  Constants  for  the 


Table  I. 

[ntern 

\L 

Densities 

Radius 

Mercuri/ 

1  r|MII 

The  Earth 

Mars 

The  Moon 

Jup.  Bat.  I 

./u/i.Sat.II 

Jup.  Sat.1 1 1 

Jup.  Sat.  IV 

r 

-r,  =  3. (Ml 

<j,  =  5.14 

O,  =.")..'){) 

<t,  =  4.00 

<j,  =3.31 

^=3.2!) 
3.204 

<r,=3.76 

a,— 2.71 

<r,=0.!H) 

1.0 

2.033 

2.681 

2.55 

3.50 

3.20 

3.689 

2.52 

0.85 

0.9 

3.01 

3.70 

3.75 

3.73 

3.25 

3.25 

3.72 

2.59 

0.87 

0.8 

3.07 

4.73 

4.99 

3.94 

3.30 

3.28 

3.75 

2.66 

0.89 

0.7 

3.13 

5.74 

6.21 

4.12 

3.34 

3.31 

3.78 

2.73 

0.91 

0.6 

3.18 

6.60 

7.38 

4.31 

3.37 

3.34 

3.81 

2.78 

0.93 

0.5 

3.22 

7.57 

8.46 

4.45 

3.40 

3.37 

3.83 

2.83 

0.94 

0.4 

3.20 

8.33 

9.40 

4.58 

3.43 

3.39 

3.85 

2.87 

0.95 

0.3 

3.29 

8.94 

10.12 

4.68 

3.45 

3.40 

3.86 

2.90 

0.96 

0.2 

3.31 

9.41 

10.74 

4.75 

3.46 

3.41 

3.87 

2.92 

0.97 

0.1 

3.32 

9.69 

11.07 

4.79 

3.47 

3.42 

3.88 

2.93 

0.97 

0.0 

3.332 

9.788 

11.215 

4.805 

3.476 

3.422 

3.889 

2.941 

0.972 

Body 

log  qx 
in  Radians 

qx 
in  Arc 

log/ 

logQ 

Equat.  Radius 
« 

Mercuri/ 

9.9362645 

49  28  30 

0.0226378 

0.5864371 

km 

2175.31 

Venus 

0.3834225 

138  32     2.4 

0.2826916 

0.6072985 

8090.86 

The  Earth 

0.4029418 

144  53  55.2 

0.3338225 

0.6468540 

6378.000 

Mars 

0.1258642 

76  33  26.3 

0.0582917 

0.5558379 

3371.72 

The  Moon 

9.8393544 

39  34  48 

0.0142309 

0.7017452 

1740.25 

Jup.  Sat.  I 

9.7953576 

35  46    0 

0.0115489 

0.7388731 

1572.5 

H     H   n 

9.7475238 

32     2  12 

0.0092398 

0.8422939 

1408.5 

"     "    in 

9.9762553 

54  20  50 

0.0309019 

0.4922097 

2385 

"     IV 

9.9419785 

50    7  50 

0.0232857 

0.0458744 

2204 

Titan 

0.0009423 

57  25  12 

0.0310298 

0.2961809 

2524.5 

Jupiter 

0.4971372 

179  59  41.132 

4.0186725 

0.1503624 

70972 

Saturn 

0.4971258 

179  59  24.125 

3.7395969 

9.8712869 

59622 

Uranua 

0.4971422 

179  59  48.475 

4.2327309 

0.3644209 

213S0 

Neptune 

0.4971425 

179  59  49.475 

4.2721634 

0.4038644 

21804 

The  Sun 

0.4971367 

179  59  41.839         4.0352624 

0.1669524 

696098 

Body 

Centrif. 

Torce 

<P 
2 

Theor.  Oblateness 

\9 

k 

Co 

Mercuri/ 

cm 

The  Earth 

3.31 

>15 

0.00173384 

J  0.00336054 
1  =  1:297.572 

0.0043346 

0.00414255 

Mars 

1.6! 

1455 

0.00224289 

0.00530412 

0.00560721 

0.007416475 

Jupiter 

223.3.- 

113 

0.04463256 

0.06440 

0.11158140 

0.053625* 

Saturn 

173.2C 

168 

0.08104 

0.10050 

0.20260 

0.06280* 

Uranus 

63.75 

!16 

0.02500 

0.04000 

0.06250 

(  0.0375 
(0.03525* 

Neptune 

43.2c 

S61 

0.01390 

0.02222 

0.03475 

j  0.02080 
(  0.019755* 

The  Sun 

0.5< 

)•: 

j  0.0000108258 
(=1:  92372 

(  0.0000153349 
\  =  1  :  65360 

J  0.0000270645 
1=1:  36948 

0.000011273 

*  k_ 

Co' 


:2a* 
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Bodies  of  the  Solar  System. 


According  to 

Laplace's 

Law. 

Titan 

Jupiter 

Solum 

Uranus 

Neptune 

The  Sun 

a,-.  1.79 

^  =  1.35 

"i 

=  0.71 

<jj  =  2.21 

^  =  2.42 

^  =  1.4026 

1.67 

0.0001293187 

0.0001293187 

0.0001293187 

0.0001293187 

0.0001293187 

1.72 

0.485 

0.255 

0.795 

0.870 

0.504 

1.78 

1.039 

0.545 

1.700 

1.862 

1.079 

1.82 

1.63 

0.858 

2.67 

2.93 

1.697 

1.86 

2.24 

1.179 

3.67 

4.02 

2.328 

1.90 

2.83 

1.484 

4.63 

5.07 

2.938 

1.93 

3.36 

1.765 

5.50 

6.03 

3.492 

1.95 

3.81 

2.001 

6.24 

6.83 

3.961 

1.97 

4.15 

2.181 

6.80 

7.45 

4.316 

1.98 

4.37 

2.293 

7.15 

7.81 

4.539 

1.982 

4.444 

2.336 

7.270 

7.962 

4.614 

Polar  Radius 

C'onel.  Oblateness 

Equat.  Rotation 

Equat.  Gravity 

Mean  Radius 

Mean  Gravity 

,9 

Zc 

7'o 

r 

R 

G 

km 

h        in        s 

m 

km 

in 

2175  31 

) 

2175.31 
6090.86 

6370.521 

1.87944 
8.7537 

9.79762 

6090.86 

6356.576 

( 0.003359086 
(  =  1  :  297.7 

23  56     4.0! 

9.780305 

3354.16 

\  0.00520948 
(  =  1  :  191.96 

24  37  22.66 

3.7765 

3365.87 

3.7714 

1740.25 

1740.25 

1.6106 

1572.5 

1572.5 
1408.5 

1.4468 
1.4809 

1408.5 

2385 

2385 
2204 

1.80735 
0.55467 

2204 

2524.5 

2524.5 
69449 

1.26361 
26.21704 

66403 

0.06440 

9  50  20 

25.01765 

53660 

0.10000 

10  14  23.8 

10.6865 

57635 

11.4423 

20531 

0.04000 

10     6  40 

12.744 

21101 

13.0400 

21020 

0.02222 

12  50  53 

14.474 

21643 

14.6460 

696098 

0.00000 

25.00  days 

273.010 

696098 

273.016 

ft 

k(f 

ft 

I 

C-A 

Volume 

C 

Co 

a2 

a* 

C 

Earth  =  1 

\ 

0.039814 
0.87400 

1.00000 

0.00498935 

0.0050301 

0.0033352£ 

I  =  i  :  zys.zosz 

0.00765522 

0.00775547 

0.029666 

0.00001 

0.00513375 

0.14749 

0.075631f 

0.0934576 

0.02145 

0.00060 

0.0504131 

1295.7 

0.072531f 

0.142495 

0.02512 

0.00074 

0.048354 

740.516 

0.057375t 

0.058769 

0.01411 

Q.0003 

0.038255 

36.340 

0.031833t 

0.032927 

0.007902 

0.0002 

0.021229 

39.213 

0.000058713+ 

0.000041 1 4 

0.0000115 

1304628 
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Table  II. 

Pressures  Within  the  Larger  Bodies  ok 

Radius 

Mercury 

Venus 

The  Earth 

The  Earth 

Mars 

R 

m 

m 

ro 

m 

U 

Laplace's  Law 

Laplace's  Law 

Laplace's  Law 

Homogeneous 

Laplace's  Law 

1.0 

1 

1 

0.9 

12031 

170950 

198760 

320295 

44343 

0.8 

22176 

399232 

483691 

611081 

86758 

0.7 

31402 

677251 

842921 

865698 

124963 

0.6 

39697 

987708 

1260966 

1086365 

167152 

0.5 

46428 

1291337 

1710730 

1273085 

199437 

0.4 

53242 

1635330 

2152114 

1425855 

230350 

0.3 

58408 

1912295 

2521620 

1544676 

254735 

0.2 

61879 

2139042 

2861507 

1629548 

272124 

0.1 

63622 

2279646 

3050870 

1680471 

282166 

0.0 

65720 

2329833 

3135727 

1697445 

285957 

Table  III.     Ratios  of 

Moments  of  Inertia  to  Those  of  Corhk- 

Body 

C 

lMr> 

®0 

Pressures  at  Centres 

Height  of  Equivalent 

V 
Parab.  Velocity 

V 

Parab.  Velocity 

at  Surfaces  of 

Bodies 

in  Atmospheres 

Mercurial  Column 

About  the  Sun 

Mercury 

0.9855 

65720 

bm 

49.947 

km 

108.79 

km 

2.8637 

Venus 

0.8482 

2329833 

1770.673 

58.2196 

10.3295 

The  Earth 

0.82803 

3135727 

2383.153 

42.112125 

11.18566 

Mars 

0.9631 

285957 

197.327 

27.6382 

5.0500 

The  Moon 

0.99103 

48443 

36.817 

2.3714 

Jup.  Sat.  I 
"     II 

0.9932 

37906 

28.808 

2.135 

0.9933 

39810 

30.246 

2.0436 

"     m 

0.9005 

60444 

45.938 

2.9367 

"       "     IV 

0.9860 

5844 

4.441 

1.5710 

Titan 

0.9801 

29274 

22.247 

2.5281 

Jupiter 

0.6535 

39988390 

30391.176 

8.0941 

60.3846 

Saturn 

0.6535 

7609885 

5783.513 

4.4148 

36.2560 

Uranus 

0.6535 

9881392 

7509.858 

2.1943 

23.4904 

Neptune 

0.6535 

12465740 

9473.962 

1.4004 

25.1904 

The  Sun 

0.6535 

43306370OO 

32 

91284.12 

617.28285 

§  199.     The  Physical  Properties  of  Matter  Under  Terrestrial  and  Celestial 

Conditions  (cf.  A.N.,  3992). 

The  physical  state  of  the  matter  composing  the  bodies  of  the  solar  system 
is  a  subject  of  deep  interest  to  the  natural  philosopher,  and  probably  his  chief 
hope  of  understanding  the  varied  conditions  of  matter  existing  throughout  the 
Universe.  The  Sun,  planets  and  satellites  are  the  only  bodies  sufficiently  near 
us  to  admit  of  careful  study;  and  even  these  neighboring  masses,  including  the 
Earth  upon  which  we  live,  are  largely  beyond  our  powers  of  direct  investigation. 
But  it  will  perhaps  be  possible  to  determine  some  of  the  properties  of  the  matter 
composing  the  heavenly  bodies  by  indirect  processes,  based  upon  analogy  with 
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the  Planetary 

System,  Expressed  in  Ai 

MOSPHERES. 

Jupiter 

Saturn 

Uranus 

Neptune 

The  Sun 

ID 

m 

m 

m 

m 

L\place's  Law 

Laplace's  Law 

Laplace's  Law 

Laplace's  Law 

Laplace's  Law 

51672260 

476288 

90680 

118164 

148834 

2185882 

414214 

540316 

681761 

236286700 

5379735 

1026612 

1332823 

1688141 

585814600 

10159720 

1938468 

2518152 

3177796 

1102459700 

16216560 

3071137 

4007854 

5054633 

1755901600 

22807800 

4344311 

5655557 

7150033 

2480533200 

29324850 

5583748 

7279795 

9173076 

3191583000 

34792200 

6633503 

8645054 

10914060 

3798017000 

38578780 

7332292 

9557887 

11994320 

4190994000 

39988390 

7609885 

9881392 

12465740 

4330637000 

sponding  Homogeneous  Spheres,  with  Other  Data  of  Interest. 

Roche's  Limit  of  Stability  for  a  Fluid  Satellite 

Remarks 

Mean  Distance  of 

Nearest  Satellite 

Roche's  Limitf. 
Equal  Densities 

Difference 
a  —  X 

In  the  case  of  the  Earth  and  Moon  Roche's 

a 

/I  =  2.44  a 

limit,  a  -  2.44  "If  —  ,     becomes  2.890024 

I 

§ 

it 

530.128  Moon 

21.462 

+  508.666 

1  °i 

12.938  Phobos 

11.346 

+  1.592  =  1154k'" 

radii  =  18433 km- 

45.928 

For  equal  densities  Phobos  and  Jupiter's 
Fifth  Satellite  are  respectively  1154  and 
7665 km'  outside  the  limit,  while  Saturn's 
rings  are  wholly  within;    the  limit  due  to 
the  action  of   Saturn  lying  7249 km'  out- 
side the  outer  ring.     As  now  situated  the 
satellites  would  be  stable  if  fluid  through- 

47.961 Sat.V 

+  2.033  =  7665 k,n- 

j  26.814  Mimas 
\  19.985  Ring 

21.033 

J  +5.781 

(  -1.048  =  7249 km 

out,   while  the  rings   could   not  form   a 

satellite  owing  to  the  disintegrating  action 

13.748 

3.750 

+   9.998 

of  the  planet  (cf.  G.  H.  Darwin.  "The 

16.305 

2.44 

+ 13.865 

Tides    and   Kindred    Phenomena   in   the 

2342.4 

Solar  System"). 

the  known  physical  properties  of  terrestrial  matter,  and  the  behavior  of  our  globe 
as  a  whole  under  the  tidal  strains  to  which  it  is  subjected.  From  his  well-known 
researches  on  long-period  oceanic  tides,  Lord  Kelvin  concluded  that  the  Earth 
is  "  more  rigid  than  glass,  but  perhaps  not  quite  so  rigid  as  steel."  In  subsequent 
investigations  Professor  G.  H.  Darwin  has  shown  that  Lord  Kelvin's  esti- 
mate of  the  Earth's  rigidity  should  be  somewhat  increased,  and  his  final  conclusion 
is  that  our  globe  under  tidal  strain  yields  less  than  a  corresponding  globe  of  steel. 
In  the  course  of  Chapter  XVIII  we  shall  give  a  method  for  approximating 
the  rigidity  of  the  other  planetary  bodies,  based  upon  the  conclusions  of  Kelvin 
and  Darwin  respecting  the  Earth,  and  certain  analogies  drawn  from  the  adopted 
laws  of  density  as  applied  to  the  other  planets.     Under  certain  assumptions  we 
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have  concluded  for  example  that  Venus  has  a  rigidity  about  equal  to  that  of  a 
corresponding  globe  of  wrought  iron,  while  the  rigidity  of  nearly  homogeneous 
spheres  of  rock  like  the  Moon,  Mercury,  and  Mars  is  decidedly  inferior  to  that 
of  the  Earth  and  Venus,  both  of  which  have  hard,  unyielding   nuclei. 

In  default  of  adequate  experimental  knowledge  the  physical  properties  of 
spheres  of  amorphous  rock,  such  as  Mercury  and  the  Moon,  must  be  inferred  chiefly 
from  analogy;  but  they  are  certainly  very  different  from  those  of  spheres  of  steel 
and  glass  investigated  by  Lord  Kelvin.  Amorphous  rock  is  not  only  porous, 
non-crystalline,  and  of  various  degrees  of  hardness,  but  when  amassed  into  a 
satellite  the  resulting  lithosphere  would  usually  be  of  inferior  elasticity.*  Com- 
pressibility alone  would  not  cause  the  rigidity  of  such  a  sphere  to  depart  materially 
from  that  of  the  Earth,  but  the  low  elasticity  and  amorphous  character  of  the 
matter  would  render  the  properties  of  the  sphere  quite  different  from  that  of  the 
Earth,  which  behaves  as  a  metallic,  vitreous  or  gelatinous  elastic  solid,  with  a 
stiffness  about  20,000  times  greater  than  that  of  pitch  at  freezing  temperature, 
when  it  is  hard  and  brittle  (cf.  G.  H.  Darwin,  article,  "Tides,"  Encycl.  Britt., 
Vol.  XXIII,  p.  374;    also  Thomson  &  Tait's  Nat.  Phil.  Vol.  I,  Part  II,  §838). 

Lord  Kelvin  has  shown  that  if  the  yielding  under  tidal  strain  of  a  sphere 
of  the  hardness  of  steel  corresponding  to  the  Earth  be  1 .00,  that  of  a  corresponding 
sphere  of  glass  would  be  about  1.20.  On  this  scale  the  yielding  of  .an  amorphous 
and  nearly  homogeneous  lithosphere  such  as  the  Moon  would  be  considerably 
larger  yet,  so  that  the  rigidity  would  be  decidedly  inferior  to  that  of  the  Earth. 

If  it  be  true,  as  we  have  already  pointed  out,  that  the  matter  of  the  larger 
heavenly  bodies  experiences  great  condensation  in  the  centres  of  their  globes, 
owing  to  the  enormous  pressure  to  which  it  is  subjected;  and  if  this  pressure 
increases  both  the  density  and  elasticity  of  the  matter,  whatever  be  its  tempera- 
ture, so  as  to  render  the  matter,  which  without  pressure  might  be  gaseous,  both 
highly  elastic  and  effectively  rigid,  because  of  its  confinement  under  the  stupen- 
dous gravitational  pressure  of  the  superincumbent  matter  on  all  sides;  then  it 
becomes  clear  that  the  larger  bodies  have  nuclei  of  great  effective  rigidity,  and 
such  planetary  globes  should  yield  but  little  under  tidal  strains;  whereas  small 
globes,  which  are  always  nearly  homogeneous  because  but  little  condensed  towards 

*  If  we  drop  various  kinds  of  smooth  spherical  marbles  on  a  heavy  slab  of  polished  steel  and  observe  their 
rebounds,  we  have  a  recognized  measure  of  the  elasticity  of  the  material  of  which  they  are  composed.  All  who 
have  witnessed  such  experiments  will  readily  understand  that  as  a  rule  the  harder  and  more  vitreous  the  sub- 
stance, the  more  perfect  the  rebound;  and  that  marbles  made  of  soft  or  yielding  rock  show  very  imperfect  elas- 
ticity, rebounding  to  but  a  small  fraction  of  the  height  from  which  they  fall,  and  soon  coming  to  rest.  The  plane- 
tary spheres  are  made-up  of  various  elements  distributed  in  concentric  layers  arranged  according  to  density,  and 
are  thus  conglomerate  globes.  When  not  much  condensed  towards  their  centres  by  gravity,  the  rigidity  will 
naturally  be  inferior  to  those  of  the  harder  homogeneous  rocks  familiar  to  us  upon  the  Earth.  No  rock  which  is 
at  all  abundant  in  the  crust  of  the  Earth  has  an  elasticity  so  perfect  as  that  of  glass  or  steel. 
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their  centres,  should  yield  to  strain  much  more  easily,  and  are  of  inferior  rigidity. 
This  general  conclusion  will,  I  think,  hold  for  all  bodies  which  have  become  consol- 
idated like  the  Earth,  Moon,  inner  planets  and  satellites,  and  apply  also  to  all 
except  the  outer  layers  of  Jupiter  and  Saturn,  Uranus  and  Neptune,  which  are 
fluid  or  quasi-solid  planets. 

It  appears  from  Lord  Kelvin's  researches  that: 

A  globe  of  the  rigidity  of  steel  yields  J  as  much  as  a  corresponding  fluid  globe, 
a  globe  of  the  rigidity  of  glass  yields  J  as  much  as  a  corresponding  fluid  globe. 

Accordingly,  so  far  as  one  can  see,  a  globe  of  amorphous  rock  but  little  con- 
densed towards  the  centre  would  probably  yield  approximately  |  as  much  as 
a  corresponding  globe  of  fluid.  If  these  considerations  and  others  which  may 
be  developed  hereafter  shall  be  the  means  of  improving  our  understanding 
of  the  planetary  bodies,  the  results  thus  deduced  from  the  laboratory  of 
the  heavens  will  supplement  in  a  useful  way  the  properties  of  matter  derived 
from  terrestrial  experiments,  under  very  restricted  variations  of  pressure  and 
temperature. 

Another  question  requiring  the  consideration  of  philosophers  is  whether 
gravitational  attraction  undergoes  any  modification  on  account  of  the  physical 
state  of  the  matter  within  the  Earth  and  other  heavenly  bodies.  In  the  General 
Scholium  to  the  Principia,  Newton  long  ago  remarked  that:  "This  is  certain, 
that  gravitation  must  proceed  from  a  cause  that  penetrates  to  the  very  centres 
of  the  Sun  and  planets,  without  suffering  the  least  diminution  of  its  force,  and 
that  operates,  not  according  to  the  quantity  of  the  surfaces  of  the  particles  upon 
which  it  acts  (as  mechanical  causes  usually  do),  but  according  to  the  quantity 
of  solid  matter  which  they  contain,  and  propagates  its  virtue  on  all  sides  to  immense 
distances,  decreasing  always  in  the  duplicate  proportion  of  the  distances.  Gravi- 
tation toward  the  Sun  is  made  up  out  of  the  gravitations  toward  the  several 
particles  of  which  the  body  of  the  Sun  is  composed." 

Gravitation  appears  to  be  the  most  remarkable  of  known  forces,  in  that  it 
seems  to  be  in  no  way  modified  or  influenced  by  the  pressure  or  temperature  to 
which  the  particles  of  matter  are  subjected.  Yet  our  grasp  of  the  great  variety 
of  conditions  offered  by  the  solar  system  is  vastly  improved  by  a  knowledge  of 
the  densities,  pressures  and  probable  temperatures  within  the  several  bodies; 
and  we  have  therefore  investigated  this  question  in  accordance  with  Laplace's 
theoretical  law  of  density.  The  actual  temperature  within  the  planetary  bodies 
remains  very  uncertain,  and  we  can  only  be  sure  that  it  is  very  high  in  the  larger 
masses,  and  rapidly  increases  towards  their  centres,  while  the  smaller  globes 
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like  Mercury,  the  Moon  and  other  satellites  may  have  lost  already  much  of  their 
primordial  heat. 

On  account  of  this  uncertainty  respecting  the  internal  temperature  and 
its  distribution  some  uncertainty  will  attach  to  the  internal  densities  and  pressures, 
but  so  far  as  one  can  see,  this  approximation  will  not  vitiate  the  general  tendency 
of  the  results,  and  the  conclusions  are  therefore  likely  to  be  of  interest  to  astrono- 
mers. 

§  200.     On  the  Surface  Density  of  the  Major  Planets,  and  on  the  Boundary 

Distinguishing  the  Surfaces  of  the  Heavenly  Bodies  from  the  Indefinite 

Nebulosity  by  Which  They  Are  Often  Surrounded. 

As  regards  the  internal  conditions  of  the  heavenly  bodies  generally,  it  may 
be  remarked  that  when  the  masses  are  of  any  considerable  size,  the  internal  pressure 
becomes  so  great  that  any  relative  motion  of  the  imprisoned  matter  must  be  nearly 
impossible.  A  pressure  of  3135727  atmospheres  at  the  centre  of  the  Earth  makes 
the  molecular  friction  so  enormous,  that  even  if  the  matter  be  at  a  temperature 
which  would  volatilize  every  known  substance,  a  relative  motion  of  the  particles 
could  be  produced  only  by  tremendous  forces,  such  as  do  not  usually  develop 
in  the  interior  of  the  heavenly  bodies.  The  result  seems  to  be  that  the  matter 
near  the  centres  of  the  Sun  and  planets,  whatever  its  temperature,  is  almost 
absolutely  devoid  of  circulation,  and  effectively  of  the  highest  rigidity.  From 
this  it  follows  that  most  of  the  circulation  of  such  planets  as  Jupiter  and  Saturn 
does  not  extend  to  any  very  great  depth. 

As  regards  the  superficial  density  of  Jupiter  and  Saturn,  which  we  have 
assumed  to  be  one-tenth  of  atmospheric  air,  it  may  be  pointed  out  that  Callan- 
dreau  has  shown  that  at  the  upper  limit  the  surface  density  of  Saturn  could  not 
possibly  surpass  one-fifth  of  the  density  of  water  (cf .  M.  Loewy  in  Vierteljahrsschrift, 
1904,  p.  5).  Callandreau's  conclusion  respecting  Saturn  will  apply  equally 
well  to  Jupiter,  though  the  numerical  coefficient  might  be  slightly  altered.  Writing 
on  the  surface  density  of  Jupiter  in  1876,  Professor  Darwin  said:  "In  all 
cases  (of  varying  the  data  of  Laplace's  law)  the  physical  conclusion  is  that 
the  superficial  density  of  the  visible  disc  of  Jupiter  is  very  small  compared  to 
the  mean  density  —  a  conclusion  which  appears  to  agree  well  with  the  tele- 
scopic appearance  of  that  planet.  A  similar  application  to  the  planet  Saturn 
points  to  a  similar  result,  but  the  conclusion  is  less  certain  on  account  of  the 
great  uncertainty  in  the  data"  (Thomson  &  Tait's  Nat.  Phil.,  Vol.  I,  Part  II, 
p.  410). 
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Some  observers,  including  the  late  Professor  G.  W.  Hough  of  Chicago, 
who  devoted  many  years  to  the  study  of  the  surface  markings,  have  found  it 
easiest  to  explain  the  behavior  of  spots  on  Jupiter  by  the  hypothesis  that  the 
surface  density  of  the  planet  is  about  equal  to  that  of  water.  In  view  of  what 
is  shown  in  this  chapter  respecting  the  vast  increase  of  pressure  towards  the  centre, 
and  the  probably  great  compressibility  of  even  liquid  lava  under  such  tremendous 
forces,  a  mean  density  for  Jupiter  of  only  1.35  suggests  that  observers  might 
well  consider  the  theoretical  possibilities  in  framing  their  hypotheses  for  the 
explanation  of  surface  phenomena.  As  the  surface  circulation  is  not  enormously 
rapid,  and  as  the  disc  is  devoid  of  sensible  luminosity,  it  would  seem  as  if  no  possible 
arrangement  of  internal  temperature  could  preserve  the  equilibrium  of  the  Jovian 
spheroid  were  its  surface  of  any  considerable  density. 

Undoubtedly  the  surface  density  of  all  the  major  planets  is  small,  and  on 
the  whole  the  phenomena  are  best  explained  on  the  hypothesis  that  the  physical 
state  of  these  planets  corresponds  closely  to  that  of  simple  globes  of  monatomic 
gas.  This  hypothesis  is  treated  more  at  length  in  next  two  chapters  of  this  work, 
and  the  results  applied  also  to  the  Sun  and  stars.  Even  if  the  concluded  laws 
do  not  hold  accurately  true,  they  will  no  doubt  furnish  approximate  representations 
of  the  actual  phenomena,  and  enable  one  to  grasp  the  physical  states  of  the 
major  planets  both  at  the  surfaces  and  in  the  deep  interiors  which  are  forever 
beyond  our  power  of  direct  observation,  but  may  be  studied  from  the  known 
effects  of  gravitational  pressure. 

In  previous  investigations  of  the  problems  of  Cosmical  Evolution  made  since 
the  time  of  Laplace  it  has  always  been  assumed  that  the  central  nucleus  is  a  figure 
of  equilibrium  under  the  pressure  and  attraction  of  its  parts,  and  that  the  attendant 
bodies  have  been  detached,  by  acceleration  of  rotation,  from  the  now  dominant 
central  masses,  which  are  thus  imagined  to  exert  hydrostatic  pressure  from  the 
center  outwards.  In  the  present  investigation  this  traditional  position  is  definitely 
abandoned.  The  capture  theory  does  not  require  the  exertion  of  any  hydrostatic 
pressure  from  the  center,  and  the  nucleus  therefore  is  made  essentially  independent 
of  the  diffused  nebulosity  revolving  about  it.  If  this  view  be  admissible,  we 
should  no  longer  consider  a  nebula  as  a  continuous  mass,  but  rather  as  made  up 
of  a  comparatively  small  spheroidal  nucleus,  in  a  diffuse  medium  of  vast  extent 
but  devoid  of  hydrostatic  pressure. 

Accordingly  we  may  investigate  the  laws  of  density  of  the  Sun  and  planets 
which  have  resulted  from  such  nuclei,  but  not  imagine  any  hydrostatic  connection 
to  exist  with  the  bodies  now  revolving  about  them,  as  in  the  abandoned  hypothesis 
of  Laplace.     The  planetary  bodies  thus  have  definite  bounding  surfaces  at  every 
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stage  of  their  history,  though  the  density  of  the  surrounding  nebulosity  is  variable. 
The  problem  of  the  internal  density  of  the  Sun  and  planets  is  an  important  one, 
and  our  theory  of  the  solar  system  would  be  very  incomplete  without  some  adequate 
treatment  of  this  obscure  question.  The  results  here  brought  together  have 
already  been  published  in  the  Astronomische  Nachrichten  (Nos.  3992,  4053,  4104, 
4152),  and  these  chapters  are  therefore  founded  upon  the  work  of  1904-6. 

In  investigations  dealing  with  the  interior  conditions  of  the  heavenly  bodies 
it  necessarily  follows  that  the  exact  state  of  fact  is  unattainable  by  direct  observa- 
tion, and  we  are  therefore  obliged  to  base  our  reasoning  upon  deductions  from 
known  physical  laws;  yet  if  we  thus  obtain  even  a  good  approximation  to  the 
truth,  it  will  be  extremely  valuable,  as  affording  an  approximate  basis  of  calcula- 
tion for  estimating  the  forces  operating  in  the  interior  of  the  heavenly  bodies. 
The  results  here  set  forth  are  believed  to  be  the  best  afforded  by  the  present  state 
of  science;  and  although  open  to  a  certain  margin  of  uncertainty,  will  be  highty 
satisfactory  in  establishing  a  suitable  distinction  between  the  dense  and  often 
highly  rigid  nuclei,  with  definite  bounding  surfaces,  and  their  surrounding  nebu- 
losity of  indefinite  extent.  True  fluid  pressure  definitely  ceases  at  the  surface. 
Obviously  the  results  found  for  the  solar  system  will  apply  without  great  changes 
to  other  systems  of  stars  and  nebulae  observed  in  the  sidereal  universe. 
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The  Science  of  Mathematics  alone  gives  to  those  who  apply  themselves  to  it  with  assiduity  a  knowledge  solid 
and  exempt  from  doubt,  since  the  demonstration  proceeds  by  rigorous  methods  of  calculation  and  of  measure- 
ment. We  have  been  led  to  give  particular  attention  to  all  these  theories,  according  to  our  ability,  but  more 
especially  to  things  of  divine  origin  observed  in  the  heavens,  for  these  alone  offer  a  subject  of  investigation  which 
is  immutable  and  eternal.  —  Ptolemy,  Almagest,  Introduction. 


CHAPTER  XVII. 


Researches  on  the  Physical  Constitution  of  the  Heavenly  Bodies.* 

§  201.     Introductory  Remarks. 

The  physical  state  of  the  matter  composing  the  heavenly  bodies  depends 
primarily  upon  their  internal  temperatures,  in  connection  with  the  corresponding 
densities  and  pressures,  all  of  which  have  arisen  from  the  secular  action  of  universal 
gravitation.  These  three  effects  of  one  primitive  cause  conjointly  determine  the 
forces  to  which  matter  is  subjected  in  the  depths  of  cosmical  globes;  but  to  analyze 
these  forces  we  require  a  theory  of  the  constitution  of  celestial  bodies  which  remains 
valid  for  enormous  ranges  of  temperature.  In  the  case  of  the  principal  bodies 
of  the  planetary  system,  we  have  already  investigated  the  internal  densities  and 
pressures  which  result  from  Laplace's  celebrated  law,  on  the  hypothesis  that 
the  temperature  is  adequate  to  sustain  the  equilibrium  with  the  given  distribution 
of  density.  The  theory  thus  developed  in  the  preceding  chapter  affords  a  first 
approximation  to  the  actual  state  of  these  masses;  and  in  the  case  of  encrusted 
planets  like  the  Earth,  Venus,  Mars  and  Mercury,  there  are  physical  grounds  for 
supposing  that  the  law  of  Laplace  becomes  essentially  a  law  of  nature.  But  as 
the  major  planets  and  the  Sun  are  still  in  a  very  primitive  state  of  development, 
a  second  approximation  becomes  necessary  to  discover  their  true  condition;  and 
the  subject  is  therefore  treated  with  considerable  care  in  the  present  chapter  in 
the  hope  that  the  results  thus  established  may  be  applicable  not  only  to  the  larger 
masses  of  our  solar  system,  but  also  to  innumerable  fixed  stars  scattered  through- 
out the  immensity  of  space. 

Since  we  can  never  penetrate  the  heavenly  bodies  deeper  than  the  outside 
layers,  which  are  imperfectly  disclosed  in  our  telescopes,  it  becomes  evident  that 
our  chief  means  of  exploration  must  be  the  theory  of  gravitation  in  connection 
with  the  mechanical  theory  of  gases.  If  we  proceed  upon  this  basis,  and  follow 
Newton's  first  rule  of  Philosophy:     "To  admit  no  more  causes  of  natural  things 

*  Reprinted  with  slight  changes  from  Astronnmische  Nachrichten,  No.  4053. 
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than  are  both  true  and  sufficient  to  explain  the  phenomena,"  we  shall  probably 
reach  safe  conclusions. 

In  the  following  investigations  we  have  adopted  the  simplest  possible  causes, 
and  admitted  no  departure  from  these  fundamental  principles.  Whether  one 
should  prefer  to  vary  the  results  for  somewhat  different  conditions,  depends  upon 
the  judgment  of  the  investigator;  but  in  the  present  state  of  our  knowledge 
of  the  heavenly  bodies,  we  believe  that  the  best  results  will  be  obtained  by  the 
simple  hypothesis  of  a  monatomic  gas,  which  postulates  nothing  but  conditions 
known  to  result  from  temperatures  recognized  to  exist  in  most  of  the  larger 
heavenly  bodies.  Yet  even  if  others  should  prefer  somewhat  different  processes 
from  those  here  adopted,  the  present  results  are  still  likely  to  be  of  interest  to 
astronomers. 

In  considering  the  state  of  the  heavenly  bodies  it  is  evident  that  nothing 
could  be  simpler  or  more  natural  than  the  gaseous  constitution  of  masses  which 
are  of  small  average  density  and  high  temperature,  like  the  fixed  stars,  the  Sun 
and  major  planets.  Our  next  step  then  is  to  inquire  into  the  nature  of  the  gas, 
whatever  the  chemical  elements  involved,  when  the  temperature  is  very  high,  as 
in  the  interior  of  these  bodies.  A  slight  consideration  of  the  state  of  the  Sun  must 
convince  us  that  the  matter  of  the  whole  interior  of  that  immense  globe,  every- 
where at  temperatures  ranging  from  ten  thousand  to  more  than  ten  millions 
of  degrees  centigrade,  must  be  dissociated  and  reduced  to  its  simplest  possible 
state.  This  is  obviously  a  monatomic  gas,  in  which  the  theoretical  ratio  of  the 
specific  heat  under  constant  pressure  to  that  under  constant  volume  would  be 
k  =  If 

More  than  twenty  years  ago  Professors  Kundt  and  Warburg  (Poggend. 
Ann.,  Bd.  CLVII)  found  that  the  vapor  of  Mercury,  which  on  chemical  grounds 
was  known  to  be  monatomic,  actually  has  this  ratio;  and  in  more  recent  times 
the  discovery  of  the  new  elements  Argon,  Helium,  Neon,  Xenon,  Crypton,  and 
the  investigation  of  their  properties  by  Lord  Rayleigh  and  Professor  Sir  Wm. 
Ramsay  (Phil.  Trans,  and,  Proceedings  of  the  Roy.  Soc,  1895,  et  seq.)  have  shown 
that  the  same  value  of  k  holds  for  these  simple  elements. 

Now  experiments  show  that  gases  with  very  complex  molecules  like  vapor  of 
oil  of  turpentine  give  values  of  k  no  larger  than  1.03;  and  that  the  value  of  this 
constant  rises  with  the  simplicity  of  the  molecule,  attaining  a  maximum  of  1§  when 
the  gas  is  monatomic. 

Although  'the  actual  mechanism  of  a  compound  molecule  is  somewhat  obscure, 
and  Physicists  are  not  yet  fully  agreed  as  to  the  relation  between  k  and  the  number 
of  atoms  in  a  molecule,  Boltzmann  using  the  formula 
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1  + 


3(1  +0) 


(437) 


where  /3  is  a  function  of  the  interaction  between  the  constituent  atoms  of  the 
molecule,  and  therefore  zero  when  the  gas  is  monatomic,  the  factor  3  specifying 
the  degrees  of  freedom  (cf.  Gas-Theorie,  Teil  I,  Equ.  56,  p.  57),  while  other  authori- 
ties employ  somewhat  different  expressions,  none  of  which  seem  as  yet  to  explain 
all  of  the  observed  phenomena  perfectly* ;  yet  it  is  plain  from  experimental  data 
alone  that  k  augments  with  the  simplicity  of  the  molecule,  attaining  the  value 
1§  for  a  monatomic  gas,  and  sinking  to  unity  for  gases  of  the  most  complex  structure 
in  which  {$  is  very  large. 

This  is  sufficiently  illustrated  in  the  following  tablet : 


No.  of 

Chemical  Symbol 

Name  of  Substance 

k 

Atoms  in 
Molecule 

WO  "16 

Oil  of  Turpentine 

1.03 

26 

HCOOCtHt 

Ethyl  Formate 

1.125 

11 

C  HtC  OOC  H, 

Methyl  Acetate 

1.137 

11 

C  H,  CI  C  H,  CI 

Ethylene  Chloride 

1.137 

8 

C  H  Cl„ 

Chloroform 

1.154 

5 

C2  /i3  Hv 

Vinyl  Bromide 

1.198 

6 

C  Hz  C/2 

Methylene  Chloride 

1.219 

5 

cs, 

Carbon  Bisulphide 

1.239 

3 

C*2  H, 

Ethylene 

1.250 

6 

COt 

Carbon  Dioxide 

1.308 

3 

H,S 

Sulphuretted  Hydrogen 

1.321 

3 

N  H, 

Ammonia 

1.33 

4 

0, 

Oxygen 

1.408 

2 

N, 

Nitrogen 

1.408 

2 

H2 

Hydrogen 

1.408 

2 

Aii- 

1.408 

2 

Hg> 

Mercury 

1.66 

1 

He, 

Helium 

1.66 

1 

A, 

Argon 

1.66 

1 

On  the  other  hand  Mr.  J.  H.  Jeans  has  shown  (Phil.  Trans.,  1901,  Part  I, 
p.  404)  that  for  excessively  low  temperatures  (below  a  critical  value)  all  gases 
tend  to  behave  under  experiment  as  if  monatomic,  while  at  higher  temperatures 
the  value  of  k  in  nearly  all  cases  becomes  smaller,  and  "  may  have  any  value  between 
1§  and  If."  Thus  if  the  temperature  is  so  low  that  the  interaction  of  the  con- 
stituent atoms  exercises  no  considerable  effect,  each  molecule  behaves  sensibly 
as  an  atom,  but   the  tendency  diminishes  with   rising  temperature;    and  where 

*  cf.  Correspondence  of  Lord  Rayleigh  and  Mr.  J.  H.  Jeans  in  Nature,  April  13,  1905,  et  seq. 
t  cf.  Dr.  J.  W.  Capstick,  "On  the  Ratio  of  the  Specific  Heats  of  Some  Compound  Gases,"  Phil.  Trans.,  Roy. 
See.,   1805,  Part  I. 
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the  temperature  is  excessively  high  general  dissociation  follows,  and  the  atoms 
act  as  molecules. 

Not  only  is  the  value  of  k  small  for  gases  with  complex  molecules,  but  in 
general  such  gases  are  the  more  easily  decomposed  the  smaller  the  value  of  k,  so 
that  a  slight  rise  in  temperature  often  suffices  to  break  up  the  molecules  into 
their  component  atoms.  If  such  dissociation  can  be  produced  for  the  more  vola- 
tile elements  under  the  low  temperatures  available  to  the  experimenter  in  the 
laboratory,  it  must  be  perfectly  accomplished  for  the  metallic  and  other  vapors 
in  the  fixed  stars  and  the  Sun.  And  if  this  dissociation  is  not  complete  in  the 
layers  of  the  photosphere  exposed  to  our  view,  it  would  seem  that  it  must  become 
so  at  a  slight  depth  below.  For  in  spite  of  the  difficulty*  of  dealing  experimentally 
with  heated  vapors  in  the  laboratory,  it  has  been  remarked  by  Chemists  that  most 
of  the  metals  in  vapor  probably  are  monatomic:  and  they  seem  certain  to  be  so 
at  a  short  distance  below  the  Sun's  visible  photosphere,  where  the  temperature 
decidedly  exceeds  10,000°  C.  If  these  analogies  be  sound,  it  follows  therefore  that 
we  may  take  the  whole  interior  of  the  Sun's  globe  as  monatomic  gas,  in  which 
k  =  1§,  and  the  laws  of  internal  density,  pressure  and  temperature  should  be 
computed  upon  this  basis. 

Simple  calculations  show  that  while  the  major  planets  are  much  less  violently 
heated  than  the  Sun,  yet  the  larger  portion  of  their  matter  in  each  case  is  at  a 
temperature  of  more  than  10,000°  C,  and  may  thus  be  taken  as  composed  chiefly 
of  dissociated  vapors  in  the  monatomic  state.  This  law  will  fail  only  in  the  outer 
layers  of  the  planets  where  the  density,  pressure  and  temperature  are  greatly 
diminished.  Thus  we  may  conceive  the  density  of  the  major  planets  to  follow  the 
monatomic  law  except  in  the  outer  layers,  where  compounds  develop,  and  k  becomes 
about  the  same  as  in  atmospheric  air.  In  these  surface  layers  the  exact  value 
of  this  constant  will  depend  upon  the  proportion  in  which  the  separate  gases 
are  mixed  as  well  as  upon  their  individual  properties;  and  since  it  is  generally 
recognized  that  the  lighter  gases  such  as  Hydrogen  have  a  tendency  to  escape 
to  the  surface,  it  is  natural  to  take  k  as  about  1.41  in  the  outer  layers,  and 
imagine  it  to  increase  in  value  as  we  descend  into  the  planets,  attaining  the 
maximum  value  of  1§  when  a  few  hundredths  or  possibly  a  tenth  of  the  radius 
has  been  traversed,  and  the  temperature  risen  to  several  thousands  degree 
centigrade. 

Accordingly  the  curves  of  density  and  also  of  pressure  and  temperature  should 
experience  some  discontinuity  as  we  pass  through  the  outer  layers  of  the  planet's 

*  cf .  Uber  die  spezifische  Wiirme  der  Gase  in  hbherer  Temperatur,  von  Prof.  L.  Holbohn  und  Pkof.  L.  Austin, 
Sitzungsberichte  der  Kgl.  Preuss.  Akad.  d.  Wiss.,  Berlin,  February  2,  1905.  The  authors  attained  temperatures  of 
800°,  and  thus  approximated  the  conditions  in  explosive  experiments  beyond  1,000°. 
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atmosphere,  corresponding  in  the  interior  part  to   k  =  1§,  and  in  the  outer  layers 
changing  gradually  so  as  to  conform  to    k  =  1.4.* 

§  202.     Theory  of  the  Sun's  Physical  Constitution. 

(1)  Historical.  In  the  American  Journal  of  Science  for  July,  1870,  the  late 
Mr.  J.  Homer  Lane,  for  many  years  connected  with  the  U.S.  Coast  and  Geodetic 
Survey  at  Washington,  has  published  the  earliest  important  paper  on  the  gaseous 
constitution  of  the  Sun.  It  had  been  read  before  the  National  Academy  of  Sciences 
at  the  meeting  of  April  13-16,  1869,  and  in  many  respects  is  classic  and  justly 
celebrated;  but  the  obscurity  of  some  of  the  processes  is  recognized,  and  has  been 
noted  by  Lord  Kelvin  in  his  address  on  the  "Sun's  Heat"  (Popular  Lectures 
and  Addresses,  Vol.  I,  p.  406).  Referring  to  the  central  density  of  about  twenty 
times  the  average  found  by  Lane,  on  the  hypothesis  that  k  =  1.4,  as  in  common 
air,  Lord  Kelvin  says:  "Working  out  Lane's  problem  independently,  I  find 
22i  as  very  nearly  the  exact  number." 

By  supposing  the  Sun's  atmosphere  to  extend  above  the  photosphere  by  2  ? 
part  of  the  radius,  and  putting  A;  =  1.4,  Lane  found  the  specific  gravity  at  the 
centre  28.16,  "nearly  one-third  greater  than  that  of  metal  platinum."  He  as- 
sumed the  Sun's  average  density  within  the  photosphere  to  be  one-fourth  that 
of  the  Earth,  or  1.375;  but  in  the  calculation  of  the  central  density  this  value  is 
multiplied  by  the  factor,  (ff)3  and  thus  reduced  to  1.20334,  which  is  the  mean 
density  used  in  deriving  the  central  density  28.16.  Failing  to  recognize  the  pro- 
cess of  calculation  employed,  owing  to  the  undue  conciseness  of  Lane's  expressions, 
Lord  Kelvin  and  others  have  assumed  that  Lane's  theory  made  the  central 
density  about  20  times  the  average  density  of  the  whole  mass;  whereas,  neglect- 
ing the  effects  of  the  supposed  atmosphere,  which  is  now  known  to  be  practically 
insensible,  the  true  central  density  becomes  23.4016  times  the  mean,  and  is  thus 
decidedly  larger  than  has  been  heretofore  recognized.  Accordingly  it  is  very 
satisfactory  to  find  that  the  results  of  Lane,  Ritter  and  Lord  Kelvin,  all  found 
by  different  processes,  agree  quite  perfectly. 

In  Ritter's  investigations,  originally  published  in  Wiedemann's  Annalen, 
1878-1882,  and  partially  reprinted  in  his  interesting  and  suggestive  pamphlet: 
"  Anwendungen    der    mechanischen    W drmetheorie    auf   kosmologische    Probleme," 

*  Theory  indicates  that  gases  with  molecules  composed  of  two  fixed  atoms  as  Hydrogen,  Oxygen,  Nitrogen, 
Air,  should  give  for  k  a  value  of  exactly  1.4,  but  as  experiments  make  the  value  about  0.01  larger,  it  is  natural 
to  conclude  that  the  deviation  of  the  observed  from  the  theoretical  value  of  k  is  due  to  the  influence  of  the  new 
monatomic  gases,  Argon,  Helium,  Neon,  Xenon,  Crypton,  all  of  which  alone  would  give  k  =  1J.  Traces  of  these 
gases  in  the  atmospheric  air  used  in  the  experiments  would  have  a  tendency  to  raise  k  slightly  above  the  theo- 
retical value  1*. 
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Leaprig,  1882,  the  process  employed  for  finding  the  central  density  depends  upon 
tin1  celebrated  equation  of  PoiSSON  connecting  the  density  and  temperature, 

The  method  employed  by  Ritter  is  essentially  one  of  successive  approxi- 
mations, and  the  value  finally  obtained  for  the  central  density  is  23,  as  against 
23.4016  found  by  Lane,  and  22.5  by  Lord  Kelvin.  It  is  evident  that  differences 
in  the  assumed  data,  and  in  the  degree  of  approximation  attained  is  the  cause  of 
the  slight  differences  in  these  results.  For  if  Lane  had  used  k  =  1.41  his  central 
density  would  have  agreed  almost  perfectly  with  Ritter 's  value,  23.0;  and  we 
have  therefore  no  hesitation  in  taking  23.0  as  about  the  true  value  when  k  =  1.41, 
as  in  common  Air,  Oxygen,  Nitrogen  and  Hydrogen.  This  case,  however,  does 
not  represent  the  phenomena  of  nature  when  the  temperature  is  high,  and  we  shall 
therefore  consider  more  in  detail  the  theory  required  in  dealing  with  bodies  like 
the  Sun  and  self-luminous  fixed  stars,  which  are  made  up  of  gases  reduced  to 
the  monatomic  state  by  enormously  high  temperatures. 

(2)  Lane's  Theory.  The  mathematical  process  employed  by  Lane  depends 
essentially  on  the  integration  by  successive  approximations  of  the  equations 


n  = 


xi  dx , 


[6]  (439) 


[7]  (440) 


where    x    is  a  certain  function,  directly  proportional  to  the  radius,  and    cr    the 
density  at  any  point,  while  cr0  is  the  value  of  a  at  the  Sun's  centre,  where  x  =  0. 
In  the  first  approximation,  applying  to  the  region  at  the  centre  of  the  Sun, 
is  taken  as  unity,  and  then  the  first  terms  of  the  expansion  give 


and    l 


X* 

6 


(441) 


Successive  approximations  add  terms  to  each  series,  the  expansions  and  inte- 
grations being  of  the  form 


[«]  (442) 
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When  the  value  of  —  is  thus  obtained,  the  value  of  /a  is  found  by  one 
additional  integration  as  in  equation  [6].  The  convergence  of  the  series  obtained 
by  this  process  depends  on  the  value  of  k,  the  ratio  of  the  specific  heat  of  the 
gas  under  constant  pressure  to  that  under  constant  volume;  and  becomes  less 
and  less  satisfactory,  as  x  increases  in  value.  When  k  =  1§  the  value  of  x 
corresponding  to  the  surface  of  the  Sun  is  considerably  smaller  than  when  k  =  1.4, 
but  in  both  cases  the  satisfactory  treatment  of  the  series  is  very  difficult. 

Lane  bridged  over  the  difficulty  by  the  use  of  interpolation  formulae  and 
numerical  differences  calculated  for  the  regions  of  undoubted  convergence.  The 
theoretical  soundness  of  this  method  is  embarrassed  in  practice  by  the  considerable 
effects  introduced  into  the  final  result  by  small  errors  in  the  higher  orders  of  differ- 
ences; and  with  the  number  of  terms  in  the  series  given  by  Lane  great  accuracy 
seems  unattainable.  He  remarks  that  "there  is  no  need  of  great  precision  in 
these  calculations,"  and  does  not  seem  to  have  aimed  at  it  for  the  objects  in  view 
when  his  original  paper  was  prepared  thirty-six  years  ago;  yet  on  examining  his 
results  with  care  I  find  that  a  moderate  degree  of  precision  was  usually  obtained. 
It  may  have  been  the  uncertainty  in  Lane's  process  which  led  Lord  Kelvin  to 
adopt  a  different  method  for  finding  the  central  density  of  the  Sun  {Philosophical 
Magazine,  Vol.  35,  1887,  p.  287). 

Considerable  experience  in  the  use  of  Lane's  method  led  the  writer  to  the 
conviction  that  it  is  not  capable  of  extreme  accuracy,  unless  the  expansions  are 
carried  to  terms  considerably  higher  than  those  published.  To  make  sure  that 
no  misprints  had  occurred  in  that  paper,  the  original  manuscript,  in  Lane's  hand- 
writing, preserved  in  the  Library  of  the  U.  S.  Coast  Survey,  and  kindly  placed 
at  my  disposal  by  Superintendent  Tittman,  was  carefully  compared  with  the 
printed  paper.  No  material  errors  were  discovered,  nor  was  it  found  on  the  other 
hand  that  the  published  paper  had  been  abridged  in  the  slightest  degree.  We 
may  therefore  assume  that  Lane  did  not  carry  the  approximations  to  terms  of 
higher  order  than  those  given  in  the  American  Journal  of  Science  for  July,  1870. 

(3)  Determination  of  the  Required  Series.  The  importance  of  extreme 
accuracy  in  this  theory  seemed  so  great,  and  Lane's  method  of  differences  so 
unsatisfactory,  that  I  finally  carried  the  approximations  to  terms  of  the  20th 
and  21st  order  in  x.  It  was  then  noticed  that  from  the  differences  in  the  loga- 
rithms of  the  resulting  coefficients  the  logarithms  of  several  more  of  the  higher 
coefficients  could  be  easily  found  without  calculating  the  enormous  numbers 
involved  in  the  actual  expansions.  The  series  actually  calculated  extends  six 
terms  beyond  the  first  four  terms  calculated  by  Lane;  and  by  taking  the  loga- 
rithms of  the  higher  terms  from  the  small  and  steadily  varying  logarithmic  differ- 
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ences  it  was  possible  to  calculate  the  final  results  without  the  use  of  Lane's 
original  process.  Our  series  as  found  by  actual  calculation  and  checked  with  the 
greatest  care  is  as  follows: 


»*      j*       x1         x*       ■  19s"  2719s"  20621 1" 

M  ~  3       20      240      3888       1425600      4447872000      800616<>60000 

193328a"  39667364  a;19  8078124341a;31 


1905468364SO000       1042672289218560000       5911951879869235200000 


+ 


[fi]  (443) 


_  (ZX*  -  —  -  -  4  -£-  X*  19 X'8  2719a:13  20621a;14       \ 

\<rj      =6       80      1440      31104  +  14256000      53374464000      11208637440000f 

_  193328  a:16  39667364  a18 ,8078124341a:30 i 

3048749383680000      1S76S101205934080000      118239037597384704000000      '  '  '  / 


[y]  (444) 


It  will  be  seen  that  the  divisors  of  the  highest  coefficients,  running  into  the 
hundreds  of  sextillions,  become  so  immense  as  to  be  almost  unmanageable,  but 
the  forms  of  the  fractions  here  adopted  were  found  to  be  the  most  practicable; 
and  after  several  repetitions  of  the  calculation  I  think  the  accuracy  of  these 
coefficients  may  be  absolutely  depended  upon. 

The  logarithms  of  the  coefficients  in  the  series  finally  used,  including  the 
higher  terms  based  on  logarithmic  differences,  are  as  follows: 


!jl  =      [9.5228787].t8-  [8.6989700]x*+  [7.6197888>7-  [6.4102738>9+  [5.1247559>1 

—10  —10  —10  —10  —10 

- [3.7862569] x*  +  [2.4108849]a;16  -  [1.0062931] a;17  +  [9.5802856] .c19 

—10  — 10  — 10  —20 

-[8. 1355797] a:21  +  [6.6744]a:28  -  [5.1992]*"  +  [3.7110]*37  -  [2.2102].r9     m(445) 

—20  —20  —20  —20  —20  / 

+  [0.6981]a81-[9.1751]a;",+  [7.6425].c86-[6.1003]a:8,  +  [4.5488]a:89-[2.9S91]a;4 

—20  —30  —30  —30  —30  —30 

+  [1.4212]x-18-[9.8455]x46+[8.2628]x4,-[6.6732];c49+[5.0970]a:61-  .  .  . 

—30  —40  —40  — 40  —40 

<r\2/d 

- )     =      [0.0000000]  -  [9.2218487].r3+[8.0969100].T4-  [6.8416375] xe+  [5.5071838]. 

,°0/  —10  —10  —10  —10 

-[4.1 247559] .x10  +  [2.7070757] :c12  -  [1.2647569] a14  +  [9.8021731] a16 

—10  —10  —10  —20 


+ 


[8.3250131] a;18  +  [6.8345497] a:30  -  [5.3320]x23  +  [3.8190]a24  -  [2.2960] a;28 

—20  —20  —20  —20  —20  V  [*]  (446) 

[0.7630].r28-  [9.2210]  a;80  +  [7.6700]  .r82-  [6. 1110].tM+ [4.5440]xM-[2.9690]a,-88( 

— OT  —30  —30  —30  —30  —30         I 


+  [  1 .3870]  a-40  -  [9.7980]  a:42  +  [8.2020]  x** -  [6.6000] x49  +  [4.9920]  a;48 -  [3.3980] a:60 ' 

—30  —40  —40  —40  —40  —40 

+  .  .  . 
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a        1   dfi 
trn      Xs  dx 


=      [0.0000000]  -  [9.3979400]  x*  +  [8.4648808]  .t4  -  [7.3645163]  x*+  [6.1661486]  x"\ 

—10  —10  —10  —10 

-[4.9002003] a;10  +  [3.5869762]  xu  -  [2.2367420] a;14  +  [0.8590392] x1* 

—10  —10  —10  —10 

- [9.4577990] xw  +  [8.0361]  a:20  -  [6.5971]*"  4-  [5.1424>24  -  [3.6724].x26  V[TK447) 

—20  —20  —20  —20  —20 

+  [2.1895]  x"-  [0.6936]  xw  +  [9. 1866]  xs2  -  [7.6685]  .c34  +  [6. 1399]  .t36  -  [4.6019]  x* 

—20  —20  —30  —30  —30  —30 

+  [3.0547]-r40-[1.4987]a-42  +  [9.9349]x44-[8.3634]x4H[6.8046]x48-  .  .  . 

—30  —30  —40  —40  -^0 

The  logarithms  of  the  coefficients  of  the  higher  terms  are  given  only  to  the 
fourth  decimal  place,  but  the  attainment  of  greater  accuracy  is  difficult;  and  as 
the  expansions  seldom  need  to  be  extended  beyond  a;30,  the  accuracy  resulting 
from  the  series  is  quite  sufficient  for  all  cases  which  can  arise  even  for  the  regions 
near  the  Sun's  surface,  where   a;   is  a  maximum,  and  the  convergence  is  slowest. 

(4)  Limits  ofx  at  the  Sun's  Surface,  and  Density  at  the  Centre.  To  find  the  upper 
limit  of  the  Sun's  atmosphere,  we  determine  the  value  of  x  for  which  the  series 
[c]  vanishes.  To  the  sixth  decimal  place,  corresponding  to  a  density  less  than  one 
one-hundredth  that  of  atmospheric  air  under  normal  pressure  at  sea  level,  this 
maximum  value  of  x   is  found  to  be 

x'  =  3.653962  ,  \rf\  (448) 

terms  higher  than   x34,   being  not  required  in  the  calculation. 

The  value  of   f*.   corresponding  to  the  same  limit  must  be  found,  and  as  the 

series  for   /u,    converges  much  more  slowly  than  that  for  1  -  f  —  J   >  it  is  necessary 

to  take  account  of  all  the  terms  in  equation   [8].     The  result  is 

fi'  =  2.709691 .  [0]  (449) 

Lane  found  x  =  3.656,  /x'  =  2.741.  Accordingly  it  will  be  seen  that  his  value 
of  xf  is  nearly  correct,  while  that  of  [x!  is  decidedly  too  large.*  The  value  of 
xf  given  in  [17]  appears  to  be  accurate  to  the  fifth  decimal  place  inclusive.  That 
of  n'  in  [0]  is  somewhat  more  uncertain,  but  careful  consideration  of  the  extent 
of  this  difficulty  leads  to  the  conviction  that  the  uncertainty  could  not  affect  more 
than  the  three  last  decimal  places.  Using  these  values  in  Lane's  equation  (14), 
namely, 

*  In  a  letter  to  Sir  Norman  Lockyer,  published  in  Nature,  July  13,  1899,  Professor  J.  Perry,  F.  R.  S., 
discusses  the  difficulty  of  attaining  accuracy  in  these  investigations,  adding:  "Lord  Kelvin  from  x  =  0,  and 
Mr.  Lane  for  values  beyond  x  =  l,  obtained  their  results  by  methods  such  that  errors  may  have  increased 
as  the  work  proceeded." 
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"•  =  4T/t'r"  =  ~3y  ' 

we  find  t.  -  6.001877  <r, 


1  [A]   (452) 


[0  (460) 


and  cr,  —  8.417831  ,  [K]  (451) 

when  <r,  =  1.4026  (cf.  A.N.  3992)  .    I 

It  thus  appears  that  considered  as  a  sphere  of  monatomic  gas  the  central 
density  of  the  Sun  is  almost  exactly  six  times  the  mean  density;  and  taking 
<i\  =  1.4026,  the  density  of  the  matter  at  the  Sun's  centre  is  about  8.42  times  that 
of  water.  This  exceeds  the  specific  gravity  of  steel  (7.816)  and  even  brass  (8.383), 
and  proves  to  be  practically  identical  with  that  of  German  silver  (8.432). 

The  uncertainty  attaching  to  the  calculated  value  of  p.'    affects  the  value  of 

—  >  but  the  amount  of  this  probably  does  not  much  exceed  one  unit  in  the  third 
decimal  place.     Thus  for  most  purposes  we  adopt  for  a  sphere  of  monatomic  gas 

<r0  =  6.000  (T, 

corresponding  to  rt  =  2.710312 

and  are  led  to  the  remarkable  conclusion  that  in  such  a  mass  the  central  density 
probably  is  exactly  six  times  the  mean  density.* 

Using  Lane's  values  x  =  3.656,  p  =  2.741,  and  putting  with  him  o-j  = 
1.20334,  the  results  are 

o-0  =  5.94276a,  =  7.15115; 

instead  of  7.11  given  in  his  published  paper  and  also  in  his  original  manuscript. 
If  we  use  o-j  =  1.4026,  the  result  will  be  o-„  =  8.3353,  in  fair  accord  with  out- 
value in  equation  [*]. 

Lane  finished  some  of  his  approximations  by  means  of  two  equations  num- 
bered (13)  and  (14),  which  are  not  rigorous. 

On  substituting  his  adopted  values  of  x  and  fi  in  these  equations,  it  is 
found  that  they  are  not  satisfied.  The  outstanding  difference  probably  arises 
both  from  the  defective  character  of  the  approximate  equations,  and  from  the 
inaccurate  values  of  x  and   //  found  by  the  method  of  differences. 

Under  the  circumstances  the  necessity  for  a  sufficient  expansion  of  the  series 
to  permit  of  a  direct  calculation  of    -  and   //   is  obvious ;  and  accordingly  in  the 


*  In  his  address  on  the  "Sun's  Heat,"  p.  407,  Lord  Kelvin  remarks  concerning  the  central  density:  "We 
may  assume  that  it  is^in  all  probability  much  less  than  this  (thirty-one  times  that  of  water,  which  he  finds  when 
k  =  1.4),  though  considerably  greater  than  the  mean  density,  1.4.  This  is  a  wide  range  of  uncertainty,  but  it 
would  be  unwise  at  present  to  narrow  it,  ignorant  as  we  are  of  the  main  ingredients  of  the  Sun's  whole  mass, 
and  of  the  laws  of  pressure,  density  and  temperature,  even  for  known  kinds  of  matter,  at  very  great  pressures 
and  very  high  temperatures." 


Fio.  1.  Sun's  Disc  in  "K"  Light  as  Photographed  on  1904, 
September  20,  at  10h  42'",  A.M.,  G.M.T.  Exposure  739. 
Enlarged  about  One  and  One-Half  Times. 


Fio.  2.  Composite  Photographs  of  Sun's  Disc  and  Limb  in  "K" 
Light  as  Photographed  on  1904,  July  19,  at  ll'1  45"',  A.M., 
G.M.T.  Exposure  for  Disc  IS",  and  for  Limb  18'".  En- 
larged about  One  and  One-Half  Times. 


Plate  XXIV.  Solar  Photographs  Made  with  the  New 
Spectroheliograph  of  the  Solar  Physics  Observa- 
tory, South  Kensington,  London,  by  Dr.  W.  J.  S. 

Lockyer    (From    Monthly    Notices    of    the    Royal 
Astronomical  Society,  March,  1905). 
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work  of  this  paper  we  have  used  the  rigorous  formulae  throughout,  and  made  use 
of  differences  only  in  "deriving  the  logarithms  of  the  higher  terms  of  the  series, 
where  a  slight  variation  in  the  admissible  values  does  not  sensibly  affect  the  final 
result. 

Using  the  formula  [e]  or  [£]  we  find  that  the  distribution  of  density  in 
the  Sun  is  as  indicated  in  Table  A.  The  values  are  computed  for  each  tenth  of 
the  radius,  and  also  for  each  hundredth  in  the  outer  tenth,  which  is  the  only  region 
that  could  be  affected  by  the  Sun  spots,  prominences,  and  other  surface  phenom- 
ena witnessed  by  observers. 

In  view  of  the  enormous  pressure  of  over  21,000,000  atmospheres  shown  to  exist 
at  a  depth  of  TV  of  the  Sun's  radius,  the  power  of  resistance  of  the  Sun's  globe, 
even  near  the  surface,  becomes  so  great  that  evidently  not  the  slightest  effect  is 
produced  at  that  depth  by  the  most  violent  explosions  witnessed  externally  in 
the  ejection  of  prominences.  For  at  a  depth  of  TV  of  the  radius  the  pressure  is 
about  seven  times  that  at  the  centre  of  the  Earth,  which  alone  is  effective  in 
giving  the  nucleus  of  our  globe  a  rigidity  much  greater  than  that  of  steel;  and  as 
no  visible  depressions  are  ever  seen  in  the  Sun's  disc,  it  is  evident  that  all  surface 
disturbances  are  quite  shallow  and  very  effectively  resisted  by  the  pressure  and 
intense  radiation  from  below.  Much  of  the  ejected  material  seen  in  prominences 
is  extremely  rare,  like  a  tenuous  spray,  and  carried  upward  partly  by  explosive 
forces,  and  partly  by  the  powerful  pressure  of  the  Sun's  radiation,  which  is  known 
to  be  occasionally  augmented  in  certain  local  areas  about  the  spots  where  the 
prominences  develop.  In  fact  Mr.  Maunder's  recent  researches  have  shown 
that  the  development  of  intense  local  action  is  the  cause  of  the  disturbances  of 
the  Earth's  magnetism. 

(5)  Rise  of  Temperature  Towards  the  Sun's  Center.  This  is  calculated  from 
the  formula  for  adiabatic  circulation 

r-  r{p)  .  w  (453) 

in  which  a  and  T'  are  the  surface  density  and  temperature  respectively,  and 
a-  and  T  the  density  and  temperature  at  any  point  within  the  Sun's  mass.  The 
Sun's  atmosphere  terminates  quite  suddenly,  owing  to  the  great  intensity  of 
solar  gravity;  but  as  the  corona  extends  to  a  great  height,  and  is  maintained 
by  the  repulsion  of  fine  particles  under  the  pressure  of  the  Sun's  radiation,  there 
is  no  absolutely  definite  boundary  to  the  atmosphere  which  underlies  the  corona. 
Perhaps  a  sufficient  approximation  to  the  true  density  at  the  visible  surface  where 
solar  clouds  cease  to  form  will  be  obtained  by  taking  the  density  as  lying  between 


Mil' 
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one-tenth  and  one  one-hundredth  that  of  atmospheric  air.  According  to  recent 
experimental  determinations  the  surface  temperature  will  almost  certainly  lie 
between  6000°  C.  and  12000°  C.  Accordingly  a  density  of  0.1  of  atmospheric 
air,  and  a  surface  temperature  of  6000°  C.  will  give  the  minimum  internal  tem- 
perature at  any  point;  while  a  surface  density  of  0.01  and  a  temperature  of  12000° 
C.  will  give  the  maximum  admissible  temperature. 

If  the  true  temperature  lies  outside  of  the  limits  thus  established,  it  would 
seem  that  it  cannot  be  much  outside.  Arrhenius  has  recently  shown  (Bulletin 
of  the  Lick  Observatory,  No.  58)  that  the  temperature  of  the  corona  high  above 
the  photosphere  does  not  fall  off  very  rapidly,  even  when  the  density  approaches 
that  of  a  vacuum  of  the  best  air  pump;  and  judging  by  this  analogy  the  smaller 
density  and  the  higher  temperature  appears  to  have  fully  as  great  probability  as 
those  values  which  fix  the  minimum  limit.  It  has  been  customary  of  late  to  reduce 
the  Sun's  temperature  to  figures  but  little  above  the  highest  available  tempera- 
tures upon  the  Earth ;  but  such  a  general  tendency  will  naturally  be  resisted  by 
the  cautious  investigator  who  is  aware  of  the  oscillatory  movements  of  thought 
usually  witnessed  in  successive  ages.  On  the  whole  we  think  it  practically  certain 
that  the  Sun's  temperature  is  above  6000°  C,  while  12000°  C.  is  a  figure  by  no 
means  improbable.     The  following  table  shows  the  results  of  these  calculations. 


Table  A. 


Densities,  Pressures  and  Temperatures  Calculated  from  the  Monatomic 

Theory.* 


R 
Radius 

a 

a 
Water  =  1 

o 
Air=l 

us 

Pressure 

in  Atmospheres 

T 

Hypothesis  I  =  Min. 

T'=  6000°  C. 

a'—  0.0001293187 

T 
Hypothesis  II  =  Max. 

V  =  1200°  ('. 
a'  =0.00001293187 

1.00 

0.0000015 

0.0000129 

0.01 

6000°  C. 

12000°  0. 

0.99 

0.000651 

0.005472 

4.233227 

54635 

72856 

676338 

0.98 

0.001864 

0.015700 

12.140670 

316531 

144870 

1365662 

0.97 

0.003476 

0.029286 

22.646390 

894699 

222921 

2069413 

0.96 

0.005435 

0.045786 

35.405630 

1884224 

300284 

2787593 

0.95 

0.007713 

0.064977 

50.245406 

3376805 

379212 

3520293 

0.94 

0.010296 

0.086735 

67.070500 

5464675 

459733 

4267780 

0.93 

0.013173 

0.110978 

85.817600 

8240856 

541837 

5029970 

0.92 

0.016343 

0.137680 

106.466000 

11804019 

625593 

5807490 

0.91 

0.019799 

0.166792 

128.681100 

16250623 

710932 

6599703 

0.90 

0.023541 

0.198320 

153.357800 

21636565 

797912 

7407160 

0.80 

0.077049 

0.649096 

156467430 

1758935 

16328500 

0.70 

0.161316 

1.359001 

536137160 

2878659 

26723100 

0.60 

0.276802 

2.331913 

1318551200 

4125900 

38301450 

0.50 

0.419776 

3.536397 

2639437700 

5446090 

50556970 

0.40 

0.579211 

4.879548 

4513802000 

6747892 

62660430 

0.30 

0.737977 

6.217069 

6759055500 

7932940 

73642880 

0.20 

0.874463 

7.366897 

8968448000 

8883145 

82463830 

0.10 

0.967136 

8-.147617 

10607851000 

9500156 

88191620 

0.00 

1.000000 

8.424480 

11215403000 

9714170 

90178370 

*  The  method  employed  in  calculating  the  pressures  tabulated  in  this  chapter  are  explained   in  the  next 
chapter,   §219. 
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§  203.     On  the  Dissociation  of  the  Elements  by  High  Temperatures,  the  Probable 
Average  Specific  Heat  of  Solar  Matter,  and  on  the  Sun's  Radiation. 

(1)  Dissociation.  The  effects  of  high  temperature  and  of  powerful  electric 
currents  in  producing  dissociation  of  bodies  have  long  been  studied  by  Physicists 
and  Chemists,  but  the  phenomena  observed  have  always  been  limited  by  the 
feeble  forces  available  to  the  experimenter  in  the  laboratory.  Almost  all  known 
compound  molecules  may  be  thus  decomposed,  and  the  recognized  experimentum 
crucis  of  an  elementary  substance  is  its  ability  to  withstand  various  degrees  of 
molecular  and  atomic  agitation  due  to  heat  and  electricity.  The  forces  accessible 
to  the  Chemist,  however,  are  as  nothing  compared  to  those  at  work  in  the  interior 
of  the  Sun*;  yet  in  default  of  knowledge  of  the  behavior  of  matter  under  such 
stupendous  forces,  the  tendencies  observed  upon  the  Earth  may  guide  us  to  correct 
conclusions  in  regard  to  what  takes  place  in  the  depths  of  the  Sun's  flaming  globe. 

Recent  experiments  of  Prof.  Sir  Wm.  Ramsay  showed  that  Radium,  with 
an  atomic  weight  of  225,  was  unstable  under  ordinary  conditions,  and  slowly 
producing  Helium  by  its  decomposition.  As  Radium  has  one  of  the  highest 
atomic  weights,  while  Helium  has  one  of  the  lowest  (3.96),  this  observation  of 
Ramsay  seems  to  have  been  accepted  as  a  genuine  case  of  the  transmutation  of 
an  element.  What  has  been  observed  in  the  case  of  Radium  is  also  suspected 
if  not  demonstrated  in  the  cases  of  Thorium  and  Uranium,  the  atomic  weights  of 
which  are  respectively  233.4  and  239,  the  very  highest  yet  known.  Recent  re- 
searches indicate  that  elements  with  such,  high  atomic  weights  are  all  unstable, 
and  the  conclusion  is  drawn  that  higher  atomic  weights  are  practically  impossible 
under  ordinary  conditions.  If  an  element  such  as  Radium  by  disintegration  is 
slowly  evolving  Helium  under  terrestrial  conditions,  its  decomposition  in  the 
Sun  would  no  doubt  be  very  rapid.  Indeed  it  would  never  develop  there  because 
of  the  immense  temperatures  to  which  the  elements  are  subjected  at  great  depths 
in  the  Sun's  mass. 

Accordingly  we  may  with  considerable  probability  assume  that  all  the  more 
complex  elements  would  be  reduced  to  the  most  primitive  constituents  in  the 
interior  of  the  Sun;  and  it  may  be  that  nothing  less  elementary  than  Hydrogen 
and  Helium  could  withstand  the  enormous  temperature  of  millions  of  degrees. 

Abundant  terrestrial  experiments  show  that  the  so-called  atomic  heat  of  our 
ordinary  elements  is  about  6.4;   and  as  the  specific  heat,  by  the  law  of  Dulong 

*  Speaking  of  the  effects  of  the  increasing  temperature  as  we  descend  into  the  Sun's  interior,  Newcomb 
describes  it  as  "an  inconceivable  degree  of  heat,  such  that  were  matter  exposed  to  it  on  the  surface  of  the  Earth, 
it  would  explode  with  a  violence  to  which  nothing  within  our  experience  can  be  compared"  (Article  'Sun,"  Encyclo- 
paedia Americana).     Note  added  June  5,   1905. 
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and  Petit*  is  equal  to  this  constant  divided  by  the  atomic  weight  (or  the  molec- 
ular weight  in  case  of  some  of  the  non-metals),  it  follows  that  if  the  primitive 
elements  in  the  interior  of  the  Sun  have  an  average  atomic  weight  not  larger  than 
6.4,  the  resulting  specific  heat  of  the  solar  matter  will  be  equal  to  that  of  water. 
If  -the  atomic  weight  be  equal  to  that  of  Helium  it  will  give  a  specific  heat  of  1.62, 
and  if  equal  to  that  of  Hydrogen,  3.409,  and  so  on. 

Most  of  the  terrestrial  elements  exist  in  the  photosphere  and  chromosphere, 
but  we  have  no  means  of  knowing  at  what  depth  their  stable  development  is 
possible.  In  view  of  the  rapid  rise  of  the  temperature  downward  it  seems  most 
likely  that  partial  dissociation  occurs  within  the  sight  of  the  observer,  and  aug- 
ments from  layer  to  layer  as  we  descend  below  the  photosphere. f 

It  probably  is  not  without  significance  that  observation  has  failed  to  establish 
the  undoubted  existence  in  the  Sun  of  elements  with  such  high  atomic  weights 
as  Iridium  (196.7),  Platinum  (196.7),  Osmium  (198.6),  Gold  (196.2),  Mercury 
(199.8),  Thorium  (233.4),  and  Uranium  (239).  The  absence  of  these  elements 
probably  indicates  partial  dissociation  in  the  solar  photosphere,  and  thus  we  may 
with  great  probability  adopt  the  view  that  whatever  elements  exist  in  the  interior 
of  the  Sun  must  be  of  extreme  simplicity  and  small  atomic  weight. 

(2)  The  Sun's  Average  Specific  Heat.  The  resulting  specific  heat  of  the  Sun's 
matter  may  thus  have  any  value  between  0.5  and  6.8,  to  which  it  would  rise  if 
all  the  elements  were  as  simple  as  monatomic  Hydrogen.  Whether  under  the 
terrific  heat  operating  in  the  Sun's  interior  the  elements  might  disintegrate  into 
the  yet  more  elementary  electrons  especially  investigated  by  J.  J.  Thomson  we 
pass  over  as  too  extreme  an  hypothesis  to  be  considered  at  present. 

Lane  seems  to  have  attached  high  importance  to  the  theory  of  dissociation 
and  the  production  in  this  way  of  small  atomic  weights  for  the  gases  in  the  Sun's 
interior  and  consequently  great  specific  heat  for  the  solar  matter;  but  it  is  remark- 
able that  the  subject  has  been  so  completely  overlooked  by  subsequent  writers 
that  very  few  investigators  during  the  past  thirty-six  years  have  even  touched  upon 
the  monatomic  constitution  of  the  Sun. 

Lane  says:  "In  forming  his  theory  Clausius  found  that  the  known  specific 
heats  of  the  gases  are  all  much  too  great  for  free  simple  atoms  impinging  on  one 
another,  and  he  therefore  introduced  the  hypothesis  of  compound  molecules,  each 

*  Confirmed  by  Prof.  W.  A.  Tilden's  recent  researches,  Phil.  Trans.,  1900,  Part  I,  p.  250. 

t  After  this  paper  was  finished,  attention  was  drawn  to  the  article  "Sun,"  in  the  new  Encyclopaedia  Ameri- 
cana, where  Newcomb- 'discusses  briefly  the  effects  of  great  heat  and  pressure  upon  solar  matter.  Though  he  adopts 
no  definite  theory  of  the  Sun's  internal  density,  merely  remarking  that  it  is  smaller  than  the  mean,  1.4,  at  the  surface, 
and  increases  towards  the  centre,  he  inclines  to  the  theory  of  dissociation:  "One  tiling  which  we  can  say  with  confi- 
dence as  to  the  effect  of  these  causes  is  that  no  chemical  combinations  can  take  place  in  matter  so  circum- 
stanced."    Note  added  June  5,  1905. 
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compound  molecule  being  a  system  of  atoms  oscillating  among  each  other  under 
forces  of  mutual  attraction.  Now  if  this  were  accepted  as  the  actual  constitution 
of  the  gases  it  is  of  course  easy  enough  to  conceive  that  in  the  fierce  collisions  of 
these  compound  molecules  with  each  other  at  the  temperatures  supposed  to  exist 
in  the  Sun's  body,  their  component  atoms  might  be  torn  asunder,  and  might  thence- 
forth move  as  free,  simple  molecules.  In  this  case,  still  retaining  the  hypothesis 
of  Clausius'  theory,  that  the  average  length  of  the  path  described  by  each  between 
collisions  is  large  compared  with  the  diameter  of  the  sphere  of  effective  attraction 
or  repulsion  of  atom  for  atom,  the  value  of  k  would  reach  its  maximum  of  1§. 
Experiment  has  not  shown  us  any  gas  in  this  condition,  and  for  the  present  it  is 
hypothetical.  Even  in  Hydrogen  the  value  of  k  does  not  materially,  if  any, 
exceed  the  value  of  1.4  which  it  has  in  air.  But  if  it  were  found  that  the  hydrogen 
molecule  is  compound,  and  that  in  the  body  of  the  Sun  the  heat  splits  this  mole- 
cule into  two  equal  simple  atoms,  and  in  fact  that  all  the  matter  in  the  Sun's  body 
is  split  into  simple  atoms  equally  as  small,  then,  while  the  value  of  k  would  be 
1§,  the  value  of  a*  would  be  about  1600  feet.  If  with  these  values  we  repeat  the 
calculation  of  the  density  of  the  layer  of  54,000°  Fahr.,  we  find  its  specific  gravity 
to  be  0.000363  of  that  of  water,  or  4.35  times  that  of  Hydrogen  gas  at  common 
temperature  and  pressure  and  in  its  known  condition,  or  8.7  times  that  which 
the  Hydrogen  in  the  hypothetic  condition  would  have  if  it  retained  that  condition 
at  common  temperature  and  pressure.  We  find  also  that  the  mechanical  equi- 
valent of  all  the  heat  that  a  cubic  foot  of  the  layer  would  give  out  in  cooling  down, 
under  pressure,  to  zero,  would  be  no  less  than  13,500,000  foot  pounds.  Instead, 
therefore,  of  a  layer  ten  miles  thick,  it  would  now  require  only  a  thickness  of  38 
feet  to  give  out,  in  cooling  down  to  zero,  twice  the  heat  emitted  by  the  Sun  in 
one  minute.  It  will  be  seen  [equations  (17)  and  (19)],  that  this  thickness,  retain- 
ing the  constant  value  k  =  1§,  would  diminish  with  the  2\  power  of  the  masses 
of  the  atoms  into  the  Sun's  body  is  hypothetically  resolved  (the  reciprocal  of  the 
value  of  o-*)  and  I  leave  each  to  form  his  own  impression  how  far  this  view  leads 
towards  verisimilitude." 

From  the  above  passage  it  will  be  seen  that  Lane  appreciated  the  advantage 
of  the  monatomic  theory  in  explaining  the  radiation  at  the  Sun's  surface,  since 
on  this  theory  a  shallow  layer  might  contain  a  great  amount  of  heat. 

(3)  Solar  Radiation.  No  aim  is  made  in  this  paper  to  treat  mathematically 
of  the  problem  of  the  Sun's  surface  radiation,  but  we  may  remark  that  the  com- 
monly accepted  theory  of  enormous  convective  currents,  one  set  ascending  with 
highly  heated  matter  and  the  other  descending  with  the  material  cooled  by  radi- 

*  Lane'8  a  is  denoted  by  h  in  the  present  paper. 
30 
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ation,  does  not  seem  to  be  well  founded.  When  the  true  character  of  the  Sun's 
radiation  is  made  out,  it  will  be  found  that  the  heat  and  light  are  supplied  in  the 
main  not  by  convective  currents,  which  would  necessarily  encounter  great  resist- 
ance and  constantly  antagonize  one  another  by  the  contrary  motions  of  the 
neighboring  streams  of  fluid,  but  by  direct  radiation  —  the  internal  heat  being 
so  intense  and  the  overlying  medium  of  gases  so  thin  and  transparent  to  radiation 
of  that  intensity  that  the  heat  is  driven  bodily  through  the  Sun's  mass  with  a 
velocity  smaller  but  not  immeasurably  smaller  than  that  of  light  and  electricity. 
In  this  way  the  outside  surface  never  cools,  nor  are  great  convective  currents 
required  to  maintain  the  surface  luminosity. 

We  may  conceive  that  with  the  enormously  rapid  rise  of  temperature  below 
the  photosphere,  amounting  to  from  100,000°  to  500,000°  C.  at  a  depth  of  T^  of 
the  radius  or  7000  km.,  most  of  the  necessary  supply  of  heat  is  radiated  through 
the  flimsy  overlying  layers  of  gas,  with  a  velocity  but  little  inferior  to  that  of  light. 
Nor  can  we  conceive  of  any  material  of  this  small  density  which  could  resist  the 
terrific  heat  beneath  sufficiently  to  cause  a  great  fall  in  the  external  temperature, 
even  if  there  were  no  convective  currents  whatever.  Currents  developing  at  the 
Sun's  surface  probably  are  comparatively  shallow  and  irregular  in  their  character, 
while  the  supply  of  heat  from  beneath  is  radiated  through  the  intervening  medium 
with  great  velocity,  thus  maintaining  the  surface  in  a  state  of  dazzling 
brilliancy. 

This  rapid  propagation  of  heat  is  not  difficult  to  understand  when  we  remem- 
ber that  by  its  nature  heat  is  the  energy  of  vibrating  molecules  of  perfect  elasticity 
moving  with  enormous  velocities*  in  a  rare  medium,  admitting  by  its  abundant 
vacancies  of  a  vast  direct  radiation  from  beneath  with  the  actual  velocity  of  light. 
The  propagation  of  light  in  the  Earth's  atmosphere  on  a  clear  day  is  perhaps 
nearly  analogous  to  that  in  the  Sun's  outer  layers  just  below  the  photosphere. 

The  illumination  of  the  Earth's  surface,  which  enables  one  to  view  objects 
hundreds  of  kilometres  away  with  but  a  very  slight  absorption  of  their  light 
due  to  the  intervening  atmosphere,  illustrates  the  penetrating  power  of  sunlight 
here  upon  the  Earth,  where  the  intensity  is  as  nothing  compared  to  that  in  the 
Sun.  Yet  the  outer  layers  of  the  Sun's  photosphere  are  of  the  same  order  of 
density  as  our  atmosphere;  and  while  the  carbon  and  perhaps  other  particles 
in  the  photosphere  form  a  cloud  which  obstructs  the  light,  no  doubt  the  interior 
gases  are  very  transparent.  The  radiating  particles  in  the  photosphere  thus 
derive  their  heat  and  light  from  two  sources: 

(a)     Collisions  with  neighboring  particles; 

*  cf.  The  mean  molecular  velocities  <>f  the  Sun's  particles  calculated  in  Table  D. 
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(b)  Direct  radiation  from  the  intensely  heated  body  of  the  Sun  beneath, 
filling  the  solid  angle  of  a  whole  hemisphere. 

The  latter  source  furnishes  incomparably  the  larger  part  of  the  radiant  energy 
emitted  by  the  photosphere,  and  as  it  is  transmitted  from  the  interior  with  sensibly 
the  velocity  of  light,  there  is  no  opportunity  for  the  cloud-surface  to  cool,  and 
little  or  no  necessity  for  convective  currents.* 

The  views  here  expressed  depart  widely  from  those  heretofore  held  by  lead- 
ing authorities,  and  it  is  perhaps  worthy  of  inquiry  how  far  the  theory  of  convective 
currents  has  been  critically  examined  from  the  theoretical  or  observational  stand- 
point.! 

In  his  perplexity  Lane  expresses  the  opinion  that  something  quite  be}rond 
our  present  experimental  knowledge  is  required  to  explain  the  Sun's  radiation. 
Proceeding  on  the  hypothesis  that  k  =  1.4,  he  says:  "The  heat  emitted  each 
minute  would  therefore  be  fully  half  of  all  that  a  layer  ten  miles  thick  would  give 
out  in  cooling  down  to  zero,  and  a  circulation  that  would  dispose  of  volumes  of 
cooled  atmosphere  at  such  a  rate  seems  inconceivable." 

Lord  Kelvin  expresses  himself  thus:  "Gigantic  currents  throughout  the 
Sun's  liquid  mass  are  continually  maintained  by  fluid,  slightly  cooled  by  radiation, 
falling  down  from  the  surface,  and  hot  fluid  rushing  up  to  take  its  place  "  (Ad- 
dress, p.  392). 

In  response  to  a  request  of  Dr.  Vogel,  made  recently  in  revising  Engel- 
mann's  translation  of  Newcomb's  Popular  Astronomy,  Young  has  expressed  his 
views  very  clearly.  As  given  authoritatively  in  Popular  Astronomy,  April,  1904, 
they  are  as  follows:  "  From  the  under  surface  of  this  cloud  shell  (the  photosphere), 
if  it  really  exists,  there  must  necessarily  be  a  continual  precipitation  into  the 
gaseous  nucleus  below  with  a  corresponding  ascent  of  vapors  from  beneath  —  a 
vertical  circulation  of  great  activity  and  violence,  one  effect  of  which  must  be  a 
constricting  pressure  upon  the  nucleus  much  like  that  of  the  liquid  skin  of  a  bubble 
upon  the  enclosed  air.  With  this  difference,  however,  that  the  photospheric  cloud 
.shell  is  not  a  continuous  sheet,  but  'porous,'  so  to  speak,  and  permeated  by  vents 
through  which  the  ascending  vapors  and  gases  can  force  their  way  into  the  region 
above." 

*  The  absence,  however,  of  such  rapid  currents  for  conveying  the  heat  to  the  photosphere  obviously  constitutes 
no  denial  of  the  convective  arrangement  of  the  Sun's  internal  density. 

fin  the  article  "Sun,"  EncyclojmedUi  Amerkanii,  Nkwcomh  says:  "It  follows  that  the  heat  radiated 
from  the  surface  must  be  continually  supplied  by  the  rising  up  of  hot  material  from  the  interior,  which  again  falls 
back  as  it  cools  off.  It  is  difficult  to  supjMise  that  even  a  liquid  could  rise  and  fall  back  rapidly  enough  to  keep  up 
the  supply  of  heat  constantly  radiated.  We  therefore  conclude  that  the  photosphere  is  really  a  mass  of  gas  in 
which,  however,  solid  particles  of  very  refractory  substances  may  be  suspended."  He  says  it  is  probable  that  the 
'rice  grains"  are  produced  by  currents  of  heated  matter  from  the  interior,  which  are  constantly  rising  to  the 
surface,  there  to  radiate  their  heat,  and  then  fall  back  again.     Note  added  June  5,  1906. 
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The  difficulty  which  Lane  and  others  encounter  in  explaining  the  rapid 
supply  of  hot  and  the  disposition  of  cool  matter  by  means  of  currents,  we  meet 
by  substituting  direct  radiation,  which  Arrhenius  found  adequate  to  explain 
the  corona,  the  isolated  particles  of  which  were  calculated  to  have  a  temperature 
of  4620°  C.  (Bulletin  of  Lick  Observatory,  No.  58).  There  seems  little  doubt 
that  if  this  theory  is  examined  in  the  light  of  the  methods  used  by  Arrhenius, 
it  will  be  found  to  afford  a  simple  and  natural  explanation  of  the  Sun's  photo- 
spheric  radiation. 

§  204.     Calculation  of  the  Total  Amount  of  Heat  Stored  Up  in  the  Sun's  Globe. 

Suppose  the  Sun's  globe  composed  of  monatomic  gas  with  the  elements  so 
mixed  as  to  be  essentially  homogeneous  in  all  parts,  or  made  up  of  a  series  of 
concentric  spherical  layers  each  of  uniform  quality  throughout.  An  element  of 
the  Sun's  mass  conceived  as  an  infinitely  thin  shell  of  density  <r  will  be 

dm  =  4iro-x2dx. 

And  if  T  be  the  temperature  above  absolute  zero  and  £  the  average  specific 
heat  of  the  matter,  the  element  of  heat  in  a  shell  will  be 

&H  =  41I•£<^a;!!da;7,. 

And  since  throughout  the  Sun's  mass  T-  T'(^p)    ,    we  obtain  by  integration 

0  0 

£0    being  the  specific   heat  of  the  fluid   at   the  Sun's  centre.     The  two  series 

(™J      and    ~    given  in  equations    [e]   and    [£]   must  be  multiplied  together,  the 

product  by  x*  taken  and  then  integrated,  and  the  result  will  be  the  total  amount 
of  heat  stored  up  in  the  Sun's  globe. 

As  the  specific  heat   £   probably  is  a  function  of  the  temperature,  y  can  not 

properly  be  removed  from  under  the  integral  sign.  But  as  there  is  no  experi- 
mental or  theoretical  method  of  discovering  the  form  of  this  function,  it  becomes 
necessary  to  assume  an  average  value  for  the  entire  mass  of  solar  matter,  as  indi- 
cated in  the  last  section. 

If  the  Sun  were  a  homogeneous  globe  of  density  <ru  and  temperature  7\ 
corresponding  to  that  of  the  outside  surface,  as  found  by  observation,  and    £x 
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were  the  specific  heat  of  the  homogeneous  fluid,  the  amount  of  heat  stored  up 
in  such  a  globe  would  be 

Accordingly  the  ratio  of  the  amount  of  heat  in  the  actual  heterogeneous  Sun  to 
that  in  the  corresponding  hypothetical  homogeneous  globe  is  found  to  be 

H      3„.      V     l5),V//1\|/-v|F  ra(455) 


0 


where  £0'    is  a  value  such  that  the  product  by  the  integral 


*W*Vd* 


is  rigorously  the  same  as  the  expression 


-w-v^w 


<-m& 


We  found  that   —  =  6.000,  and    x'  =  3.653962;   and  as  limits  of  the  Sun's 
<*\ 

external  temperature  we  took  6000°  C,  and  12000°  C.  respectively.  The  value 
of  the  integral  in  [£],  found  by  the  numerical  evaluation  of  more  than  450 
sensible  terms  in  a  square  of  676  elements,  was  found  to  be 


*-fm, 


-  )x*dx  =  1.438226  . 


The  ratio  ~    is  known  to  be  greater  than  unity,  but  if  we  assume  that  value 
for  the  moment,  and  take  the  surface  density 

<r'  =  0.0001293187  , 

putting  also    T'  =  Tx    we  shall  find  the  ratio 

~  =  596.0387  . 
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If  we  use  the  other  limit  for  the  surface  density 

<t'  -  0.00001293187, 


the  ratio  becomes 


-^-=2770.1004 


Those  numbers  represent  the  ratios  of  the  amounts  of  heat  stored  up  in  the 
actual  heterogeneous  Sun  to  those  contained  in  corresponding  homogeneous 
globes,  under  the  hypotheses  indicated.  Thus  by  varying  the  surface  density 
from  0.1  to  0.01  that  of  atmospheric  air,  the  ratio  increases  from  596.9387  to 
2770.1064;  whence  it  is  clear  that  the  surface"  density  is  an  important  element 
in  determining  the  amount  of  heat  accumulated  in  the  interior  of  the  Sun's  mass. 

If  we  use  the  outside  limits  of  the  surface  temperature,  multiplying  the  smaller 
ratio  by  6000°,  and  the  larger  ratio  by  12000°,  we  shall  find  that  the  heat  stored 
up  in  the  Sun,  on  these  two  hypotheses,  would  elevate  the  mean  temperature 
of  the  corresponding  homogeneous  globes  to 

5151200°  C., 

and  47808450°  C.  respectively. 

Thus  taking  the  ratio  j-  as  unity,  the  amount  of  heat  stored  up  in  the  Sun  would 

raise  a  homogeneous  globe  of  the  same  mass  and  constitution  to  a  temperature 
somewhere  between  these  limits. 

Let  us  now  consider  the  probable  value  of  the  ratio   f-  •     As  the  temperature 

near  the  Sun's  centre  probably  lies  between  10,000,000°  C.  and  100,000,000°  C, 
all  experimental  knowledge  would  lead  us  to  infer  that  the  specific  heat  at  the 
Sun's  centre  is  not  much  inferior  to  that  of  monatomic  Hydrogen,  which  may 
be  taken  at  6.8.  At  the  Sun's  surface,  on  the  other  hand,  the  specific  heat  may 
not  surpass  that  of  water  (1.00),  or  even  water  vapor  (0.4805),  or  carbon  (0.4589). 
Mr.  W.  E.  Wilson's  valuable  researches  seem  to  prove  that  carbon  is  the  chief 
constituent  of  the  photosphere,  but  obviously  its  specific  heat  under  solar  con- 
ditions might  be  larger  than  that  found  in  laboratory  experiments. 

Assuming  that  the  specific  heat  augments  towards  the  Sun's  centre  as  some 

function  of  the  temperature,  it  appears  probable  that  the  ratio   y-  is  not  likely 

to  be  less  than  2,  nor  more  than  6.  If  this  multiplier  were  3  or  4,  the  total  heat 
stored  up  in  the  Sun  on  the  hypothesis  which  assumes  the  minimum  surface  tem- 
perature of  6000°  C,  and   the  maximum  surface  density  of  one-tenth   that  of 
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atmospheric  air,  giving  the  minimum  heat-accumulation,  would  furnish  enough 
heat  to  raise  the  temperature  of  an  equal  mass  of  water  to  a  temperature  of  some 
20,000,000°  C.  This  accumulated  heat  alone  would  supply  radiation  at  the  present 
rate  for  10,000,000  years,  if  the  Sun  did  not  shrink  another  millimetre  during  that 
period. 

On  the  other  hand,  if  the  higher  figures  be  adopted  for  the  surface  tempera- 

ture,  and  the  ratio  ■£■  be  reduced  to  1.0  or  2,  there  will  be  more  than  ample  heat 

to  maintain  radiation  for  10,000,000  years  without  additional  shrinkage. 

It  is  generally  agreed  that  the  Sun  will  continue  to  shrink  until  the  radius 
is  less  than  one-half  of  its  present  dimensions,  which  would  have  the  effect  of 
multiplying  the  mean  density  by  8,  and  doubling  the  total  development  of  heat. 
Instead  of  a  quantity  of  heat  that  would  elevate  an  equal  mass  of  water  about 
40,000,000°  C,  shown  elsewhere  in  this  paper  to  be  the  total  heat  generated  up 
to  the  present  time,  the  Sun's  total  heat-producing  capacity  is  therefore  adequate 
to  raise  an  equal  mass  of  water  through  at  least  80,000,000°  C.  Since  up  to  the 
present  time  only  one-fourth  of  this  supply  has  been  radiated  away  (cf.  §208), 
the  future  duration  of  the  Sun's  activity  will  probably  be  at  least  three  times 
that  of  the  past,  or  not  less  than  30,000,000  years  of  uniform  radiation  at  the  present 
rate.  This  great  prolongation  of  the  Sun's  future  activity  is  not  the  least  interesting 
conclusion  of  astronomical  science,  and  it  ought  to  dispose  once  for  all  of  the  sug- 
gestions occasionally  heard  that  already  the  Sun's  activity  is  beginning  to  wane.* 

§  205.     Potential  of  the  Sun  Upon  Itself,  or  Amount  of  Heat  Produced  by  the 
Condensation  of  the  Sun  Considered  as  a  Sphere  of  Monatomic  Gas. 

As  the  Sun  is  made  up  of  concentric  spherical  layers  of  uniform  density  through- 
out, it  is  sufficient  to  consider  the  action  of  an  enclosed  sphere  upon  its  surface 
layer,  and  then  extend  the  integration  to  the  whole  mass  of  the  Sun. 

The  element  of  the  potential  of  the  enclosed  sphere  of  density  <rx  upon  its 
surface  layers  of  density  <r  is 

4         a-3  16 

3         x  3 

Now  the  mass  of  the  enclosed  sphere 

III     =    ^TTO-jX*    =    47TCT,, 


♦The  calculations  here  given  include  the  effects  of  gravitation  alone;  the  energy  arising  from  radio-active 
forces  probably  would  enormously  prolong  the  period  of  the  sun's  future  activity,  and  the  downpour  of  meteoric 
matter  considered  in  §158  would  tend  in  the  same  direction.     Note  added,  May  17,  1910. 


472  THE    MOMENT    OF    INERTIA    OF   THE    SUN. 


and  a  =^L  =  ^o  /  lx>dx. 


4*-ses        x*  /    <t0 


0 

and  with  this  value  the  above  differential  equation  becomes 


dYT  ■■     iwcrxdx  .  4w<r„/  —  xtdx 

o 


Therefore 

rx'     r 

"a^das.  [o]  (456) 


r„2  /  —  xdx  I  —  x 
J     °>        J     "<> 


The  evaluation  of  the  integrals 


=    /  —  xdx  f  —  a 


C  =  /  —  xda;  /  —x3dx 
J    *>      J    a* 

0  0 

involves  the  calculation  of  a  square  of  625  terms,  of  which  470  are  sensible  in 
units  of  the  sixth  place  of  decimals,  and  the  result  is  U  =  1.725720. 

The  potential  of  a  homogeneous  sphere  upon  itself  considered  by  Helm- 
holtz  (cf.  Phil.  Mag.,  for  1856,  p.  516;  or  the  author's  paper  in  Transactions 
Academy  of  Sciences  of  St.  Louis,  Vol.  X,  No.  1)  is  easily  shown  to  be 

15 

Therefore  the  ratio  of  the  potential  upon  itself  of  the  heterogeneous  sphere  to 
the  homogeneous  sphere  becomes 

Y      15  <r*U      540  U 


V         o?x">  x 


1.430685 


Thus  we  see  that  in  condensing  from  a  state  of  infinite  expansion  to  its  present 
state,  the  Sun,  considered  as  a  sphere  of  monatomic  gas,  has  produced  a  little 
over  forty-three  per  cent,  more  heat  than  the  corresponding  homogeneous  sphere. 

§  206.     The  Moment  of  Inertia  of  the  Sun. 

This  is  one  of  the  most  important  mechanical  constants  of  the  solar  system. 
Heretofore  it  has  remained  uncertain  to  a  considerable  degree,  because  there 
has  been  no  adequate  theory  of  the  Sun's  physical  constitution.    The  methods 
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already  developed,  however,  enable  us  to  derive  the  moment  of  inertia  of  the 
Sun  with  great  accuracy.     The  mass  of  any  spherical  shell  of  density    cr    is 

dm  =  iwcrx'^dx 

and  the  element  of  the  moment  of  inertia  due  to  such  a  shell  is 

dJV  =  -  r2  dm  =  -  ir<rx,dx  . 
o  o 


Therefore  for  the  whole  of  the  Sun's  globe 

:' 

-x*dx.  M   (457) 

o 

For  a  homogeneous  sphere  we  have 

iV,  =  ~Tr<r,  I x*dx  =  T^n(rix'6  ■ 
3      J  15 

0 

Accordingly  the  ratio  of  the  moment  of  inertia  of  the  heterogeneous  to  the  homo- 
geneous sphere  is 

o  o 

(5  5  5  [p]  (458) 

=  6  <   1  -  ^  [9.3979400]  x'2  +  ^  [8.4648868]  x'*  -  ^  [7.3645163]  x'f/ 

+  ^3  [6.1661486]  x'%  -  ^  [4.9002003]  .c'10  +  .  .  .  .  I  ■ 

This  integral  is  easily  evaluated  numerically,  and  the  result  is  found  to  be 

^  =  +  0.506208  .  H  (459) 

Thus  it  follows  that  the  moment  of  inertia  of  a  sphere  of  monatomic  gas  is 
almost  exactly  one-half  that  of  the  corresponding  homogeneous  sphere. 

Laplace's  law  as  applied  to  the  Sun  in  A.N.,  3992,  made  this  ratio  0.6535. 
The  value  there  assigned  for  the  gaseous  theory  by  quadrature  (0.5863)  is  seen 
to  be  too  large  when  the  integration  is  rigorous.  The  accuracy  attained  by  the 
series  used  in  the  integral  of  equation  [/>]  is  such  that  probably  no  uncertainty 
attaches  to  the  fourth  decimal  place  in  the  final  result. 
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If  the  radius  of  inertia  be  denoted  by  i,  then 
for  a  homogeneous  sphere,  and  for  the  monatomie  Sun 


-vF 


i^  =  0.4499814  r 


Thus  it  follows  that  if  the  whole  mass  of  the  Sun,  viewed  as  made  up  of  mona- 
tomie gas,  were  placed  at  a  distance  of  0.45r  from  the  axis,  the  moment  of  inertia 
would  be  the  same  as  that  of  the  actual  Sun. 

These  constants  obviously  apply  also  to  Jupiter  and  Saturn,  Uranus  and 
Neptune,  and  a  multitude  of  fixed  stars  constituting  the  visible  universe. 

§  207.     The  Annual  Shrinkage  and  the  Secular  Equation  of  the  Sun's  Diameter. 

Suppose  the  value  of  the  Sun's  gravity  at  the  surface  be  G,  and  at  any 
point  below  the  surface    G' \    then 


r* 

r* 

47r<r„ 

It* 

dx 

dx 

rx 

G'                  o 

0 

3<ro     J 

'  x'xV,/ 

( « 

G      ' 

M 

4    ovr" 

<*« 

X'2 

3"  x'2 

0 

xa dx  =  ~j/-x\lx  .    [rj  (400) 


In  shrinkage  any  element  of  the  mass  distant  x  from  the  centre  will  be  dis- 
placed by  4,  •  o ,  when  the  surface  displacement  due  to  shrinkage  is  o.  The  work 
will  be 

AW  =  drnng  —  ov  , 

where    G  =  ng,  or    n    is  the  number  of   times  the  solar  gravity  surpasses  ter- 
restrial gravity,  and 

dm.  =  41ro■x2da• . 

Since  we  have 

4 
M  =  -w^x'3, 

the  above  expression  may  be  written 

3  Max*  Ax 


dm  = 


i-" 


a-.x 
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and  the  differential  equation  for  the  work  becomes 


.  „r      3  M  •  n  a  ■  o      a 

d  W  = -X —  .  _  .  x3dx  ■  v  . 


Integrating  we  have 


[»]  (461) 


*-^$n~-&/k*-*^/i**/i* 


0 


o 


where    Mg   is  the  weight  of  the  Sun's  mass  at  the  Earth's  surface  expressed  in 
kilograms.     The  evaluation  of  these  integrals  has  already  given  us 


Therefore 


W 


U  =  1.725720  . 
324m-  Mgo-  U 


The  mechanical  equivalent  of  this  work  is 

324w  Mi)    o-  U ■  A 


W  = 


where    A  =  ¥£?,  the  unit  being  the  metre. 

We  shall  see  later  that  only  50  per  cent,  of  all  the  heat  produced  in  a  sphere 
of  monatomic  gas  is  radiated  away.     Calling  the  radiation    Q  ,  we  have 


W'  _  324-  n-  Mgo  ■  U-  A 


M    (463) 


According  to  recent  researches,  especially  those  of  Langley,  the  amount  of  heat 
annually  lost  by  the  Sun  is  sufficient  to  raise  an  equal  mass  of  water  through 
about  2.00°  C,  so  that    Q  =  2.00  My;    and  we  get      , 


2Msf 


and 


324  «•  My  o-  U  ■  A 

2x's 


1096  a;'6 


4  •  424  •  x"-  = 
324nU     "  324 (27.86554) (1 .725720) 


70.(J02770iii  . 


W   (464) 


Hence  it  follows  that  the  Sun's  annual  shrinkage  on  the  monatomic  theory 
is  only  70.902770m*    ■ 

*  The  shrinkage  originally  found  by  Hklmholtz  for  a  homogeneous  Sun  with  Pouillet's  smaller  radiation 
(1.2.)  instead  of  2.00  used  above),  on  the  hypothesis  that  no  heat  is  stored  up  for  raising  the  temperature,  was 
about  36m.,  or  almost  exactly  one-half  of  that  here  calculated. 
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This  gives  a  daily  shrinkage  of  19.4  cm.,  or  an  hourly  shrinkage  of  about 
8  mm.  In  2000  years  the  shrinkage  would  amount  to  141.8km.,  or  almost  exactly 
*Att  Pai"fc  of  the  Sun's  radius  (139.2196  km).  The  Sun's  angular  diameter  is 
1920".00,  and  thus  the  diminution  on  this  basis  is  as  follows: 


1.92 

in 

10000  years 

0.96 

tt 

5000     " 

0.192 

a 

1000     " 

0.096 

n 

500     " 

0.0192 

a 

100     " 

0.000192   "  1     " 

Thus  the  secular  equation  of  the  Sun's  diameter  becomes 

D  =  1920".00  -  0".000192  (t  -  1900)  .  [»]  (465) 

Assuming  the  precision  of  the  concluded  solar  radiation  this  expression  will 
be  rigorously  exact  for  a  period  of  at  least  1,000,000  years  from  the  present  epoch. 
Such  a  period  would  give  a  shrinkage  of  192",  or  j\  of  the  Sun's  diameter,  which 
could  just  be  perceived  with  the  naked  eye.  Accordingly  if  an  immortal  with 
perfect  vision  and  memory  could  compare  the  Sun's  angular  diameter  now  with 
what  it  was  1,000,000  years  ago,  he  would  find  that  in  the  mean  time  it  has  shrunk 
to  if  of  its  former  value. 

§  208.     Total  Amount  of  Heat  Developed  in  the  Condensation  of  the  Planets 

Rigorously  Determined. 

The  formula  originally  developed  by  Helmholtz  (Phil.  Mag.,  1856,  p.  516) 
for  finding  the  temperature  to  which  an  equal  mass  of  water  would  be  raised 
by  all  the  heat  developed  in  the  condensation  of  the  Sun,  considered  as  homo- 
geneous, namely, 

a     3M    r*    A  {auk 

6=lmz-R-V  (466) 

where  M  is  the  Sun's  mass,  R  its  radius,  r  the  Earth's  mean  radius,  and  nh  the 
Earth's  mass,  A  =  T^T,  the  unit  of  length  being  the  metre,  and  £  the  specific 
heat  of  water  taken  as  unity,  may  be  applied  directly  to  homogeneous  planets 
including  the  Earth  itself.  In  this  case  M  becomes  the  mass  of  the  planet,  or 
of  the  hypothetical  aqueous  globe  of  equivalent  mass,  while  R  is  the  planet's 
actual  radius.  Assuming  the  planets  and  satellites  to  be  homogeneous  we  obtain 
the  results  given  in  the  second  column  of  the  following  table: 
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Table  B.    Total  Heat  of  Condensation  of  Bodies  of  Planetary  System. 


Body 


Temperature 
of  Equal  Mass 
of  Water,  Body 

Supposed 
Homogeneous 


Mercury 

Venus 

Earth 

Mars 

Moon 

Jup.Sat.I 
"      "   II 
"      "   III 
"      "   IV 

Titan 

Jupiter 

Saturn 

Uranus 

Neptune 

Sun 


C 

590.8 
7687.3 
9014.9 
1837.3 
405.2 
328.4 
300.9 
621.4 
177.9 
460.5 
262717 
94733 
39755 
45717 
27452563 


Y 

V 

Heterogeneity 

Factor  for 

Laplace's 

Law 


1.0075 

1.08981 

1.104214 

1.019318 

1.007343 

1.0065 

1.0060 

1.0092 

1.0067 

1.0102 

1.251654 

1.250485 

1.249879 

1.250248 

1.2490604 


6 

Heterogeneous 

According  to 

Laplace's 

Law 


595.3 
8377.7 
9954.4 
1872.8 
408.1 
331.4 
302.7 
627.1 
179.1 
465.2 
328831 
118462 
49689 
57157 
34289908 


e  —  e 

Y 

Effect  of 
Laplacean 
Heterogenei- 
ty on  Equal 
Mass  of 
Water 

V 
Heteroge- 
neity Factor 
forSphereof 
Monatomic 
Gas 

c 

o 

4.5 

690.4 

939.5 

35.5 

2.9 

3.0 

1.8 

5.7 

1.2 

4.7 

66114 

1.430685 

23729 

1.430685 

9934 

1.430685 

11440 

1.430685 

6837345 

1.430685 

9' 

Heterogeneous 

According  to 

Monatomic 

Law 


375865 

135533 

56877 

65406 

39276000 


e'-O 

Effect  of  Mon- 
atomic Heter- 
ogeneity on 
Equal  Mass 
of  Water 


C 


113148 

40800 

17122 

19689 

11823437 


It  will  be  seen  that  on  the  hypothesis  of  homogeneity  the  condensation  of 
the  smaller  planets  and  the  satellites  has  not  produced  sufficient  heat  to  raise 
them  to  high  temperatures,  if  the  specific  heat  of  their  matter  is  at  all  comparable 
to  that  of  water  here  taken  as  the  unit.  Before  considering  what  their  actual 
average  specific  heats  may  be,  we  shall  first  consider  the  effects  of  heterogeneity 
in  augmenting  the  amounts  of  heat  above  computed. 

The  case  of  the  Sun  and  major  planets,  assumed  to  be  essentially  monatomic 
gas,  has  already  been  considered,  and  we  need  therefore  consider  only  the  inner 
planets  and  satellites,  which  have  attained  the  encrusted  state,  and  obey  Laplace's 
law  of  density.  We  have  elsewhere  found  that  the  potential  of  a  heterogeneous 
sphere  upon  itself  is 


16, 


(467) 


To  apply  this  formula  to  planets  in  which  the  density  follows  Laplace's  law, 

we  should  substitute  for  ^  the  expression  required  by  that  law  (cf.  A.N.,  3992), 
namely 

sin(qx) 


qx 


For  a  planet  of  this  type  the  expression  thus  becomes 
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Y _  ,„„.„,.  /^^x<\x  /^^xh]x  =  1^!i/Z(3x)dx/l'mniqx)dz  .    (468) 

oo  oo 

The.  evaluation  of  the  second  integral  is  easily  found  to  be 


/• 


.     ,     .   .         sin  (qx)  —  qx  cos  (ox) 
x  sin  (g.r)  d.T  =  i3— \ ^— 


and  our  expression  thus  reduces  to 


Y  = j —  /   [sin2  Co  a-)  (It  —  cos  (qx)  sin  (ga-)  ga-da]  . 

o 

The  integral  of  the  first  term  is  found  to  be 

qx  —  sin  (ga-)  cos(g.r) 
"29  ' 

and  that  of  the  second 

x  sin2(g.T)       qx  —  sin  (qx)  cos  (qx)  . 
2  +  Tq ' ' 

so  that  the  complete  expression  becomes 

A      2       2 

Y  =     *  *a  (3[qa:  -  sin  (ga:)  cos  (g.r)]  -  2gx  sin2  Cg.r) )  .  (469) 

The  potential  upon  itself  of  a  homogeneous  sphere  was  shown  by  Helmhoi/tz  to  be 

V  =         15        ' 

and  the  ratio  of  the  two  potentials  thus  becomes 

Y  15o- 2 

F  =  4<r,2  (qXy  @  t°-T  -  sin  (9X)  cos  93-]  -  2 ga-  sin2  (ga-) )  .  [«']  (470) 

Using  the  constants  for  the  Earth  given  in  A.N.,  3992,  this  ratio  on  calcula- 
tion proves  to  be 

|r=  1.104214;  (471) 

so  that  the  effect  of  heterogeneity  following  Laplace's  law  is  to  increase  the 
amount  of  heat  developed  by  the  hypothetical  homogeneous  Earth  by  a  little 
over  10  per  cent.     Thus  the  total  heat  developed  by  the  gravitational  shrinkage 
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of  the  Earth  from  a  state  of  infinite  expansion  to  its  present  condition  would  raise 
an  equal  mass  of  water  through  9954.365°  C.  The  effect  of  heterogeneity  is  thus 
small  in  the  case  of  the  Earth,  and  naturally  smaller  still  in  the  case  of  the  other 
interior  planets  and  satellites.  In  fact  it  is  nearly  insensible  except  in  the  case 
of  Venus,  but  in  the  table  we  give  the  results  as  computed  by  the  rigorous  formula 
[a']  for  each  case*. 

In  the  present  state  of  science  it  is  difficult  to  determine  an  appropriate  value 
for  the  specific  heat  of  the  terrestrial  globe  as  a  whole.  Surface  rock  gives  a 
specific  heat  not  far  from  0.2,  while  most  of  the  metals  give  smaller  values  with 
coefficients  increasing  with  the  temperature  (cf.  Prof.  W.  A.  Tilden,  Phil.  Trans. 
Roy.  Society,  1904,  p.  143).  Under  conditions  existing  in  the  Earth  the  average 
specific  heat  would  probably  lie  between  0.3  and  1.0;  perhaps  0.5  would  be  a 
rough  approximation  sufficient  to  afford  us  some  idea  of  the  temperature  to  which 
the  nucleus  of  the  Earth  may  have  been  raised  in  the  condensation  of  the  globe. 
It  thus  appears  improbable  that  the  heat  of  the  Earth  at  any  point  has  ever  much 
exceeded  20,000°  C.  As  the  process  of  condensation  was  very  slow,  the  surface 
layers,  exposed  to  constant  radiation  into  space,  may  never  have  attained  any 
considerable  elevation  of  temperature,  and  it  is  doubtful  if  the  heat  was  ever  such 
as  to  vaporize  the  surface  material  and  cause  the  unclouded  planet  to  appear 
self-luminous. 

Nevertheless,  even  now  the  Earth's  temperature  increases  downward  at  the 
rate  of  about  1°  C.  for  30m.  of  descent,  and,  at  a  depth  of  32km.,  the  effect  of 
this  primordial  heat  alone  would  probably  cause  the  material  to  vaporize  if  the 
pressure  were  relieved  so  as  to  expose  it  directly  to  the  air.  Moreover,  by  con- 
sidering the  amount  of  heat  developed  in  the  crushing  at  the  base  of  a  column 
of  granite  64km.  high  under  its  own  gravity,  it  is  easily  calculated  by  the  mechani- 
cal equivalent  of  heat  with  the  known  specific  heat  of  granite,  taken  at  0.15,  that 
a  temperature  of  1020°  C.  is  produced;  and  this  would  not  only  melt  the  material, 
but  reduce  it  to  a  state  of  naming  vapor.  Hence  it  follows  that  the  matter  of 
the  Earth  at  that  depth  is  fluid,  and  instantly  flows  when  the  pressure  is  relieved. 

Accordingly  it  appears  that  the  Geological  theories  of  the  Earth's  interior 
after  all  have  a  certain  foundation;  and  the  rigidity  of  the  globe,  found  from  the 
tidal  researches  of  Kelvin  and  Darwin  and  long  held  to  prove  the  solidity,  shows 
principally  the  effects  of  pressure  in  imparting  rigidity  to  material  which  is  essen- 
tially fluid  (cf.  A.N.,  3992;  and  also  "  The  Physical  Cause  of  the  Earth's  Rigidity," 

*  In  the  case  of  masses  but  slightly  heterogeneous  this  formula  furnishes  a  very  delicate  criterion  for  tne 
accuracy  of  the  constant  qx.  In  applying  it,  to  Mars  it  was  found  that  the  value  of  qx  given  for  that  planet  in 
A . .V.,  3<»'.t2  is  slightly  erroneous.  The  correct  value  of  qx  for  Mars  is  log  (qx)  =  0.1258042,  qx  =  70°  33'  2G".3. 
This  error  does  not  seem  to  have  vitiated  any  of  the  other  data  given  in  A.N.,  3992. 
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in  Nature,  April  13,  1905).  For  many  years  it  has  been  somewhat  customary 
to  explain  the  rigidity  of  the  Earth  by  an  iron  nucleus  of  great  stiffness,  but  as 
iron  and  steel  lose  all  rigidity  at  high  temperatures,  the  observed  rigidity  of  the 
Earth  must  depend  on  some  cause  other  than  the  nature  of  the  material  com- 
posing the  nucleus;  and  this  can  be  nothing  else  than  the  pressure  acting  through- 
out the  interior,  which  everywhere  produces  strains  for  surpassing  the  strength 
of  any  known  substance.  For  this  reason  the  rigidity  of  the  nucleus  exceeds 
that  of  any  known  material,  but  there  is  no  good  ground  for  thinking  that  the 
Earth  has  such  a  great  preponderance  of  iron  towards  the  centre  as  has  been 
generally  supposed,  the  increase  of  density  being  most  naturally  explained  by 
the  condensation  of  ordinary  matter  under  pressure. 

In  the  case  of  the  Moon  and  other  satellites  the  primordial  heat  is  scarcely 
sufficient  to  produce  fusion  of  rocks,  unless  we  suppose  their  specific  heats  to  be 
very  small;  in  which  case  the  temperature  attained  would  be  proportionally 
higher.  However  rapid  the  development  of  the  Moon  by  gradual  accretion,  it  is 
impossible  to  see  how  the  surface  temperature  can  have  exceeded  the  melting 
point  of  rock,  unless  very  considerable  heat  was  derived  from  the  primitive  con- 
dition of  the  elements,  by  chemical  transformation,  as  in  radio-activity.*  These 
considerations,  in  connection  with  the  insignificant  amounts  of  heat  developed 
in  the  condensation  of  the  other  small  masses,  fix  limits  to  the  assignable  tem- 
peratures of  these  bodies  in  past  ages  which  seem  likely  to  be  useful  in  future 
cosmical  investigations. 

In  the  case  of  the  major  planets  and  the  Sun  heterogeneity  following  La- 
place's law  has  a  much  more  considerable  effect,  increasing  the  total  heat  in  each 
case  about  25  percent,  over  that  of  the  corresponding  homogeneous  globes;  while 
heterogeneity  following  the  law  of  a  monatomic  gas  gives  an  effect  which  is  much 
larger  yet,  or  about  43  per  cent,  over  that  due  to  homogeneity.! 

§  209.     Precise  Evaluation  of  the  Moments  of  Momentum  of  the  Solar  System. 

In  the  theory  of  the  solar  system  certain  mechanical  constants  are  of  high 
importance,  and  as  the  preceding  methods  give  the  moments  of  inertia  of  the 
several  bodies  with  great  accuracy,  it  becomes  advisable  to  determine  also  the 
moments  of  momentum,  upon  which  the  ultimate  constitution  of  the  system  so 
essentially  depends.  If  two  bodies,  such  as  the  Sun  and  a  planet,  with  masses 
M   and   m*  be  revolving  about  their  common  centre  of  inertia  in  an  elliptic  orbit 

*  A8  the  Moon  is  now  shown  to  be  a  captured  body  this  conclusion  is  natural.  It  seems  certain  that  the 
Moon  never  had  a  temperature  that  would  produce  fusion  of  rock,  for  the  reasons  indicated  above. 

t  The  smaller  value  of  about  29  per  cent,  found  in  the  author's  paper  published  by  the  Academy  of  Sciences  of 
St.  Louis  {Transactions,  Vol.  X,  No.  1,  p.  19)  was  due  partly  to  the  method  of  quadrature  there  employed,  but 
more  especially  to  misinterpretation  of  Lane's  result  (similar  to  that  made  by  Loud  Kelvin,  as  already 
pointed  out)  and  also  to  the  inaccuracy  of  Lane's  curves  which  give  too  great  a  density  near  the  surface. 
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with  semi-axis  major   a,-,    eccentricity   eif    and  angular  velocity  ft,-,  the  moment 
of  momentum  of  orbital  motion  becomes 


0<  =  M 


TO(0( 


O.Vl  -  e?  + 


Ma, 


a,Vi  - 


Mm., 


a,Wl  -  ^,2n(.    [/?']  (472) 


\M  +  mj  "' '\M  +  mtJ     '  '       M  +  m, 

Applying  this  formula  to  the  several  planets  by  means  of  the  data  given  in 
the  paper  on  the  invariable  plane  (cf.  A.N.,  3923), we  find  the  results  given  in 
the  accompanying  table.* 

From  the  definitively  adopted  moments  of  inertia  given  in  the  table,  it  is 

easy  to  compare  the  moments  of  momentum  of  axial  rotation  of  the  several  bodies 

by  the  familiar  formula 

C,n,  _  %  ptr?m, 
Ctlh 

where 


Pi 


I  psr32wi3 


[/]   (473) 


given  in  the  table,  and  the  symbols  with  the  subscript  3  denote  the  quantities 
appropriate  to  the  Earth  without  the  Moon  (cf.  A.N.,  3992).  The  results  are 
thus  found  in  units  of  the  Earth's  moment  of  momentum  of  axial  rotation.  As 
the  Sun's  moment  of  momentum  of  axial  rotation  is  directly  compared  to  the 
moments  of  momentum  of  orbital  motion  of  the  several  planets,  it  was  thought 
advisable  to  give  the  ratio  of  moment  of  momentum  of  axial  rotation  to  that  of 
orbital  motion  in  the  case  of  each  planet;  and  also  the  moments  of  momentum 
of  orbital  motion  of  the  satellites  about  the  several  planets,  where  the  masses  of 
the  satellites  are  sensible. 

Table  C.     Moments  of  Inertia  and  of  Momentum  of  the  Planetary  System. f 


Body 

C 

I  Mr* 

(Definitive 

Value) 

log; 
(i  =  Radius 
of  Inertia  in 

km.) 

M.  of  m.  of  Axial 

Rotation,  that  of 

the  Earth  being 

Unity 

M.  of  m.  of  Orbital 

Motion,  that  of  the 

Earth  and  Moon 

being  Unity 

M.  of  m.  of  Orbital 

Motion,  that  of 
Sun's  Axial  Rota- 
tion being  Unity 

Ratio  of  in.  of 

in.  of  Orbital 

Motion  to  that 

of  Axial 

Motion 

Sun 

Mercury 
Venus 
Earth 

Mars 
J ii /titer 
So/urn 
Uranus 
Neptune, 

0.506208 

0.9866 

0.8482 

0.82803 

0.06316 

0.506208 

0.506208 

0.506208 

0.506208 

[5.4958649] 
[3.1353775] 
[3.5499577] 
[3.5642279] 
[3.3199742] 
[4.4948605] 
[4.4138808] 
[3.9774975] 
[3.9885120] 

88886522 

1.0000000 

0.034067 

55711.06 

11125.25 

231.91 

226.49 

19.32832 
0.013463 
0.68507 
1.00000 
0.13076 
714.8170 
289.6105 
63.1958 
93.4060 

1.0000000 

0.00069654 

0.035444 

0.0517385 

0.00676526 

36.98288 

14.98374 
3.26959 
4.83260 

4598770  : 1 

17651760  :  1 

59006  :  1 

119704  : 1 

1253163  :  1 

1897315  :  1 

2  =  88953817.744 

2'=  1182.186913 

2=61.1634542 

*  In  his  celebrated  address  on  the  "Sun's  Heat"  (Popular  Lectures  ami  Addresses,  Vol.  I,  p.  420)  Lohd 
Kelvin*  says:  ''The  moment  of  momentum  of  the  whole  solar  system  is  about  eighteen  times  that  of  the  Sun's 
rotation;  seventeen-eighteenths  of  this  being  Jupiter's  and  one-eighteenth  the  Suns,  the  other  bodies  being  not 
worth  taking  into  account  in  the  reckoning  of  moment  of  momentum."  If  the  Sun  be  taken  as  homogeneous  this 
statement  is  fairly  accurate  as  respects  Jupiter,  but  in  assigning  such  small  importance  to  the  other  major 
planets  the  illustrious  mathematician  was  evidently  misled  by  some  numerical  error. 

t  Since  the  substance  of  this  chapter  was  published  in  A  .N.,  4053,  Lord  Kelvin  has  used  the  data  here  derived, 
in  a  paper  "On  the  Formation  of  Concrete  Matter  from  Atomic  Origins,"  Philosophical  Magazine,  April,  1908, 
p.  407;  also  in  another  paper  on  "The  Problem  of  a  Spherical  Gaseous  Nebula,"  Pmc.  Roy.  Soc.  of  Edinburgh, 
Vol.  XXVIII,  Part  IV,  No.  10,  190K,  and  a  similar  article  in  Nature  of  Feb.  14,  1007.     Note  added  May  21,  1910. 
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Momf.nts  of  Momentum 

of  Satellite  Systems. 

M.  of  m.  of  Satellite's 

Planet 

Satellite 

Distance  in  km. 

Mass  of  Satellite 
(that  of  Planet  being 

Orbital  Motion,  that  of 
Planet's  Axial  Rotation 

Unity) 

being  Unity 

Earth 

Moon 

km 

384418 

1:81.45 

4.S59716 

Mars 

Phobos 

9377 

1 

176583000 

0.000000367 

Deinws 

23475 

1 

594823000 

0.000000261 

Jupiter 

Satellite  V 

180936 

1 

327115000 

0.000000085 

I 

421632 

1 

35322 

0.0012036 

II 

670859 

1 

43048 

0.0012456 

III 

1070067 

1 

12309 

0.005501 

IV 

1882150 

1 

46538 

0.001930 

Saturn 

Ring  System 

103750 

1 

11209 

0.000227 

Mimas 

185465 

1 

13610000 

0.0000017 

Enceladus 

237942 

1 

4000000 

0.00000655 

Tetht/s 

294555 

1 

907600 

0.0000321 

Dione 

377258 

1 

536000 

0.0000615 

Rhea 

526847 

1 

250000 

0.000155S 

Titan 

1221340 

1 

4700 

0.012618 

Hyperion 

1479622 

1 

18800000 

0.0000035 

lapetus 

3559253 

1 

100000 

0.0010124 

Phcebe 

12886600 

1 

18000000 

-0.00001026 

Uranus 

Ariel 

191312 

1 

83058 

0.000817 

Umbriel 

266526 

1 

155830 

0.000514 

Titania 

437174 

1 

36830 

0.002785 

Oberon 

584625 

1 

,41705 

0.002845 

Neptune 

Satellite 

355518 

1 

4114 

0.0295067 

£  210.     Mechanical  Equivalent  of  the  Heat  in  a  Cubic  Metre  of  Solar  Matter,  and 
Mean  Velocity  of  Translation  of  the  Molecules. 

Lane  shows  that  the  so-called  atmospheric  subtangent,  referred  to  the  force 
of  gravity  at  the  Earth's  surface,  or  height  of  column  of  homogeneous  gas  whose 
terrestrial  gravitating  force  would  equal  its  elasticity,  is  given  by  the  expression 


ht  = 


k  -  1  M  r2  x'  /o-V-' 


[16]  (474) 


k      m3  R  fx!  \<r0t 

where  r   is  the  Earth's  mean  radius,  R  that  of  the  Sun,  M  the  Sun's  mass  and 

m-s   that  of  the  Earth.     The  function  (~)      has  already  been  calculated  for  various 

parts  of  the  Sun's  radius,  so  that  the  corresponding  subtangent  is  easily  found. 
The  mechanical  equivalent  of  the  heat  in  a  mass  <r  of  a  cubic  metre  volume 
is  also  shown  to.  be 


^o=  moF^l 


<r   .   ht  , 


[19]  (475) 


where  the  metre  kilogram  is  the  unit. 
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From  Lane's  equation  (20)  it  follows  that  when  the  metre  is  the  unit  of  length 
the  mean  velocity  of  translation  of  the  molecules  is 


V  =  4.4277  Viht  . 


(476) 


The  results  of  these  calculations  are  given  in  the  following  table.  The  enormous 
velocities  of  the  molecules  in  the  Sun  afford  impressive  illustrations  of  the  violence 
of  the  collisions  to  which  they  are  subjected;  and  any  one  can  form  his  own  im- 
pression as  to  the  probability  of  the  dissociation  of  the  atoms  under  such  conditions. 
The  Sun's  radiation  per  minute  on  a  square  metre  of  surface  at  the  mean 
distance  of  the  Earth  has  been  found  by  measurement  to  be  about  27.2  calories, 
or  very  nearly  the  value  reached  by  Forbes  (28.5)  in  1842.  At  the  Sun's  surface 
this  corresponds  to  1,255,675  calories  per  square  metre  per  minute,  equivalent  to 
the  heat  required  to  melt  a  layer  of  ice  15.84  metres  thick  per  minute,  or  532,406,000 
metre  kilograms.  This  enormous  radiation  from  a  single  square  metre  of  the 
Sun's  surface  is  mechanically  capable  of  raising  a  metric  ton  upon  the  Earth's 
surface  each  minute  through  a  vertical  height  of  532.4  kilometres.  With  such 
an  outflow  of  radiant  energy  is  it  any  wonder  that  the  particles  of  the  corona  are 
projected  to  great  heights  and  there  suspended  under  the  pressure  of  the  Sun's 
radiation? 

Table  D.     Mechanical   Equivalent   of  Heat  of  Solar  Matter,  and  Mean  Velocities  of 

Molecules  in  Sun  and  Major  Planets. 


It 

Radius 

Sun 

Jupiter 

Saturn 

Uranus 

Neptune 

log  (Jit)  =  Atmos. 
Subtangent  in 

w0 

Mechanical  Equivalent 

V 
Mean  Mole- 

V 

V 

V 

V 

Metros 

of  Cubic  Metre  of  Gas 
in  Metre  Kilograms 

cular  veloci- 
ty in  km 

1.00 

6.4704292 

95.27 

km 

9.320 

km 

0.912 

km 

0.547 

km 

0.355 

kin 

0.380 

0.99 

7.8947630 

1073589 

48.040 

4.700 

2.822 

1.828 

1.960 

0.9S 

8.1999423 

6219941 

68.264 

6.678 

4.010 

2.598 

2.786 

0.97 

8.3804465 

17681130 

84.032 

8.220 

4.936 

3.198 

3.429 

0.96 

8.5098288 

37051220 

97.530 

9.541 

5.729 

3.711 

3.980 

0.95 

8.6111781 

66355330 

109.601 

10.722 

6.438 

4.171 

4.473 

0.94 

8.6948015 

107382700 

120.677 

11.805 

7.089 

4.592 

4.925 

0.93 

8.7661646 

161935800 

131.010 

12.816 

7.696 

4.985 

5.346 

0.92 

S.S285876 

231952900 

140.772 

13.771 

8.269 

5.357 

5.745 

0.91 

8.8841238 

319330200 

150.067 

14.680 

8.815 

5.711 

6.124 

0.90 

8.9342511 

426148000 

158.983 

15.552 

9.340 

6.050 

6.488 

0.80 

9.2775458 

3074645000 

236.046 

23.093 

13.866 

8.983 

10.808 

0.70 

9.4914861 

10535250000 

301.972 

29.541 

17.739 

11.492 

12.323 

0.60 

9.6478146 

25910024000 

361.519 

35.366 

21.237 

13.758 

14.753 

0.50 

9.7683803 

51865820000 

415.350 

40.632 

24.399 

15.807 

16.950 

0.40 

9.8615928 

8869771500(1 

462.402 

45.235 

27.163 

17.597 

18.870 

0.30 

9.9317302 

132817700000 

501.290 

49.039 

29.447 

19.077 

20.457 

0.20 

9.9808626 

176233000000 

530.463 

51.893 

31.161 

20.187 

21.647 

0.10 

10.0100267 

208447800000 

548.576 

53.665 

32.225 

20.876 

22.387 

0.00 

10.0197017 

220386350000 

554.721 

54.266 

32.586 

21.111 

22.637 

IX  t 
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§  211.     Intei-nal  Conditions  of  the  Major  Planets. 

The  major  planets,  especially  Jupiter  and  Saturn,  are  still  in  an  early  stage 
of  development,  and  obviously  gaseous,  so  that  most  of  the  preceding  results  are 
immediately  applicable  to  their  internal  conditions.  Uranus  and  Neptune  are 
either  mainly  gaseous,  or  have  just  passed  beyond  that  stage,  and  begun  to  con- 
solidate externally;    while  internally  they  still  have  high  temperatures. 

The  gaseous  theory,  with  k  =  1§,  will  therefore  apply  with  moderate  accuracy 

to  all  of  these  bodies.     If  we  consider  an  element  of  the  gas  at  the  centre  of  the 

Sun,  and  another  at  the  centre  of  one  of  the  major  planets,  as  Jupiter,  it  is  evident 

that  whatever  be  the  conditions  so  long  as  the  matter  is  gaseous  the  formulae 

pi-RT  v'v'^RT 

will  hold  true. 

l     1 


Now  we  have 


V 


and  hence  we  get  from  the  last  equations 


L 


VT' 


(477) 


On  the  theory  of  a  monatomic  gas  the  pressures  at  the  centres  of  the  Sun  and 
Jupiter  are  known,  and  thus  we  find  V  =  478,529°  C,  which  is  the  temperature 
at  the  centre  of  Jupiter  on  the  theory  of  a  monatomic  constitution.* 

Applying  the  same  method  to  the  other  major  planets,  we  find  their  central  tem- 
peratures, and  may  then  calculate  the  distribution  of  internal  heat  by  the  formula 


T  =  T 


If. 


(47S) 


The  results  of  these  calculations  are  given  in  the  following  table: 


Table  E.     Pressures  in  the  Major  Planets  Calculated  on  the  Monatomic  Theory. f 


R 
Radius 

1  ^  V3 
logarithm  of  (  —  1 

Jupiter  nt 
in  Atmospheres 

Saturn  m 
in  Atmospheres 

Uranus  ns 
in  Atmospheres 

Neptune  ffi 
in  Atmospheres 

1.00 

0.99 

4.6876531  - 10 

503 

96 

125 

157 

0.98 

5.4506015-10 

2918 

556 

722 

910 

0.97 

5.9018620-10 

8246 

1572 

2040 

2574 

0.96 

6.2253176  - 10 

17367 

330S 

4296 

5420 

0.95 

6.4786910-10 

31124 

5929 

7700 

9713 

0.94 

6.6877495-10 

50368 

9595 

12461 

15719 

0.93 

6.8661574-10 

75957 

14469 

18791 

23705 

0.92 

7.0222149-10 

108799 

20725 

26916 

33954 

0.91 

7.1610551-10 

149784 

28532 

37056 

46745 

0.90 

7.2863735-10 

199886 

38077 

49451 

62381 

0.80 

8.1446101-10 

1442153 

275356 

356787 

450078 

0.70 

8^6794610-10 

4941631 

941337 

1222533 

1542196 

0.60 

9.0702821-10 

12153220 

2315083 

3006640 

3792806 

0.50 

9.3716965-10 

24327970 

4634265 

6018605 

7592330 

0.40 

9.6047276-10 

41604170 

7925235 

10292650 

12983930 

0.30 

9.7800711-10 

62298900 

11867400 

15412410 

194423S0 

0.20 

9.9029024-10 

82663100 

15746600 

20450400 

25797700 

0.10 

9.9758125-10 

97773660 

18625030 

24188660 

30513420 

0.00 

0.0000000 

103373500 

19691755 

25574040 

32261040 

*  In  this  calculation  we  take  the  mean  value  for  the  temperature  at  the  Sun's  centre,  or  T  =  50,000,000°  C. 

t  A  review  of  the  author's  researches  on  the  physical  constitution  of  the  Sun  anil  planets  was  prepared  in  100S 
for  the  Memoirs  of  the  Italian  Spectroscopic  Society  a!  the  request  of  PaonssOB  RlCOO,  of  Catania  (cf.  Memorie 
ililln  Societii  degli  Spettroxmpixti  italiiini,  Vol.  XXXVII,  anno,  KtOS).  Some  improvements  in  the  tables  there 
noted  are  included  here.     Note  added  May  21,  MHO. 
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Table  F.     Tempekatuues  and  Densities  of  the  Major  Planets  Calculated  uy  the 

MONATOMIC    THEOKY. 


It 

Jupiter 

Saturn 

Uranus 

Neptune 

a 

<7 

T 

(T 

<T 

T 

a 

u 

T 

a 

a 

T 

Water=l 

Air=l 

Water  =  1 

Air=l 

Water  =  1 

.  Air=l 

Water  =1 

Air  =  l 

c 

O 

C 

O 

C 

O 

C 

o 

1.00 

0.0000121 

0.00937 

62.7 

0.0000064 

0.00493 

22.7 

0.0000199 

0.01538 

0.0000218 

0.01684 

0.99 

0.005261 

4.0683 

3589* 

0.002767 

2.2396 

1300 

0.0086126 

6.6600 

543 

0.009431 

7.2928 

625 

0.98  |0.015095 

11.673 

7247 

0.007939 

6.1391 

2626 

0.024712 

19.109 

1096 

0.027060 

20.925 

1263 

0.97 

0.028158 

21.774 

10981 

0.014809 

11.451 

3979 

0.046096 

35.640 

1661 

0.050476 

39.032 

1913 

0.96 

0.044023 

34.042 

14792 

0.023153 

17.903 

5360 

0.072067 

55.728 

2237 

0.078915 

61.023 

2577 

0.95 

0.062474 

48.310 

18680 

0.032S57 

25.407 

6769 

0.10227 

79.085 

2825 

0.111990 

86.600 

3255 

0.94 

0.083394 

64.487 

22647 

0.04386 

33.915 

8206 

0.13652 

105.57 

3425 

0.14949 

115.60 

3946 

0.93 

0.106704 

82.512 

26691 

0.056118 

43.395 

9672 

0.174678 

135.08 

4037 

0.19128 

147.91 

4651 

0.92 

0.132378 

102.37 

30817 

0.069620 

53.836 

11167 

0.21671 

167.57 

4661 

0.23730 

183.50 

5370 

0.91 

0.160368 

124.01 

35021 

0.084342 

65.220 

12690 

0.26253 

203.01 

5297 

0.28746 

222.31 

6103 

0.90 

0.19068 

147.45 

39306 

0.10028 

77.548 

14243 

0.31215 

241.38 

5945 

0.34181 

264.32 

6849 

.0.80 

0.624 

86647 

0.328 

31398 

1.02167 

13105 

1.11875 

15098 

0.70 

1.307 

141805 

0.687 

51386 

2.1390 

21448 

2.3423 

24710 

0.60 

2.242 

203245 

1.179 

73650 

3.670 

30741 

4.0192 

35334 

0.50 

3.400 

268279 

1.788 

97216 

5.566 

40576 

0.095 

46748 

0.40 

4.692 

332506 

2.467 

120490 

7.680 

50291 

8.410 

57940 

0.30 

5.978 

390784 

3.144 

141608 

9.786 

59105 

10.715 

68095 

0.20 

7.083 

437592 

3.725 

158569 

11.595 

66185 

12.697 

76251 

0.10 

7.834 

467986 

4.120 

169584 

12.824 

70782 

14.043 

81548 

0.00 

8.100 

478529 

4.260 

173404 

13.260 

72343 

14.519 

83193 

It  will  be  seen  that  the  pressures  throughout  the  interior  of  the  major  planets 
are  several  times  larger  on  the  theory  of  a  monatomic  gas  than  they  were  on  La- 
place's law  (Table  II,  §198).  The  temperatures  follow  from  the  pressures  and 
densities,  and  are  such  as  to  appear  highly  probable.  On  the  gaseous  theory, 
with  k  =  1.41,  the  central  densities  of  Jupiter,  Saturn,  Uranus  and  Neptune  would 
be  31.05,  16.33,  50.83,  55.66,  respectively.  Laplace's  law  as  treated  in  A.N., 
3992,  gave  4.444,  2.336,  7.270,  7.962.  The  values  resulting  from  theory  of  a  mona- 
tomic gas,  namely,  8.10,  4.26,  13.26,  14.52,  seems  therefore  inherently  probable, 
since  the  true  density  will  certainly  lie  between  the  values  given  by  Laplace's 
law  on  the  one  hand,  and  the  gaseous  theory,  with  k  =  1.41,  on  the  other.  If  it 
be  imagined  that  Uranus  and  Neptune  are  too  dense  to  admit  of  the  application! 
of  the  gaseous  theory,  with  k  =  1§,  it  may  yet  be  supposed  that  the  results  de- 
duced on  this  basis  will  give  a  close  approximation  to  the  truth,  and  are  sufficient 
for  all  purposes  in  the  present  state  of  science. 

The  densities,  pressures  and  temperatures  of  these  bodies  are  illustrated  by  the 
curves  in  Plate  XXVII,  in  which  the  density  curves  resulting  from  Laplace's  law 

*  Such  a  high  temperature  only  694  km.  below  the  surface  supports  the  view  that  the  Great  Red  Spot  and  other 
reddish  colored  markings  seen  on  Jupiter  furnish  indications  of  the  planet's  internal  heat.  If  the  clouds  were  largely 
dissolved  over  such  areas,  the  internal  glow  might  show  through  the  semi-transparent  atmosphere.  Layers  with  cor- 
responding temperatures  in  Saturn  are  much  more  deep  seated.  This  accords  well  with  the  eruptive  phenom- 
ena noted  on  the  two  planets,  disturbances  in  the  interior  of  Saturn  seldom  reaching  the  surface,  while  in 
Jupiter  they  are  continually  producing  conspicuous  external  effects. 

t  Circulation  must  be  greatly  impeded  when  the  density  is  so  large,  as  in  Uranus  and  Neptune,  but  the 
internal  distribution  of  density  and  temperature  probably  would  undergo  but  little  change  on  this  account. 
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are  indicated  by  the  pointed  lines.  The  surface  temperatures  calculated  in  the 
above  table  for  the  major  planets  are  seen  to  be  quite  small,  so  that  the  surfaces 
of  the  planets  under  these  conditions  would  probably  be  frozen  solid,  whereas  they 
all. appear  to  be  gaseous.  We  have  already  pointed  out  that  a  discontinuity  would 
arise  in  the  outer  layers,  where  the  gas  ceases  to  be  monatomic,  by  the  develop- 
ment of  compound  molecules;  and  we  have  shown  that  in  such  compound  gas 
the  temperature  near  the  surface  would  fall  much  less  rapidly  than  in  monatomic 
gas.  It  thus  appears  probable  that  the  law  of  monatomic  gas  holds  up  to  within 
less  than  a  tenth  of  the  radius  of  the  surface,  after  which  compounds  develop ;  and 
the  result  is  surface  temperatures  probably  lying  between  300°  and  800°  C.  absolute. 
These  limits  cannot  be  fixed  very  accurately,  and  we  can  only  be  sure  that  the 
surface  is  neither  frozen  nor  self-luminous;  but  observation  may  sometimes  throw 
additional  light  upon  this  subject. 

Apparently  the  only  escape  from  these  conclusions  is  to  overthrow  the  premises 
on  which  they  are  based.  Some  have  attempted  to  do  this  by  claiming  that  the 
Sun  is  not  gaseous  throughout  its  mass.  But  as  the  photosphere  is  wholly  gaseous 
in  all  the  parts  exposed  to  our  view,  and  the  temperature  is  shown  to  increase 
with  enormous  rapidity  as  we  descend  into  the  Sun's  globe,  it  seems  to  be  impossible 
to  avoid  the  conclusion  that  the  mass  is  purely  gaseous  throughout.  Because  the 
gases  obey  the  laws  of  Boyle  and  Gay-Lussac  only  within  narrow  ranges  of 
temperature  and  pressure  under  the  feeble  forces  available  in  laboratory  experi- 
ments, it  is  held  that  a  similar  deviation  from  these  laws  would  develop  in  the 
mass  of  the  Sun.  If  the  temperature  of  millions  of  degrees  reduces  every  element 
to  the  monatomic  state,  it  would  seem  that  the  great  pressure  ought  to  secure  a 
very  perfect  working  of  the  gaseous  laws,  except  perhaps  as  respects  rapid  and 
perfect  circulation  which  would  be  somewhat  hindered  by  the  great  pressure 
acting  throughout  the  interior  of  the  mass.  The  heat  is  so  great  that  there  can 
be  no  possible  liquefaction  or  solidification,  so  that  purely  gaseous  matter  must 
make  up  the  whole  body  of  the  Sun,  and  it  would  seem  that  the  density  should 
follow  the  law  for  a  monatomic  gas. 

In  the  same  way  the  gaseous  constitution  of  Jupiter  and  Saturn  seems  natural 
and  inevitable.  Following  ancient  traditions  long  since  abandoned  some  persons 
have  supposed  that  the  great  planets  were  formerly  hot  and  are  now  cooling  down.* 
To  show  the  untenability  of  this  view  we  shall  consider  the  present  state  of  Jupiter 
and  Saturn. 

*  Professor  Poynting  is  led  in  this  way  to  suggest  that  Saturn's  rings  may  have  arisen  from  particles  driven 
away  by  the  pressure  of  the  planet's  radiation  when  the  temperature  was  higher  than  at  present.  The  fatal 
objection  to  such  a  view  is  that  nearly  all  the  heat  is  developed  at  a  late  stage  of  the  contraction,  when  the  force  of 
gravity  is  large;   and  thus  Saturn's  maximum  heat  lies  in  the  future,  not  in  the  past. 
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(1)  Let  us  first,  suppose  that  Saturn  has  passed  its  maximum  temperature 
long  ago  and  that  cooling  is  well  advanced.  Then  as  Jupiter  is  already  about 
twice  as  dense  as  Saturn,  it  must  have  passed  its  maximum  temperature  still 
further,  and  be  still  further  advanced  in  its  cooling.  The  planet  which  is  hottest 
will  evidently  exhibit  it  externally  by  markings  denoting  ebullition  from  within. 
Now  it  appears  by  observation  that  Jupiter  exhibits  vast  multitudes  of  spots 
constantly  changing  their  appearances,  while  Saturn  scarcely  exhibits  a  spot  once 
in  a  quarter  of  a  century.  Thus  Saturn  is  almost  altogether  quiescent,  while 
Jupiter  is  violently  agitated  from  within,  indicating  enormous  internal  heat.  The 
facts  do  not  therefore  accord  with  our  first  hypothesis. 

(2)  Let  us  next  assume  that  both  planets  are  rising  in  temperature,  and 
that  Jupiter  is  the  most  advanced  in  its  development.  Then  Jupiter  should  be 
most  agitated  from  within,  while  Saturn  should  exhibit  a  quiescent  disc,  which 
has  not  yet  begun  its  ebullition,  if  we  may  use  that  concise  expression.  This  accords 
well  with  the  facts  of  observation,  and  appears  to  be  the  true  hypothesis.  If  we 
observe  two  kettles  on  a  fire,  one  violently  bubbling,  while  the  other  scarcely 
simmers,  we  conclude  that  the  former  is  the  hotter,  just  as  in  the  case  of  Jupiter 
and  Saturn. 

It  would  seem  that  the  only  alternative  to  this  conclusion  is  to  hold  that  as 
Jupiter  is  much  larger  than  Saturn  it  became  much  more  violently  heated,  when 
at  its  maximum  temperature;  and  although  both  are  cooling,  Saturn  has  already 
cooled  more  than  Jupiter.  Any  one  can  judge  for  himself  which  of  these  supposi- 
tions is  likely  to  be  correct.  According  to  the  monatomic  law  each  mass  still 
retains  one  half  of  its  primordial  heat;  and  this  inference  accords  well  with  known 
facts,  and  with  the  analogies  which  follow  from  the  theory  of  the  Sun. 

§  212.     On  the  Theoretical  Accumulation  of  Heat  and  the  Rise  of  Temperature  in 

the  Sun  arul  Stars. 

While  it  has  long  been  recognized  that  condensing  masses  rise  in  temperature 
and  afterwards  cool  down,  when  a  considerable  average  density  has  been  attained, 
the  accumulation  of  heat  within  the  Sun  and  stars  appear  to  have  been  regarded 
as  arbitrary  and  indeterminate,  rather  than  as  following  exact  laws,  which  would 
enable  the  investigator  to  determine  from  the  known  conditions  the  percentage 
of  energy  radiated  away  to  that  stored  up  in  the  mass  for  raising  the  temperature. 
At  least  if  such  views  recognizing  definite  laws  of  heat-accumulation  are  current, 
they  find  little  or  no  expression  in  contemporaneous  scientific  literature.  It  seems 
appropriate  therefore  to  consider  in  some  detail  the  relations  which  Ritter  has 
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shown  to  exist  between  the  heat  out-put  and  work  of  gravitation,  and  to  give 
an  extension  of  his  work  which  seems  likely  to  accord  more  closely  with  the  actual 
conditions  of  the  Sun  and  stars. 

It  will  be  proved,  for  example,  that  all  stare  which  are  still  in  the  state  of 
mo'natomic  gas  have  50%  +  y  (where  y  is  probably  less  than  10%)  of  all  the  heat 
developed  in  their  condensation  from  eternity  still  stored  up  in  their  globes.  It 
is  this  accumulation  of  heat  which  gives  luminosity  to  the  visible  universe;  and 
the  brilliant  light  of  the  stare  is  the  best  proof  of  the  generality  of  the  law.  More- 
over, it  will  be  shown  not  only  that  the  temperature  rises  steadily  according  to 
the  law 

T  =  |  (479) 

(cf.  A.N.,  3586;  A.  ./.,  455;  Transactions  of  the  Academy  of  Sciences  of  St.  Louis, 
Vol.  X,  No.  1),  for  a  gaseous  star,  but  also  that  a  fall  in  temperature  can- 
not take  place  until  the  work  of  gravitation  is  so  resisted  by  molecular  repulsion 
that  the  radiation  exceeds  its  usual  intensity  by  more  than  100  per  cent.,  and  thus 
neutralizes  the  ordinary  accumulation  of  heat,  and  permits  the  beginning  of  secular 
cooling.* 

But  as  cooling  is  accompanied  by  contraction  producing  more  heat,  and  a 
vast  amount  of  heat  is  produced  for  a  small  shrinkage  when  the  mass  is  much 
condensed,  owing  to  the  intensity  of  gravity  at  that  stage  of  contraction,  actual 
cooling  must  come  about  with  extreme  slowness.  Encrustation  probably  arises 
from  the  impeded  circulation  due  to  the  increase  of  density  and  pressure  as  the 
mass  passes  into  the  last  stages  of  contraction. 

The  conditions  thus  required  for  the  fall  of  temperature  would  imply  that 
the  cooling  mass  has  long  passed  the  gaseous  stage;  and  as  the  stare  in  the  main 
are  gaseous,  there  would  seem  to  be  a  strong  probability  that  most  of  these  bodies 
are  rising  in  temperature. f  Mr.  W.  E.  Wilson  has  recently  pointed  out,  in 
the  learned  and  original  paper  (cf.  Monthly  Notices,  Roy.  Astron.  Soc,  Jan.,  1905) 
some  excellent  reasons  for  thinking  that  but  very  few  stare  are  at  the  highest 
temperature,  so  that  conclusions  on  this  point  must  be  drawn  with  great  care. 

*  Will  any  one  believe  that  the  inactive  radiation  of  Jupiter  and  Saturn  exceeds  the  work  of  gravitation 
upon  their  masses  by  more  than  100  per  cent.? 

t  If  we  suppose,  in  accordance  with  Stefan's  law,  that  the  radiation  is  proportional  to  the  fourth  power  of 
the  absolute  temperature,  which  is  itself  inversely  as  the  radius,  and  remember  that  the  radiation  is  also  pro- 
portional to  the  area  of  the  Sun's  disc;   we  shall  have  for  the  radiations  <2„  and  Q  at  the  epochs  t0  and  I 

Q__r±      [o*      r£ 

Thus  the  warming  power  of  the  Sun  increases  from  age  to  age  in  the  inverse  ratio  of  the  square  of  its  diameter,  so 
long  as  the  mass  is  gaseous;  and  this  rise  in  the  radiation  seems  to  indicate  that  the  Sun  gave  less  heat  in  past  ages, 
and  not  more,  as  concluded  in  A.J.,  455,  from  Newton's  law  of  cooling. 
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Ritter  has  given  two  independent  proofs  of  the  accumulation  of  heat  in 
the  stars,  both  of  which,  according  to  the  recognized  laws  of  Thermodynamics, 
we  find  to  be  entirely  rigorous.  The  first  is  based  upon  familiar  thermodynamical 
methods,  and  leads  to  the  following  equation  between  the  heat-output  and  the 
work  of  gravitation: 

k  -  € 


w 


k-i 


[*']  (480) 


where  e  is  the  exponent  f ,  as  in  the  adiabatic  formula  p  v4/a  =  C.  If  in  the 
expression  [8']  we  put  with  Ritter  k  =  1.41,  the  ratio  turns  out  0.187;  so 
that  a  body  made  up  of  gases  such  as  Hydrogen,  Oxygen,  Nitrogen,  and  common 
air,  would  radiate  only  18.7  per  cent,  of  its  heat,  while  81.3  per  cent,  would  go  to 
raising  the  temperature.     If  however  the  gas  be  monatomic,    k  =  1§,  the  ratio 


9. 

Yv 


=  0.500 


so  that  exactly  one-half  of  the  energy  is  radiated  away,  and  the  other  half  goes 
to  elevating  the  temperature. 

On  account  of  the  importance  of  the  above  theorem,  it  seems  desirable  to 
give  a  generalized  proof  from  another  point  of  view.  The  work  done  on  a  unit 
mass  in  falling  from  infinity  to  the  surface  of  the  Earth,  of  mass  m3  and  radius  r,  is 


W  = 


.,  dr  —  —  > 
r1  r 


which  is  the  ordinary  expression  for  the  potential.     This  gives  the  relation 


W 

r 


m3 


and  for  the  whole  Earth  the  work  done  would  be 


W  =  m3gr  ; 


0']  (4S1) 


so  that  if  gravity  were  constant  over  an  interval  equal  to  the  radius,  the  work 
on  the  mass  m,  from  infinity  would  be  equal  to  rrh  .  g  .  r,  or  the  work  done  on 
the  mass  in  falling  through  a  space  equal  to  the  radius. 

In  descending  within  the  Earth,  the  concentric  layers  exert  no  attraction  on 
masses  within;  and  to  get  the  total  potential  of  the  Earth  upon  itself  we  have 
only  to  integrate  the  expression 
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•p  =  r 

Y-iAMgp  , 

p=0 


where  p  is  the  distance  from  the  centre. 
But  dM  =  4tt p2 a dp,  and  hence 


r 


»|0=r 

Y=  <tw/  affp^p  .  [y]  (483) 

10=0 


Now  a  =  <p  (p),   and  the  relation  of  g  to  />  within  the  sphere  is  known,  and 
the  law  of  the  pressure  due  to  any  element  is  obviously 

dp  =  -  a;/ da;  [0']  (484) 

so  that  we  get 


'•/' 


F-  -  4w/P*c\p.  [t']  (485) 

Integrating  by  parts  with  respect  to  the  two  variables,  observing  that  at 
the  surface    p  —  0,  and  at  the  centre  p  =  0,  we  find 

F-  -  4, }  [/pj"l  Z  I ppWp  >  =  12*/pP'dp  .  [*']  (486) 


(0=0  (0=0 


The  internal  heat  which  the  sphere  of  gas  would  possess,  expressed  in  metre 
kilograms  may  be  calculated  from  the  equation 


V=r 


U  =  \   IdMg  T  -  1^  /  ag  Tf&p ,  [A']  (487) 

(0=0 

in  which  T  is  the  absolute  temperature  at  the  distance   p   from  the  centre.     By 

1  p 

the  laws  of  Boyle  and  Gay-Lussac,  pv  =  RT ,  v  =  — ,    so  that  we  have '  <rgT=L  ; 

ug  K 

and 

i-T&I ****'  O']  (488) 

(0=0 

But  by  the  mechanical  theory  of  heat 
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AR=cp-cv=(k-  IK, 


and  hence 


p=r 


u 


["']   (489) 


i»=i> 


Dividing  equation  [*']  by  this  expression,  we  have  the  relation 

Y 


U 


-3(4-1) 


ffl   (490) 


When    k  =  1§,    as  in  a  monatomic  gas,  and    k  =  1.41,  as  in  common  air, 
respectively,  this  gives 


i 


U 


Y      3  (k  -  1) 


(  0.500,  it=l 
I  0.S13,  fc=l 


.41 


[»']  (491) 


It  follows  therefore  that  the  internal  heat  possessed  by  the  sphere  of  mona- 
tomic gas  which  has  condensed  under  gravity  is  exactly  one-half  of  the  potential 
of  the  sphere  upon  itself,  or  of  the  total  heat  developed  from  eternity.*  If  the 
gas  be  of  such  a  nature  that  k  =  1.41,  as  in  common  air,  the  ratio  rises  to  81.3 
per  cent,  of  the  potential  of  the  sphere  upon  itself.  If  a  body  in  its  early  stages 
of  condensation  were  made  up  of  ordinary  gases,  k  =  1.41,  and  in  its  later  stages 
of  high  temperature  the  gases  should  become  monatomic,  through  dissociation, 
it  would  follow  that  in  the  earlier  stages,  over  a  considerable  period,  more  than 
one-half  of  the  energy  of  condensation  would  be  stored  up,  while  in  the  later  stages 
exactly  one-half  of  the  energy  would  be  conserved;  so  that  at  a  later  period  the 
total  energy  stored  up  in  the  condensing  mass  would  be 


-  0.500  +  /  =  0.500  +  0.313  7 


Ti 


r,  -  r, 


M  (492) 


where  Th  denotes  the  epoch  at  which  the  mass  began  as  a  compound  gas,  and 
T%  that  at  which  it  finally  became  a  monatomic  gas  through  dissociation,  and 
Tp  the  present  epoch.  If  for  considerable  periods  the  mass  were  made  up  of 
compound  and  monatomic  gases  combined,  average  effects  would  have  to  be 
taken;  and  the  value  of  •/  may  be  judged  by  the  relation  between  t  =  Tv  —  7\; 
the  whole  gaseous  period,  both  compound  and  monatomic,  and  t„  =  T2  —  Tx, 
the  period  of  the  compound  gas  alone.     For  large  masses    t0    would  appear  to 

IS 

*  The  formula    T  =  jz    exhibits  the  rise  of  temperature  due  to  condensation,  but  does  not  show  the  relation 
between  the  energy  radiated  away  and  that  stored  up. 
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be  small  in  comparison  with  r,   while  for  small  masses  the  reverse  probably  would 
be  true.* 

Concluding  Considerations  on  Cosmical  Evolution. 

It  only  remains  to  call  attention  to  what  appeal's  to  be  the  order  of  develop- 
ment of  planetary  density,  as  exemplified  in  the  laws  found  to  hold  for  some  of 
the  individual  planets.  On  the  usual  hypothesis  that  bodies  condense  from 
nebulae,  it  will  be  seen  that  when  made  up  of  compound  gases  such  as  Air,  Oxygen, 
Nitrogen,  Hydrogen,  the  central  density  is  about  twenty-three  times  the  mean. 
As  the  mass  develops  high  temperature  by  condensation  under  gravity,  the  outer 
parts  of  the  shrinking  nebula  become  relatively  denser,  and  when  at  length  the 
gas  is  reduced  to  the  monatomic  condition,  the  central  density  is  only  six  times 
the  mean  density.  The  body  continues  to  follow  this  law  till  the  mean  density 
is  considerable,  and  the  temperature  begins  to  fall,  as  contraction  gradually  ceases, 
owing  to  the  increase  of  molecular  resistance.  The  density  thenceforth  appears 
to  adapt  itself  to  the  form  of  curve  given  by  Laplace's  law  in  the  case  of  the 
Earth  (cf.  A.N.,  3992).  This  last  change  is  effected  chiefly  by  the  increase  of 
the  surface  density,  as  the  process  of  encrustation  advances. 

If  in  accordance  with  these  views  the  heavenly  bodies  develop  from  nebulaef 
made  up  at  first  of  compound  gases,  afterwards  becoming  monatomic  when  high 
temperature  develops,  it  follows  that  condensing  masses  are  always  heterogeneous 
to  a  very  considerable  degree.  The  condensation  of  the  matter  towards  the  centre 
is  diminished  by  the  high  temperature  developed,  when  the  mass  becomes  mona- 
tomic, but  the  central  density  still  remains  six  times  the  mean. 

This  seems  to  indicate  that  the  figures  of  equilibrium  of  rotating  masses  of 
fluid  investigated  by  Darwin  and  Poincare  on  the  hypothesis  of  homogeneity 
would  give  only  a  rough  approximation  to  the  conditions  arising  in  nature.  Yet 
if  the  condensing  masses  are  monatomic  through  most  of  their  life-history,  the 
hypothesis  of  homogeneity  is  much  more  accurate  than  it  would  be  if  the  masses 
were  made  up  of  compound  gases,  such  that  the  central  density  is  twenty-three 

*  In  §  204  we  have  effected  a  rigorous  integration  of  the  total  amount  of  heat  stored  up  in  the  Sun's 
globe;  and  on  what  appears  to  be  the  most  probable  hypothesis  that  could  be  adopted,  have  found  that  it  actually 
exceeds  one-half  of  all  the  heat  developed  in  the  condensation  of  the  Sun  from  eternity.  Accordingly  the  proof  of 
the  theoretical  law  of  heat  accumulation  within  the  Sun  and  stars  is  supplemented  by  a  concrete  illustration  of  its 
practical  operation,  obtained  through  the  integration  of  the  amount  of  neat  actually  stored  up  in  the  Sun's  mass, 
and  thus  made  available  for  radiation  through  future  ages. 

When  we  contemplate  the  myriads  of  stars  which  stud  our  firmament  it  would  seem  natural  to  expect  that 
various  stages  of  development  would  be  represented;  yet  as  nearly  all  arc  shown  by  their  spectra  to  be  of  the  Sirian 
and  Solar  types,  and  thus  gaseous  masses  at  enormous  temperatures,  the  law  that  the  heat  within  their  flaming 
globes  is  50  per  cent,  -f  y  of  all  the  energy  developed  in  their  condensation  from  eternity  would  seem  to  be  valid  for 
the  great  multitude  of  stars  composing  the  sidereal  universe. 

t  The  nebulae  are  only  partially  gaseous,  being  largely  made  up  of  solid  non-luminous  matter,  of  such  vast 
extent  and  extreme  tenuity  as  to  be  devoid  of  hydrostatic  pressure.     Note  added  May  21,  1910. 
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times  the  mean,  as  has  been  assumed  by  Lane,  Kelvin,  Ritter,  Perry,  and 
other  previous  investigators. 

The  present  inquiry  therefore  is  not  without  interest  in  connection  with 
the  dynamical  investigations  attempted  by  Darwin  and  Poincare,  but  it 
indicates  how  far  we  are  from  a  complete  solution  of  the  problems  of  stellar 
evolution. 

In  general  the  lines  of  thought  carried  out  in  this  chapter  are  based  very  largely 
upon  the  analogies  of  nature  as  made  known  by  the  experiments  of  the  past  two 
centuries.  Under  the  very  narrow  ranges  of  temperature  hitherto  accessible  to 
the  experimenter  in  the  laboratory  this  seems  at  present  the  only  course  open  to 
the  investigator.  For  the  specific  heats  and  other  properties  of  gases  become 
difficult  to  determine  when  the  temperature  is  very  high,  on  account  of  the  ex- 
pansion of  the  cubical  contents  of  the  containing  apparatus,  and  other  obstacles, 
such  as  leakage,  absorption  and  occlusion,  and  lastly  the  difficulty  of  measuring 
high  temperatures  with  great  accuracy. 

The  analogies  used,  however,  seem  to  be  of  the  utmost  generality,  and  it  is 
scarcely  conceivable  that  they  can  fail  to  point  the  way  to  truth.  On  this  point 
Sir  Isaac  Newton  lays  down  the  rule  that  we  are  not  to  "  recede  from  the  analo- 
gies of  nature,  which  uses  to  be  simple  and  always  consonant  to  itself  "  (Principia, 
Lib.,  Ill,  Reg.  Phil.  III). 

The  problem  under  consideration  has  been  described  as  a  branch  of  Trans- 
cendental Physics,  in  which  for  the  present  judgment  and  sound  analogies  rather 
than  actual  experiments  must  be  our  chief  guides.  Laboratory  experiments 
extending  our  knowledge  along  some  of  the  lines  here  suggested  is  an  urgent 
desideratum  of  science.  Perhaps  in  no  other  way  could  the  importance  of  such 
researches  be  so  forcibly  impressed  upon  the  investigator  as  by  a  realization  of 
the  deficiency  of  our  knowledge  of  the  state  of  the  gases  in  the  Sun. 

If  when  Lane  wrote,  forty-one  years  ago,  not  one  single  monatomic  gas  was 
known,  yet  he  ventured  to  consider  this  possible  theory,  and  in  the  mean  time 
six  such  gases  have  been  discovered,  or  on  the  average  one  for  every  seven  years 
that  have  elapsed,  one  need  not  be  without  hope  of  future  discovery  along  similar 
lines;  nor  will  the  effort  here  put  forth  be  considered  premature  except  by  those 
who  are  without  hope  of  winning  truth. 

It  is  difficult  to  account  for  the  fact  that  few  other  writers  have  touched  upon 
the  monatomic  theory  since  Lane's  paper  was  prepared  in  1869.  This  theory 
is  the  only  one  admitting  of  definite  mathematical  treatment,  for  it  makes  k  exactly 
1§,  and  thus  defines  the  internal  laws  of  the  Sun  with  all  the  rigor  of  mathematical 
analysis.     Among  the  other  possible  values  of  k  it  is  difficult  to  assign  preference 
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to  any  one  value  over  another;  and  as  the  smaller  values  are  known  from  experi- 
ments to  he  inadmissible,  owing  to  dissociation  at  comparatively  low  temperatures, 
1§  is  the  only  value  which  can  be  logically  adopted  for  the  conditions  existing  in 
the  Sun. 

•  Since  the  results  deduced  upon  this  theory  accord  with  Lord  Kelvin's  pre- 
diction regarding  the  central  density,  by  fixing  its  value  in  the  region  heretofore 
considered  inherently  probable  on  general  grounds,  between  the  limits  set  by 
Laplace's  law  on  the  one  hand  and  by  the  gaseous  theory  with  &  =  1.41  on 
the  other  (cf.  A.N.,  3992),  while  at  the  same  time  such  a  distribution  of  density 
incontestably  follows  from  the  dissociative  effects  of  the  enormous  temperatures 
known  to  exist  in  the  Sun's  globe,  it  seems  that  the  monatomic  theory  should 
commend  itself  to  investigators  as  representing  the  Sun's  actual  constitution. 

Concluding  Remarks  on  the  Dissociation  of  the  Elements. 

Since  this  chapter  was  finished  June  3,  1905,  the  doctrine  of  the  dissocia- 
tion of  bodies  and  the  transmutation  of  the  elements  has  been  strengthened  by 
the  penetrating  presidential  address  of  Professor  G.  H.  Darwin  to  the  British 
Association  for  the  Advancement  of  Science  at  Cape  Town,  Aug.  15,  and  by 
important  experiments  at  Cambridge,  reported  by  Mr.  R.  J.  Strutt  in  a  letter 
to  the  editor  of  Nature,  of  Aug.  17,  1905.  Mr.  Strutt  points  out  that  it  is  now 
proved  experimentally  that  Radium  is  evolved  from  Uranium.  As  Sir  Wm. 
Ramsay  found  Helium  to  be  evolved  from  Radium,  we  seem  to  have  at  least 
three  elements  showing  the  property  of  transmutation,  Uranium  passing  into 
Radium,  and  Radium  eventually  evolving  Helium.  Professor  Darwin's  ad- 
dress at  Cape  Town  dealt  with  the  general  problem  of  the  stability  of  matter,  and 
the  significance  of  Thomson's  remarkable  electronic  researches  at  Cambridge 
(cf.  Nature,  Aug.  17,  1905). 

During  the  past  few  years  the  subject  of  the  transmutation  of  the  elements 
has  engaged  the  attention  of  many  enthusiastic  investigators;  and  whilst  some 
definite  results  have  been  achieved,  the  progress  on  the  whole  has  been  slow.  It 
was  for  a  time  felt  that  the  theory  of  electrons  might  lead  to  the  ultimate  over- 
throw of  the  theory  of  atoms  which  was  put  forth  by  Dalton  in  1805  and  now 
lies  at  the  basis  of  Chemistry;  but  more  recently  it  seems  to  be  admitted  that 
it  has  confirmed  and  strengthened  the  atomic  theory  rather  than  weakened  it. 
This  is  the  conclusion  announced  by  Professor  E.  Rutherford,  of  Manchester, 
in  his  Presidental  address  to  the  Mathematical  and  Physical  Section  of  the 
British  Association  at  Winnipeg  (cf.  Nature,  Aug.  26,  1909). 
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In  his  recent  presidential  address  to  the  Chemical  Society  of  London,  Sir 
Wm.  Ramsay  expounds  the  view  that  the  generic  difference  between  elements  is 
due  to  their  gain  or  loss  of  electrons;  not  of  such  supplementary  electrons  as 
convert  an  element  into  an  ion,  but  of  electrons  more  closely  associated  with  the 
atom.  The  gain  or  loss  of  electrons  causes  the  atom  to  be  converted  into  an 
atom  of  some  other  element.  It  is  held  that  change  from  one  elemental  form 
of  matter  into  another  would  be  accompanied  by  unusually  large  gain  or  loss  of 
energy;  for  it  is  known  that  the  "degradation"  of  Radium  is  accompanied  by 
the  loss  of  an  enormous  amount  of  energy  from  a  very  small  mass. 

According  to  Sir  Wm.  Ramsay,  the  numbers  representing  the  atomic  weights 
can  be  represented  on  the  hypothesis  that  the  addition  or  subtraction  of  definite 
groups  of  electrons  is  the  cause  of  their  divergence  from  a  perfectly  regular  series. 
This  celebrated  investigator  has  continued  his  studies  on  the  action  of  Radium 
emanation  on  solutions  of  copper  sulphate  and  nitrate  in  glass  vessels.  They 
showed  traces  of  Lithium,  whereas  without  the  emanation  they  did  not.  Silver 
nitrate  gave  no  corresponding  result.  A  solution  of  270gm.  of  pure  Thorium 
nitrate  was  left  in  a  flask  for  three  years  to  test  the  formation  of  Helium  from 
Thorium.  No  satisfactory  proof  of  Helium  could  be  obtained,  he  said,  but  several 
c.  cm.  of  C02  were  produced,  which  cannot  be  accounted  for  unless  evolved  from 
Thorium.  With  the  aid  of  Radium  emanation  C02  was  obtained  from  Thorium 
nitrate,  Zirconium  nitrate  and  hydrosilico  fluoric  acid. 

Sir  Wm.  Ramsay  concludes  that  Carbon  is  therefore  most  likely  a  degrada- 
tion product  of  Thorium,  Zirconium  and  Silicon.  Similar  experiments  with  Lead 
and  Bismuth  gave  negative  or  doubtful  results.  These  latest  researches  on  the 
origin  of  Carbon  are  of  great  interest,  because  it  has  long  been  suspected  by  Chemists 
that  Carbon  was  not  an  ultimate  element  (cf.  Journal  of  Chemical  Society,  Vol.  95, 
pp.  624-637,  April,  1909;  and  Science  Abstracts,  Section  A,  Physics,  No.  141,  Sept., 
1909). 


CHAPTER  XVIII. 


Researches  on  the  Rigidity  of  the  Heavenly  Bodies.* 

§  213.     Introductory  Remarks  on  the  Rigidity  of  the  Earth. 

Many  years  have  elapsed  since  Lord  Kelvin  introduced  and  Professor  Sir 
G.  H.  Darwin  extended  a  method  for  determining  the  rigidity  of  the  Earth  from 
a  comparison  of  the  theoretical  and  observed  heights  of  the  oceanic  tides  of  long 
period.  In  a  paper  "  On  the  Rigidity  of  the  Earth  "  published  in  the  Philosophical 
Transactions  of  the  Royal  Society  for  May,  1863,  Lord  Kelvin  pointed  out  that  if 
the  matter  of  the  Earth's  interior  yielded  readily  to  the  tidal  forces  arising  from 
the  attraction  of  the  Sun  and  Moon,  the  crust  itself  would  respond  to  these  forces 
in  much  the  same  way  as  the  waters  of  the  sea;  and  the  corresponding  movements 
of  the  crust  would  mask  or  largely  reduce  the  height  of  the  oceanic  tides  calculated 
for  a  rigid  earth.  By  actual  analysis  of  long  series  of  tidal  observations  Kelvin 
and  Darwin  subsequently  found  the  observed  fortnightly  tide  to  have  very  nearly 
its  full  theoretical  height,  and  hence  concluded  that  our  globe  possesses  a  very 
high  effective  rigidity  (cf.  Thomson's  and  Tait's  Natural  Philosophy,  Vol.  I,  Part  II, 
§§  832,  847). 

When  Professor  Kustner  discovered  from  observations  taken  at  Berlin  in 
1890-91  that  the  terrestrial  latitude  is  really  variable,  and  it  was  afterwards  found, 
chiefly  by  Chandler's  discussion  of  various  series  of  observations,  that  the  move- 
ment of  the  pole  in  the  body  of  the  Earth  has  a  period  of  some  427  days  instead 
of  the  305  days  long  ago  inferred  from  Euler's  theory  of  the  rotation  of  a  rigid 
spheroid,  Newcomb  pointed  out  that  this  observed  prolongation  of  the  theoretical 
Eulerian  period  indicated  some  yielding  of  the  matter  of  the  globe,  and  would 
afford  a  new  method  of  evaluating  the  Earth's  rigidity.  In  his  well  known  paper 
"On  the  Dynamics  of  the  Earth's  Rotation,"  he  showed  that  the  results  already 
attained  essentially  confirmed  Darwin's  conclusion  that  the  rigidity  of  the  Earth 

*  Reprinted  with  slight  changes  from  Astronomixche  Nuchrichlen,  Nos.  4104  and  4152. 
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is  comparable  to  that  of  steel  (cf.  Monthly  Notices  of  the  Roy.  Astron.  Soc,  Vol.  LII, 
p.  336,  March,  1892). 

The  essential  point  in  Newcomb's  explanation  is  that  when  the  pole  changes 
its  position  the  distribution  of  centrifugal  force  shifts  with  respect  to  the  solid 
Earth,  which  is  put  into  a  state  of  stress  and  must  yield  to  the  forces  acting  upon 
it,  like  any  other  elastic  body — the  periodic  variations  of  the  Earth's  figure  operating 
to  lengthen  the  period  of  the  free  nutation,  by  an  amount  depending  on  the  average 
rigidity  of  the  whole  Earth. 

Albrecht's  continued  study  of  the  variations  more  recently  noted  at  the 
different  international  latitude  observatories  confirms  this  observational  result, 
and  the  subject  has  also  been  examined  theoretically  by  Darwin,  Hough,  Larmor 
and  others,  and  the  validity  of  the  method  suggested  by  Newcomb  is  generally 
recognized. 

In  his  well  known  paper  "  On  the  Rotation  of  an  Elastic  Spheroid  "  (Phil. 
Trans.,  Roy.  Soc,  A.,  1896),  Hough  considered  chiefly  the  case  of  an  incompressible 
homogeneous  spheroid,  yet  by  strictly  rigorous  reasoning  he  was  enabled  to  show 
that  the  rigidity  of  the  Earth  in  all  probability  slightly  exceeds  that  of  steel. 

In  a  remarkable  paper  "  On  the  Period  of  the  Earth's  Free  Eulerian  Pre- 
cession," read  to  the  Cambridge  Philosophical  Society,  May  25,  1896,  Professor 
Larmor  showed  how  to  estimate  the  effect  of  elastic  yielding  of  a  rotating  solid 
on  the  period  and  character  of  the  free  precession  of  its  axis  of  rotation,  and  again 
confirmed  this  conclusion  from  another  point  of  view. 

The  observed  prolongation  of  the  Eulerian  period  of  the  variation  of  latitude 
is  thus  fully  explained  by  theory  and  has  strengthened  the  earlier  conclusions  of 
Kelvin  and  Darwin  drawn  from  the  study  of  the  phenomena  of  the  long  period 
tides  of  the  sea.*  But  while  this  method  probably  admits  of  somewhat  greater 
accuracy  and  rigor  than  the  tidal  method  has  yet  been  proved  to  be  capable  of, 
and  is  important  in  confirming  conclusions  from  an  independent  point  of  view, 
it  nevertheless  grew  out  of  results  already  fairly  well  established. 

It  follows  therefore  that  in  the  development  of  our  knowledge  of  the  physical 
state  of  the  Earth,  the  method  of  determining  its  rigidity  depending  on  the  long 
period  tides  of  the  ocean  has  already  been  of  great  service  to  the  progress  of  Science ; 
and  the  remarkable  discovery  of  Kelvin  and  Darwin  that  under  the  tidal  strains 
to  which  it  is  subjected,  the  Earth  as  a  whole  probably  yields  less  than  a  correspond- 
ing globe  of  steel,  seems  destined  to  be  remembered  in  the  remotest  ages. 

*  The  new  and  important  theorem  on  the  yielding  of  the  Earth  to  disturbing  forces,  developed  by  Professor 
A.  E.  H.  Love  since  this  chapter  was  written  in  1905-6,  together  with  the  important  "Horizontal  Pendulum 
Observations"  of  Dr.  O.  Heckbr  at  Potsdam,  establishing  the  existence  of  Bodily  Tides  due  to  the  action  of  the 
Sun  and  Moon,  are  treated  in  §  225. 

32 
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But  striking  as  this  individual  result  is,  the  method  upon  which  it  depends, 
like  that  more  recently  based  on  the  observed  prolongation  of  the  Eulerian  period 
of  the  variation  of  latitude,  seems  to  be  essentially  restricted  to  the  Earth  on  which 
we  live,  and  thus  unfortunately  admits  of  no  extension  to  the  other  planets  or  to 
the  myriads  of  fixed  stars  observed  in  the  immensity  of  space.  Indeed  it  appears 
that  no  attempt  has  heretofore  been  made  to  deduce  the  effective  rigidity  of  the 
Earth  or  other  heavenly  bodies  from  theoretical  considerations  based  upon  the 
law  of  universal  gravitation.  Nevertheless  in  A.N.,  3992,  and  A.N.,  4053,  it  was 
pointed  out  that  large  masses  experience  great  internal  condensation  under  the 
enormous  pressures  to  which  their  matter  is  subjected,  and  hence  have  nuclei  of 
great  effective  rigidity. 

The  suggestion  there  put  forth  has  naturally  developed  in  the  course  of  subse- 
quent investigations  to  which  it  led.  While  considering  these  problems  on  Sept. 
29,  1905,  the  writer  was  not  a  little  surprised  to  find  that  a  theoretical  deduction 
of  the  effective  rigidity  of  a  body  of  known  mass  and  internal  constitution  is  always 
possible,  and  that  the  determination  admits  of  the  greatest  confidence  and  mathe- 
matical rigor. 

Indeed,  if  we  assume  recognized  laws  of  internal  density,  which  may  be  sup- 
posed to  represent  the  physical  constitution,  and  thus  enable  us  to  deduce  the 
pressure  to  which  the  matter  is  subjected  at  various  depths  within  the  mass,  it  ap- 
pears that  we  may  calculate  not  only  the  rigidity  of  the  Earth,  but  also  that  of  the 
Sun,  planets  and  satellites,  or  other  known  bodies  observed  among  the  fixed 
stars. 

Accordingly  many  of  the  principal  results  embodied  in  this  paper  were  worked 
out  early  in  October,  1905,  and  on  October  20,  communicated  to  the  editor  of  the 
Astr.  Nachr.  for  publication.  During  the  writer's  absence  at  his  country  seat, 
Blue  Ridge,  on  Loutre,  near  Montgomery  City,  Missouri,  early  in  November,  some 
further  problems  suggested  themselves  for  consideration,  and  methods  were  then 
outlined  for  solving  them;  but  as  the  calculations  required  were  of  considerable 
length  and  difficulty,  an  opportunity  for  effecting  this  extension  of  the  investigation 
did  not  present  itself  till  the  end  of  January,  1906,  when  it  was  decided  to  delay 
publication  of  the  earlier  results  until  all  the  work  could  be  incorporated  in  one 
paper,*  which  should  also  include  a  few  corrections  to  some  of  the  tabular  results 
given  in  A.N.,  4053. 

One  point  in  the  deduction  of  the  rigidity  of  the  heavenly  bodies  given  in  A.N., 

•The  work  done  in  October  included  the  determination  of  the  moan  rigidity  of  the  layers,  but  the  calcula- 
tions for  finding  the  mean  rigidity  of  all  the  matter  were  made  in  January  and  February,  190G.  Some  of  the 
principal  arguments  against  the  theory  of  convection  currents  were  the  outgrowth  of  the  later  work,  which 
emphasized  the  untenability  of  this  theory  in  an  impressive  way. 
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4104,  seems  to  have  presented  some  difficulty  to  a  few  readers,*  and  it  is  advisable 
therefore  to  indicate  anew  the  essential  steps.  In  ordinary  solids,  such  as  the 
metals,  the  property  of  rigidity  is  produced  by  the  action  of  molecular  forces  which 
resist  deformation.  On  the  other  hand  the  matter  within  a  planet  like  the  Earth 
is  really  gaseous  but  above  the  critical  temperature,  and  therefore  in  confinement 
made  to  behave  as  an  elastic  solid  wholly  by  virtue  of  pressure  which  brings  the 
molecules  within  distances  at  which  they  again  become  effective  in  spite  of  the 
high  temperature.  Thus  in  cold  solids  the  property  of  rigidity  is  due  simply  to 
molecular  forces  which  prevent  deformation,  while  for  gaseous  matter  in  confine- 
ment under  such  pressure  that  it  acquires  the  property  of  an  elastic  solid  the 
property  of  effective  rigidity  is  due  wholly  to  the  pressure.  In  the  paper  above 
cited  I  have  therefore  taken  the  rigidity  to  be  directly  proportional  to  the  pressure, 
and  ignored  all  other  influences  such  as  temperature,  because  by  hypothesis  the 
density  is  assumed  to  follow  Laplace's  law,  or  the  monatomic  law  in  the  case  of 
purely  gaseous  masses,  and  the  temperature  is  supposed  to  be  conformable  to  the 
laws  of  density. 

This  hypothesis  seems  legitimate,  and  almost  certainly  as  accurate  as  La- 
place's law  and  the  monatomic  law,  upon  which  the  calculated  pressures  depend. 
Moreover  the  validity  of  the  hypothesis  that  the  rigidity  is  proportional  to  the 
pressure  appears  to  be  confirmed  by  the  close  agreement  of  the  numerical  value 
of  the  Earth's  rigidity  found  in  this  way  with  those  found  by  the  recognized  empirical 
processes  depending  on  the  tides  and  the  polar  motion.  By  the  gravitational 
method  it  was  found  that  the  rigidity  should  lie  between  750,000  and  1,000,000  atmos- 
pheres. Here  the  effect  of  the  Earth's  crust  in  stiffening  the  external  layers  of  the 
globe  is  neglected,  because  we  do  not  know  the  amount  of  the  resulting  increase 
(of  the  rigidity  depending  on  pressure)  due  to  the  crust  of  solid  rock  analogous  to 
granite,  though  we  have  estimated  this  increase  to  be  a  quantity  of  the  order  of 
100,000  or  200,000  atmospheres.  It  seems  absolutely  certain  that  the  rigidity  of 
the  encrusted  Earth  exceeds  800,000  atmospheres,  and  highly  probable  that  it 
surpasses  850,000,  the  rigidity  of  steel  being  808,000.  Is  this  theoretical  confirma- 
tion of  the  results  reached  by  Lord  Kelvin  and  Sir  George  Darwin  by  empirical 
methods  purely  accidental,  or  is  it  the  outcome  of  a  valid  underlying  method? 

It  must  also  be  borne  in  mind  that  a  variation  in  the  assumed  law  of  density 
would  modify  the  mean  rigidity  calculated  by  this  method,  and  as  we  do  not  know 
the  law  of  the  Earth's  density  with  great  accuracy,  the  agreement  in  the  rigidity 
values  is  as  good  as  can  be  expected.  An  agreement  so  remarkable  as  this  can 
with  difficulty  be  ascribed  to  chance-;  and  while  it  will  no  doubt  appear  differently 

♦cf.  A.N.,  4152. 
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to  different  minds,  it  seems  to  me  to  indicate  that  the  underlying  hypothesis  approx- 
imates very  closely,  if  it  does  not  represent  rigorously,  a  true  law  of  nature.  Under 
the  circumstances  it  has  as  much  validity  as  the  laws  relating  to  the  internal  density 
of  the  heavenly  bodies,  and  has  the  great  advantage  that  it  is  general  for  all  the 
planets  and  not  restricted  to  the  Earth,  as  are  the  empirical  methods.  The  gravi- 
tational method,  has  indeed  some  minor  defects;  it  cannot,  for  example,  take 
account  of  the  effect  of  a  solid  crust,  and  in  the  case  of  gaseous  bodies  devoid  of 
crust  the  outer  layers  are  under  too  small  pressure  to  behave  as  solid,  and  we  should 
stop  the  integration  for  the  pressure  before  reaching  the  surface.  But  as  we  do 
not  know  at  what  depth  the  integration  should  cease,  I  have  taken  the  mean 
pressure  of  the  whole  mass  as  giving  its  most  characteristic  property. 

The  pressure  has  to  be  considerable  to  give  a  confined  fluid  element  an  effective 
rigidity  equal  to  that  of  a  portion  of  the  solid  crust.  In  the  outer  layers  of  encrusted 
planets  the  rigidity  of  an  element  is  always  greater  than  that  corresponding  to  the 
pressure,  and  hence  in  calculating  the  rigidity  of  the  layers  of  a  planet  by  the 
gravitational  method,  we  obtain  a  value  which  is  too  small.  In  like  manner  the 
rigidity  of  all  the  matter  of  a  planet  gives  a  value  which  is  too  large.  But  the 
truth,  for  all  masses  of  considerable  size,  will,  no  doubt,  lie  somewhere  between 
these  extreme  limits,  as  was  pointed  out  in  A.N.,  4104.  Notwithstanding  these 
limitations  I  feel  satisfied  that  those  who  study  the  method  carefully  will  find  it 
extremely  useful,  and  in  fact  our  only  guide  in  determining  the  rigidity  of  the 
heavenly  bodies  generally. 

Considerable  differences  of  opinion  will  naturally  exist  among  investigators 
as  to  the  effects  of  the  extreme  physical  conditions  prevailing  in  the  interior  of 
the  heavenly  bodies,  and  no  hope  is  entertained  that  a  full  realization  or  under- 
standing of  these  stupendous  forces  is  possible  with  the  limited  knowledge  of  the  ulti- 
mate properties  of  matter  avaliable  at  the  present  time.  But  even  if  others  should 
dissent  from  hypotheses  now  assumed  as  highly  probable,  and  thus  prefer  other  pro- 
cesses widely  different  from  those  here  adopted,  yet  the  present  results  are  perhaps 
sufficiently  remarkable  to  be  of  interest  to  the  astronomer  and  natural  philosopher. 

§  214.     Definition  of  the  Modulus  of  Rigidity,  unih  Table  of  the  Modiduses  of 

Rigidity  for  Various  Substances. 

In  his  celebrated  article  on  "Elasticity,"  in  the  Encyclopedia  Britannica, 
ninth  edition,  Vol.  VII,  p.  805,  Lord  Kelvin  defines  the  modulus  of  rigidity  thus: 

"The  modulus  of  rigidity  of  an  isotropic. substance  is  the  amount  of  normal 
traction  or  pressure  per  unit  of  area  divided  by  twice  the  amount  of  elongation  in 
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the  direction  of  the  traction  or  contraction  in  the  direction  of  the  pressure,  when 
a  piece  of  the  substance  is  subjected  to  a  stress  producing  uniform  distortion."  In 
§  77,  page  815  of  the  same  article,  he  gives  a  table  of  Moduluses  of  Rigidity  ex- 
pressed in  grammes  weight  per  square  centimetre,  the  data  being  quoted  from 
Wertheim  (Annates  de  Chimie,  1848)  and  Everett  (Illustrations  of  the  Centimetre- 
Gramme-Second  System  of  Units).  On  page  817  Kelvin  gives  additional  results 
quoted  from  his  paper  "On  the  Elasticity  and  Viscosity  of  Metals,"  read  before 
the  Royal  Society  and  published  in  the  Proceedings  for  May  18,  1865. 

By  reducing  the  numbers  in  these  tables  to  kilograms,  and  dividing  by  1.0333, 
we  obtain  the  corresponding  moduluses  of  rigidity  expressed  in  atmospheres,  so 
that  the  results  become  independent  of  the  area  of  the  section  of  the  substance. 
Thus  we  have  the  moduluses  of  rigidity  given  in  Table  A,  based  mainly  on  the 
experiments  of  Lord  Kelvin. 

Table  A.     Moduluses  ok  Rigidity  for  Various  Substances  Expressed  in  Atmospheres. 


Substance 

Rigidity 

in 

Atmospheres 

Adopted 
Max.  Value 

of  the 
Rigidity  in 

Atmosph. 

Authority 

American  Nickel  Steel .... 

Steel,  hard 

Steel    

Steel   

Soft  Iron    

1000000 

822610 
808000 

807123 
765896 

759702 
731637 
602197 
532275 
524533 
457760 
441304 
380722 
397077 
360980 
338721 
338817 
348011 
271944 
261298 
233233 
235170 
232265 
145166 

1000000 

825000 
808000 

766000 

760000 
732000 
602000 
532000 
525000 

400000 

348000 
272000 
261000 
233000 
235000 

Average    value   of    the  rigidity    concluded 

from  var.  tests 
Tait,  "Properties  of  Matter,"  4th  ed.,  p.  215 
Hough,  "Rotation  of  an  Elast.  Spheroid," 

Phil.  Trans.  Roy.  Soc,  A,  1896,  p.  337 
Everett,  cited  by  Kelvin 
Kelvin,  "Elasticity  and  Viscosity  of  Metals," 

Proc.  Roy.  Soc,  1865 
Everett,  cited  by  Kelvin 
Kelvin 
Kelvin 
Tait 

Everett,  cited  by  Kelvin 
Kelvin 

Everett,  cited  by  Kelvin 
Kelvin 
Kelvin 

Everett,  cited  by  Kelvin 
Wertheim,  cited  by  Kelvin 
Kelvin 
Kelvin 
Kelvin 
Kelvin 
Kelvin 

Everett,  cited  by  Kelvin 
Everett,  cited  by  Kelvin 
Wertheim,  cited  by  Kelvin 

Wrought  Iron            

Soft  Iron  (after  stretching) 

Platinum    

Cast  Iron  

Copper   

a 

it 

it 

Brass 

it 

it 

Gold  

Silver 

Aluminum     

Glass 

a 

tt 

By  this  table  it  appears  that  the  rigidity  of  hard  steel  made  by  the  original 
Bessemer  process  probably  does  not  exceed  825,000  atmospheres.*    It  is  recognized, 

*  In  his  classic  paper  "On  the  Rotation  of  an  Elastic  Spheroid,"  Phil.  Trans.  Roy.  Soc,  A,  1896,  p.  337,  Mr. 
S.  S.  Hough  uses  the  smaller  value   8.19  X  10",  equivalent  to  808,000  atmospheres. 
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however,  that  the  modern  process  developed  in  the  manufacture  of  armor  plate 
gives  steel  of  much  greater  toughness  and  rigidity  than  that  produced  when  Lord 
Kelvin's  table  was  prepared  nearly  thirty  years  ago.  Some  authorities  place 
the  increase  of  rigidity  in  modern  American  nickel  steel  as  high  as  60  per  cent., 
but  the  smaller  value  of  about  45  per  cent.,  is  said  to  be  the  general  rule  adopted 
by  experienced  workers.  As  much  depends  upon  the  purity  of  the  material,  and 
the  exact  percentage  of  the  alloy  employed,  the  increase  of  rigidity  has  often  been 
placed  no  higher  than  30  per  cent.  If  we  used  45  per  cent,  for  the  increase  of 
stiffness  due  to  the  alloy,  we  should  have  a  rigidity  of  about  1,200,000  atmospheres. 
With  the  smaller  value  of  30  per  cent,  the  rigidity  would  be  1,072,500  atmos- 
pheres. Under  the  circumstances  there  is  no  doubt  that  standard  nickel  steel 
used  for  armor  plate  may  easily  have  a  rigidity  of  at  least  1,000,000  atmospheres; 
and  accordingly  we  adopt  this  convenient  round  number  in  dealing  with  the 
rigidities  of  the  heavenly  bodies. 


§  215.     Theoretical  Evaluation  of  the  Earth's  Rigidity,  Based  on  the  Internal  Pressures 
Resulting  from  the  Effects  of  Gravity  and  Laplace's  Law  of  Density. 

Since  the  modulus  of  rigidity  is  the  amount  of  pressure  per  unit  of  area  (or 
simply  pressure,  when  atmospheres  are  the  units  employed)  divided  by  twice  the 
amount  of  the  contraction  in  the  direction  of  the  pressure,  it  becomes  evident  that 
if  we  could  find  the  mean  pressure  throughout  the  body  of  the  Earth,  we  should 
have  at  once  a  measure  of  the  average  rigidity.  For  the  great  body  of  the  Earth's 
matter  is  above  the  critical  temperature  of  every  known  substance,  and  therefore 
essentially  gaseous,  except  as  condensed  by  pressure.  Under  the  enormous  forces 
acting  throughout  the  Earth's  interior,  which  ensure  the  most  complete  interpene- 
trability  of  all  the  elements,  we  may  always  assume  that  the  matter  in  any  layer 
is  isotropic,  and  the  power  of  resistance  developed  by  secular  condensation  every- 
where directly  proportional  to  the  pressure,  as  in  a  compressible  fluid.  Accord- 
ingly, in  finding  the  rigidity,  we  need  to  consider  nothing  but  the  pressure  operating 
on  the  imprisoned  fluid  from  the  surface  to  the  centre  of  the  Earth.  Now  the 
pressure  throughout  the  Earth's  interior  is  known  with  essential  accuracy  from 
Laplace's  law  of  density,  and  the  corresponding  method  of  calculation  developed 
in  A.N.,  3992.     The  pressure  is  given  by  the  equation, 

P-50^pC^),-^),]«  (498) 

where  r  is  the  Earth's  mean  radius,  g  mean  gravity,  q  the  constant  for  Laplace's 
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law,  2.52896  radians  =  144°  53'  55".2,    o-    the  density  at  any  point,  and    8    the 
density  at  the  surface. 

To  render  this  expression  available  for  integration  throughout  the  sphere 

occupied  by  the  Earth's  mass,  we  must  put  for    o-2    its  value     <?*=&,?  bm } q^>  > 

sin  o 

and  for  S2  its  value     82  =  <r0s  —^ ,     corresponding  to  the  surface,  where   x  =  1 . 
Thus  we  get 


3(<r„y)»r 
1  2(Vlff)q* 


;*?&?-*?]■  («*> 


For  the  total  pressure  throughout  a  sphere  of  radius    p  =  r  x,   r  being  the 
external  radius,  and    x  =  -  =  the  fraction  of  the  radius,  we  have 


yi      2    2   a         3(a-0y):'r47rr'        /sin2(ya;)  -2/2 

/>4  7rr2a;2rda;  =        °   7    .    . —       / ^—^x2dx  —  sin2'/  /  x2 
2(<rl5r)y4      [^         a:2  ^/ 


(       fx  /~x  \ 

ix 


(495) 


which  by  integration  gives 

P  -  ^W^ Ar*-»infr«)co,(g,)  _  s.        £\ 
2(«r,<7)'/4      V  2?  3/ 

As  our  integration  is  to  include  the  whole  sphere  of  the  Earth,  we  put  x  =  1, 
and  then  we  have 

p  _  3(sy)2r47rr8  Ay  -  sin  y  cosy  _  sin^A 

2(«iu)q*    V        2'/  3  / 

The  total  volume  of  the  Earth  is    l^r3,    and    hence  the  average  pressure 
per  unit  of  area  on  all  concentric  spherical  surfaces  is 

P        9  (<r0gY r  fi/ —  s'm  q  cos  q      sin2y' 


|»r»      2(al!f)<j* 


Ay-  sin y  cosy  _  sin2^  ^ 


For  any  other  planet,  as  Venus  or  Mars,  following  the  same  law  of  density  as 

the  Earth,  we  merely  introduce  the  factor     n  =  —>     where   G   is  the  acceleration 

of  gravity  on  the  planet,  and  g  the  value  of  mean  gravity  on  the  Earth.     Thus  we 
have  in  general 

R  .     9(^)3^A/-  sin  y  cosy  _  sin^yX 
2(<ri0)'A  2y  3    J 
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The  value  of  q  for  the  different  bodies  of  the  solar  system  are  given  in  A.N., 
3992,  that  for  Mars  being  slightly  corrected  in  A.N.,  4053,  footnote  p.  347.  If  r 
in  either  of  these  formulae  is  expressed  in  metres,  the  mean  pressure,  or  mean 
rigidity  R,  comes  out  in  kilograms  per  square  metre.  To  reduce  the  results  to 
atmospheres  we  divide  by  10333,  the  logarithm  of  which  is  (4.0142264).  As 
carried  out  for  the  principal  bodies  of  the  planetary  system,  with  the  data  for 
Laplace's  law  given  in  A.N.,  3992,  and  A.N.,  4053,  p.  347,  the  mean  pressures 
or  theoretical  rigidities  are  found  by  calculation  to  be  as  shown  in  Table  C. 

It  appears  from  this  table  that,  considered  as  a  mass  of  fluid,  of  such  a  nature 
that  the  material  resists  in  proportion  to  the  pressure  which  it  sustains,  and  there- 
fore no  doubt  yielded  originally  in  simple  proportion  to  the  pressure  to  which  it 
was  subjected  in  the  process  of  secular  condensation,  the  Earth  as  a  whole  has 
a  mean  theoretical  rigidity  of  748,843  atmospheres,  which  is  about  identical  with 
that  of  wrought  iron.  In  other  words,  if  the  Earth  were  in  a  molten  condition 
but  followed  the  same  law  of  density  as  at  present,  pressure  alone  would  impart  to 
it  a  rigidity  equal  to  that  of  a  wrought  iron  globe  of  the  same  size,  provided  the 
iron  sphere  were  devoid  of  mutual  gravitation  between  its  parts,  as  is  sensibly  the 
case  with  the  small  iron  balls  which  we  hold  in  our  hands,  or  subject  to  tests  in 
the  Laboratory.  This  remarkable  result  shows  that  when  the  Earth  was  in  molten 
condition,  it  did  not  have  the  mobility  and  plasticity  which  eminent  investigators 
have  sometimes  ascribed  to  it.  On  the  contrary  ever  since  the  Earth  attained 
approximately  its  present  dimensions,  it  has  been  highly  rigid.  Accordingly,  it 
must  have  possessed  great  effective  rigidity  throughout  Geological  History. 

The  result  just  obtained  appears  to  give  a  true  lower  limit  of  a  planet's  theoreti- 
cal mean  rigidity,  on  the  hypothesis  that  the  internal  density  follows  Laplace's 
law. 

The  amount  by  which  the  actual  rigidity  exceeds  this  lower  limit  depends  on 
the  effects  of  the  external  encrustation  and  internal  viscosity  due  to  the  intra- 
molecular forces*,  which  increase  rapidly  with  the  density.  The  additional  aug- 
mentations of  the  mean  rigidity  due  to  the  enclosing  crust  of  solid  rock  analogous 
to  granite,  and  to  the  viscosity  of  the  matter  throughout  the  planet's  body,  arising 
from  its  considerable  density,  are  difficult  to  estimate  accurately,  and  perhaps  we 
can  only  infer  that  together  these  two  causes  would  increase  the  mean  rigidity 
of  the  Earth  by  a  quantity  of  the  order  of  100,000  or  200,000  atmospheres. 

*  On  this  point  Lord  Kelvin  says:  "Maxwell's  admirable  kinetic  theory  of  the  viscosity  of  gases  points 
to  a  full  explanation  of  viscosity,  whether  of  gases,  liquids,  or  solids,  in  the  consideration  of  configurations  and 
arrangements  of  relative  motions  of  molecules,  permanent  in  a  solid  under  distorting  stress  and  temporary  in  fluids 
or  solids  while  the  shape  is  being  changed,  in  virtue  of  which  elastic  force  in  the  quiescent  solid  and  viscous  resist- 
ance to  change  of  shape  in  the  non-quiescent  fluid  or  solid,  are  produced."     Article  "Elasticity,"  pp.  801-802. 
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§  216.     Determination  of  the  Mean  Rigidity  of  the  Earth's  Matter  as  Distinguished 
from  that  of  the  Various  Layers  Composing  the  Globe. 

There  is,  however,  another  related  function  of  definite  character  which  proves 
to  be  of  very  considerable  interest,  as  fixing  a  probable  upper  limit  to  the  rigidity 
of  bodies  like  the  Earth.  This  function  is  the  mean  rigidity  of  the  Earth's  matter, 
found  by  considering  not  only  the  pressure  but  also  the  density  or  mass  per  unit 
volume  of  the  imprisoned  matter  in  the  several  layers;  so  that  the  new  function 
represents  a  mean  rigidity  in  which  every  element  is  allowed  a  weight  proportional 
to  its  mass,  which  is  multiplied  by  the  pressure  to  which  it  is  subjected.  This 
conception  leads  to  interesting  results  also  when  applied  to  the  Sun  and  major 
planets,  according  to  the  principles  of  the  monatomic  theory,  as  explained  hereafter. 

The  theory  of  the  determination  of  the  mean  rigidity  of  the  Earth's  matter 
is  as  follows: 


r-f, 


47rr2x2rdxcr  =  4  n 


^sin^x) 

qx 


(500) 


Substituting  for  p  its  value  from  (494),  we  have 


P'  = 


3  (<T0.7)2r47rr8<r0         /  sin8('/x)x 
2  ("iff)?6        \J  ** 


3(<ra!?yr4nJ*<rB 


sin3  (q  x)  q  dx 
qx 


(501) 


The  integral  of  the  last  term  is   -  sin2  q 


/sin  (qx)  —  qxcos(qx) 


(cf.  A.N.,  4053,  p.  345). 


V  92 

The  value  of  the  first  integral  for  various  values  of  q  x  is  most  conveniently 
found  by  quadrature,  since  expansions  in  series  do  not  converge  readily  when  the 
arc  is  large,  as  happens  in  the  application  of  Laplace's  law  to  many  of  the  planets. 
The  mean  rigidity  of  the  Earth's  matter  is  thus  found  by  the  formula 


W 


P'  9MVt0        /8in3(yx)| 


sin'//  r  .  _ 

~-  [sin  (JX  —  qx  COS  ('/ x)  ] 


(502) 


On  putting  qx  =  144°  53'  55".2,  as  in  A.N.,  3992,  the  value  of  the  integral 
is  easily  found  by  quadrature  to  be  0.9592502,  and  when  the  rest  of  the  formula 
is  reduced  to  numbers  we  find 


506  THEORETICAL    DETERMINATION    OF   THE    EARTH 's   RIGIDITY. 

ft'  =  1,028,702  atmospheres. 

Thus  on  the  hypothesis  that  the  internal  density  follows  Laplace's  law  it  appears 
that  the  average  rigidity  of  all  the  matter  of  our  globe  slightly  surpasses  that  of 
nickel  steel. 

The  actual  rigidity  of  the  Earth  almost  certainly  lies  between  the  two  limits 
thus  established,  namely  R  =  748,843,  based  on  the  rigidity  of  the  layers  deduced 
from  the  pressure  to  which  they  are  subjected,  and  R'  =  1,028,702,  derived  from 
the  product  of  the  mass  of  each  layer  by  the  pressure  acting  upon  it. 

When  one  considers  the  effects  of  the  enclosing  crust  and  the  viscosity  of  the 
whole  Earth,  which  must  be  assumed  to  increase  towards  the  centre,  owing  to  the 
increasing  density  and  rising  temperature  of  the  imprisoned  matter,  it  seems  not 
improbable  that  the  actual  effective  rigidity  of  our  globe  may  be  nearer  the  upper 
limit  than  the  lower,  and  probably  we  shall  not  be  far  wrong  in  concluding  that  it 
is  approximately  equal  to  that  of  nickel  steel. 

Leaving  aside  the  consideration  of  the  effects  of  the  solidified  crust,  it  is 
evident  from  the  nature  of  the  forces  at  work  that  most  of  the  yielding  of  our 
globe,  due  to  the  periodic  action  of  small  forces,  is  in  the  outer  layers;  and  in 
general  the  yielding  in  any  concentric  layer  may  be  taken  to  be  inversely  as  the 
pressure  to  which  the  imprisoned  matter  is  subjected.  It  is  remarkable  that  the 
curve  of  pressure  as  we  descend  in  the  Earth  becomes  therefore  also  the  curve  of  effective 
rigidity  for  the  matter  of  which  the  Earth  is  composed.  Thus  the  rigidity  of  the 
matter  at  the  Earth's  centre  probably  is  at  least  three  times  that  of  nickel  steel 
used  in  armor  plate;  as  we  approach  the  surface  the  effective  rigidity  constantly 
exceeds  that  of  nickel  steel  until  we  come  within  less  than  0.4  of  the  radius  from 
the  surface,  where  the  pressure  is  less  than  1,000,000  atmospheres. 

To  imagine  a  mechanical  substitute  for  the  Earth's  constitution,  without  the 
introduction  of  pressure,  suppose  an  alloy  of  adamant  to  give  the  material  at  the 
centre  of  such  a  globe,  of  the  same  size  but  devoid  of  gravitation,  a  hardness  three 
times  that  of  armor  plate.  The  outer  layers  as  we  approach  the  surface  must 
then  be  supposed  softer,  and  softer,  until  it  is  like  armor  plate  at  a  little  over 
0.6  from  the  centre,  and  finally  a  very  stiff  fluid  near  the  surface.  In  addition  to 
this  arrangement  of  its  effective  internal  rigidity  the  actual  Earth  is  enclosed  in  a 
spheroidal  shell  of  solid  rock  analogous  to  granite.  One  can  easily  see  that  tidal 
forces  applied  to  all  the  particles  of  such  an  artifical  armored  sphere  would  produce 
but  very  slight  deformation,  because  of  the  enormous  effective  rigidity  of  the  nucleus. 

The  principal  uncertainty  in  this  result  arises  from  the  admissible  variations 
in  the  assumed  Laplacian  distribution  of  density  within  the  Earth.     Both  Radau 
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and  Darwin  (cf.  Monthly  Notices,  Roy.  Astron.  Soc,  Dec,  1899)  have  pointed  out 
that  considerable  variations  in  the  internal  distribution  of  density  are  possible 
without  invalidating  the  well  known  argument  drawn  from  the  phenomenon  of  the 
Precession  of  the  Equinoxes ;  yet  on  physical  grounds  it  seems  clear  that  pressure 
is  the  principal  cause  of  the  increase  of  density  towards  the  Earth's  centre.  And 
since  this  does  not  vary  greatly  for  moderate  changes  in  the  law  of  density,  the 
principle  of  continuity  shows  that  the  actual  law  of  density  within  the  Earth  cannot 
depart  very  widely  from  that  of  Laplace.  The  above  value  of  the  theoretical 
rigidity  of  the  Earth  may  therefore  be  taken  as  essentially  accurate,  and  I  think  no 
doubt  can  remain  that  the  rigidity  of  our  Earth  as  a  whole  considerably  exceeds  that 
of  steel.  The  original  conclusions  of  Kelvin  and  Darwin  are  therefore  confirmed  by 
the  present  dynamical  considerations  based  upon  the  theory  of  universal  gravitation. 

It  is  perhaps  worth  pointing  out  that  as  a  molten  Earth,  in  which  the  density 
follows  Laplace's  law,  would  have  a  mean  rigidity  of  its  layers. equal  to  that  of 
wrought  iron,  the  hypothetical  liquid  interior  would  be  much  less  easily  deformed 
by  tidal  forces  than  has  been  generally  supposed;  so  that  reaction  upon  the  en- 
closing crust  probably  would  not  be  very  conspicuous.  The  amount  of  this 
reaction  would  depend  essentially  upon  the  difference  between  the  rigidity  of 
nickel  steel  and  of  wrought  iron,  which  is  about  \  of  the  rigidity  of  the  whole  Earth 
as  now  constituted.  Even  if  one  supposed  the  interior  of  the  Earth  to  be  liquid, 
the  pressure  to  which  it  is  subjected  is  so  great  that  the  tidal  surgings  of  the  nucleus, 
tending  to  deform  the  crust,  would  be  comparatively  ineffective;  and  if  the  crust 
of  solid  rock  like  granite  be  moderately  thick,  it  is  doubtful  if  the  yielding  would 
be  sufficient  to  reduce  sensibly  the  theoretical  height  of  the  fortnightly  tides  of 
the  oceans.  Accordingly  it  appears  probable  that  the  argument  drawn  from  the 
tides  against  the  fluidity  of  the  Earth's  nucleus  may  in  reality  be  somewhat  less 
conclusive  than  the  most  eminent  mathematicians  have  supposed.  But  from  the 
accordance  between  the  value  of  the  Earth's  rigidity  obtained  from  the  theory  of 
gravity  with  those  found  by  Darwin  from  observations  of  the  fortnightly  tides, 
and  by  Hough  from  the  prolongation  of  the  Eulerian  period  for  the  variation  of 
latitude,  it  seems  impossible  to  escape  the  conclusion  that  the  rigidity  of  our  globe 
as  now  encrusted  probably  approaches  that  of  nickel  steel. 

It  is  scarcely  necessary  to  add  that  the  traditional  theory  long  held  by  Geolo- 
gists that  the  Earth's  interior  is  a  mass  of  mobile  liquid  in  which  currents  still 
persist  (cf .  Fisher's  Physics  of  the  Earth's  Crust,  second  edition,  pp.  246, 305,  et  seq.) 
when  viewed  from  a  gravitational  standpoint  is  therefore  found  to  be  inadmissible. 
The  great  effective  rigidity  or  viscosity  of  the  matter  within  the  Earth  makes  any 
supposed  motion  of  the  imprisoned  fluid  quite  inconceivable. 
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This  view  of  the  Earth's  physical  constitution,  deduced  from  the  theory  of 
gravity,  according  to  rigorous  dynamical  principles,  is  in  complete  harmony  with 
the  results  of  modern  Seismology.  We  have  just  shown  that  the  elasticity  and 
effective  rigidity  of  the  matter  as  we  descend  within  the  Earth  increase  directly 
as  the  pressure.  Now  the  study  of  the  propagation  of  waves  due  to  a  variety  of 
earthquakes  appears  to  show  that  they  are  transmitted  through  the  body  of  the 
Earth  in  right  lines,  and  with  decidedly  greater  velocity  than  through  the  solid 
crust  curved  around  the  surface  of  the  globe.  Since  the  elasticity  depends  upon 
the  pressure,  and  like  the  density,  increases  downward  according  to  a  definite  law, 
this  more  rapid  propagation  through  the  interior  ought  to  take  place.  And  the 
observed  velocities  of  waves  transmitted  through  the  Earth's  body  in  various 
directions  and  at  different  depths  may  some  day  afford  a  new  method  for  extending 
our  knowledge  of  the  laws  of  density  and  pressure  within  the  globe.  If,  for  example 
n  velocities  be  observed  from  well  determined  disturbances  propagated  in  right 
lines  through  matter  assumed  to  have  known  density  and  elasticity,  the  conformity 
of  the  observed  results  with  those  predicted  from  Laplace's  law,  will  throw  light 
upon  the  accuracy  of  that  law  at  various  depths,  and  afford  n  equations  of  condition 
for  correcting  the  underlying  hypothesis  respecting  the  distribution  of  density  and 
pressure*. 

§  217.     Applications  of  the  Foregoing  Methods  to  the  Principal  Bodies  of  the 

Planetary  System,  on  the  Hypothesis  that  Their  Internal  Densities 

Follow  Laplace's  Law  as  Developed  in  A.N.,  3992. 

The  formulae  to  be  employed  are  (499)  and  (502) ;   the  latter,  however,  being 

c 
generalized  by  the  introduction  of  the  factor  n  =  - >  as  in  (499) ,  so  that 


qx 


'  [sin  (q  x)  -  <tx  cos  (q  x)  ]  ] .  (503) 


*  This  paragraph  was  written  in  October,  1905,  and  we  leave  it  unchanged,  but  call  attention  to  the  follow- 
ing interesting  remarks  by  Professor  Larmor  in  the  paper  of  1896,  previously  cited,  received  here  in  January, 
1906:  "It  has  been  estimated  by  Mr.  Hough  (JLoc.  cit.  Phil.  Trans.,  1896)  that,  were  the  Earth  a  homogeneous 
solid  with  the  actual  surface  ellipticity,  the  Chandler  period  for  the  free  precession  would  require  that  it  should 
have  the  rigidity  of  steel.  The  order  of  magnitude  of  this  result  will  not  be  entirely  altered  by  actual  hetero- 
geneity; so  that,  if  we  can  assume  the  correctness  of  this  period,  we  may  conclude  that,  as  regards  the  slight 
stress  here  involved,  the  Earth  is  an  elastic  solid  of  about  the  same  order  of  rigidity  as  steel.  This  is  in  fair 
accord  with  the  observations  of  seismologists  (cf.  Prof.  Milne,  Brit.  Assoc.  Report,  1896,  ''On  Earthquake 
Phenomena"),  who  finds  that  earthquake  shocks  are  propagated  to  distant  parts  of  the  Earth  not  only  by  the 
ordinary  surface  waves,  but  also  by  minute  tremors  which  enormously  outrun  the  earthquake  proper,  arriving  in 
a  time  that  would  correspond  to  propagation  in  a  straght  line  across  the  interior  of  the  Earth,  provided  it  pos- 
sessed an  average  rigidity  about  J  that  of  steel." 
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In  the  following  table  we  give  the  results  of  these  calculations  as  applied  to 
the  various  bodies  of  our  system.  For  convenience  of  others  who  might  wish 
to  vary  the  constants  employed,  we  give  the  concluded  values  of  the  integral 

sin  ^  q  Ax    for  the  several  planets  and  satellites,  and  also  the  tabular  values  of 


qx.  It  will  be  seen  that  R'  is  appreciably  larger  than  R  only  in  the  case  of  the  larger 
bodies,  and  that  the  difference  becomes  greater  with  the  increase  of  the  mass. 
Thus  the  difference  between  R'  and  R  is  less  and  less  conspicuous  in  passing  from 
the  Sun  to  the  major  planets  and  the  Earth  and  Venus,  becoming  practically  in- 
significant in  the  smaller  terrestrial  planets  and  satellites,  which  are  of  nearly 
homogeneous  density  throughout. 

The  results  here  obtained  by  Laplace's  law  for  the  Sun  and  major  planets 
are  no  doubt  only  rough  approximations  to  the  truth,  but  these  values  are  included 
in  order  to  afford  a  comparison  with  the  results  hereafter  deduced  from  the  mona- 
tomic  theory,  which  is  supposed  to  approximate  the  true  conditions  of  the  larger 
masses  of  our  system  much  more  accurately  than  Laplace's  law. 

Table  B.     Values  of  the   Differential   Element    ^— -    at  Each  5°  from  0°  to  180°, 

qx 

with  the  Corresponding  Integrals  for  the  Values  of  qx  Appropriate  to  the  Planets. 


> 

i 

Lrgument 

J1* 

n  Degrees 

Values  of  the 

„,            sin3(oi) 

Element ^-^ 

qx 

Argument 

qx 
in  Degrees 

Values  of  the 

Element 8in8(9X) 
qx 

Argument 

qx 
in  Degrees 

Values  of  the 

Element 8in3(9a:) 
qx 

o 

0 

0.000 

o 

65 

0.65620 

130° 

0.19813 

5 

0.013087 

70 

0.67918 

135 

0.15005 

10 

0.029589 

75 

0.68848 

140 

0.10869 

15 

0.066225 

80 

0.68405 

145 

0.074564 

20 

0.114617 

85 

0.66640 

150 

0.047747 

25 

0.172993 

90 

0.63662 

155 

0.027902 

30 

0.238732 

95 

0.59625 

160 

0.014327 

35 

0.308907 

100 

0.54724 

165 

0.0060204 

40 

0.380422 

105 

0.49177 

170 

0.0017648 

45 

0.45016 

110 

0.43220 

175 

0.00037393 

50 

0.51513 

115 

0.37090 

180 

0.0000000 

55 

0.57260 

120 

0.31012 

60                0.62024 

125 

0.25195 

Body 

Adopted  Value  of  qx 

Value  of  the 
Integral 

j>8inHqx)qdx 

0 

Body 

Adopted  Value  of  qx 

Value  of  the 
Integral 

C^^qdx 

0 

0.178969 

in  Arc 

Logarithm 
in  Radians 

in  Arc 

Logarithm 
in  Radians 

1  Mercury 

49O28  30' 

9.9362645 

0.173226 

Jup.  Sat.  IV 

O           /           It 

50     7  50 

9.9419785 

Venus 

138  32     2.4 

0.3834225 

0.947947 

Titan 

57  25  12 

0.0009423 

0.250335 

Earth 

144  53  55.2 

0.4029418 

0.959250 

J  u  inter 

179  59  41.132 

0.4971372 

0.9710787 

Mars 

76  33  26.3 

0.1258642 

0.469483 

Saturn 

179  59  24.125 

0.4971258 

it 

Moon 

39  34  48 

9.8393544 

0.096796 

Uranus 

179  59  48.475 

0.4971422 

it 

Jup.  Sat. 

I 

35  46     0 

9.7953576 

0.073687 

Neptune 

179  59  49.475 

0.4971425 

U 

U            it 

11 

32     2  12 

9.7475238 

0.055083 

Sun 

179  59  41.839 

0.4971367 

l( 

tt          it 

III 

54  20  50 

9.9762553 

0.218861 
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Table  C.     Mean  Kigidity  of 

the  Layers. 

Table  D.     Mean  Rigidity  of  the  Matter. 

Body 

R  in  Atmospheres, 
according  to 

L,AI'I.ACk's  I.41W 

R  in  Atmospheres, 

according  to  the 

Monatomic  Theory 

Body 

R'  in  Atmospheres, 

according  to 

Laplace's  Law 

R'  in  Atmospheres, 

according  to  the 

Monatomic  Theory 

Mercury 

Venus 

Earth 

Mars 

Moon 

Jup.  Sat.  I 
■•        u     n 

"     "   III 

"       "    IV 

Titan 

Jupiter 

Saturn 

Uranus 

Neptune 

Sun 

25146 

590022 

748843 

102245 

11632 

14245 

15632 

18013 

2189 

11397 

6078020 

1156730 

1501537 

1894276 

658236000 

Mercurii 
Venus 

Earth 

Mars 

Moon 

Jup.  Sat.  I 
"       "     II 
"       "     III 
"       "     IV 

Titan 

Jupiter 

Saturn 

Uranus 

Neptune 

Sun 

27859 

723148 

1028702 

108820 

23385 

21205 

30173 

23409 

2288 

12306 

12369086 

2352839 

3053571 

3853718 

1338728600 

18691010 

3560470 

4624053 

5833133 

2027861500 

56237501 
10712580 
13916028 
17550730 
6101430000 

§  218.     Determination  of  the  Mean  Rigidity  of  the  Sun's  Globe  Considered  as  a 

Sphere  of  Monatomic  Gas  Made  Up  of  Successive  Concentric  Layers, 

Each  of  Uniform  Quality  Throughout,  but  urith  the  Density 

Varying  from  the  Centre  to  the  Surface. 

Let  the  surface  gravity  of  the  Sun  be  denoted  by  G,  and  suppose  the  value 
of  gravity  at  the  surface  of  any  concentric  spherical  shell  of  radius  x  to  be  G'.  Then 
by  the  method  developed  in  the  chapter  on  the  "Physical  Constitution  of  the 
Heavenly  Bodies"  (§207,  p.  474),  Equation  [t]  (460),  it  is  shown  that 


G 


1  x  **+/    v**' 


—  I  x2  dx 


(504) 


For  a  gaseous  sphere  it  is  easily  shown,  Chap.  XVI,  §196,  p.  435,  Eq.  (424), 
that  the  differential  equation  for  the  pressure  is 

dp  =  -  aG'dx  .  (505) 

In  our  present  work  the  minus  sign  may  be  omitted,  as  it  simply  denotes  that 

the  pressure  is  directed  towards  the  origin  of  co-ordinates  at  the  Sun's  centre,  where 

x  =  0. 

3<r0Gp 


Substituting  for  G'  its  value  from  (504),  namely 
ing,  we  have 


G> 


f      /Y    r 


dx 


and  integrat- 


(506) 
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The  last  of  these  integrals  is  shown  in  the  former  paper  to  be  a  certain  series 
called  n,  there  designated  as  Equation  [/}]  (443).  Using  this  value  in  Equation 
(506)  we  have 


p 


3^ G  / (*\  d-z [V  _ 


r  \  da;  r 


X°  X'  x'  ■ 

3       20  +  240  ~  3888  + 


(507) 


.3  (*.?)' 

0 


X  X°  X°  X1 

3  ~  20  +  240  ~  3888 


+    .   .   . 


dx 


where   »  =  —  • 
9 


This  equation  gives  the  pressure  at  any  point  of  the  Sun's  radius,  on  the 
hypothesis  that  the  whole  mass  is  composed  of  gases  reduced  to  the  state  of  single 
atoms. 

The  total  pressure  on  the  successive  concentric  sphere  surfaces  throughout 
the  Sun's  globe  is  given  by  the  integral 

0  0  0 

which  must  include  the  whole  mass  from  the  centre  to  the  surface.  The  average 
or  mean  pressure  per  unit  of  area  on  all  the  successive  concentric  spherical  surfaces 
by  which  the  Sun's  mass  may  be  divided  is  found  by  dividing  this  expression  by 
the  volume  of  the  sphere, 


R 


Xs  X6  X1  X9 

3  ~  20  +  240  ~  3888  + 


■] 


da?  . 


(509) 


The  series  in  the  bracket  under  the  integral  signs  is  called  p,  and  hence  we  get 


R  =  n 


The  two  series  ( ~  j  and  \x.  are  fully  developed  in  Chap.  XVII,  §  202,  pp.  458-459, 

and  the  adopted  logarithms  of  the  coefficients  given  in  Equations  [£]  (447)  and 
[8]  (445).  To  find  R  from  (510)  we  have  to  calculate  the  coefficients  of  a  square 
made  up  of  625  elements,  and  then  perform  a  double  integration,  and  numerical 
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evaluation  of  the  terms  for  the  value  of   x  =  x1  =  3.653962,  corresponding  to  the 
Sun's  surface. 

The  integration  thus  takes  the  form 

/a,  x"  +  at  x"  +  «8  x"  +    .   .  .    +  a,  xrJ,+s\i  =  1 

J  6,  a-"  +  b2x'*  +  bsx'"  +   .  .  .   +  b^x'^l 

'     ^V(lx=<C,.T"  +  C2.T'n  +  C3X,W  +     .    .    .     +C(.T'2'+7} 

\yix,!U+3  +  !hx'*+6  +  //„x'8'+7  +    .   .   .    +  I/..T" 

Substituting  this  result  in  (510),  and  dividing  out  the  factor  x"1,  the  final  integral 
becomes 

/a,        +  a2  x'2  +  a,  x'4  +    .   .  .    +  a,a-'s'-s\i>  1 

U,  x'3  +  b„  x"1  +  b3  .t'6  +    .   .   .    +  fc,  x'* 

R  =  n9^^'1'  (d*'4  +  car"  +  c,x'8  +    .  .  .   +  C****) 


li/,^-1  +  ?/»x'a  +  !hx'*+2  +  .  .  .  +  na'^-y 
This  gives 

R^n9^9^*' S,     5=0.00237603,  (513) 

where  *S  is  put  for  the  sum  of  the  series  in  the  square,  and    n  =  -- ,    denotes  the 

ratio  of  the  acceleration  of  gravity  at  the  Sun's  surface  to  terrestrial  mean  gravity. 
Using  the  numerical  values  adopted  in  A.N.,  3992,  we  find  log  n  =  1.4450675. 
The  numerical  evaluation  of  S,  obtained  by  putting 

x  =  x'  =  3.653962  , 

showed  that  a  little  over  300  terms  become  sensible  in  the  eighth  place  of  decimals. 
The  work  has  been  carefully  checked,  and  the  final  value  found  to  be 

S  =  0.00237603,   log  S  =  7.3758519  -  10. 

Returning  now  to  Equation  (513),  putting   (o-0gr)  =  8417.5,     {(rxg)  =  1402.6, 
as  shown  in  §196,  p.  435,  Equation  (426),  and 

x'  -  696098000  meters, 

and  dividing  the  result  by  10333,  log  =  4.0142264,  to  reduce  it  to  atmospheres, 
we  have 

R  =  n?fo??  *'Qf  =  2027861500  atmospheres,  (514) 

{(Tiff)  lUoOO 

which  is  the  mean  rigidity  of  the  layers  of  the  Sun's  globe  calculated  on  the  basis 
of  the  monatomic  theory. 
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It  thus  appears  that  the  Sun's  mean  rigidity  is  more  than  2000  times  that  of 
nickel  steel!  This  means  that  the  Sun's  globe  considered  with  respect  to  all  the 
layers  of  which  it  is  composed  is  distorted  by  the  tidal  forces  due  to  another  body 
less  than  1  :  2000th  part  as  much  as  the  layers  of  a  corresponding  sphere  of  armor 
plate  would  be  on  the  hypothesis  that  the  steel  has  its  usual  stiffness  and  is  attracted 
by  the  neighboring  mass,  but  the  particles  are  without  mutual  gravitation  among 
themselves.  In  other  words,  if  we  imagine  a  sphere  of  nickel  steel,  solid  from  the 
centre  to  the  surface,  of  the  same  size  as  the  Sun,  but  as  completely  without  mutual 
gravitation  between  its  particles,  as  those  of  a  small  sphere  which  we  can  hold  in 
our  hands  are  practically,  such  an  armored  sphere  under  the  Sun's  attraction  would 
suffer  2000  times  more  deformation  of  its  layers  than  that  suffered  by  the  average 
of  the  layers  of  our  actual  Sun. 

It  may  be  remarked  that  formula  (513)  is  immediately  applicable  to  any  gaseous 
mass  of  monatomic  character,  which  has  acquired  a  settled  state,  whether  in  the 
stellar  or  approaching  the  nebular  condition,  S  having  been  calculated  once  for 
all;  and  thus  is  likely  to  be  very  useful  in  cosmical  investigations  covering  a  wide 
range  of  conditions.  If  the  Sun  be  supposed  expanded  to  fill  the  orbit  of  the 
Earth,  for  example,  and  the  temperature  of  the  mass  be  adequate  to  maintain  its 
figure  from  collapsing  under  its  own  gravitation,  it  will  be  found  that  the  mean 
rigidity  varies  inversely  as  the  fourth  power  of  the  radius,  and  thus  becomes  about 
1  :  (215)4,  or  1  :  2136750000  of  its  present  value;  so  that  the  average  rigidity  of 
the  layers  of  the  solar  nebula  at  that  stage  would  hardly  equal  one  atmosphere.* 
The  layers  of  a  nebulous  mass  would  therefore  present  very  slight  resistance  to 
tidal  distortion,  while  that  corresponding  to  the  stellar  stage  would  be  multiplied 

by  the  factor  f-J  >  and  become  very  large  when  r,  the  radius  of  the  star,  had  shrunk 

to  small  dimensions. 

When  applied  to  the  major  planets  formula  (514)  gives  the  following  results: 


R 

R 

Jupiter 

18691010  atmospheres 

Uranus 

4624053  atmospheres 

Saturn 

3560470 

Neptune 

5833133 

The  enormous  mean  rigidity  of  the  layers  of  the  larger  planets  is  worthy  of 
remark.  In  this  great  average  pressure  acting  throughout  their  masses  lies  the 
explanation  of  their  perfect  symmetry,  regularity  and  stability  of  figure  under 
all  conditions;  and  we  may  be  assured  that  supposed  irregularities  of  figure  occa- 
sionally reported  by  observers  are  due  to  some  kind  of  delusions,  either  optical 
or  atmospheric. 

*  Under  these  conditions  true  rigiility  disappears,  because  the  pressure  is  not  great  enough  to  give  the  gaseous 
nebula  the  property  oj  a  solid. 
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§  219.     Rigorous  Calculation  of  the  Pressures  in  the  Interior  of  the  Sun,  with 
Corrections  of  Certain  Tabular  Results  Given  in  A.N.,  4053. 

The  pressure  on  any  layer  within  the  Sun's  globe  depends  upon  the  law  of 
density  of  the  superincumbent  matter,  the  accumulated  weight  of  which  is  sus- 
tained by  the  reaction  of  the  enclosed  nucleus.  In  the  theory  of  the  Sun  developed 
in  A.N .,  4053,  the  writer  did  not  feel  at  liberty  to  make  any  assumption  as  to  the 
internal  temperature  except  that  it  conformed  essentially  to  the  principle  of 
convective  equilibrium;  and  accordingly  the  temperature  and  all  other  parts  of 
the  theory  were  derived  from  the  density,  as  rigorously  determined  from  the 
principles  of  the  monatomic  theory.  But  in  considering  the  numerous  questions 
arising  in  this  work,  an  important  oversight  was  made  in  the  calculation  of  the 
pressures  within  the  Sun's  globe.  The  error  thus  committed  has  assumed  in  the 
writer's  eyes  the  more  formidable  proportions  because  it  involved  a  certain  violation 
of  the  principles  of  the  theory  of  gravity.  For  instead  of  calculating  the  pressures 
in  the  several  layers  according  to  the  method  stated  above,  the  formula  for  La- 
place's law,  previously  employed  in  A.N.,  3992,  was  again  used,  with  the  new 
densities  resulting  from  the  monatomic  theory,  without  examining  the  implied 
path  of  integration  for  the  density.  The  result  was  that  as  the  integration  for 
the  Laplacian  formula  presupposes  a  curve  of  density  similar  to  that  given  in 
A.N.,  3992,  while  that  for  the  monatomic  theory  is  sensibly  different,  the  density 
in  the  latter  case  being  less  in  outer  layers  and  greater  in  the  central  parts  of  the 
Sun's  globe,  the  concluded  pressures  came  out  considerably  too  small  for  the  outer 
layers  and  slightly  too  large  for  the  region  of  the  Sun's  nucleus.*  But  while  the 
defect  thus  arising  is  considerable,  it  does  not  greatly  affect  the  general  results  for 
the  pressures,  nor  change  any  of  the  other  conclusions  drawn  in  the  A.N.,  4053. 
In  fact  the  results  deduced  here  are  decidedly  more  favorable  to  the  argument 
for  the  high  effective  rigidity  of  the  Sun's  outer  layers  than  those  given  in  the 
former  paper,  and  therefore  the  present  investigation  is  of  great  interest  to  the 
astronomer. 

To  determine  the  pressure  throughout  the  Sun's  globe  we  shall  resume  equation 

(507),  which  involves  the  series  4  •    The  logarithms  of  the  coefficients  of  this  series 

are  correctly  given  in  A.N.,  4053,  Equation  [8]  (447).  On  re-examining  nearly  all 
the  original  calculations  of  the  former  paper,  however,  the  author  has  found  that 
a  slight  error  of  copying  vitiated  the  first  figures  of  the  printed  divisor  of  the  seventh 

♦The  table  of  solar  pressures  in  A.N.,  3992,  pp.  139-140,  calculated  from  the  same  formula,  for  the  curves 
corresponding  to    k  =  1.4,  is  also  vitiated  in  the  same  way. 
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term  of  the  series  itself,  as  given  in  Equation  [/J],  (443)  which  should  have  an  8 
instead  of  the  11  there  published.*  This  did  not  affect  any  of  the  calculations, 
but  attention  is  called  to  it  here,  so  that  if  any  one  should  ever  repeat  the  tedious 
calculations,  the  printed  error  of  copy  will  not  prove  an  embarrassment  in  the 
verification  of  the  series  by  successive  expansions  and  integrations.  Indeed  these 
calculations  are  of  such  great  length  that  it  appears  worth  while  to  reprint  here 
the  series  with  the  factors  of  the  denominators  of  the  coefficients,  which  may 
be  useful  to  other  investigators,  should  they  attempt  the  integrations  and  expan- 
sions required  for  the  determination  of  the  coefficients. 


= 

3  " 

2s 

•5 

+  2< 

X1 

•3 

•5 

2*  ■  36 

2"- 

19 
34- 

52- 

11 

2719a 

18 

h 

2io 

3* 

58- 

11   • 

13 

+ 

2io 

3« 

20621 
5*  •  11  ■ 

as" 

12 

•13 

193328 

xn 

15      210 

•36 

•5' 

•  11 

•  12- 

13 

14 

•  15 

•17 

+ 

39667364  x19 

2" 

3' 

5' 

11 

12 

•  13 

14-15- 

16- 

17 

•19 

8078124341a-21 

-L 

(515) 


2U  •  38  •  54  •  11  •  12  •  13  •  14  •  15  •  16  •  17  •  18  •  19  •  21 


Using  the  logarithms  of  the  coefficients  given  in  Equations  [S]  and  [£],  and 
integrating  the  expression, 


A 


WL3       20  +  240      3888  +    "  •  J  dx  ' 


(516) 


in  the  form  of  a  square  made  up  of  625  elements,  of  which  nearly  400  are  sensible 
in  the  eighth  place  of  decimals,  when  x  =  x*  =  3.653962,  we  finally  obtain  for 
the  integral  the  value 

/  =  0.0394230  .  (517) 

And  the  expression  for  the  pressures  at  the  Sun's  centre  becomes 

fflo  =  n  f^'^ftooi  =  11,215,403,000  atmospheres.  (518) 

To  find  the  pressure  at  any  part  of  the  radius,  the  Sun  being  considered  a 
sphere  of  monatomic  gas  in  convective  equilibrium,  it  is  sufficient  to  use  the 
expression 

a  =  m°{^)li-  (519) 

As  the  value  of  (— J  for  each  tenth  of  the  radius  and  also  each  hundredth  of 

the  outer  tenth  are  correctly  given  in  A.N.,  4053,  a  simple  calculation  gives  the 

♦All  these  corrections  are  of  course  duly  entered  in  Chapter  XVII,  of  the  present  volume  of  these  Researches, 
but  it  is  thought  best  to  let  the  discussion  stand  essentially  as  in  A.N.  4104. 
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pressures  indicated  in  the  following  table,  which  exhibits  the  results  of  the  mona- 
tomic  theory  as  applied  to  the  Sun  and  major  planets  in  a  form  which  is  rigor- 
ously exact. 

The  distribution  of  temperature  in  two  monatomic  spheres  is  defined  by  the 
relation 


T>=Tr)(l 


(520) 


and  hence  the  new  values  of  the  pressures  in  the  Sun  do  not  affect  the  tabulated 
internal  temperatures  of  Jupiter  and  Saturn  given  in  A.N.,  4053.  Accordingly 
we  add  merely  the  temperatures  for  Uranus  and  Neptune,  which  were  found  to 
be  somewhat  affected  by  an  undetected  error  in  the  former  paper.  While  it  is 
not  probable  that  the  monatomic  theory  is  more  than  approximately  true  for 
bodies  so  dense  as  the  outer  planets,  yet  it  seems  desirable  to  remove  every  known 
inconsistency  from  the  theory  finally  adopted. 

Table  E.     Pressures  in  the  Sun  and  Major  Planets,  Calculated  Rigorously, 
According  to  the  Monatomic  Theory. 


R 

Radius 

Logarithm  of 

Sun 

m 

in  Atmospheres 

Jupiter 

U 

in  Atmospher. 

Saturn 
in  Atmospher. 

Uranus 

Neptune 

m 
inAtmosph. 

V 

IS 
in  Atmosph. 

1.00 
0.99 

4.6876531-10 

54635 

503 

96 

125 

o 

543 

157 

o 

625 

0.98 

5.4506015-10 

316531 

2918 

556 

722 

1096 

910 

1263 

0.97 

5.9018620-10 

894699 

8246 

1572 

2040 

1661 

2574 

1913 

0.96 

6.2253176-10 

1884224 

17367 

3308 

4296 

2237 

5420 

2577 

0.95 

6.4786910-10 

3376805 

31124 

5929 

7700 

2825 

9713 

3255 

0.94 

6.6877495-10 

5464675 

50368 

9595 

12461 

3425 

15719 

3946 

0.93 

6.8661574-10 

8240856 

75957 

14469 

18791 

4037 

23705 

4651 

0.92 

7.0222149-10 

11804019 

108799 

20725 

26916 

4661 

33954 

5370 

0.91 

7.1610551-10 

16250623 

149784 

28532 

37056 

5297 

46745 

6103 

0.90 

7.2863735-10 

21636565 

199886 

38077 

49451 

5945 

62381 

6849 

0.80 

8.1446101-10 

156467430 

1442153 

275356 

356787 

13105 

450078 

15098 

0.70 

8.6794610-10 

536137160 

4941631 

941337 

1222533 

21448 

1542196 

24710 

0.60 

9.0702821  - 10 

1318551200 

12153220 

2315083 

3006640 

30741 

3792806 

35334 

0.50 

9.3716965-10 

2639437700 

24327970 

4634265 

6018605 

40576 

7592330 

46748 

0.40 

9.6047276-10 

4513802000 

41604170 

7925235 

10292650 

50291 

12983930 

57940 

0.30 

9.7800711-10 

6759055500 

62298900 

11867400 

15412410 

59105 

10442380 

68095 

0.20 

9.9029024-10 

8968448000 

82663100 

15746600 

20450400 

66185 

25797700 

76251 

0.10 

9.9758125-10 

10607851000 

97773660 

18625030 

24188660 

70782 

30513420 

81548 

0.00 

0.0000000 

11215403000 

103373500 

19691755 

25574040 

72343 

32261040 

83193 

The  net  results  of  this  re-examination  of  the  pressures  in  the  Sun  and  major 
planets  is  therefore  a  considerable  increase  in  the  tabular  pressures  near  the  sur- 
faces of  these  bodies  and  a  sensible  decrease  in  the  pressures  at  their  centres. 
And  the  effect  is  to  augment  the  average  rigidity  of  a  body  following  the  mona- 
tomic law  when  the  integration  for  the  pressure  is  extended  to  the  whole  mass. 
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Platk  XXVI.     Physical  Constitution  of  the  Sun  and  of  the  Planets  Mercury, 

Venus,  and  the  Earth. 
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Instead  of  a  pressure  of  8,000,000  atmospheres  at  a  depth  of  one-tenth  of  the  Sun's 
radius,  the  exact  pressure  at  that  depth  resulting  from  the  monatomic  theory  is 
21,636,565  atmospheres,  about  2.7  times  the  former  value.  Thus  with  an  effective 
rigidity  at  that  depth  of  nearly  22  times  that  of  armor  plate,  it  is  quite  incon- 
ceivable that  the  mass  can  ever  be  appreciably  disturbed  by  external  explosions 
such  as  are  witnessed  in  the  ejection  of  prominences.  Indeed  any  theory  which 
postulates  convection  currents  in  matter  of  this  rigidity  labors  under  difficulties 
altogether  too  great  to  be  overcome;  and  thus  the  view  that  the  Sun's  heat  and 
light  are  supplied  in  the  main  by  direct  radiation  without  any  appreciable  stirring 
of  the  rigid  mass  of  flaming  fluid  acquires  additional  confirmation. 


§  220.     Theory  of  the  Mean  Rigidity  of  the  Sun's  Matter,  as  Distinguished  from 
that  of  the  Successive  Concentric  Spherical  Layers  Composing  his  Globe. 

In  this  investigation  we  consider  not  only  the  pressures  acting  upon  the 
several  layers  of  flaming  fluid  composing  the  body  of  the  sun,  but  also  the  density 
or  amount  of  matter  per  unit  volume  in  each  layer,  so  that  in  the  final  result  any 
layer  has  a  weight  in  proportion  to  its  mass.  It  is  therefore  strictly  a  weighted 
mean  of  the  rigidities  of  the  several  layers  of  the  fluid  composing  the  Sun's  globe. 
We  have  already  seen  that  the  total  element  of  pressure  exerted  upon  any  spherical 
shell  distant  x  from  the  Sun's  centre,  and  whose  surface  is  therefore  4tt  x2,  is 


dP  =  4 


X  X°  X"  X' 

3  ~  20  +  240  ~  3888 


+ 


dx 
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The  density  of  the  matter  in  this  layer  of  thickness  dx  is  <r  =  <r0  f  —  j .    and  hence 

the  element  of  pressure  multiplied  by  the  mass  of  the  shell  gives  the  following 
relation : 


3(«r0«7)«*»da:«rl 


dP'  =  4fl-/i 


*'(?\<J) 


XX'  X°  X' 

3  ~  20  +  240  ~  3888  +    '   ' 


dx  . 
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By  integrating  this  expression  for  the  whole  volume  of  the  Sun,  so  as  to  include 
the  product  of  the  pressure  in  each  layer  of  the  Sun's  globe  by  the  corresponding 
mass  of  the  layers,  and  dividing  the  resulting  integral  by  ^iro-xx'3,  which  is  the 
Sun's  mass,  we  obtain  the  theoretical  mean  rigidity  of  the  Sun's  matter,  on  the 
hypothesis  that  the  internal  density  conforms  to  the  monatomic  theory. 
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Accordingly 

0  0 

The  series  in  the  bracket  under  the  last  integral  may  be  derived  from  the 
series  called  /a  by  dividing  out  the  factor  x2,  and  hence  the  final  form  of  the  ex- 
pression for  the  mean  rigidity  of  the  Sun's  matter  becomes 

0  0  0 

The  integral  of  this  expression  involves  nothing  but  x,  which  gives  the  distance 

of  the  matter  from  the  Sun's  centre,  and  [  —  ),  which  defines  the  internal  distribution 

of  density  according  to  the  principles  of  the  monatomic  theory  as  originally  sug- 
gested by  Lane  and  more  fully  developed  in  the  paper  on  the  "  Physical  Constitu- 
tion of  the  Heavenly  Bodies"  (A.N.,  4053).  Full  account  is  taken  of  the  gravi- 
tational forces  acting  on  every  atom  of  the  Sun's  mass;  and  when  the  integration 
is  once  completed,  the  resulting  expression  will  give  the  mean  rigidity  of  the  Sun's 
matter  with  all  the  rigor  of  mathematical  analysis. 

§  221.     Evaluation  of  the  Triple  Integral,  with  Application  of  the  Resulting  Formula 

to  the  Sun  and  Planets. 

We  shall  now  show  how  to  evaluate  the  above  triple  integral,  and  shall  event- 
ually apply  the  resulting  formula  to  the  Sun  and  major  planets  on  the  hypothesis 
that  they  are  essentially  globes  of  gaseous  matter  in  the  monatomic  state.  The 
last  integral  is  the  series  called  /a,  made  up  of  25  terms,  and  as  an  equal  number  of 
terms  is  included  under  each  of  the  other  integrals,  through  the  recurrence  of  the 

series  f  —  J ,    the  final  value  of  the  triple  integral  involves  the  summation  of  all  that 

are  sensible  of  some  15,000  terms.     From  the  nature  of  the  series  (— )  >  however,  it 

is  easy  to  sec  that  only  a  fractional  part,  which  proves  to  be  a  little  over  one-third, 
of  these  elements  will  become  sensible  in  units  of  the  eighth  place  of  decimals ;  and 
we  are  thus  required  to  calculate  only  about  6,000  terms.  But  as  the  final  numeri- 
cal value  of  the  triple  integral,  after  the  factor  a/5  is  divided  out,  is  very  small,  the 
work  must  be  abbreviated  as  much  as  possible,  and  checked  with  the  greatest 
care. 
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Denoting  the  coefficients  of  the  /u,  series  by  a%,  a2,  a3,  .  .  .  au  and  those  of  the 
(—)  series  by  au  a2,  a3,  .  .  .  at,  it  is  easy  to  see  that  the  elements  under  the  second 
integral  of  Equation   (524)   by  multiplication  give 


?Jx%J  W 


a^a^x  +  a,a,x8  +  a,a8x6  -f 

a2aiX8  +  a2a2xi  +  a3asx'1  + 

'-  )x2dx  =  (  o3a1x6  +  «,a2x'  +  a8a,x8  -f 


+  «3a(X2' 

+  ata,x% 


(525) 


{a^x31-1  +  aiaix3,+1  +  «,a,xa,+*  + 


-f  u,  a(x* 


This  may  be  written 


m\  ^ 


(T.J  X' 


rtia,x  +  («,as  +  a^a^x*  +  («!«,  +  aaa,  +  rtjft^x6  -f  («,o4  +  re2a8  +  «s«3  +  aia^)x' 
+   .  .   .   +  (a,at+  Oja(_,  +  ^(1^  +  aiai_s+    .   .   .    +  aia1)xtt~1  . 
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Integrating  this  last  expression  the  two  integrals  of  the  Equation  (524)  become 


/       \)l?    I     W)XldX=    ft,a'    2     +    ("ia2+"»ai)    4     +     («l«8+«2«S+«8ai)    g 


+   («1«4  +  «2a8  +  a»Ui  +   ««ai)    «     +     •••+  ("l"'  +  "2rt'-l  +   rtSffi<-2  +     •    •    •     +  «(«l)   T 


(527) 
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The  coefficients  of  this  series  have  been  found  by  the  actual  calculation  of 
338  terms  to  be  as  follows,  the  brackets  indicating  logarithms: 


J  w  *y  U 


^  /    -)x2dx  =       [9.2218487] x2  -  [8.5228787] x4  +  [7.6432701]xe  -  [6.6445383] x8 


—10 


-10 


-10 


-10 


+  [5.5608210] x10  -  [4.4131494] x12  +  [3.2104464]  x14  -  [1. 9777828] x" 

—10  —10  —10  —10 

+  [0.7070485] x18  -  [9.4087219]x20  +  [8.0876769]  x22  -  [6.7448748] x" 

—10  —20  —20  —20 

+  [5.3850897]  x28  -  [4.0095923] x28  +  [2.6200107] x80-  [1.2176798] x82 

—20  —20  —20  —20 

+  [9.8036980]  x84  -  [8.3789913]  x88  +  [6.9443442] x88  -  [5.5004313]x40 

—30  —30  —30  —30 

+  [4.0478336] x12  -  [2.5870619]  x44  +  [1.1185636]x48  -  [9.6427375]  x48 

—30  —30  —30  —40 

+  [8.1599383]  x80  -  [6.6705280]  x82  +  .  .  . 

—40  —40 
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By  this  process  of  condensation  338  terms  are  reduced  to  a  series  of  26  terms ; 
and  when  the  product  is  again  taken  by  the  series  (^-J  <  the  resulting  square  of  676 
terms  represent  8,788  of  the  original  elements  of  the  triple  integral. 


520  TRIPLE    INTEGRAL   FOR   DETERMINING   RIGIDITY   OF   SUN'S   MATTER. 

Of  the  676  terms  it  was  found  that  519  are  sensible  in  units  of  the  eighth 
place  of  decimals,  thus  making  a  total  of  5,932  of  the  original  15,000  elements 
actually  taken  into  account  in  the  final  value  of  the  triple  integral. 

The  work  of  summing  these  519  terms  was  carefully  checked,  and  after  x"5 
was  divided  out,  and  the  terms  of  the  square  numerically  evaluated  for  x  =  x?  = 
3.653962,  the  final  value  of  the  triple  integral  was  found  to  be 


(529) 


where  S'  =  0.0011915,     log  S'  =  7.0760940  -  10  . 

Hence  the  mean  rigidity  of  the  Sun's  matter  becomes 

Rr  =  w?J^)!fV^  =  6,101,430,000  atmospheres.  (530) 

The  resulting  mean  rigidity  of  the  Sun's  matter,  6101.43  times  that  of  nickel 
steel,  is  sufficiently  remarkable  to  excite  the  astonishment  of  astronomers  who 
may  have  been  accustomed  to  viewing  the  Sun's  globe  as  a  soft  mass  of  gas.  Yet 
it  is  not  too  much  to  say  that  while  few  results  in  the  whole  domain  of  Physical 
Science  fill  one  with  greater  wonder  than  this,  probably  none  have  been  deduced 
by  more  rigorous  processes  than  those  here  employed ;  which  are  based  on  the  law 
of  density  as  defined  by  the  principles  of  the  monatomic  theory,  and  determined 
with  great  mathematical  accuracy  in  A.N.,  4053.  In  a  mass  of  which  the  matter 
has  such  a  great  average  rigidity  as  that  of  our  Sun,  it  is  impossible  to  believe  that 
convective  processes,  even  if  established,  could  continue  any  length  of  time,  and 
accordingly  this  result  seems  effectively  to  disprove  the  general  theory  of  solar 
convective  currents  as  ordinarily  held  by  astronomers. 

As  in  the  case  of  formula  (514)  for  the  mean  rigidity  of  the  layers,  so  also  here, 
formula  (530)  gives  the  average  rigidity  of  the  matter  of  any  star  of  known  mass 
and  dimensions,  and  is  likely  to  be  extremely  useful  in  various  cosmical  investi- 
gations. Thus  when  the  solar  nebula  extended  to  the  orbit  of  the  Earth,  the 
average  rigidity  of  the  matter  was  less  than  that  of  our  present  Sun  in  the  ratio 
of  6.(215)4  to  unity,  or  1  :  12820500000  of  its  present  value.  The  criteria  estab- 
lished by  formula  (514)  and  (530)  ought  to  enable  us  to  understand  the  mean  state 
of  condensing  masses  at  any  stage  of  their  history,  and  thus  afford  safe  guides  for 
the  interpretation  of  observed  phenomena  in  the  case  of  some  of  the  stars  and 
nebulae,  when  accurate  data  become  available  for  the  use  of  the  investigator. 
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When  the  above  formula  (530)  is  applied  to  the  major  planets  the  results  are 
as  follows: 

Planet  Mean  Rigidity  of  the  Matter  R' 

Jupiter  56237501  atmospheres 

Saturn  10712580 

Uranus  13916028 

Neptune  17550730 

In  concluding  this  investigation  we  may  observe  that  the  value  of  S'  = 
0.0011915,  calculated  in  Equation  (529)  is  almost  exactly  one-half  that  of  S  as 
found  independently  by  numerical  calculation  in  Equation  (513),  which  gives 
\  S  =  0.00118802.     As  the  forms  of  these  two  equations  otherwise  are  identical, 

except  for  the  factor  —  =  6,  occurring  in  (529) ,  the  result  is  that  for  the  Sun  con- 
sidered as  a  sphere  of  monatomic  gas  R'  =  3  R;  and  we  are  led  to  the  interesting 
law  that  the  mean  rigidity  of  all  the  matter  of  such  a  globe  is  always  exactly  three 
times  that  of  the  layers  in  which  it  is  arranged.  We  shall  not  stop  here  to  inquire 
into  the  cause  of  this  remarkable  result,  as  depending  on  the  nature  of  the  pre- 
ceding double  and  triple  integrals,  beyond  remarking  that  the  close  agreement 
in  the  above  values  of  S'  and  $S,  shows  the  extreme  accuracy  of  the  numerical 
work.  If  self-luminous  bodies  of  large  size  are  globes  of  monatomic  gas,  as  astron- 
omers have  abundant  reasons  to  suppose,  this  simple  physical  law  will  no  doubt 
be  applicable  generally  to  myriads  of  fixed  stars  constituting  the  sidereal  universe. 

§  222.     On  the  Gravitational  Tenacity  of  the  Heavenly  Bodies. 

The  tenacity,  or  breaking  force,  required  to  pull  the  two  hemispheres  of  a 
planet  apart  against  gravity  affords  another  useful  estimate  of  the  strength  of 
the  various  bodies  of  our  system.  This  is  calculated  on  the  hypothesis  that  the 
mass  is  fluid,  and  that  forces  can  be  applied  in  such  a  way  as  to  produce  division 
along  a  diametral  plane.  To  determine  this  tenacity  of  a  planet  we  have  only  to 
find  the  mean  gravitational  pressure  on  a  diametral  section,  and  compare  the 
result  to  the  tenacity  of  the  corresponding  materials  as  found  by  terrestrial  experi- 
ments. The  following  table  gives  the  tenacity  of  various  substances  expressed  in 
atmospheres,  and  also  the  calculated  tenacity  of  the  several  bodies  of  our  system. 
In  view  of  the  preceding  discussion  of  the  rigidities,  the  method  of  calculation 
employed  in  finding  the  tenacity  of  the  planets  scarcely  requires  explanation.  In 
any  infinitely  narrow  zone  of  the  diametral  section  of  a  body  like  the  Earth,  of 
width  r  dx,  the  pressure  is  p  2  n  r  x  r  dx,  and  for  the  whole  diametral  section, 
the  general  expression  becomes 
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P  =  2wr*  /  pxdx  ,  (531) 

o 

which  admits  of  integration  for  the  several  laws  of  pressure  corresponding  to  the 
different  laws  of  density  given  in  the  foregoing  equations.  For  our  present  pur- 
poses, however,  it  has  been  thought  sufficient  to  use  the  numerical  data  on  the 
internal  pressures  already  published  in  A.N.,  3992,  and  those  calculated  in  Table 
E  of  the  present  paper,  and  simple  quadrature  of  the  form  corresponding  to  the 
weighted  mean, 

<-, 

//  =  -^V  -  Pi  *?  +  P,  (*,*  -  *.*)  +  P,  W  >-*,*)  +  ■  •  •  +  Pi  (*<2  -  **i-t)  >  (532) 

where  pu  p2,  p3,  .  .  .  Pi  are  the  mean  pressures  for  the  successive  shells  into 
which  the  sphere  is  divided,  and  xu  x2,  x3,  .  .  .  as*,  the  respective  fractions  of 
the  radius.  As  the  pressures  are  already  given  for  each  tenth  of  the  radius,  the 
expressions  p2  (x22 — x2),  p3  (x32 — x22),  .  .  .  ,  &c,  are  simple  products  by  differ- 
ences of  these  squares,  and  thus  easily  evaluated  with  all  necessary  accuracy. 

The  great  tenacity  of  the  larger  heavenly  bodies  affords  little  indications  of 
the  probability  of  the  disruption  of  a. planet  by  an  explosion  due  to  any  combination 
of  elements  such  as  is  likely  to  occur  in  actual  nature.  The  hypothesis  proposed 
by  Olbers  for  the  explanation  of  the  Asteroids,  and  long  since  abandoned  by 
astronomers,  was  really  too  improbable  for  serious  consideration. 

The  gravitational  tenacity  of  a  planet  becomes  small  for  a  small  mass.  But 
to  reduce  it  to  equality  with  the  adhesive  force  of  an  equal  globe  of  sandstone, 
for  example,  the  diameter  of  a  mass  of  the  same  density  as  the  Earth  could  not 
exceed  100  kilometres;  and  in  the  case  of  a  substance  having  the  same  density 
(5.5)  but  a  tenacity  equal  to  that  of  steel  the  diameter  would  be  approximately 
1280  kilometres. 

The  strength  of  a  large  mass  of  stone,  as  a  mountain  of  granite,  or  a  small 
satellite,  like  those  of  Mars,  depends  almost  wholly  on  cohesion,  and  may  have 
any  resisting  power  appropriate  to  the  given  substance.  The  bodily  strength  of 
the  planets,  and  the  Sun,  and  stars,  on  the  other  hand,  depend  almost  entirely 
on  the  mutual  gravitation  of  their  parts,  the  cohesion  becoming  relatively  insensible, 
especially  when  the  masses  are  made  up  of  compressed  gases  at  enormously  high 
temperatures.  '  From  these  considerations  it  seems  difficult  to  imagine  conditions 
which  could  endanger  the  stability  of  a  planet  or  star  when  it  has  once  attained 
any  considerable  size.     Probably  nothing  short  of  a  violent  bodily  collision  with 


ON    THE    GRAVITATIONAL   TENACITY    OF   THE    HEAVENLY   BODIES. 


523 


another  hard  dense  mass  would  produce  a  decided  disturbance  of  the  planet's 

figure. 

Table  F.     The  Tenacity  or  Breaking  Strength  of  Various  Substances,  Based  on 

Lord  Kelvin's  Tables  in  the  Article  "  Elasticity,"  Encycl.  Brit., 

Ninth  Edition,  and  Later  Authorities. 


Substance 

a 
Density 

T 

Tenacity  in 
Atmosph. 

American  Nickel  Steel  pianoforte  wire 

7.760 

30000 

British  Steel  pianoforte  wire 

7.727 

22859 

American  Nickel  Steel,  drawn 

7.740 

18707 

Steel  Wire,  drawn 

7.718 

9591 

Steel  Cast,  drawn 

7.717 

8110 

American  Aluminum  Bronze,  rolled 

8.30 

6803 

(10%  Al,  90%  Cu.) 

American  Bronze  Manganese,  rolled 

8.85 

6803 

Iron  Wire,  Common 

7.553 

6300 

Copper  Wire,  drawn 

8.933 

3968 

Platinum  Wire,  fine 

21.166 

3387 

Brass  Wire 

8.383 

3319 

Silver,  drawn 

10.369 

2865 

Gold,  drawn 

18.514 

2748 

Palladium 

11.35 

2632 

Bronze 

8.660 

2439 

Zinc,  Common,  drawn 

7.008 

1529 

Ivory 

1.917 

1188 

Tin,  Cast 

7.404 

403 

Glass 

3.329 

391 

Lead 

11.215 

213 

Marble,  Italian  white,  Statuary 

2.837 

70 

Sandstone,  Connecticut  Red 

2.50 

40 

Scotch  (according  to  Tait) 

2.41 

34 

Missouri,  hard 

2.40 

30 

"          Missouri,  soft 

2.30 

10 

Table  G. 

Calculated  Tenacity  of  Bodies  of  the  Solar  System. 

*i 

Number  of  Times  Greater 

T 

Number  of  Times  Greater 

than  the  Adhesive  Force  of 

Average  Tenacity  in 

than  the  Adhesive  Force 

an  Equal  Globe  of  Solid  Steel 
with  1  enacity  of  the  Strongest 

Body  of  ine 
Solar  System 

_  Atmospheres  Due  to 

of  an  Equal  Globe  of 

the  Attraction  of 

Solid  Red  Sandstone, 

Pianoforte  Wire,  Taken  at 

Gravitation 

t  =  40,  the  Stone  Being 
Supposed  Devoid  of  Grav- 
itation Between  Its  Parts 

30,000  Atmospheres,  the  Steel 

Globe  Being  Supposed  Devoid 

of  Gravitation  for  Itself 

Mercury 

31358 

784.9 

1.0453 

Venus 

832490 

20812.2 

27.7497 

Earth 

1068188 

26704.7 

35.6063 

Mars 

131030 

3274.8 

4.3677 

Moon 

16208 

405.2 

0.5403 

J  up.  Sat. 

I 

12696 

317.4 

0.4232 

a           a 

II 

13336 

333.4 

0.4445 

a           a 

III 

20911 

522.8 

0.6970 

a           it 

IV 

1924 

48.1 

0.0641 

Titan 

9790 

244.7 

0.3263 

Jupiter 

17664880 

441622 

588.8 

Saturn 

3370610 

84265 

112.3 

Uranus 

4357660 

108940 

145.2 

Neptune 

5524800 

138120 

184.1 

Sun 

1919738000 

47993450 

63991 
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§  223.     General  Considerations  on  the  Theory  of  the  Sun  and  Stars. 

Many  important  problems  are  suggested  by  the  theory  of  the  physical  consti- 
tution of  the  heavenly  bodies,  but  it  is  obvious  that  only  a  few  of  them  can  be 
touched  upon  here.  In  the  first  place  it  should  be  remarked  that  some  of  the  views 
set  forth  in.A  JV\,  4053,  have  been  more  or  less  anticipated  by  Professor  Schuster 
of  Manchester,  who  also  adopted  the  monatomic  theory  in  a  thoughtful  address 
of  wide  range  delivered  to  the  Royal  Philosophical  Society  of  Glasgow,  November 
6,  1901,  and  published  in  the  Proceedings  of  that  learned  Society.  At  the  time 
of  composing  the  paper  in  A.N.,  4053,  the  writer  was  not  aware  of  this  address. 
The  views  set  forth  by  Professor  Schuster  do  not  in  general  differ  widely  from 
those  held  by  the  writer,  except  on  some  particular  points.  For  a  complete  ex- 
position of  his  views  on  the  numerous  problems  under  review  the  reader  must  he 
referred  to  his  paper  "On  the  Evolution  of  the  Solar  Stars."  He  says:  "As  it 
is  exceedingly  likely  that  at  the  temperature  of  the  Sun  and  stars,  all  molecules 
are  monatomic  like  mercury  vapor,  we  may  base  our  calculations  on  that  assump- 
tion;" and  he  calculates  some  tables  for  the  internal  density,  pressure  and  tem- 
perature of  the  Sun,  based  on  the  general  principles  of  convective  equilibrium  as 
developed  by  Lane,  Ritter  and  Lord  Kelvin.  Professor  Schuster  assumes 
the  constancy  of  the  atomic  weights  of  the  elements  as  found  by  chemical  experi- 
ments, and  makes  the  internal  temperature  depend  upon  the  kind  of  atoms  present, 
inclining  to  the  view  that  the  centre  of  the  Sun  is  composed  mainly  of  vapor  of  iron 
in  the  monatomic  state.  He  adds:  "It  is  a  curious  fact,  which  is  not  perhaps 
without  significance,  that  the  central  density  of  the  Sun,  as  calculated  on  the 
assumption  of  its  being  a  perfect  gas,  is  only  very  little  in  excess  of  the  density, 
which,  according  to  the  most  careful  recent  estimates  is  to  be  ascribed  to  the 
central  portion  of  the  Earth,  and  again  that  that  estimate  is  very  little  in  excess 
of  the  density  of  solid  iron."  He  thus  seems  inclined  to  favor  an  iron  nucleus  for 
the  Sun  and  Earth. 

The  writer  has  elsewhere  (A.N.,  3992,  4053)  assigned  reasons  for  distrusting 
this  popular  hypothesis;  and  at  present  it  will  perhaps  be  sufficient  to  call  attention 
to  the  great  rigidity  of  all  these  cosmical  masses  long  before  the  existing  stage  is 
reached  in  the  general  pfocess  of  their  secular  condensation.  Such  great  rigidity 
of  the  matter  would  very  effectively  prevent  a  separation  of  the  elements  according 
to  their  atomic  weights,  and  it  is  difficult  if  not  impossible  to  see  how  distinctively 
metallic  nuclei  could  form  in  any  of  these  masses. 

In  A.N.,  4053,  no  assumption  was  made  as  to  the  nature  of  the  atoms  at 
different  depths  in  the  Sun's  mass,  nor  were  their  atomic  weights  taken  to  be 
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constant  and  invariable  under  the  fierce  conditions  of  temperature  and  electric 
excitation*  prevailing  in  the  Sun's  interior. 

Attention  has  been  called  to  the  fact  that  one  is  not  at  liberty  to  impose  upon 
the  atoms  of  the  nucleus  temperatures  resulting  from  the  law  of  density  combined 
with  the  Sun's  observed  effective  temperature,  regardless  of  the  weight  of  the 
atoms.  But  to  those  who  consider  the  observed  effective  temperature  well  estab- 
lished, and  the  atomic  weights  within  as  probably  dependent  upon  the  temperature 
and  the  conditions  of  electric  excitation,  and  therefore  not  necessarily  constant 
under  all  the  extreme  conditions  prevailing  in  the  Sun's  globe  (a  view  also  much 
emphasized  by  Sir  Norman  Lockyer),  the  procedure  in  A.N.,  4053,  will  appear 
sound  and  unobjectionable.  Which  of  these  alternative  methods  is  the  correct 
one  time  alone  can  decide;  but  in  the  present  state  of  our  knowledge  nothing 
seems  more  certain  than  that  dissociation  will  eventually  become  a  well  established 
fact. 

Some  writers  on  cosmical  physics  appear  to  consider  that  the  liquid  state  of 
matter  is  often  met  with  in  the  heavenly  bodies,  and  that  when  masses  once  reach 
that  condition,  they  are  henceforth  practically  incompressible,  cease  to  con- 
tract, cool  down  and  soon  become  non-luminous.  From  the  considerations 
adduced  in  Chapter  XVII,  §212,  pp.  487-492,  regarding  the  secular  accumulation 
of  heat  within  the  stars  during  the  gaseous  stage,  it  is  impossible  to  entertain 
this  view  seriously. 

On  account  of  the  enormous  temperatures  thus  developed  it  seems  probable 
that  liquids  play  a  very  small  part  in  the  physics  of  stars  which  are  still  self-lumin- 
ous, such  as  those  composing  the  visible  universe;  and  therefore  we  need  not 
dwell  upon  the  problems  suggested.  But  one  very  common  remark  of  Physicists, 
that  all  liquids  are  practically  incompressible,  must  not  be  allowed  to  pass  unnoticed. 
As  measured  with  imperfect  apparatus  under  the  small  forces  available  to  the 
experimenter  in  the  Laboratory  this  is  no  doubt  approximately  a  fact  of  observa- 
tion ;  but  even  if  liquids  existed  universally  in  nature  it  would  not  hold  true  under 
the  enormous  forces  operating  in  the  interior  of  the  heavenly  bodies.  Indeed  it 
seems  certain  that  all  matter,  whether  solid,  liquid  or  gaseous,  under  such  stupen- 
dous forces  would  yield  like  a  sponge;  because  it  is  generally  admitted  that  the 
intervals  separating  the  particles  are  always  perfectly  enormous  in  comparison 
with  their  dimensions. 

*  In  speaking  of  the  dynamics  of  the  electron  in  his  address  on  "Mathematical  Physics  "at  the  St.  Louis  Con- 
gress of  1904  Poincare' says:  "It  is  the  motion  of  electrons  that  produces  the  lines  of  the  spectrum;  this  is 
proved  by  the  phenomenon  of  Zeemann;  what  vibrates  in  an  incandescent  body  is  affected  by  a  magnet,  and 
is  hence  electrified.  This  is  a  very  important  point;  but  no  one  has  gone  into  the  question  any  further."  Transla- 
tion by  Prof.  J.  W.  Young,  Bulletin  Am.  Math.  Soc,  February,  1906,  p.  258. 
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In  his  address  on  "Mathematical  Physics"  delivered  at  the  St.  Louis  Con- 
gress of  Arts  and  Sciences  in  1904,  Poincare  says:* 

"The  astronomical  universe  consists  of  masses,  undoubtedly  of  great  magni- 
tude, but  separated  by  such  immense  distances  that  they  appear  to  us  as  material 
points;  these  points  attract  each  other  in  the  inverse  ratio  of  the  squares  of  their 
distances,  and  this  attraction  is  the  only  force  which  affects  their  motion.  But 
if  our  sense  were  keen  enough  to  show  us  all  the  details  of  the  bodies  which  the 
physicist  studies,  the  spectacle  thus  disclosed  would  hardly  differ  from  the  one 
which  the  astronomer  contemplates.  There,  too,  we  should  see  material  points 
separated  by  intervals  which  are  enormous  in  comparison  with  their  dimensions, 
and  describing  orbits  according  to  regular  laws.  Like  the  stars  proper,  they  attract 
each  other  or  repel,  and  this  attraction  or  repulsion,  which  is  along  the  line  joining 
them,  depends  only  on  distance." 

In  his  recent  Presidential  Address  to  the  British  Association  for  the  Advance- 
ment of  Science  at  Cape  Town,  Sir  George  Darwin  discusses  the  theory  of 
electrons,  and  continues :  f 

"  I  have  not  as  yet  made  any  attempt  to  represent  the  excessive  minuteness 
of  the  corpuscles,  of  whose  existence  we  are  now  so  confident;  but,  as  an  intro- 
duction to  what  I  have  to  speak  of  next,  it  is  necessary  to  do  so.  To  obtain  any 
adequate  conception  of  their  size  we  must  betake  ourselves  to  a  scheme  of  three- 
fold magnification.  Lord  Kelvin  has  shown  that  if  a  drop  of  water  were  magni- 
fied to  the  size  of  the  Earth  the  molecules  of  water  would  be  of  a  size  intermediate 
between  that  of  a  cricket  ball  and  of  a  marble.  Now  each  molecule  contains 
three  atoms,  two  being  of  hydrogen  and  one  of  oxygen.  The  molecular  system 
probably  presents  some  sort  of  analogy  with  that  of  a  triple  star;  the  three  atoms, 
replacing  the  stars,  revolving  about  one  another  in  some  sort  of  dance  which  can- 
not be  exactly  described.  I  doubt  whether  it  is  possible  to  say  how  large  a  part 
of  the  space  occupied  by  the  whole  molecule  is  occupied  by  the  atoms;  but  per- 
haps the  atoms  bear  to  the  molecule  some  such  relationship  as  the  molecule  to  the 
drop  of  water  referred  to.  Finally,  the  corpuscles  may  stand  to  the  atom  in  a 
similar  scale  of  magnitude.  Accordingly,  a  threefold  magnification  would  be 
needed  to  bring  these  ultimate  parts  of  the  atom  within  the  range  of  our  ordinary 
scales  of  measurements."  .  .  . 

"The  community  of  atoms  in  water  has  been  compared  with  a  triple  star, 
but  there  are  others  known  to  the  chemist  in  which  the  atoms  are  to  be  counted 
by  fifties  and  hundreds,  so  that  they  resemble  constellations." 

*  cf.  Bulletin  Am.  Math.  Soc.,  February,  1906,  p.  241;  authorized  translation  by  Professor  J.  W.  Young. 
tcf.  ScUnce,  August  25,   1905,   pp.  233-34. 
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The  passages  here  cited  from  two  of  the  most  eminent  authorities  afford  us 
conclusive  proof  that  all  matter  is  compressible  to  an  almost  indefinite  extent 
by  sufficiently  great  forces;  and  accordingly  it  appears  that  under  the  stupendous 
forces  operating  in  the  interior  of  the  heavenly  bodies  nothing  is  more  certain  than 
the  total  failure  of  all  the  experimental  laws  of  physics  relating  to  the  incom- 
pressibility  and  the  impenetrability  of  matter. 

Accordingly  we  conclude  that  while  the  usual  compressibility  of  matter  is 
greatly  obstructed  by  molecular  forces  as  the  density  increases,  and  decided 
discontinuity  intervenes  at  the  solid  and  liquid  stage,  when  only  small  forces  are 
applied;  yet  in  view  of  the  smallness  of  the  particles  in  comparison  with  the 
spaces  which  intervene  between  them,  no  doubt  increasing  pressure  always  aug- 
ments the  condensation,  in  spite  of  the  powerful  molecular  repulsion,  which  Max- 
well showed  in  some  cases  to  vary  inversely  as  the  fifth  power  of  the  distance. 
The  limit  of  condensation  is  usually  fixed  by  the  very  high  temperatures  prevail- 
ing in  the  larger  heavenly  bodies.  In  the  same  way  the  pressure  in  cosmical  masses 
is  generally  sufficient  to  ensure  complete  interpenetrability  of  all  the  elements, 
especially  at  the  enormous  temperatures  operating  in  the  interior  of  the  Sun  and 
stars. 

§  224.     The  Effects  of  Great  Rigidity  Upon  the  Circulation  of  the  Matter  of 

Cosmical  Globes. 

It  is  well  known  that  while  the  observation  and  photography  of  the  Sun  have 
been  greatly  extended  of  late  years,  very  little  progress  has  been  made  in  the 
theory  of  the  Sun,  and  the  extension  of  this  subject  is  therefore  of  high  interest 
to  all  contemporary  investigators.* 

To  photograph  the  outside  surface  of  the  Sun,  in  the  hope  of  deducing  the 
under-lying  laws  of  the  internal  movement,  is  a  good  deal  like  photographing 
the  wave-swept  surface  of  the  sea,  far  from  the  land,  with  a  view  of  finding  the 
laws  of  the  tides  and  other  currents  of  the  ocean.  For  the  surface  of  the  Sun  is 
in  a  state  of  incessant  change,  and  the  instantaneous  appearance  of  the  photosphere 
does  not  indicate  the  nature  of  the  movement  beneath,  any  more  than  the  billows 
of  the  open  sea  will  disclose  the  laws  of  the  ocean  currents. 

It  may  be  assumed  that  there  is  some  continuity  in  the  phenomena  witnessed 
on  the  Sun's  surface,  but  the  order  of  events  is  difficult  to  establish,  because  the 
changes  noted  cannot  be  interpreted  without  an  approximate  understanding  of 

*  The  first  part  of  this  Section  is  based  on  a  paper  entitled  "Results  of  Recent  Researches  on  the  Physical  Con- 
stitution of  the  Sun,"  prepared  at  the  request  of  Professor  A.  Ricco  of  Catania,  and  published  in  the  Memorie 
dilla  Socfrta  degli  Spettroscopisti  italiani,  Vol.  XXXVII,  anno,  1908. 
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the  underlying  physical  conditions,  which  heretofore  have  been  very  little  studied, 
owing  to  the  fact  that  there  has  been  no  adequate  method  for  attacking  the  prob- 
lem. Having  already  developed  the  principles  of  the  monatomic  theory,  we 
may  again  recur  to  the  interpretation  of  the  observed  phenomena. 

In  A.N.,  3992,  we  have  developed  the  theory  of  the  internal  density  and 
pressure  within  the  principal  bodies  of  the  solar  system,  on  the  hypothesis  that 
the  density  conforms  to  Laplace's  celebrated  law  for  the  density  of  the  Earth, 
which  naturally  is  somewhat  modified  in  its  application  to  other  masses  of  different 
physical  constitution.  While  this  gives  a  better  approximation  to  the  truth  than 
the  simple  hypothesis  of  uniform  density,  and  proves  to  be  satisfactory  for  the 
encrusted  planets;  yet  the  result  is  found  to  be  unsatisfactory  for  the  Sun  and 
major  planets,  which  are  masses  at  high  temperature,  and  certainly  of  small 
density  near  the  surface,  and  therefore  of  correspondingly  greater  density  in  their 
central  parts  than  is  indicated  by  the  Laplacian  law. 

On  several  grounds  it  may  be  held  that  the  monatomic  theory,  according 
to  which  the  heavenly  bodies  are  gaseous  masses  reduced  by  their  enormous  tem- 
perature to  the  state  of  single  atoms,  gives  the  closest  known  approximation  to 
the  true  condition  of  the  Sun  and  main  body  of  the  fixed  stars.  If  any  departure 
from  this  simple  theory  takes  place,  it  will  be  chiefly  in  the  outer  layers,  where 
the  physical  conditions  change  rapidly,  and  entire  continuity  under  the  conflict 
of  antagonistic  forces  can  scarcely  be  expected.  In  the  neighborhood  of  the 
photosphere  and  chromosphere,  the  fluid  is  subjected  to  great  velocity  of  move- 
ment, while  the  force  of  gravity  is  such  as  to  produce  an  abrupt  change  in  the 
pressure;  on  the  other  hand  the  fall  of  temperature  is  exceedingly  rapid  as  the 
upper  limits  of  the  photosphere  is  approached,  and  the  radiation  pressure  of  the 
Sun's  light  is  so  intense  as  to  largely  if  not  entirely  overcome  the  force  of  gravity. 
Under  the  circumstances  the  discontinuous  physical  conditions  existing  at  the 
Sun's  surface  necessarily  operate  to  modify  the  full  validity  of  ordinary  physical 
laws.  But  while  this  takes  place  in  the  surface  layers  of  the  Sun,  it  can  hardly 
be  true  in  any  of  the  deeper  portions  of  that  globe,  where  there  is  no  sudden  transi- 
tion, as  at  the  boundary  of  the  sphere. 

In  regard  to  the  significance  of  these  results,  it  suffices  to  point  out  that  above 
the  critical  temperature  gaseous  matter  passes  into  the  solid  state  under  the  effects 
of  pressure  alone,  without  going  through  the  intermediate  liquid  state  ordinarily 
observed  at  common  temperatures. 

Hence  even  with  the  enormous  temperature  of  the  Sun,  the  whole  interior 
of  that  immense  globe  is  under  such  pressure  that  the  matter  in  confinement  be- 
haves as  a  solid.     The  nucleus  of  the  Sun  is  therefore  a  globe  of  enormous  effective 
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rigidity.  At  what  depth  the  matter  acquires  the  property  of  a  solid  is  not  certainly 
known,  but  it  is  impossible  to  believe  that  the  layer  which  behaves  as  a  gas  can 
have  a  depth  equal  to  one-tenth  of  the  radius;  for  the  pressure  at  that  depth  is 
about  twenty-two  million  atmospheres.  Matter  sustaining  such  pressure  must 
be  effectively  solid;  and  if  the  rigidity  is  proportional  to  the  pressure,  as  may  be 
inferred  from  physical  laws  which  are  observationally  verified  in  the  case  of  the 
Earth,  the  Sun's  matter  at  a  depth  of  0.10  of  the  radius  must  be  about  twenty-two 
times  more  rigid  than  nickel  steel  used  in  armor  plate. 

Accordingly  only  the  outermost  layers  behave  as  gaseous  matter,  while  the 
whole  nucleus  is  rendered  effectively  solid  and  highly  rigid  by  pressure.  And  as 
convection  currents  could  not  be  maintained  in  a  mass  reduced  to  the  state  of  a 
rigid  solid,  it  follows  that  convection  currents  can  exist  only  in  the  outermost 
layers  of  the  Sun's  globe. 

Heretofore  it  has  been  very  generally  assumed  by  astronomers  that  convection 
currents  extend  down  to  the  centre,  and  thus  produce  a  steady  transfer  of  heat 
from  the  interior  outward,  so  as  to  maintain  the  enormous  surface  luminosity  of 
the  Sun's  disc.  But  it  is  obvious  that  researches  for  the  interpretation  of  phenom- 
ena noticed  at  the  Sun's  surface,  to  be  of  any  effect,  should  be  guided  by  the 
general  principles  here  laid  down.  Before  we  can  make  progress  in  the  treatment 
of  this  problem  we  must  base  our  reduction  and  discussion  of  the  observed  phenom- 
ena upon  the  monatomic  theory,  or  something  better,  and  proceed  by  successive 
approximations  to  form  a  tenable  theory  of  the  radiation  and  fluid  movements 
of  the  Sun's  surface,  which  will  explain  observed  phenomena  in  accordance  with 
admissible  underlying  conditions. 

The  first  need  of  solar  physics  to-day  is  therefore  the  theoretical  study  of  the 
radiation  of  a  globe  such  as  we  have  shown  the  Sun  to  be.  An  effort  might  be 
made  to  trace  the  observed  movements  to  their  appropriate  depths.  This  would 
give  us  the  true  theory  of  spots,  periods,  solar  drift  and  kindred  phenomena  ob- 
served on  the  Sun's  disc,  and  afford  the  observer  a  clue  to  the  periodicity  and  dis- 
tribution of  the  eruptions  noticed  in  the  photosphere. 

The  results  established  in  this  chapter  appear  to  bring  to  light  in  a  clear  and 
definite  way  the  forces  of  resistance  which  must  necessarily  array  themselves 
against  any  system  of  currents  imagined  to  exist  in  the  depths  of  cosmical  masses. 
Great  pressure  always  produces  great  effective  rigidity  of  the  matter,  and  any 
motion  of  matter  under  such  strain  would  be  accompanied  by  the  most  enormous 
molecular  friction.  It  follows  therefore  that  in  general  when  the  pressure  is  very 
great,  enormous  resistance  would  be  exerted  against  currents  already  existing,  and 
would  tend  to  bring  them  rapidly  to  rest;  so  tha't  the  continuation  of  the  motion 
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would  presuppose  the  constant  exertion  of  correspondingly  great  forces  to  over- 
come the  friction  due  to  the  pressure.  As  the  pressure  increases  rapidly  with 
the  depth  in  all  large  masses  of  moderate  density,  it  seems  almost  inconceivable 
that  rapidly  moving  currents  could  descend  to  any  appreciable  depth,  and  hence 
all  currents  observed  externally  might  be  expected  to  be  shallow,  and  to  die  out 
rapidly  as  they  descend  into  the  mass. 

These  considerations  strongly  support  the  views  set  forth  in  A.N.,  4053,  that 
the  Sun's  supply  of  light  and  heat  is  maintained  by  direct  radiation  from  beneath 
rather  than  by  a  system  of  convection  currents  descending  to  great  depths  against 
the  frictional  resistance  of  the  surrounding  matter.  Not  only  is  the  resistance 
to  such  supposed  motion  very  great,  but  it  is  shown  that  the  gases  in  the  outer 
parts  of  the  Sun's  globe  are  sufficiently  rare  to  admit  of  a  very  powerful  direct 
radiation  without  bodily  motion  of  the  flaming  fluid,  which  is  also  rendered  per- 
fectly transparent  by  the  enormously  high  temperatures.  Moreover  it  is  difficult 
to  conceive  of  a  regular  system  of  double  tubes  in  the  continuous  body  of  the  Sun, 
with  the  hot  fluid  ascending  in  one  set  and  the  materials  cooled  by  radiation  descend- 
ing in  the  other.  Indeed  it  seems  almost  impossible  to  imagine  such  a  system  of 
currents  at  work  against  the  resistance  inevitably  arising  from  the  contrary  motions 
of  such  neighboring  streams.  Neither  can  one  see  how  such  a  mutually  obstruct- 
ing and  antagonistic  series  of  currents  could  be  maintained  if  once  established. 
Obviously  they  would  all  very  soon  die  out,  and  in  view  of  the  proved  effective 
rigidity  of  the  matter  it  is  impossible  to  see  how  they  could  ever  be  re-established 
by  any  natural  process. 

When  one  reflects  that  direct  radiation  does  away  with  this  highly  complex 
hypothetical  system  of  movement,  while  at  the  same  time  it  affords  an  adequate 
supply  of  energy  from  below,  the  conclusion  seems  irresistible  that  the  general 
conception  of  convection  currents  sinking  to  great  depths  in  large  masses  of  high 
average  rigidity  is  a  mistaken  one;  and  that  the  simpler  process  of  direct  radia- 
tion is  the  general  law  of  nature.  Convection  currents  might  indeed  exist  to 
some  extent  in  the  very  shallowest  of  the  photospheric  layers  of  the  Sun  and  stars, 
and  also  in  nebulae  of  small  average  rigidity,  but  surely  not  in  the  interior  of  well 
developed  stars  having  an  average  effective  rigidity  thousands  of  times  greater 
than  that  of  armor  plate. 

The  rapid  outflow  of  energy  in  the  case  of  a  typical  star  would  seem  to  be 
mainly  from  the  surface  layers,  though  a  smaller  amount  of  energy  comes  up 
more  slowly  from  greater  depths;  and  no  doubt  some  process  of  radiation  per- 
mits the  vibrations  to  be  transmitted  or  exchanged  through  the  intervening 
medium    without    bodily    motion    of    matter    effectively    thousands    of    times 
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more  rigid    than   nickel   steel,  though   at   a   temperature   of   many  millions   of 
degrees. 

In  the  paper  "  On  the  Evolution  of  Solar  Stars  "  previously  cited,  but  unknown 
to  the  writer  at  the  time  of  preparing  the  views  set  forth  in  A.N.,  4053,  it  appears 
that  Professor  Schuster  also  has  given  some  consideration  to  the  effects  of 
direct  radiation,  though  on  the  whole  he  seems  to  adhere  to  the  system  of  convection 
currents.  He  says:  "It  may  not  be  unnecessary  to  say  a  few  words  as  to  the 
evidence  we  possess  that  the  convection  currents  which  play  so  important  a  part 
in  the  theoretical  investigation  actually  exist  in  the  Sun.  The  surface  radiates 
an  amount  of  heat  into  space  of  which  we  can  form  a  very  fair  estimate  by  meas- 
uring the  quantity  which  reaches  the  Earth.  The  number  so  obtained  is  1,340 
million  per  square  metre  of  the  solar  surface,  the  unit  of  heat  being  the  amount 
necessary  to  raise  one  gramme  of  water  through  one  degree.  We  obtain  an  idea 
of  what  that  number  means  if  we  imagine  the  Sun  to  be  surrounded  by  a  shell  of 
ice,  the  heat  supplied  by  radiation  could  melt  in  each  minute  a  layer  of  ice  fifty- 
eight  feet  thick.  Or  expressing  it  with  Lord  Kelvin  in  terms  of  power,  we  may 
say  that  the  solar  surface  does  work  by  radiation  equivalent  to  131,000  horse- 
power for  each  square  metre  of  his  surface.  The  heat  thus  lost  by  radiation  must 
be  supplied  from  the  inside  of  the  Sun,  otherwise  the  solar  surface  would  cool 
down  in  a  fraction  of  a  second  to  a  temperature  at  which  it  would  cease  to  be 
luminous.  If  the  heat  is  carried  from  the  inside  to  the  outside  by  convection 
alone,  the  velocity  of  the  currents  of  vapor  must  be  very  great.  Taking  the 
pressure  of  the  vapor  near  the  surface  to  be  one  atmosphere,  we  may  say  that  all 
the  heat  contained  in  a  layer  having  a  thickness  of  370  metres  is  lost  by  radiation 
in  each  second  of  time,  and  this  number  does  not  depend  on  the  nature  of  the 
vapor  or  on  its  temperature.  A  layer  of  that  thickness  would  have  to  be  replaced 
by  convection  in  every  second  if  the  temperature  of  the  surface  is  to  be  maintained. 
From  this  I  calculate  that  if  the  difference  in  pressure  between  the  descending 
and  ascending  currents  is  one  atmosphere,  the  velocity  of  the  convection  currents 
must  be  616  metres  per  second,  or  about  1,000  miles  per  hour.  These  up  and 
down  draughts  of  vapor  must  take  place  with  the  calculated  velocity,  unless  an 
appreciable  portion  of  the  heat  is  supplied  from  the  inside  in  some  other  way,  as 
for  instance  by  radiation.  It  is  difficult  to  form  an  estimate  as  to  how  far  radiation 
can  help  to  keep  up  the  temperature  of  the  surface.  I  have  made  some  calcula- 
tions on  this  point  which,  though  they  have  yielded  interesting  results,  cannot 
at  present  be  expressed  in  definite  numbers.  It  is  sufficient  for  the  present  argu- 
ment to  maintain,  that  even  if  radiation  takes  a  prominent  part  in  the  determina- 
tion of  the  distribution  of  temperature,  we  cannot  escape  the  conclusion  that 
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convective  currents  must  bring  about  a  continuous  interchange  of  matter  between 
the  inside  and  outside  of  the  Sun.  This  theoretical  conclusion  is  amply  confirmed 
by  observation." 

Again  Schuster  adds:  "  If  convection  currents  could  be  completely  stopped, 
the  heavier  gases  would  sink  to  lower  levels,  and  the  outer  layer  of  a  star  would  be 
made  up  of  hydrogen  and  the  lighter  metallic  vapors.  It  is  owing  to  convection 
that  a  mixing  takes  place,  and  the  stronger  the  convection  the  more  complete 
the  mixing." 

A  particular  line  of  argument  will  naturally  appeal  with  different  force  to 
different  investigators,  and  some  may  still  feel  that  the  subject  of  cosmical  circu- 
lation is  open  to  further  research;  but  to  most  minds  the  argument  drawn  from 
the  theory  of  the  rigidity  of  the  Sun's  matter  will  no  doubt  seem  absolutely  con- 
clusive against  the  general  doctrine  of  convection  currents  as  applied  to  well 
developed  stars. 

Conclusions  Regarding  the  Constitution  of  the  Sun  and  Stars. 

(1)  The  Sun  viewed  as  a  globe  of  monatomic  gas,  has  a  mean  rigidity  of  all 
its  layers  of  more  than  2027  times,  and  a  mean  rigidity  of  all  its  matter  of  6101 
times  that  of  nickel  steel.  The  variation  of  the  rigidity  in  the  different  layers  is 
sufficiently  exhibited  by  the  accompanying  table  of  pressures,  or  by  the  curve 
of  rigidity  drawn  in  the  plate.  These  results  enable  one  to  see  that  the  principal 
tidal  movements  in  a  star  like  the  Sun  would  be  chiefly  of  a  superficial  character, 
and  that  great  bodily  distortion  would  occur  only  in  bodies  of  small  mass,  or  in 
large  masses  still  greatly  expanded,  and  thus  approaching  the  nebular  condition. 

(2)  The  mean  rigidities  of  the  layers  of  Jupiter,  Saturn,  Uranus  and  Neptune 
turn  out  to  be  respectively  18.691010,  3.56047,  4.624053,  and  5.833133,  and  the 
mean  rigidities  of  their  matter,  measured  by  the  same  unit,  56.237501,  10.712580, 
13.916028,  17.550730  times  that  of  nickel  steel. 

(3)  Of  the  four  inner  planets,  the  Earth  unquestionably  has  decidedly  the 
highest  rigidity.  It  certainly  exceeds  that  of  Bessemer  steel,  and  probably  is 
but  little  inferior  to  that  of  the  nickel  steel  used  in  armor  plate  and  sometimes 
encountered  in  iron  meteorites  observed  to  fall  from  the  heavens. 

(4)  Venus  is  found  to  have  a  rigidity  certainly  greater  than  that  of  Platinum ; 
and  if  that  planet  (like  the  Earth)  is  surrounded  by  a  considerable  crust  of  solid 
rock  analogous  to  granite,  it  may  closely  approach  that  of  wrought  iron. 

(5)  In  smaller  masses  the  effect  of  the  surrounding  crust  of  solidified  rock  due 
to  secular  cooling  rapidly  augments,  and  while  it  is  difficult  to  make  an  exact 
estimate  of  this  modifying  cause,  it  probably  is  safe  to  infer  that  Mars  has  a  rigidity 
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at  least  equal  to  that  of  glass,  and  more  probably  about  equal  to  that  of  gold,  which 
corresponds  closely  to  the  pressure  upon  the  planet's  nucleus  (285,000  atmospheres). 
The  exact  value  will  depend  on  the  thickness  and  stiffness  of  the  crust,  which  in 
this  case  appears  likely  to  be  considerable,  owing  to  the  advanced  stage  of  the 
planet's  secular  cooling,  and  the  ruddy  color  indicating  iron  ores  in  the  rocks 
which  make  up  the  surface. 

(6)  The  rigidities  of  Mercury  and  the  Moon  appear  likely  to  be  about  equal 
to  that  of  the  softer  grades  of  glass.  If,  however,  the  surface  rock  is  very  stiff, 
the  mean  rigidity  may  possibly  approach  that  of  silver.  This  estimate  includes 
both  the  effects  of  pressure  and  of  the  thick,  solid  crust  by  which  these  masses 
are  surrounded. 

(7)  The  other  satellites  no  doubt  have  still  lower  rigidities.  In  general  they 
probably  are  comparable  in  stiffness  to  the  various  kinds  of  glass;  though  a  mass 
so  rare  as  the  fourth  satellite  of  Jupiter  may  have  a  rigidity  which  is  even  smaller. 

(8)  It  will  be  seen  from  the  foregoing  tabular  moduluses  of  rigidity,  quoted 
mainly  from  Lord  Kelvin's  experiments,  that  aluminum,  silver  and  gold  have 
successively  slightly  higher  rigidities  than  glass.  Accordingly,  owing  to  the  small 
amount  of  its  primordial  heat,  and  the  present  advanced  stage  of  its  development, 
it  seems  not  unlikely  that  the  planet  Mars  may  approach  the  rigidity  of  gold,  and 
Mercury  that  of  silver;  while  the  stiff er  satellites  may  compare  in  rigidity  with 
corresponding  spheres  of  aluminum.  But  it  seems  extremely  improbable  that 
any  of  the  smaller  masses  of  our  system,  composed  chiefly  of  amorphous  rock, 
which  has  never  been  subjected  to  great  pressure,  have  rigidities  corresponding 
to  the  harder  metals,  such  as  zinc,  brass,  copper,  or  iron. 

(9)  The  remarkable  result  obtained  in  A.N.,  4053,  that  in  stars  which  are 
composed  of  gaseous  matter  reduced  to  the  state  of  single  atoms,  the  central  density 
is  always  exactly  six  times  the  mean  density,  should  be  recalled  in  connection 
with  the  even  more  remarkable  result  reached  in  §221  of  the  present  chapter, 
namely,  that  in  monatomic  stars  the  mean  rigidity  of  the  matter  is  always  exactly 
three  times  that  of  the  layers.  The  occurrence  of  such  simple  relations  in  a  theory 
which  seems  likely  to  have  wide  application  to  the  physical  universe  may  well 
raise  the  question  in  the  minds  of  philosophers  whether  exact  numerical  relations 
are  not  somewhat  more  frequent  among  the  ultimate  phenomena  of  nature  than 
has  been  generally  supposed.  In  his  recent  address  on  "Mathematical  Physics" 
at  St.  Louis,  Poincare  has  treated  of  the  relations  of  numbers  and  other  mathe- 
matical expressions  to  the  order  of  nature,  and  pointed  out  some  lines  along  which 
discoveries  of  the  deeper  secrets  of  the  universe  may  be  expected.  Those  who 
accept  Newton's  view  that  the  ultimate  laws  of  nature  are  essentially  simple, 
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will  see  in  the  results  here  reached  an  argument  which  will  tell  strongly  in  favor 
of  the  monatomic  theory  as  correctly  representing  the  phenomena  of  the  heavens; 
but  others  who  reject  these  views  will  no  doubt  hold  that  these  laws  are  only 
occasionally  applicable  to  existing  physical  bodies.  It  would  seem,  however,  that 
such  simple  relations  must  augment  in  some  degree  the  probability  of  a  theory 
which  on  other  grounds  appears  rational  and  inherently  probable  under  the  extreme 
conditions  prevailing  in  the  stars. 

(10)  As  respects  the  concluded  rigidity  of  the  Earth  different  investigators 
will  naturally  attach  different  degrees  of  importance  to  the  values  resulting  from 
the  several  methods  of  determination.  Thus  in  his  well  known  paper  on  the 
"  Rotation  of  an  Elastic  Spheroid,"  p.  320,  Mr.  S.  S.  Hough  has  shown  that  New- 
comb's  reasoning  in  respect  to  the  polar  motion  is  not  strictly  rigorous,  though 
his  general  result  is  approximately  confirmed ;  and  whilst  by  strictly  rigorous  pro- 
cess Hough  reaches  the  conclusion  that  the  rigidity  of  the  Earth  somewhat  exceeds 
that  of  steel,  he  adds  that  prior  to  the  use  of  the  method  depending  on  the  observed* 
prolongation  of  the  Eulerian  period  of  the  variation  of  latitude  "  the  only  knowl- 
edge we  have  of  the  amount  of  the  Earth's  rigidity  arises  from  the  very  vague 
indications  furnished  by  Tidal  Theory."  Judging,  however,  by  the  complete  con- 
firmation of  the  inferences  first  drawn  from  the  Theory  of  the  Tides  this  seems  too 
low  an  estimate  of  the  importance  of  that  method. 

Whatever  defects  may  exist  in  the  method  developed  in  the  present  paper, 
it  does  not  lack  in  simplicity  and  definiteness  as  respects  the  outside  limits  of  the 
Earth's  rigidity.  And  it  depends  so  directly  on  the  familiar  principle  of  pressure 
that  the  Geologist  will  no  doubt  grasp  the  point  of  view  of  the  Astronomer  more 
readily  than  in  the  case  of  the  other  methods  depending  on  the  tides  and  the  polar 
motion. 

In  a  recent  review  of  the  problem  of  the  rigidity  of  the  Earth  as  found  by 
various  methods,  but  especially  the  yielding  indicated  by  the  prolongation  of 
the  Eulerian  period  of  the  variation  of  latitude,  Professor  Sir  G.  H.  Darwin 
concurs  in  the  result  reached  by  Mr.  S.  S.  Hough  and  remarks: 

"  It  would  seem  that  the  average  stiffness  of  the  whole  Earth  must  be  such 
that  it  yields  a  little  less  than  if  it  were  made  of  steel.  But  the  amount  by  which 
the  surface  yields  remains  unknown,  because  we  are  unable  to  say  what  portion 

*  From  the  theoretical  rigidities  given  in  this  chapter  it  would  be  possible  for  a  mathematician  to  predict  with 
considerable  accuracy  the  period  of  the  variation  of  latitude  on  some  of  the  other  planets,  thus  reversing  the  pro- 
cedure followed  historically  in  the  case  of  the  Earth.  In  the  case  of  Mars,  for  example,  we  should  first  compute 
the  appropriate  Eulerian  period  for  a  rigid  spheroid  of  its  known  mass  and  dimensions,  and  then  calculate  the 
prolongation  of  that  period  resulting  from  a  mean  rigidity  equal  to  that  of  Gold.  In  the  case  of  the  major  planets 
and  the  Sun  the  problem  would  involve  the  movement  of  the  surface  material  relatively  to  the  nucleus,  which  could 
be  regarded  as  fixed,  on  account  of  the  great  rigidity  of  the  interior  portions  of  those  masses. 
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of  the  aggregate  change  is  superficial  and  what  is  deep  seated."  (cf.Tides  and 
Kindred  Phenomena  of  the  Solar  System,   pp.  254-5). 

Does  not  the  method  for  investigating  the  rigidity  of  the  heavenly  bodies 
developed  in  the  present  paper  satisfactorily  answer  this  question?  It  is  obvious 
that  there  will  naturally  be  some  uncertainty  respecting  the  exact  law  of  density 
within  the  Earth,  but  probably  all  will  agree  that  it  increases  in  an  essentially 
continuous  manner  from  the  surface  to  the  centre,  and  that  the  central  density 
must  therefore  approximate  that  of  lead.  Moderate  variations  of  the  density 
as  we  go  downward  produce  only  moderate  effects  on  the  calculated  pressure, 
effective  rigidity,  and  viscosity  at  various  depths;  and  thus  it  would  seem  that 
the  yielding  of  the  Earth's  mass  must  everywhere  follow  closely,  if  not  absolutely, 
the  law  of  the  effective  rigidity  depending  on  the  pressure.  This  method  there- 
fore will  doubtless  enable  us  to  conclude  the  approximate  distribution  of  the 
yielding  throughout  the  different  strata  of  the  terrestrial  spheroid,  and  may  prove 
useful  in  various  investigations  of  the  Physics  of  the  Earth. 

It  only  remains  to  add  that  the  investigation  of  the  physical  properties  of 
cosmical  globes  suggested  in  A.N.,  3992,  seems  to  be  capable  of  more  complete 
realization  than  the  author  could  have  anticipated  when  that  paper  was  prepared 
in  1904.  The  method  of  investigation  developed  in  the  present  paper  appears 
to  be  a  very  general  one ;  and  perhaps  it  will  be  possible  for  investigators  to  approxi- 
mate the  laws  of  density  with  sufficient  accuracy  to  afford  a  clear  conception  of 
the  actual  state  of  the  planets  and  the  Sun,  and  stars  of  corresponding  mass  in 
like  stages  of  development.  It  seems  probable  that  all  the  large  masses  may 
be  taken  as  essentially  gaseous,  made  up  chiefly  of  elements  in  the  monatomic 
state;  and  therefore  the  surface  density,  viscosity  and  rigidity  will  be  infinitely 
small.  At  greater  depths  the  density,  pressure,  elasticity  and  viscosity  increase 
rapidly,  according  to  laws  carefully  worked  out  in  the  paper  on  the  physical  con- 
stitution of  the  heavenly  bodies  and  made  more  exact  in  Table  E  of  the  present 
chapter;  and  when  the  depth  is  sufficient  to  give  a  pressure  comparable  to  the 
rigidity  of  armor  plate,  taken  at  1,000,000  atmospheres,  it  would  seem  that  all 
bodily  circulation  of  currents  must  essentially  cease,  though  the  atomic  move- 
ments remain  intense  on  account  of  the  high  temperature.  It  thus  appears  that 
the  elasticity,  rigidity,  and  viscosity  increase  rapidly  with  the  development  of 
density  and  pressure.  Consequently  Bodily  Tides  developed  in  immense  globes 
flaming  fluid,  like  the  Sun  and  stars,  would  present  a  great  variety  of  phenom- 
ena, depending  chiefly  on  the  changing  viscosity  of  the  successive  layers  near 
the  surface,  while  at  great  depths  the  viscosity  could  be  taken  to  be  practically 
infinite.    The  principal  tidal  effects  would  thus  be  confined  to  the  surface  layers, 
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where  the  viscosity  is  comparatively  small;  but  some  modification  of  this  simple 
result  would  no  doubt  be  produced  by  the  lesser  and  often  antagonistic  tidal  move- 
ments in  the  lower  layers  of  great  viscosity.  In  a  star  approaching  the  nebular 
condition  the  rigidity  would  be  small  throughout,  on  account  of  the  small  pressure 
due  to  the  rarity  and  great  expansion  of  the  mass;  and  consequently  when  the 
tide-raising  forces  are  adequate,  the  tidal  distortion  would  be  very  large. 

These  considerations,  when  applied  to  systems  supposed  to  approximate  the 
conditions  of  the  stars,  may  aid  us  in  explaining  observed  phenomena,  and  afford 
a  better  understanding  than  has  yet  been  attained  of  the  physical  conditions 
pervading  the  sidereal  universe.  Accordingly  the  problem  of  the  rigidity  of  the 
heavenly  bodies,  first  investigated  by  Lord  Kelvin  and  Sir  G.  H.  Darwin  for 
the  case  of  the  Earth,  by  means  of  the  tidal  phenomena  of  our  seas,  thus  seems 
to  be  one  of  wide  interest;  and  evidently  admits  of  general  treatment  from  the 
point  of  view  of  gaseous  masses  subjected  to  the  action  of  universal  gravitation. 

When  we  have  some  simple  dynamical  principles  deduced  from  the  theory 
of  gravitation  in  connection  with  the  mechanical  theory  of  gases,  which  are  capable 
of  throwing  light  upon  the  physical  state  of  the  matter  within  the  heavenly  bodies, 
especially  as  respects  density,  pressure,  rigidity,  elasticity,  and  viscosity,  perhaps 
some  solid  progress  can  be  made  in  explaining  the  phenomena  presented  by  the 
stellar  universe.  Under  the  circumstances  it  will  not  appear  wholly  inappropriate 
that  the  beginning  of  this  line  of  thought  should  be  traced  back  to  Lord  Kelvin's 
ingenious  use  of  the  Tides,  the  general  theory  of  which  promises  to  play  a  consider- 
able part  in  the  ultimate  explanation  of  phenomena  observed  in  the  sidereal 
heavens. 

§  225.     Love's  Recent  Investigation  of  the  Yielding  of  the  Earth  to  Disturbing  Forces. 

The  Proceedings  of  the  Royal  Society  for  January  14,  1909,  contains  an  im- 
portant paper  by  Professor  A.  E.  H.  Love,  of  Oxford,  on  the  "  Yielding  of  the 
Earth  to  Disturbing  Forces,"  in  which  the  problem  of  the  rigidity  is  treated  from 
a  general  and  simple  point  of  view.  The  following  account  of  this  new  work  is 
very  brief,  but  it  may  be  sufficient  to  give  some  insight  into  the  method  employed, 
and  thus  add  to  the  completeness  of  this  chapter,  most  of  which  was  written  in 
1905-6.  When  the  form  of  the  Earth  yields  under  the  stress  of  disturbing  forces, 
the  yielding  can  be  most  appropriately  specified  by  two  numbers  h  and  k.  The 
first  of  these  quantities  indicates  the  actual  yielding  of  the  surface  and  the  second 
the  alteration  of  the  gravitational  potential  of  the  Earth  arising  from  the  action 
of  the  disturbing  forces  producing  the  yielding  of  the  surface.     Observations  of 
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the  fortnightly  tides  of  the  Indian  Ocean  led  Lord  Kelvin  to  the  approximate 
value 

1  +  *-^'l  (533) 

or  h  -  k  =  J  .   J  v 

This  value  has  been  confirmed  by  W.  Schweydar  by  an  analysis  of  more  extensive 
series  of  observations  of  the  fortnightly  tides,  and  by  observations  made  with  the 
horizontal  pendulum  (cf.  Beitrdge  Zur  Geophysik,  Vol.  9,  1907,  p.  41).  The  very 
exact  observations  of  Dr.  0.  Hecker  taken  at  Potsdam  by  means  of  a  horizontal 
pendulum  mounted  on  a  sand  foundation  twenty-five  metres  below  the  surface 
of  the  ground  show  that  the  equation  (533)  is  remarkably  exact  (cf .  Beobachtungen 
an  Horizontal  pendeln,  &c,  Veroffentlichung  d.  k.  Preuss.  geoddtischen  Institutes, 
No.  22,  Berlin,  1907).  He  succeeded  in  measuring  deflections  of  gravity  as  small 
as  0".001,  the  total  range  of  variation  being  about  0".016.  In  his  early  tidal 
researches  Kelvin  tried  to  evaluate  h  and  k  separately  by  making  certain  hy- 
potheses, and  he  thus  reached  the  values 

h  =  I    ;    k  =  \  •  (534) 

Now  by  Professor  Love's  theorem  we  may  find  k  directly  from  the  expression 

t_*x«y<8,  (535) 

where  A  is  a  numerical  coefficient  differing  but  little  from  unity,  and  depending 
upon  the  oblateness  of  the  Earth's  meridians,  its  angular  velocity  of  rotation,  and 
gravity  at  the  surface.     Love  takes  the  diminution  of  gravity  due  to  rotation 

2 

as    —  =  1 :  289  ,    and  the  mean  oblateness    e  =  1 :  297,    and  then  the  equation 


«  -  |f)  (536) 
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determines  k.  In  this  formula  a  is  the  Earth's  mean  radius,  a>  the  angular  veloc- 
ity of  rotation,  g  the  value  of  gravity  at  the  surface,  while  r0  and  t  denote  the 
periods  306  and  427  days,  respectively.     By  means  of  this  equation  Love  finds 

k  =  ^>   nearly,  (537) 

And  since  by     (533)  h — k  =  \     nearly,  it  follows  that 

h  =  | ,   nearly.  (538) 


538  love's  recent  investigation  of  the  yielding 

Hence  he  announces  the  following  theorem:  "The  inequality  produced  in  the 
potential  of  the  Earth,  near  its  surface,  by  the  action  of  the  Sun  and  Moon,  is 
about  four-fifteenths  of  the  tide-generating  potential,  and  the  inequality  produced 
in  the  surface  of  the  Earth  is  about  three-fifths  of  the  true  equilibrium  height  of 
the  tide.  The  results  hold  for  each  of  the  partial  tides  answering  to  the  several 
periodic  terms  of  the  tide-generating  potential." 

If  the  matter  of  the  Earth  be  taken  to  be  homogeneous  and  incompressible, 
Love  finds  k  =  I  h.  When  the  rigidity,  /*,  is  taken  to  be  uniform  throughout 
the  globe,  the  theory  of  the  deformation  of  an  elastic  sphere  gives 

But  by  observations  of  the  tides  and  of  the  variation  of  the  vertical  it  is  found 
that  h — k  =  i,  and  if  k  =  f/i  this  gives  h  =  f .  Using  this  value  in  Equation 
(539),  we  find  fi  =  j%g  <ra.  And  since  in  C.  G.  S.  units  g<ra  =  3.5  X  1012  nearly, 
we  find  fi  =  7.6  X  1011  nearly.  This  is  very  nearly  the  rigidity  of  steel  and 
agrees  with  Lord  Kelvin's  estimate  of  the  average  rigidity  of  the  Earth. 

If  we  put  h  =  |,  the  Equation  (539)  gives  ju,  =  -J-  g  <r  a  or  about  1.2  X 1012, 
which  is  considerably  larger  than  the  value  just  found,  and  agrees  more  nearly 
with  the  rigidity  deduced  from  the  rate  of  transmission  of  the  second  phase  of 
earthquake  waves  to  great  distances.  Professor  Love  does  not,  however, 
attach  much  importance  to  this  agreement,  because  by  varying  the  assumptions 
he  obtains  a  variety  of  results  (cf.  Proc.  Roy.  Soc,  Nov.  28,  1908,  pp.  81-82).  He 
shows  that  the  value  of  the  rigidity  deduced  depends  upon  certain  hypotheses 
respecting  the  internal  density,  compressibility,  etc.,  which  cannot  be  accurately 
determined  at  present.  All  the  methods  point  to  the  validity  of  Lord  Kelvin's 
general  conclusion  that  the  Earth  has  approximately  the  rigidity  of  steel,  some 
estimates  being  higher  and  others  lower. 

On  certain  assumptions  it  is  shown  also  that  the  nucleus  is  more  than  twenty 
times  more  rigid  than  the  outer  shell  imagined  by  Wiechert  to  have  a  depth  of 
0.22  of  the  radius.  Love  concurs  in  the  conclusion  that  the  nucleus  is  more 
rigid  than  ordinary  material  at  the  surface,  but  that  the  shell  may  be  less  so;  yet 
not  small  enough  to  permit  us  to  imagine  a  layer  of  fluid  under  the  crust,  except 
it  be  isolated  and  restricted  to  small  areas.  This  accords  with  the  conclusions 
drawn  from  the  author's  study  of  earthquake  phenomena,  in  which  it  is  shown 
that  no  movement  ever  takes  place  within  the  globe,  save  just  beneath  the  crust, 
as  when  mountains  are  being  formed  by  the  transfer  of  lava  from  beneath  the  sea 
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and  its  injection  under  the  land;  and  even  then  it  takes  the  throes  of  a  world- 
shaking  earthquake  to  produce  the  movement. 

In  regard  to  the  internal  state  of  the  Earth,  Love  remarks:  "  It  appears  that 
increase  of  density  towards  the  centre  compensates  to  some  extent  for  defect  of 
rigidity,  and  that  increase  of  rigidity  towards  the  centre  can  compensate  for  a 
considerable  defect  of  rigidity  in  the  superficial  portions.  The  effect  of  com- 
pressibility is  not  known,  but  it  seems  improbable  that  the  yielding  of  a  com- 
pressible sphere  with  an  assigned  rigidity  should  be  less  than  that  of  an  incom- 
pressible one.  The  result  that  the  rigidity  of  Wiechert's  shell  may  be  less  than 
that  of  most  surface  rocks  led  Schweydar  to  adopt  Wiechert's  suggestion  that 
there  may  exist  a  plastic  sheet  between  the  nucleus  and  the  shell.  I  think  it 
may  be  regarded  as  certain  that  there  is  not  within  a  depth  of  1400  km.  a  con- 
tinuous layer  of  molten  matter,  separating  the  inner  portions  of  the  Earth's  body 
from  the  outer  portions,  and  behaving  as  a  fluid  in  respect  of  forces  of  the  type 
of  tide-generating  forces.  In  order  that  the  astronomical  motions  may  be  per- 
formed as  we  know  they  are,  and  that  the  surface  may  not  yield  to  such  forces 
more  than  we  know  it  does,  the  portions  of  the  Earth  which  are  outside  such  a 
sheet,  if  it  exists,  must  be  much  more  rigid  than  we  can  reasonably  conceive  them  to 
be.     No  amount  of  rigidity  of  the  nucleus  would  enable  us  to  satisfy  the  conditions." 

After  an  analysis  of  the  problem,  Love  concludes  as  follows:  "It  appears, 
therefore,  that,  even  if  the  solid  nucleus  were  absolutely  rigid,  and  the  enclosing 
shell  were  1400  km.  thick,  the  presence  of  a  layer  of  fluid  separating  the  nucleus 
from  the  enclosing  shell  would  increase  very  much  the  yielding  of  the  surface.  To 
prevent  the  surface  from  yielding  more  than  it  actually  does,  the  rigidity  of  the 
enclosing  shell  would  have  to  be  nearly  five  times  that  of  steel.  If  the  enclosing 
shell  were  thinner,  a  still  higher  rigidity  would  be  needed.  For  example,  if  it 
were  64  km.  thick,  and  of  density  half  the  mean  density,  or  about  2.8,  the  requisite 
rigidity  of  the  enclosing  shell,  the  nucleus  being  absolutely  rigid  and  the  fluid  layer 
thin,  would  be  about  50  X  1012  dynes  per  square  centimetre,  or  about  sixty-six 
times  the  rigidity  of  steel.  These  numbers  seem  to  me  to  be  decisive  against  the 
hypothesis  of  the  fluid  layer.  This  conclusion  does  not  negative  the  possible 
existence  of  areas  of  continental  dimensions  beneath  which  there  may  be  molten 
matter.  It  means  that  such  areas  must  be  isolated;  the  molten  matter  beneath 
them  cannot  form  a  continuous  sheet  separating  a  central  body  from  an  enclosing 
crust.  The  conclusion  does  not  negative  the  possible  existence  of  a  layer  of  com- 
paratively small  rigidity;  but,  if  there  is  such  a  layer,  it  must  be  rigid  enough  to 
prevent  a  finite  slipping  of  the  enclosing  crust  over  the  central  body." 

The  following  considerations  on  the  rigidity  of  the  Earth,  with  two  slight 
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changes,  are  quoted  from  the  author's  "  Further  Researches  on  the  Physics  of  the 
Earth,"  etc.  {Proc.  Am.  Philos.  Soc,  1908,  pp.  191-193): 

We  may  therefore  take  the  outer  layers  of  our  globe  to  have  a  rigidity  about 
equal  to  that  of  glass,*  and  assume  that  at  a  depth  of  0.1  of  the  radius  it  becomes 
nearly  2.5  times  as  great  as  it  is  at  the  surface. 

Whether  it  becomes  at  a  depth  of  twenty  miles  less  than  it  is  at  the  surface  we 
cannot  tell,  but  such  a  decrease  is  not  impossible,  perhaps  not  improbable;  because  at 
this  depth  the  molten  rock  moves  in  earthquakes,  and  yet  in  confinement  it  must 
have  a  very  sensible  rigidity,  though- probably  not  more  than  half  that  of  granite. 

Accordingly,  it  looks  as  if  the  rigidity  at  the  surface  is  about  equal  to  that 
of  glass,  at  a  depth  of  20  miles  about  one-half  that  at  the  surface,  and  at  the  depth 
of  40  miles  nearly  the  same,  but  increasing  below  that  depth,  and  at  160  miles 
again  equal  to  that  at  the  surface,  and  at  a  depth  of  400  miles  considerably  larger 
yet,  or  about  1.4  times  that  of  glass.  Increasing  below  this  depth  according  to 
the  pressure,  it  becomes  at  the  center  over  three  times  that  of  nickel  steel  used 
in  armor  plate.  The  rigidity  of  steel  is  attained  at  a  little  over  0.3  of  the  depth 
to  the  center  of  the  Earth.  If  this  be  the  distribution  of  rigidity  in  the  Earth, 
the  curve  of  rigidity  is  as  follows: 
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Fig.  38.    Rigidity  of  the  Earth,  Showing  the  Plastic  Later  Just  Beneath  the  .Crust. 

*  Since  this -was  written  the  rigidities  of  many  kinds  of  Granite  and  Marble  have  been  found  by  F.  D.  Adams 
and  E.  G.  Coker  (Publications  of  Carnegie  Institution,  No.  46)  to  lie  between  2  X  10"  and  3  X  1011  C.  G.  S.  Units,  or 
say,  between  200,000  and  300,000  atmospheres.  These  results  seem  to  show  that  Marble  and  Granite  have  about 
the  rigidity  of  glass. 
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This  postulated  fall  in  the  rigidity  just  beneath  the  crust  is  probable  for 
several  reasons: 

1.  The  temperature  increases  quite  rapidly  as  we  go  downward,  while  the 
pressure  increases  proportionately  more  slowly,  so  that  a  depth  would  be  reached 
at  which  the  matter  would  become  a  plastic  if  not  a  viscous  fluid. 

2.  The  eruption  of  volcanoes  and  lava-flows  on  a  vaster  scale  show  that  a 
molten  layer  underlies  the  crust,  and  occasionally  is  forced  to  the  surface. 

3.  This  underlying  molten  rock  moves  in  world-shaking  earthquakes,  and 
frequently  is  expelled  from  beneath  the  sea  under  the  land  to  form  mountain 
ranges  along  the  coast. 

4.  We  may  prove  this  expulsion  of  lava  by  the  observed  seismic  sea  waves, 
which  indicate  a  sinking  of  the  sea  bottom,  and  by  the  simultaneous  uplift  of 
mountains  and  coasts. 

From  these  considerations  it  follows  that  the  Earth  is  most  nearly  liquid 
just  beneath  the  crust,  and  has  the  greatest  rigidity  at  the  center.  As  the  plastic 
or  quasi-viscous  layer  beneath  the  crust  is  thin,  and  possessed  of  considerable 
rigidity,  it  too  remains  quiescent  except  when  set  in  motion  by  the  dreadful  paroxysms 
of  an  earthquake. 

In  tidal  and  other  observations  the  Earth  therefore  behaves  as  a  solid,  and 
the  rigidity  of  the  Earth  inferred  by  Kelvin  and  Darwin  is  confirmed.  Yet  a 
layer  of  plastic  matter  or  quasi- viscous  fluid  exists  just  beneath  the  crust,  and 
when  disturbed  by  earthquakes  gives  rise  to  the  development  of  ridges  in  the 
crust  called  mountains,  chiefly  by  the  expulsion  of  lava  from  under  the  sea. 


CHAPTER  XIX. 


Theoky  of  the  Nebulae. 

§  226.     Historical  Sketch  of  the  Earliest  Discoveries  of  Nebulae. 

The  word  Nebula  is  the  Latin  equivalent  of  vt$4\.r),  which  is  used  by  Greek 
writers,  from  Aristotle  to  Ptolemy,  to  denote  a  cloud  or  cloud-like  object. 
Thus  in  the  catalogue  of  the  fixed  stars  given  in  the  Almagest,  Ptolemy  describes 
five  objects  as  cloudy  stars  (vefcXoeiSrjs) ,  because  they  presented  a  somewhat 
blurred  appearance,  due  to  the  proximity  of  other  stars  which  made  a  small 
cluster  and  therefore  could  not  be  distinctly  separated  by  the  naked  eye.  Ac- 
cordingly it  is  not  remarkable  that  the  nebulous  stars  noted  by  the  ancients  were 
few  in  number  and  confined  to  objects  so  grouped  together  that  they  presented 
a  hazy  aspect. 

After  the  invention  of  the  telescope  by  Galileo  in  1610,  they  were  all  readily 
resolved  into  separate  and  distinct  stars,  but  found  to  be  situated  in  such  prox- 
imity as  to  cause  the  light  to  be  somewhat  blurred  when  viewed  by  the  unaided 
vision. 

Two  years  later,  in  1612,  Simon  Marius  discovered  the  Great  Nebula  of 
Andromeda  and  found  it  to  be  an  object  of  totally  different  character  from  those 
previously  known.  To  the  naked  eye,  indeed,  it  appears  nebulous,  but  this  does 
not  seem  to  have  been  noted  by  the  earlier  observers.  On  examining  it  with  the 
telescope,  Marius  was  surprised  to  find  that  the  same  nebulous  aspect  was  pre- 
served, and  that,  unlike  the  objects  previously  classed  as  nebulous,  owing  to  the 
compression  of  individual  stars,  it  did  not  seem  to  be  of  sidereal  constitution.  He 
justly  compared  the  light  of  this  great  nebula  to  that  of  a  candle  shining  at  night 
through  a  transparent  horn,  which  is  a  very  appropriate  description  of  the  general 
character  of  this  remarkable  object. 

The  earliest  true  nebulae  were  all  discovered  by  accident,  and  for  a  long  time 
the  list  of  them  was  very  small.  The  next  object  of  this  kind  to  be  noticed  was 
the  great  nebula  of  Orion,  discovered  by  Huyghens  in  1656.     He  was  astonished 
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at  the  unusual  aspect  of  this  object,  and  could  not  believe  it  to  be  of  sidereal  nature. 
And  when  he  noticed  the  intense  blackness  of  the  heavens  in  the  region  about  this 
great  nebula,  the  luminosity  of  the  object  suggested  to  his  mind  the  idea  that  it 
might  be  caused  by  an  aperture  in  the  sky  through  which  glimpses  of  the  empyrean 
or  luminous  region  beyond  might  be  obtained.  It  is  not  probable  that  he  seriously 
entertained  this  view,  but  he  records  it  as  an  impression  which  came  to  him;  and 
a  similar  impression  has  been  made  on  the  minds  of  many  modern  observers. 

Among  the  other  early  observers  who  labored  to  distinguish  the  nebulae  from 
the  starry  aggregations  of  the  heavens,  none  are  so  deserving  of  mention  as  Halley, 
LaCaille,  and  Messier. 

In  1714  Halley  presented  to  the  Royal  Society  an  account  of  the  six  nebulae 
then  known  to  astronomers:  namely,  the  great  nebula  of  Andromeda,  discovered 
by  Simon  Marius  in  1612;  the  nebula  of  Orion,  discovered  by  Huyghens  in  1656; 
and  the  great  nebula  in  Sagittarius,  discovered  by  Abraham  Ihle  in  1665;  the 
cluster  Omega  Centauri,  discovered  by  Halley  at  St.  Helena,  in  1677;  the  star 
cloud  in  Antinous,  discovered  by  Kirch  in  1681 ;  finally,  the  great  cluster  in  Her- 
cules, discovered  by  Halley  in  1714. 

It  will  be  noticed  that  some  of  these  objects  are  truly  nebulous,  but  that  most 
of  them  are  of  stellar  constitution.  Halley  supposed  the  light  of  the  truly  nebu- 
lous objects  to  come  from  an  extraordinary  distance,  and  he  imagined  it  to  be 
occasioned  by  a  lucid  medium  diffused  throughout  the  ether,  and  shining  by  its 
own  light. 

The  veteran  astronomer  Hevelius  had  already  noted  sixteen  nebulae,  in 
addition  to  those  mentioned  by  Halley;  and  in  1755  LaCaille  communicated 
to  the  Paris  Academy  of  Sciences  a  catalogue  of  forty-two  nebulae  in  the  southern 
hemisphere,  recently  observed  at  the  Cape  of  Good  Hope.  He  classified  them 
according  to  their  apparent  resolvability.  The  members  of  the  first  group  con- 
tained no  indications  of  sidereal  structure,  but  were  compared  to  the  milky  light 
noticed  in  certain  small  patches  of  the  Milky  Way;  these  of  the  second  consisted 
wholly  of  congeries  of  stars,  so  close  together  as  to  be  separately  invisible 
to  the  naked  eye,  but  resolvable  in  a  telescope;  those  of  the  third  group  con- 
sisted of  stars  surrounded  by  real  nebulosity,  and  therefore  related  to  the  first  class. 

Messier 's  first  catalogue  of  forty-five  nebulae  and  clusters  of  stars  was  pub- 
lished in  the  Memoirs  of  the  Paris  Academy  of  Sciences  for  1771 ;  but  subsequently 
reprinted  in  the  Connaissance  des  Temps,  and  in  1783  and  1784  increased  to  103 
objects.  He  pronounced  no  opinion  on  the  nature  of  these  nebulous  objects,  but 
commended  them  to  the  attention  of  astronomers  in  the  hope  of  detecting  changes 
of  form  or  structure. 
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This  brief  account  of  the  study  of  the  nebulae  prior  to  the  time  of  Herschel 
enables  us  to  appreciate  the  gradual  abandonment  of  the  Aristotelian  theory  that 
the  nebulae  are  made  of  diffuse  luminous  matter  suggested  by  the  hazy  light 
noticed  in  the  Milky  Way,  and  thus  closely  related  to  the  Galactic  Circle. 


§  227.     The  First  General  Exploration  of  the  Nebulae  Made  by  Sir  Wm.  Herschel. 

It  will  be  seen  from  this  brief  sketch  that  up  to  the  time  of  Sir  Wm.  Herschel, 
the  total  number  of  nebulae  known  did  not  exceed  150.  This  unrivaled  man  was 
the  first  to  attempt  a  systematic  exploration  of  the  heavens  with  powerful  instru- 
ments, and  he  laid  the  foundations  of  all  our  knowledge  of  the  sidereal  universe. 

In  1786  he  presented  to  the  Royal  Society  a  catalogue  of  1,000  new  nebulae 
and  clusters  of  stars;  and  three  years  later,  in  1789,  a  second  catalogue  of  1,000 
additional  nebulae;  while  in  1802  he  added  a  third  catalogue  of  500  more  of  these 
objects.  He  divided  the  nebulae  and  related  bodies  into  some  twelve  different 
groups,  arranged  according  to  his  idea  of  the  contents  of  the  sidereal  universe.  It 
is  thus  evident  that  Sir  Wm.  Herschel  completely  revolutionized  our  knowledge 
of  the  nebulae. 

Sir  John  Herschel  afterwards  extended  and  perfected  the  nebular  surveys 
begun  by  his  father;  so  that  when  he  published  his  General  Catalogue  in  the 
Philosophical  Transactions  for  1864,  he  was  able  to  give  the  places  of  5,079  nebulae 
and  clusters  of  stars,  of  which  only  about  450  had  been  located  by  other  observers. 
Accordingly  our  catalogues  of  the  nebulae  date  from  the  epoch  of  the  Herschels, 
but  they  have  since  been  considerably  extended  by  others. 

The  principal  modern  work  on  the  subject  is  Dr.  J.  L.  E.  Dreyer's  New 
General  Catalogue  of  Nebulae  and  Clusters  of  Stars,  published  in  the  Memoirs  of  the 
Royal  Astronomical  Society,  Vol.  XLIX,  Part  I,  1888.  This  work  gives  a  very 
good  history  of  the  discoveries  in  the  twenty-four  years  subsequent  to  the  publi- 
cation of  Sir  John  Herschel's  General  Catalogue.  In  the  twenty-two  years  since 
the  New  General  Catalogue  was  published,  many  additional  nebulae  have  been 
discovered,  both  by  visual  and  photographic  means,  but  a  general  catalogue  is  not 
yet  available*  Indeed,  photography  has  so  greatly  augmented  the  number  of 
small,  faint  nebulae,  that  the  future  catalogues  will  have  to  be  of  enormous  extent. 
But  of  the  new  objects,  only  a  few  are  striking,  so  that  most  of  the  remarkable 
nebulae  are  found  in  the  existing  catalogues,  and  our  earliest  records  of  them  date 
from  the  explorations  of  Sir  Wm.  Herschel. 

*  In  the  Memoirs  of  the  Royal  Astronomical  Society  for  1908,  Dr.  Dreyer  has,  however,  published  a  supplement 
to  the  New  General  Catalogue  of  1888. 
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§  228.    Spiral  Nebulae  Not  Continuous  Masses  of  Fluid  in  Equilibrium  Under 

Hydrostatic  Pressure,  but  Discontinuous  Vortices  Circulating 

and  Condensing  Into  Systems. 

We  have  seen  that  for  a  long  time  after  the  epoch  of  Laplace  and  Herschel 
the  impression  prevailed  that  the  nebulae  were  continuous  masses  of  fluid  in 
equilibrium  under  hydrostatic  pressure.  This  assumption  underlies  Laplace's 
formulation  of  the  nebular  hypothesis,  and  has  held  its  ground  almost  up  to  the 
present  time.  The  continued  dominance  of  these  ideas  is  due  to  the  great  authority 
of  Laplace,  and  of  such  followers  as  Sir  John  Herschel,  Newcomb  and  Darwin, 
none  of  whom  departed  very  radically  from  the  teachings  of  the  founder  of  the 
nebular  hypothesis. 

It  is  true  that  a  note  of  dissent  was  occasionally  heard,  as  when  sagacious 
thinkers  began  to  meditate  over  the  vast  extent  of  the  nebulae,  their  great  trans- 
parency, and  their  enormous  distance  from  the  Earth.  This  seemed  to  make  it 
difficult  to  believe  that  the  nebulae  are  continuous  masses  of  fluid  in  equilibrium 
under  conditions  of  hydrostatic  pressure.  For,  with  such  extreme  rarity,  hydro- 
static pressure  could  not  be  exerted  unless  the  mass  was  at  enormous  temperature ; 
and  a  very  high  temperature  could  not  be  maintained  in  a  mass  of  small  density 
and  great  transparency,  since  the  heat  would  be  almost  instantly  radiated  away 
into  space.  Some  doubt  was  therefore  thrown  on  the  validity  of  the  current  ideas 
of  the  nebulae.  The  dissenters,  however,  were  embarrassed  by  the  fact  that 
Laplace's  theory  of  detachment  alone  enabled  them  to  account  for  the  round- 
ness of  the  orbits  of  the  planets  and  satellites,  and  their  mutual  relation- 
ships, all  of  which  were  supposed  to  follow  from  the  condensation  of  rings  of 
vapor. 

And  whilst  the  problem  of  the  condensation  of  a  ring  into  a  single  large  body 
was  felt  to  be  difficult,  it  was  not  yet  believed  that  it  could  not  take  place,  except 
by  Professor  Newcomb  (Popular  Astronomy,  page  504),  who  held  that  it  would 
produce  a  group  of  small  bodies  like  the  asteroids;  nor  was  it  realized  that  any 
other  agency,  such  as  a  nebular  resisting  medium,  could  have  produced  the  ob- 
served roundness  of  the  orbits.  Therefore,  whilst  it  was  not  at  all  evident  how  a 
ring  could  condense  into  a  planet  or  satellite,  it  was  not  doubted  that  it  had  oc- 
curred in  the  early  history  of  our  solar  system.  Accordingly,  if  rings  had  been 
abandoned  and  had  afterwards  condensed  into  planets  and  satellites,  it  necessarily 
followed  that  hydrostatic  pressure  had  been  exerted  from  the  centre  outward  in 
their  detachment.  Under  the  circumstances,  the  dominance  of  Laplacian  con- 
ceptions during  the  whole  of  the  past  century  is  easily  understood. 
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From  these  considerations  we  see  how  the  nebulae  continued  to  be  viewed  as 
fluid  masses  in  equilibrium,  and  not  as  discontinuous  cosmical  clouds,  often  with 
vortices  formed  of  streams  circulating  without  the  exertion  of  hydrostatic  pressure 
between  the  coils.  After  what  we  have  already  proved  in  this  work,  we  see  clearly 
that  the  nebulae  are  too  transparent  and  too  vast  in  extent  to  be  anything  else 
than  discontinuous  clouds  of  cosmical  dust,  devoid  of  true  fluid  properties.  The 
origin  of  such  vortices  in  the  condensation  towards  a  centre  has  already  been 
explained;  and  we  have  found  that  the  principle  of  hydrostatic  pressure  finds 
little  or  no  application  among  the  rarest  nebulae.  This  is  easily  proved  by  numeri- 
cal calculation  in  the  case  of  the  solar  system,  from  the  data  supplied  by  Babinet's 
criterion.  The  solar  system  is  characterized  by  very  small  attendant  bodies,  the 
satellites  being  very  small  compared  to  their  planets,  and  the  planets  very  small 
compared  to  the  Sun ;  but  systems  of  this  type  are  also  common  among  the  stars, 
though  necessarily  invisible  in  our  existing  telescopes.  The  facts  of  the  solar 
system  therefore  afford  a  just  basis  for  estimating  the  tendency  among  the  nebu- 
lae as  a  class. 

§  229.     Many  Nebulae  Not  Yet  Settling  as  a  Whole,  and  Therefore  Devoid  of  the 

Spiral  Form. 

If  we  study  the  nebulae  as  a  class  we  shall  perceive  among  these  immense 
clouds  of  cosmical  dust  a  very  large  number  of  objects  which  have  no  regular  form. 
Thus  we  have  globular  or  planetary  nebulae,  ring  nebulae,  elliptical  nebulae,  and 
spiral  nebulae, —  the  two  last  named  being  very  intimately  associated  —  but  there 
still  remains  a  large  number  of  irregular  nebulae,  which  have  not  assumed  any 
definite  shape.  Among  these  irregular  nebulae  one  readily  recalls  the  great  nebula 
of  Orion,  the  Trifid  nebula,  the  Crab  nebula,  the  Omega  nebula,  the  America 
nebula,  and  most  of  the  nebulae  of  very  wide  extent  discovered  by  photography 
during  the  past  twenty  years.  This  diffuse  nebulosity  is  sometimes  found  to 
cover  whole  constellations,  and  is  almost  devoid  of  form  or  definite  boundaries. 
Obviously  such  nebulae  are  much  too  tenuous  and  widely  extended  to  be  regarded 
as  gaseous  masses  in  equilibrium  under  the  pressure  and  attraction  of  their  parts, 
and  we  must  regard  them  as  clouds  of  cosmical  dust  produced  by  the  expulsion 
of  particles  of  matter  from  the  stars  by  the  radiation  pressure  of  their  light  and  by 
electric  forces,  thus  constituting  portions  of  the  universal  chaos  in  which  order  has 
not  yet  been  introduced. 

When  we  consider  the  forms  of  these  irregular  nebulae,  their  extreme  tenuity 
and  vast  extent,  we  realize  that  the  forces  of  attraction  exerted  by  one  part  of  such 
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a  nebula  upon  another,  must  be  excessively  feeble.  Different  parts  of  such  a  mass 
have  different  proper  motions,  and  there  may  thus  arise  some  streaming  movement, 
as  where  dark  lanes  are  shown  on  our  photographs.  Dark  bodies  traversing  such 
a  nebula  and  clearing  out  a  path  might,  however,  produce  a  similar  appearance. 
Many  of  these  nebulae  thus  have  a  wispy  aspect,  something  like  the  cirrus  clouds 
of  our  sky;  but  the  streams  thus  exhibited  in  space  are  due  to  the  movement  of 
the  nebulosity  itself,  not  to  that  of  the  medium  in  which  the  cloud  is  suspended, 
as  in  the  case  of  the  cirrus  noticed  in  our  atmosphere. 

The  motion  in  all  such  diffuse  nebulae  under  the  feeble  forces  acting  on  them 
must  necessarily  be  slow;   and  therefore  it  is  not  surprising  that  so  many  nebulae 


Fig.  39.     Harvard  Photograph  of  the   Nebula   Messier  83,  N.G.C.  5236,  Showing  Spiral 
Movement  in  an  Early  Stage  of  Development. 


are  "  without  form  and  void."  On  the  contrary,  it  is  surprising  that  regular  forms 
are  exhibited  by  so  many  nebulae  of  comparatively  large  size.  We  can  explain 
the  development  of  regular  forms  among  the  nebulae  only  by  the  great  length  of 
time  during  which  the  Universe  has  existed.  Such  immense  ages  alone  suffice  to 
produce  out  of  widely  diffused  chaos  a  partial  approach  to  order.  Yet  this  ten- 
dency to  regular  forms,  while  nowhere  perfectly  attained,  is  at  work  throughout  the 
immensity  of  space. 

In  time  it  will  give  rise  to  settlement  toward  centers,  and  thus  produce  spiral 
nebulae  and  clusters  of  stars,  all  endowed  with  spiral  movement.     The  progress 
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already  made  by  many  nebulae  towards  order  and  system  in  their  internal  arrange- 
ment is  a  sure  indication  of  what  will  some  day  be  visible  in  all  nebulae. 

The  existence  of  irregular  nebulae  is  therefore  to  be  expected.  It  is  sur- 
prising that  observations  of  the  Universe  should  make  it  possible  to  exhibit  to  our 
minds  such  tangible  proof  of  progressive  development  among  the  nebulae.  This 
result  would  hardly  be  possible  without  the  aid  of  modern  photography,  which 
traces  the  faintest  streams  and  thus  discloses  to  us  the  nature  of  the  movements 
going  on  in  the  sidereal  universe. 

§  230.     The  Immense  Extent  of  the  Larger  Nebulae  and  Their  Ultimate  Spiral 
Movement  —  Photographs  of  Nebulae  Made  at  Lick  Observatory. 

The  amazing  extent  of  the  larger  nebulae  has  long  been  known,  but  has  become 
more  obvious  with  the  progress  of  astronomical  photography  during  the  past  twenty 
years.  Barnard's  photographs  of  the  Milky  Way,  taken  at  the  Lick  Observatory 
from  1888  to  1894,  mark  a  new  epoch  in  bringing  out  the  cloud  forms  shown  to 
exist  among  the  stars;  but  along  with  this  interesting  revelation  came  another, 
showing  that  the  background  of  the  sky  is  almost  everywhere  covered  with  faint 
nebulosity.  In  fact  it  has  proved  extremely  difficult  to  find  any  part  of  the  sky 
which  was  perfectly  black.  The  nebulosity  is  everywhere  spread  among  the  stars, 
and  in  the  nebulae  proper  becomes  so  conspicuous  as  to  attract  instant  attention. 
The  secret  of  Barnard's  celebrated  photographs  of  the  Milky  Way  consists  in  the 
wide  field  of  a  hundred  square  degrees  or  more  obtained  with  the  portrait  lens. 
Dr.  Max  Wolf  has  done  almost  equally  extensive  and  celebrated  photographic 
work,  showing  diffused  nebulosity  spread  over  vast  areas  of  the  sky. 

Some  of  the  regions  of  nebulosity  are  of  about  the  same  extent  as  the  cloud 
forms  of  the  Milky  Way,  thus  covering  whole  constellations.  It  is  scarcely  necessary 
to  dwell  on  the  absolute  extent  of  such  regions  of  nebulosity.  At  the  very  lowest 
estimate  of  distance  they  must  cover  billions  of  times  the  space  occupied  by  the 
solar  system,  though  always  so  exceedingly  tenuous  that  the  nebulosity  often  shows 
merely  as  the  faintest  haze  on  the  background  of  the  sky. 

If  instead  of  diffuse  nebulosity  we  consider  actual  nebulae,  such  as  the  great 
nebula  of  Orion,  or  Andromeda,  we  shall  perceive  that  the  space  occupied  by  these 
masses  cannot  well  be  less  than  a  billion  times  that  occupied  by  the  solar  system. 
Such  a  nebula  may  eventually  develop  into  a  cluster  of  thousands  of  stars;  and 
in  many  cases  this  seems  to  be  what  is  already  going  on.  These  nebulae  are  of 
such  immense  extent  that  the  separate  stars  are  enabled  to  have  their  own  autono- 
mous spheres  of  influence,  without  much  disturbance  from  without;  and  therefore 
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Spiral  Nebulae  photographed  at  Lick  Observatory,- 


The  Great  Nebula  in  Andromeda-, 

M  74,  PlSClUM; 

H.  V  44,  Camelopardi; 


M  33,  TRIANGULI; 

M77,  Ceti-, 

H.  I  200,  Leon  is  Minor/ s. 


PIcuU    B. 


Spiral  Nebulae  photographed  at  Lick  Observatory: 

H.I  205 .Ursae  Majoris-,  H.I  56-57  LEONiSi 

M  81,  Ursae  Majoris-.  H.I  199,  Ursae  Majoris-, 

M  65,  Leon  is-,  M  66,Leonis. 
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Spiral  Nebulae  photographed  at  Lick  Observatory. 

h.ii730,  ursae  majoris;  m  99,   comae  berenices; 

H.V43,    URSAE  MAJORIS;  M  61,        VlROINIS; 

M  100, Comae   Berenices;  M  88,   Comae   Berenices. 


Plate,    D. 


Spiral  N ebulae  photographed  at  Lick  Observatory.- 

H.V  2,Viroinis;  H. I  92,  Comae   Berenices; 

H.I    84, Comae    Berenices;  M  94,Canum  Venaticorum-, 

M   64, Comae   Berenices;  M  63,  Canum  Venaticorum. 


Plate    E 


Spiral  Nebulae  photographed  at  Lick  Observatory- 

M  51,  Canum  Venaticorum;  M  IOI.Ursae  Majoris-, 

H.  IV  13,  Cyoni;  H.  IV  76,  Cephei; 

H.  I  53,  Pegasi:  H.  I  55,  Pegasi. 
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the  tendency  is  to  produce  star  clusters.  Every  such  cluster  will  eventually  be 
found  to  have  a  spiral  movement,  due  to  the  action  of  the  whole  mass;  but  this 
is  not  yet  disclosed  by  observation,  because  our  records  do  not  extend  over  a 
sufficiently  great  interval  of  time.  Yet  the  visible  streams  of  nebulosity  shown 
among  the  spiral  nebulae  of  ordinary  size  convey  to  us  a  clear  impression  of  what 
is  going  on  among  the  nebulae  and  clusters  of  the  widest  extent. 

Photographs  of  Nebulae  Made  at  Lick  Observatory. 

The  beautiful  plates  of  the  spiral  nebulae  here  reproduced  were  all  taken  at 
the  Lick  Observatory.  The  plate  of  the  Great  Nebula  in  Andromeda  was  taken 
by  Professor  E.  E.  Barnard,  with  the  Willard  Lens,  exposure  lh  15m,  November 
21,  1892.  The  rest  of  the  spiral  nebulae  were  photographed  by  Keeler  and 
Perrine  with  the  Crossley  Reflector,  and  are  reproduced  from  the  magnificent 
plates  given  in  Vol.  VIII  of  the  Publications  of  the  Lick  Observatory  (1908).  This 
fine  volume  is  a  suitable  memorial  to  the  late  Director  J.  E.  Keeler,  who  did 
so  much  for  the  development  of  our  knowledge  of  the  nebulae,  and  it  ought  to  be 
in  the  hands  of  every  student  of  the  subject.  It  is  by  far  the  finest  work  on  nebulae 
ever  published,  and  will  long  remain  the  most  convenient  and  authoritative  treatise 
for  disclosing  to  us  the  nature  of  the  nebulae  as  recorded  by  the  photographic 
plate  under  the  light-gathering  power  of  a  great  reflector.  Keeler  was  a  master 
in  the  use  of  the  reflector,  and  the  fine  pictures  obtained  under  his  skillful  manipu- 
lation and  that  of  Perrine  have  given  us  the  observational  basis  for  a  sound 
knowledge  of  the  evolutionary  processes  at  work  among  the  nebulae.  These 
photographs  when  correctly  interpreted  in  the  light  of  mathematical  theory  afford 
a  secure  dynamical  foundation  for  the  Laws  of  Cosmical  Evolution. 

§  231.     Theory  of  the  Formation  of  Annular  Nebulae. 

The  nature  of  the  annular  nebulae  has  always  been  quite  obscure,  and  hereto- 
fore no  very  satisfactory  explanation  of  this  singular  form  has  been  put  forward. 
The  accompanying  figure  shows  the  mode  of  formation  of  this  type  of  nebula 
adopted  by  the  present  writer.  The  theory  is  simply  this:  Two  equal  streams 
of  cosmical  dust  drift  past  each  other  at  such  distances  that  they  pass  without 
collision  except  at  the  ends;  and  the  whole  then  becomes  one  unbroken  girdle  of 
nebulosity  revolving  under  the  mutual  gravitation  of  its  parts. 

The  union  of  two  streams  is  clearly  indicated  by  the  blurred  ends  of  the  ring 
nebula  in  Lyra.     The  overlapping  of  the  streams  where  they  meet  gives  rise  to  the 
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hazy  nebulosity  at  the  extremities  of  the  ellipse.  The  arch  of  the  ellipse  on  either 
side  is  of  immense  extent,  and  the  mutual  attraction  of  the  two  streams  has  merely 
served  to  produce  curvature  in  the  two  original  streams. 

After  the  nebula  whirls  for  a  long  time  it  will  finally  pass  from  an  elliptical 
to  -a  more  circular  girdle,  and  the  interior  of  the  ring  will  also  become  covered  with 
a  thin  gauze  of  nebulosity  due  to  wastage  from  the  ring.  This  condition  seems 
to  be  partially  attained  by  the  ring  nebula  in  Lyra. 

The  directness  and  simplicity  of  this  explanation  is  so  striking  as  to  leave  little 
or  nothing  to  be  desired.     It  explains  all  the  details  of  the  Ring  Nebula  in  Lyra, 


Fig.  40.  Theouy  of  the  Formation  of  the  Ring  Nebula  in  Lyra,  by  the  Coiling  Up  of 
Separate  Streams  of  Cosmical  Dust,  or  by  the  Mere  Gravitational  Settling  of 
a  Single  Stream  of  Nebulosity  of  Very  Unsymmetrical  Figure. 

the  brightest  and  most  remarkable  object  of  the  kind  in  the  heavens;  and  it  also 
makes  such  annular  forms  incidental  and  occasional  products  of  the  same  process  by 
which  the  spiral  nebulae  originate.  Among  the  vast  number  of  streams  passing  one 
another  or  simply  settling  and  in  general  coiling  up  into  spiral  nebulae,  it  would 
necessarily  happen  that  a  few  of  them  would  merely  be  curved  and  by  union  of  the 
extremities  pass  into  the  annular  form.  The  annular  form  is  therefore  a  special 
type  of  spiral  nebulae,  at  a  particular  stage  of  its  existence. 


INCREASE    OF   ANGULAR   MOTION   NEAR   THE   CENTRES   OF   SPIRAL   NEBULAE.  551 

Later  on  it  may  develop  into  a  spiral  of  the  ordinary  type;  or  if  it  continues 
to  be  symmetrical  about  the  centre,  the  friction  and  collision  of  the  particles  of 
dust  will  cause  them  to  fall  towards  the  centre  and  give  not  only  the  "  gauze  drawn 
over  the  hoop  "  spoken  of  by  Sir  John  Herschel,  in  the  case  of  annular  nebula 
in  Lyra,  but  finally  also  a  more  or  less  uniform  disc  of  planetary  character. 

Thus  the  annular  nebulae,  the  spiral  nebulae,  and  the  planetary  nebulae  are  all 
closely  related;  but  the  annular  form  is  very  rare,  because  the  mechanical  conditions 
for  producing  a  perfect  annulus  are  seldom  realized  in  actual  nature. 

The  following  discussion  taken  from  the  late  Miss  A.  M.  Clerke's  Problems 
in  Astrophysics  (1903),  will  show  both  the  extreme  uncertainty  heretofore  attach- 
ing to  the  theory  of  the  annular  nebulae,  and  the  great  superiority  of  the  present 
theory  over  those  heretofore  current:  "It  is  certainly  by  no  accident  that  the 
striae  within  this  (Lyra)  nebula  coincide  in  direction  with  the  major  axis;  nor  can 
the  termination  of  the  transverse  axis  by  maxima,  of  the  longitudinal  axis  by 
minima  of  brightness  be  regarded  as  casual  features.  All  the  details  of  the  edifice, 
in  fact,  are  arranged  with  obvious  reference  to  its  apparent  shape,  and  this  amounts 
to  a  demonstration  that  the  elongation  is  real.  The  nebula,  then,  is  not  simply 
projected  into  an  oval;  it  is  not  a  circular  formation  viewed  obliquely.  There 
seems  no  escape  from  the  conclusion  that  it  is  an  ellipsoid  of  revolution  —  that 
the  bands  follow  the  line  of  the  equator,  and  originate  under  conditions  prescribed 
by  the  rotation  of  the  body;  while  the  partial  interruption  of  luminosity  at  the 
ends  overrides  the  holding  power  of  gravity.  Everything,  indeed,  leads  us  to 
suppose  that  this  nebula,  like  the  rest  of  its  kind,  is  actually  a  hollow  spheroid  of 
shining  fluid,  the  marginal  brightness  resulting  from  the  increased  thickness  of  the 
luminous  shell  penetrated  by  the  visual  ray.  The  '  hoop '  and  the  '  gauze '  drawn 
around  it  are  then  two  aspects  of  the  same  thing.  Nebulous  rings,  as  such,  probably 
do  not  exist.  They  would  be  subject  to  perspective  effects,  no  traces  of  which  are 
to  be  found  in  the  heavens.  Annularity  in  nebulae  may  accordingly  be  considered 
as  a  purely  optical  modification  of  a  different  structural  plan"  (Problems  in 
Astrophysics,  pp.  485-486). 

§  232.     Increase  of  Angular  Motion  Near  the  Centres  of  Spiral  Nebulae. 

If  we  consider  a  nebula  of  vast  extent,  all  parts  of  which  are  more  or  less 
dominated  by  the  attraction  of  a  central  nucleus,  which  may  be  an  imperfectly 
developed  star,  it  will  become  evident  that  nebulosity  revolving  about  it  at  different 
distances  will  have  different  periods.  According  to  Kepler's  law  the  angular 
motion  will  be  most  rapid  towards  the  centre,  as  observed  among  the  planets 
revolving  about  the  Sun  and  among  the  satellites  revolving  about  the  several 
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planets.  Consequently  it  follows  that  the  central  parts  of  such  a  spiral  nebula  will 
revolve  most  rapidly;  and  the  result  will  be  the  formation  of  an  indefinite  number 
of  adjacent  spirals,  the  outer  ones  being  left  behind  by  the  more  rapid  whirling  of 
the  central  parts. 

■  This  relative  shearing  of  the  particles  initially  in  a  line  is  the  inevitable  conse- 
quence of  the  variation  of  the  central  attraction  with  the  distance.  It  has  been 
considered  by  Professor  E.  J.  Wilczynski,  now  of  the  University  of  Chicago,  in 
the  Astronomical  Journal,  No.  465,  June  30,  1899.  In  considering  the  coiling  up 
of  a  nebula  this  more  rapid  winding  of  the  spiral  towards  the  centre  must  not  be 
overlooked.  All  nebular  vortices  have  this  tendency  to  spiral  arrangement,  and 
the  effect  is  to  increase  the  internal  friction  and  facilitate  collision  and  degradation 
of  energy  of  the  system,  so  that  the  progress  of  central  condensation  is  accelerated. 

§233.     What  is  a  Nebula? — A  Mass  of  Gas?   Or  Does  It  Include  Also  Solid  Globes 

Like  Our  Moon  and  the  Planets? 

This  is  an  important  question,  to  which  heretofore  we  have  been  unable  to 
return  a  definite  answer;  but  we  shall  now  endeavor  to  examine  it  in  the  light  of 
the  latest  knowledge  of  the  development  of  the  solar  system.  The  evidence  of  the 
spectroscope  shows  that  many  of  the  nebulae  are  gaseous,  while  others  behave  as 
if  made  up  partly  of  solid  bodies  and  give  a  spectrum  which  is  largely  but  not 
wholly  continuous,  with  superposed  lines  so  faint  as  to  be  recognized  with  difficulty 
by  any  means  yet  known  to  science. 

The  powers  of  the  spectroscope,  however,  are  slowly  augmenting;  and  within 
a  few  years  we  may  expect  considerable  additional  knowledge  from  the  great 
reflectors  now  coming  into  use.  It  is  from  an  unexpected  source  that  much  new 
light  has  come  in  regard  to  the  nature  of  the  nebulae;  namely,  the  history  of  the 
solar  system,  as  made  out  by  the  capture  theory. 

We  have  seen  that  our  system  was  originally  a  spiral  nebula  of  vast  extent, 
and  that  in  the  course  of  immeasurable  ages  it  condensed  to  much  smaller  dimen- 
sions, while  the  surviving  orbits  were  all  worn  down  to  the  round  form  by  the 
secular  effects  of  a  resisting  medium. 

The  planets  were  formed  in  the  nebula,  and  are  as  old  as  the  Sun  itself.  In  time 
those  which  survive  have  gradually  neared  the  Sun,  and  meanwhile  captured 
families  of  satellites,  and  at  the  same  time  augmented  their  own  masses  and  modi- 
fied their  obliquities.  Now  when  our  system  was  in  the  nebular  stage  it  was 
evidently  filled  with  planetary  bodies  —  such  as  the  Moon,  the  Earth,  Venus, 
Jupiter,  and  the  other  major  planets.  In  the  course  of  ages  most  of  the  smaller 
planets  have  been  captured  and  swallowed  up  by  the  Sun  and  larger  planets.    When 
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the  system  was  still  filled  with  nebulosity  these  bodies  as  seen  from  a  distance 
appeared  immersed  in  excessively  faint  nebulosity.  At  that  time,  however,  the 
embryo  bodies  were  not  as  large  as  the  finished  planets  and  satellites  are  to-day. 
Of  this  there  is  not  the  slightest  doubt. 

We  conclude,  therefore,  from  the  known  events  of  the  solar  nebula,  that  other 
nebulae  in  space  go  through  a  similar  order  of  development.  Whilst  therefore  the 
light  of  many  nebulae  seems  to  disclose  mainly  gaseous  matter,  it  is  absolutely 
certain  that  solid  globes  like  the  Moon  and  our  terrestrial  planets  abound  also  in 
most  of  the  nebulae.  Bodies  somewhat  larger  than  Jupiter  often  shine  as  small 
stars  in  the  spiral  nebulae  and  clusters  observed  in  space,  but  they  seldom  can  be 
seen  individually,  so  that  the  nebulosity  presents  a  continuous  aspect. 

Thus  from  the  study  of  the  solar  system  we  derive  considerable  additional 
knowledge  of  the  nature  of  spiral  and  other  nebulae.  As  the  solar  system  has 
developed  from  a  spiral  nebula,  it  is  the  best  possible  witness  as  to  the  contents 
of  such  masses  in  other  portions  of  space;  and  since  fortunately  we  live  in  this 
system,  it  becomes  possible  to  infer  the  contents  of  a  typical  spiral  nebula  with 
an  unexpected  degree  of  confidence. 

Accordingly  nothing  could  contribute  more  to  our  positive  knowledge  of  the 
nebulae  than  a  correct  theory  of  the  development  of  the  solar  system.  In  the 
celestial  spaces  we  see  cosmical  systems  in  various  stages  of  development,  but  we 
know  of  no  other  system  so  far  advanced  in  development  as  our  own.  Yet,  by 
combining  our  data  of  the  system,  near  at  hand,  with  the  data  given  by  those  far 
away,  it  becomes  possible  to  interpret  the  appearances  of  the  spiral  nebulae  as  a 
whole,  and  to  infer  the  universal  tendency  among  all  nebulae  whatsoever.  They 
are  all  settling  under  the  effects  of  universal  gravitation,  but  it  is  only  in  certain 
cases  that  the  motion  has  become  well  ordered  and  gives  visible  evidence  of  the 
development  of  cosmical  systems. 

§  234.     Researches  of  Dr.  Max  Wolf  on  the  Ring  Nebula  in  Lyra. 

In  Nature,  of  April  8,  1909,  an  account  is  given  by  Professor  Bohuslav 
Brauner,  of  the  Bohemian  University,  Prague,  of  the  recent  researches  of  Pro- 
fessor Max  Wolf,  of  Heidelberg,  on  the  Ring  Nebula  in  Lyra.  By  spectrum 
photography  it  is  shown  that  the  ring  nebula  consists  of  four  different  gases.  It 
will  of  course  be  understood  that  this  is  consistent  with  the  presence  of  an  infinite 
number  of  solid  bodies  of  all  sizes  from  meteorites  to  moons  and  planets. 

Dr.  Wolf's  investigation  indicates  that  the  ring  nebula  is  in  rapid  rotation, 
and  that  this  centrifugal  movement  in  the  course  of  ages  has  operated  to  cause 
the  gases  to  be  concentrated  in  four  different  concentric  layers.     Brauner  says: 
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"  On  using  the  image  of  the  ring  itself  instead  of  the  slit  of  a  spectroscope,  photo- 
graphic images  of  the  rings  corresponding  to  the  different  spectral  lines  were  ob- 
tained on  the  plates,  but  the  dimensions  of  the  rings  were  found  to  be  different  and 
to  correspond  to  four  gases  of  which  the  ring  nebula  is  composed.  The  smallest 
ring,  A,  representing  the  innermost  part  of  the  ring,  is  composed  of  an  unknown 
gas;  the  next  largest  ring,  B,  is  composed  of  hydrogen;  the  next  largest  ring,  C, 
consists  of  helium;  and  the  largest  ring,  C,  consists  of  an  unknown  gas.  The 
question  arises  —  What  is  the  nature  of  the  two  unknown  gases? 

"  Bredig  found  in  1895  that  if  a  mixture  of  two  gases  is  subjected  to  centrif- 
ugal rotation,  the  relative  concentration  of  the  gas  of  higher  molecular  weight 
(i.e.  higher  density)  increases  with  the  radius  of  rotation.  We  must,  therefore, 
assume  that  in  the  series  of  our  four  gases  A,  B,  C,  and  D,  the  density  or  molecular 
weight  increases  from  the  smallest  value  of  A  to  the  largest  value  of  D,  and  this 
is,  indeed,  proved  by  the  fact,  found  by  Wolf,  that  the  gas  B  consists  of  hydrogen, 
molecular  weight  =  2.016,  and  the  gas  C  of  helium,  molecular  weight  =  3.96. 
From  this  it  follows  that  the  gas  concentrated  in  the  smallest  zone  of  the  ring  A 
must  have  a  smaller  molecular  weight  than  hydrogen.  This  gas  has  not  yet  been 
isolated  upon  our  Earth,  but  its  existence  and  atomic  weight  were  predicted  by 
the  great  Russian  chemist  and  natural  philosopher,  Mendeleeff  in  a  popular  article 
published  in  Russian  in  1902,  the  essential  part  of  which  was  translated  into 
English  in  1904  under  the  title  "  An  Attempt  Towards  the  Chemical  Conception  of 
the  Ether. 

"Mendeleeff  shows  that  if  the  elements  of  the  rare  or  inactive  gases,  He, 
Ne,  Ar,  Kr,  and  Xe,  discovered  by  Rayleigh,  Ramsay,  and  Travers,  are  placed 
in  the  well-known  nought-group,  we  must  expect  the  existence  of  elements  of  the 
same  group  possessing  smaller  atomic  weights  than  helium  and  hydrogen.  Mende- 
leeff assumes  that  in  the  first  horizontal  series  of  the  system,  on  the  left  side  of,  or 
before,  hydrogen  in  the  nought-group,  where  we  find  hitherto  an  empty  place,  an 
element  stands  possessing  an  atomic  and  molecular  weight  of  0.4,  and  he  adds  that 
this  element  might  be  identical  with  Young's  '  coronium. '  This  part  of  the  peri- 
odic arrangement  is: 

Series  Groups 

0  1 

1 ?    =  0.4 H  =  1.008 

2 He  =  4.0 Li  =  7.00 

"As  there  must  be  a  definite  ratio  between  the  densities  of  the  four  gases  A, 
B,  C,  and  D  and  their  radius  of  rotation  corresponding  to  their  maximal  molecular 
concentration,  it  is  not  impossible  that  from  the  data  obtained  by  Wolf  the  density 
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of  the  lightest  gas,  i.e.,  its  molecular  weight,  which  must  be  identical  with  its 
atomic  weight,  might  be  calculated.  As  regards  the  heaviest  unknown  gas,  D,  if 
this  is  not  a  gas  of  the  helium-argon  group,  we  may  be  allowed  to  point  out  that 
the  existence  of  a  gas  possessing  a  larger  atomic  weight  than  hydrogen  and  a 
smaller  atomic,  but  a  larger  molecular,  weight  than  helium  is  not  absolutely 
excluded." 

This  account  of  Professor  Max  Wolf's  work  is  of  extreme  interest,  and  has 
an  important  bearing  on  the  phenomena  which  may  be  found  to  exist  in  all  spiral 
nebulae  when  they  come  to  be  carefully  investigated,  as  they  doubtless  will  be  some 
day.  Meanwhile  we  may  remark  that  the  separation  of  the  gases  does  not  tell  us 
what  other  chemical  elements  are  not  disclosed.  Perhaps  more  than  one  interpre- 
tation of  this  stratification  of  the  gases,  with  the  lighter  elements  towards  the 
centre,  may  be  made;  but  the  following  seems  the  most  probable:  namely,  the 
gases  are  liberated  in  the  nebula  by  the  impacts  among  the  smaller  solid  bodies  of 
which  it  is  so  largely  composed,  and  the  elements  of  lowest  molecular  weight  escape 
and  diffuse  themselves  throughout  the  whole  region  of  the  nebula.  The  smaller 
the  atomic  weights  the  more  rapid  the  diffusion.  And  as  the  nebula  forms  one 
gigantic  system  revolving  about  its  centre  of  gravity,  the  diffused  gases  will  natural- 
ly drift  towards  the  centre,  the  lighter  elements  outstripping  the  heavier  ones. 
This  explanation  is  simple,  and  it  accounts  for  all  the  known  phenomena  by  means 
of  recognized  physical  laws.  The  investigations  of  Dr.  Johnstone  Stoney  and 
others,  on  the  escape  of  the  atmospheres  of  the  bodies  of  the  solar  system,  have  a 
direct  bearing  on  the  problem  here  discussed.  In  general  the  larger  the  body  and 
the  more  powerful  the  force  of  gravity  the  lighter  the  elements  which  may  be 
retained.  In  the  case  of  small  moons  nearly  all  the  elements  escape.  Even  if  a 
system  such  as  the  ring  nebula  in  Lyra  included  planets  of  the  size  of  Jupiter  or 
larger,  which  could  retain  the  gases,  yet  the  small  moons  would  numerically  so 
greatly  predominate,  that  the  escape  of  these  elements  would  become  conspicuous 
in  the  nebula,  from  the  impacts  occurring  among  the  smaller  bodies.  And  the  more 
rapid  drift  of  the  lighter  elements  towards  the  centre  of  the  annulus  would  be 
inevitable. 


§  235.     Researches  of  Dr.  E.  A.  Fath  on  the  Spectra  of  the  Spiral  Nebulae  and  of 

Globular  Clusters. 

In  Lick  Observatory  Bulletin,  No.  149,  Dr.  E.  A.  Fath,  who  is  now  connected 
with  the  solar  observatory  at  Mt.  Wilson,  examines  the  question  as  to  whether  the 


556       fath's  researches  on  the  spectra  of  nebulae  and  clusters. 

spectra  of  the  spiral  nebulae  are  really  continuous,  as  frequently  stated  in  many 
works  on  Astronomy,  and  heretofore  generally  believed.  He  found  the  light  of 
the  spiral  nebulae  so  faint  that  very  long  exposures  would  be  required  to  give 
satisfactory  photographs  of  their  spectra.  It  was  estimated  that  from  450  to  500 
hours'  exposure  would  be  required  to  give  a  spectrum  of  the  Andromeda  nebula 
as  good  as  can  be  obtained  with  the  Lick  Mills  spectrograph  on  a  bright  star  such 
as  Arcturus  in  two  minutes.  Notwithstanding  the  extreme  difficulty  of  the  investi- 
gation, considerable  light  was  shed  on  the  constitution  of  the  spiral  nebulae.  Dr. 
Fath's  conclusions  from  the  study  of  eight  spiral  nebulae  (namely  N.  G.  C.  224, 
650-651,  1023,  1068,  3031,  4736,  5194,  7331),  and  three  globular  clusters  (N.  G.  C. 
6205,  7078,  7089)  are  as  follows: 

"  The  results  of  this  preliminary  investigation  may  be  summed  up  in  the  state- 
ment: No  spiral  nebula  investigated  has  a  truly  continuous  spectrum.  While  this 
may  be  a  step  in  advance,  nevertheless  it  is  wholly  inadequate  to  answer  the  ques- 
tion as  to  the  real  nature  of  these  interesting  objects  which  the  work  of  Keeler 
brought  so  prominently  before  the  astronomical  world.  Their  spectra  vary  from 
those  having  principally  bright  lines  such  as  are  found  in  the  gaseous  nebulae  to 
those  containing  only  absorption  lines  of  the  solar  type. 

"  In  trying  to  interpret  these  results  it  must  be  remembered  that  the  spectro- 
grams obtained  record  only  the  spectra  of  the  denser  central  portions  of  the  nebulae. 
In  the  case  of  the  Andromeda  nebula  this  amounts  to  five  minutes  of  arc.  Then 
too  the  very  low  dispersion  of  the  spectrograph  used  undoubtedly  masks  much  that 
is  of  fundamental  importance.  Whether  the  spiral  arms  will  give  the  same  spectrum 
as  the  central  portion  is  a  question  which  will  be  difficult  to  answer  with  present 
appliances. 

"Careful  consideration  has  been  given  to  various  hypotheses  to  account 
for  the  character  of  the  spectra  photographed.  Only  one  hypothesis  seems 
at  all  tenable  and  serious  objections  can  be  advanced  against  this  one.  It 
may  be  termed  the  'star-cluster'  theory,  reached  by  the  following  considera- 
tions. 

"The  only  known  sources  of  continuous  spectra  are  luminous  solids,  liquids, 
very  dense  gases  or  possibly  masses  of  gas  of  great  thickness.  To  produce  bright 
lines  or  bands  we  require  gases  or  vapors  rendered  luminous  by  heat,  electric  dis- 
charges or  chemical  change,  or  substances  made  to  fluoresce  by  energy  supplied 
by  some  external  agency.  For  absorption  lines  or  bands  to  be  present  the  necessary 
condition  is  an  absorbing  medium,  usually  of  a  gaseous  nature,  between  a  source 
of  continuous  radiation  and  the  observer.  These  are,  for  the  most  part,  well 
established  experimental  facts. 
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"The  primary  or  fundamental  part  of  the  spectra  of  the  spiral  nebulae  is  a 
continuous  background.  This  is  interrupted  by  absorption  lines,  and  superimposed 
upon  it  in  some  cases  are  bright  lines  or  bands.  The  matter  producing  the  lines, 
bright  or  dark,  must  be  assumed  to  lie  between  the  source  of  continuous  radiation 
and  the  observer.  Hence  we  conclude  this  source  to  be  surrounded  by  a  gaseous 
envelope,  of  physical  condition  varying  in  the  different  nebulae  and  corresponding 
to  the  various  spectra  obtained.  The  only  celestial  bodies  of  this  type  with  which 
we  are  acquainted  are  the  stars. 

"The  hypothesis  that  the  central  portion  of  a  nebula  like  the  famous  one  in 
Andromeda  is  a  single  star  may  be  rejected  at  once  unless  we  wish  to  modify  greatly 
the  commonly  accepted  ideas  as  to  what  constitutes  a  star.  Assuming,  however, 
an  unresolved  star  cluster  consisting  of  stars  mainly  of  solar  type  we  would 
seem  to  have  a  sufficient  explanation  of  the  spectrograms  of  the  Andromeda 
nebula.  But  the  question  arises:  Is  it  reasonable  to  assume  that  in  a 
condensed  cluster  we  should  have  stars  of  one  spectral  type  strongly  predominat- 
ing? 

"In  seeking  an  answer  to  this  question  I  have  found  but  two  references  to 
observations  of  the  spectra  of  known  dense  star  clusters.  These  are  not  sufficiently 
definite  to  settle  the  matter.  Huggins  (Phil.  Trans.,  156,  389,  1866),  in  report- 
ing an  observation  on  the  great  star  cluster  in  Hercules,  says:  'Spectrum  of  cen- 
tral blaze  continuous.  Spectrum  ends  abruptly  in  the  orange.  The  light  of  the 
brighter  part  is  not  uniform;  probably  it  is  crossed  by  bright  lines  or  lines  of 
absorption.'  Vogel  (Astr.  Nachr.,  78,  245,  1871)  likewise  observed  this  cluster 
and  writes  as  follows :  '  Der  bekannte  Sternhaufen  im  Hercules  zeigte  ein 
sehr  schwaches  continuirliches  Spectrum,  welches  sich  von  ca.  620  bis  Million- 
tel  Millimeter  verfolgen  lies.  In  demselben  waren  einige  dunkle  Streifen 
zu  erkennen,  konnte  aber  wegen  zu  grosser  Lichtschwache  nicht  gemessen 
werden.' 

"  It  was  accordingly  necessary  to  investigate  some  known  star  clusters.  From 
the  Crossley  negatives  three  dense  clusters  were  selected  for  trial;  N.  G.  C.  6205, 
7078,  and  7089.  The  first,  the  famous  cluster  in  Hercules,  as  stated  above,  gave 
evidence  of  containing  stars  of  different  spectral  types,  while  the  other  two  gave 
F-type  spectra  only.  Photographs  show  clusters  such  as  these  to  be  made  up  of 
two  groups  of  stars  (Lick  Observatory  Bulletin,  3,  49,  1904,  and  Astrophysical 
Journal,  20,  354,  1904),  the  one  of  magnitudes  11  to  13  and  the  other  of  magnitude 
about  16.  The  brighter  group  was  probably  the  only  one  giving  the  spectrograms. 
If  we  could  view  such  a  cluster  from  a  distance  so  great  that  it  could  not  be  resolved 
into  its  component  stars  there  is  no  question  but  that  it  would  continue  to  give 


558        REPULSIVE   FORCES  SHOWN   BY  THE   APPEARANCES   OF  THE   NEBULAE. 

such  spectrograms  as  have  been  described.  We  thus  have  the  question  as  to 
whether  clusters  can  be  found  in  which  stars  of  one  spectral  type  predominate 
answered  in  the  affirmative. 

"The  'star  cluster'  interpretation  of  the  results  obtained  stands  or  falls  by 
the  question  of  parallax.  It  does  not  seem  reasonable  to  assume  stars  that  should 
be  many  times  smaller  than  the  Sun.  We  also  require  the  cluster  to  be  at  such  a 
distance  that  it  can  not  be  resolved.  Now  the  only  determination  of  the  parallax 
of  a  spiral  nebula  that  the  writer  has  been  able  to  find  is  of  the  Andromeda  nebula 
by  Bohlin  (Astr.  Iaktt.  o.  Unders.  A  Stockholms  Obs.,  8,  No.  4,  66,  1907).  He 
finds  this  to  be  0".17.  His  result  rests  on  two  separate  determinations,  each  of 
which  gave  positive  values  for  the  parallax  both  in  a  and  8  .  The  result  is 
therefore  entitled  to  some  confidence.  If,  now,  the  parallax  of  the  Andromeda 
nebula  is  of  this  order  of  magnitude,  the  'star  cluster'  theory,  at  least  for  this 
particular  object,  is  not  very  satisfactory.  For,  assuming  this  parallax;  a  surface 
brilliancy  of  the  component  stars  equal  to  that  of  the  Sun ;  and  a  ratio  of  bright- 
ness of  the  central  portion  of  this  nebula  to  that  of  the  Moon  of  j^  (derived 
from  Crossley  negatives):  a  simple  computation  shows  that  if  the  stars  are  so 
closely  packed  as  to  be  irresolvable  their  dimensions  are  of  the  order  of  the  as- 
teroids ;  while  if  assumed  only  as  large  as  Jupiter  they  would  appear  some  seconds 
of  arc  apart.  This  is  not  found  to  be  the  case.  The  'star  cluster'  theory,  how- 
ever, seems  to  be  the  only  one  that  can  at  all  adequately  explain  the  spectrum  ob- 
tained, and  another  determination  of  the  parallax,  preferably  by  another  observer 
with  a  different  instrument,  would  be  of  great  interest." 


§  236.     Part  Played  by  Repulsive  Forces  in  Producing  the  Appearances  of  the  Nebulae. 

The  above  quotation  from  Dr.  Fath's  important  paper  is  of  considerable 
length,  but  it  was  found  difficult  to  abridge  it;  and  moreover  there  appeared  to  be 
an  advantage  in  having  the  evidence  of  others  that  the  spiral  nebulae  are  filled 
with  bodies  varying  in  size  between  the  asteroids  and  the  planet  Jupiter.  The 
"star  cluster"  theory  of  spiral  nebulae  is  thus  seen  to  be  supported  by  spectro- 
scopic evidence,  and  at  the  same  time  by  the  capture  theory  of  the  origin  of  our 
solar  system,  which  is  based  on  dynamical  principles  combined  with  observed 
phenomena  among  the  bodies  still  surviving  and  circulating  as  planets  and  satel- 
lites. For  we  have  found  in  our  solar  system  the  most  convincing  evidence  that 
our  primordial  nebula  was  filled  with  great  numbers  of  moons  and  planets.  The 
recognition  of  a  similar  condition  in  the  spiral  nebulae,  by  which  these  objects 
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become  allied  to  star'  clusters,  is  therefore  of  deep  interest.  We  should  in  all  prob- 
ability conclude  that  the  spiral  nebulae  have  an  abundance  of  moons  and  planets, 
but  that  individually  they  are  seldom  continuously  self-luminous.  We  should 
rather  infer  that  the  light  of  the  whole  nebula  is  due  to  certain  transformations  of 
energy,  with  luminescent  effects  produced  by  electric  discharges  in  high  vacua, 
much  of  the  energy  being  liberated  by  impacts  of  various  kinds  of  satellites. 
The  light  thus  alternately  arising  among  an  infinite  number  of  small  bodies 
would  render  the  entire  nebula  faintly  luminous,  like  a  candle  shining  through 
thin  horn,  as  was  remarked  by  Simon  Marius,  in  describing  the  great  nebula  of 
Andromeda,  soon  after  the  invention  of  the  telescope. 

The  light  of  a  nebula  in  many  respects  is  analogous  to  that  of  a  comet,  the  tail 
of  which  is  illumined  only  by  Cathodic  rays  emanating  from  the  Sun.  In  the  case 
of  a  nebula  naturally  there  are  many  centres  of  radiation,  and  charges  of  positive 
electricity  are  developed,  giving  rise  to  repulsive  forces,  as  well  as  phosphorescent 
effects,  and  Roentgen  rays,  with  the  resulting  precipitation  of  ions.  The  con- 
densation of  vapors  under  the  powerful  influence  of  X-rays  produces  the  peculiar 
molecular  structures  found  in  meteorites,  and  therefore  known  to  exist  in  all 
nebulae.  And  just  as  the  charges  borne  by  the  particles  of  a  comet's  tail  causes 
the  repulsion  of  minute  corpuscles  from  the  Sun,  so  also  this  same  dispersion  takes 
place  from  other  stars,  and  even  from  the  most  powerful  centres  of  radiation  in 
nebulae  which  are  developing  stellar  nuclei.  The  matter  repelled  from  these  centres 
in  a  nebula,  however,  must  necessarily  be  made  up  of  excessively  minute  particles,  and 
it  therefore  constitutes  but  an  infinitesimal  part  of  the  vast  mass  which  has  been 
gathered  together  by  capture  from  the  surrounding  regions  of  the  heavens.  Accord- 
ingly it  appears  that  the  principal  agency  operating  on  the  figures  of  the  nebulae 
is  the  attractive  force  of  universal  gravitation,  while  the  electric  and  other  repulsive 
forces  exert  a  secondary  influence  which  is  sometimes  traceable  in  the  forms  of 
the  nebulae  as  observed  in  the  immensity  of  space.  Thus  the  outer  parts  of  the 
Orion  and  also  of  the  Trifid  nebula  have  been  thought  to  give  evidence  of  repulsive 
forces,  but  the  centres  of  repulsion,  if  such  movement  really  took  place,  are  not 
definitely  indicated,  and  it  is  uncertain  whether  the  repulsion  proceeded  from  within 
the  nebulae,  or  from  external  sources  among  the  stars,  but  probably  the  latter.  As 
the  nebulae  are  formed  by  the  gathering  together  of  diffused  particles  of  cosmical 
dust,  it  is  difficult  to  distinguish  the  gravitational  from  the  dispersive  tendencies. 
The  approach  to  order  noticed  in  the  spiral  nebulae,  however,  is  decisive  in  show- 
ing that  under  normal  conditions  attractive  forces  are  predominant,  while  repulsive 
forces  exert  only  secondary  influence,  which  is  scarcely  recognizable  in  the  vast 
majority  of  the  nebulae. 
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§  237.     How  the  Moons  and  Planets  in  a  Nebula  Originate. 

We  have  found  that  the  nebulae  are  full  of  solid  globes  which,  for  convenience 
of  diction,  we  call  moons;  and  we  have  seen  that  most  nebulae  are  originally  of 
vast  extent,  but  with  the  lapse  of  ages  undergo  secular  shrinkage.  How,  then,  do 
the  nebular  moons  originate?  We  answer:  By  the  precipitation  of  ions  under 
the  influence  of  X-rays  and  the  condensation  of  the  resulting  cosmical  dust  to  many 
centres,  while  the  nebula  is  still  so  diffused  that  each  centre  is  undisturbed  by  the 
neighboring  centres  of  attraction. 

Under  these  conditions  even  a  very  small  moon  may  slowly  increase  its  mass, 
because  its  sphere  of  influence  is  comparatively  large;  and  the  individual  moons 
revolve  for  immeasureable  ages  without  passing  near  disturbing  bodies.  Accord- 
ingly, in  the  early  stages  of  nebular  development,  accretion  goes  on  at  an  infinite 
number  of  centres.  In  the  later  stages  the  satellites  become  dense  enough  to  intro- 
duce collision  as  a  common  occurrence,  and  this  destroys  some  of  the  independent 
moons,  while  others  grow  correspondingly  in  size.  In  the  early  stages  of  nebular 
condensation  the  bodies  gathered  up  by  the  moons  are  mainly  particles  of  cosmical 
dust;  in  the  later  stages  the  nebulosity  is  more  exhausted  and  the  impact  of  solid 
globes  increases,  owing  to  the  shrinkage  of  the  nebula  as  a  whole,  and  the  increasing 
density  or  number  of  these  globes  in  a  given  amount  of  space. 

In  the  early  stages  of  a  nebula  the  moons  are  isolated  and  control  a  considerable 
sphere  of  influence;  in  the  later  stages  this  sphere  of  influence  is  more  restricted, 
owing  to  the  action  of  the  other  bodies,  and  especially  the  Sun.  Accordingly,  it 
follows  that  the  process  of  growth  of  moons  is  a  very  slow  one,  and  occupies  billions 
of  years.  A  large  part  of  this  time  corresponds  to  the  purely  nebular  stage,  during 
which  small  globes  are  forming,  but  the  nebula  is  not  yet  developing  into  a  plane- 
tary system.  Just  how  long  the  nebular  stage  is,  compared  to  the  planetary  stage, 
it  is  difficult  to  determine;  probably  the  two  stages  are  not  very  unequal  in  length. 
Moreover,  the  two  stages  run  together,  and  are  not  clearly  divided  one  from  the 
other,  so  that  at  present  we  can  only  estimate  the  lengths  of  the  two  periods. 

On  the  one  hand,  it  is  clear  that  the  nebular  stage  is  of  exceedingly  long  dura- 
tion, because  in  the  beginning  the  density  is  insensible,  and  the  expansion  extreme; 
so  that  the  central  attraction  is  feeble,  and  the  movement  of  circulation  correspond- 
ingly slow.  On  the  other  hand,  the  planetary  stage  must  be  of  very  great  dura- 
tion, otherwise  such  round  orbits  could  not  be  produced  by  the  secular  effects  of 
the  resisting  medium.  The  total  history  of  such  a  system  extends  over  billions 
of  years,  and  the  formation  of  moons  by  the  slow  process  of  accretion  therefore 
presents  no  difficulty. 
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§  238.     Impacts  Such  as  Formed  the  Lunar  Craters  are  Frequent  Occurrences  Within 

a  Growing  Planetary  System,  Because  of  the  Abundance  of  the  Small 

Bodies  in  Such  a  Condensing  Nebula;  but  Collisions  in  the 

Stellar  Universe  Between  Independent  Stars  and 

Systems  are  Extremely  Rare  Events. 

In  Chapter  XIV,  which  deals  with  the  phenomena  of  the  Lunar  surface,  we 
have  found  that  impacts  of  satellites  have  produced  the  craters  and  other  moun- 
tains now  observed  on  the  Moon.  As  these  craters  are  very  abundant,  the  con- 
clusion was  drawn  that  impacts  of  bodies  against  the  Lunar  surface  at  one  time 
were  very  common  phenomena.  This  frequency  of  impact  arose  from  the  great 
number  of  small  bodies  formerly  pervading  our  system,  most  of  which  have  at 
length  disappeared  by  absorption  into  the  Sun  and  planets. 

The  abundance  of  impacts  thus  proved  to  have  occurred  in  the  solar  system 
raises  the  question  whether  impact  may  not  after  all  be  a  comparatively  frequent 
event  between  individual  stars  in  nature,  as  Bickerton,  Lord  Kelvin,  Arrhenius, 
and  others  have  imagined  (cf.  §  §  64,  65,  etc.).  To  answer  this  question  in  a 
satisfactory  manner,  we  may  observe  that  the  two  cases  considered,  namely, 
collisions  within  a  given  system,  and  between  separate  systems  are  quite  distinct, 
in  several  ways.  In  any  given  planetary  system,  such  as  that  of  which  our 
planets  and  satellites  are  the  component  bodies,  collisions  are  frequent  for 
the  following  reasons: 

(1)  The  bodies  are  comparatively  close  together,  and  whilst  the  density  of 
them  in  the  interplanetary  spaces  is  small  absolutely,  it  is  very  large  compared  to 
the  density  of  such  masses  in  interstellar  space. 

(2)  Therefore  occasional  collisions  in  the  planetary  spaces  are  to  be  expected. 
This  will  necessarily  follow  if  the  orbits  change  slowly  under  the  periodic  and  secular 
variations  of  their  elements  due  to  universal  gravitation  and  the  secular  action  of 
a  resisting  medium. 

(3)  For  whilst  the  initial  motions  might  be  so  arranged  that  no  two  of  the 
masses  would  ever  collide,  yet,  under  the  influence  of  perturbations  and  resistance, 
these  conditions  of  stability  hold  only  for  a  limited  time.  On  the  other  hand,  the 
bodies  revolve  for  indefinite  ages,  in  shifting  orbits  of  which  the  major  axes  and 
eccentricities  slowly  decrease,  while  the  other  elements  change  continually,  and  this 
finally  brings  about  great  numbers  of  collisions. 

(4)  Accordingly  it  follows  that  sooner  or  later  the  small  bodies  will  be  ab- 
sorbed by  the  large  ones.  The  impacts  still  shown  by  the  indentations  on  the 
face  of  the  Moon  bear  witness  to  the  terrible  character  of  the  resulting  collisions. 
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As  between  separate  systems  collisions  are  extremely  rare,  oiving  to  the  following 
circumstances: 

(1)     In  the  stellar  universe  the  stars  are  enormously  distant  from  one  another. 
.(2)     They  are  moreover  endowed  with  motion  which  is  nearly  rectilinear. 

(3)  Unless  the  path  of  a  star  is  so  much  curved  that  it  is  made  to  close  in 
passing,  one  approach  is  all  that  ever  takes  place  between  two  stars. 

(4)  And  as  these  approaches  can  seldom  be  close,  and  bodily  impacts  of 
stars  are  practically  impossible,  it  follows  that  stellar  collision  is  the  rarest  of  phe- 
nomena. 

(5)  This  striking  contrast  between  satellite  impact  within  a  planetary  system, 
and  collision  between  separate  stars,  rests  primarily  on  the  great  density  of  the 
satellites  in  our  primordial  system,  or  in  a  nebula,  and  on  the  infinitely  small 
density  of  bodies  in  interstellar  space.  Moreover,  the  motions  in  systems  like  our 
own  are  periodic  with  slowly  changing  elements,  whilst  among  the  stars  the  move- 
ments are  essentially  restricted  to  single  passages  in  nearly  rectilinear  paths.  It 
is  not  strange,  therefore,  that  satellite  impacts  should  prevail,  while  interstellar 
collisions  are  nearly  if  not  quite  unknown. 

§  239.     The  Existence  of  Planetary  Systems  About  the  Fixed  Stars,  and  the  Physical 
Conditions  Which  Lead  to  the  Development  of  Life. 

We  have  seen  that  in  the  condensation  of  a  spiral  nebula  some  of  the  bodies 
of  which  it  is  composed  come  to  revolve  in  nearly  circular  orbits  about  the  central 
Sun  and  thus  constitute  planets  such  as  we  find  in  the  solar  system.  No  doubt 
the  planets  revolving  about  the  fixed  stars  have  usually  captured  systems  of  satel- 
lites ;  so  that  planetary  systems  such  as  our  own  are  not  special  but  general  phenom- 
ena which  may  be  assumed  to  prevail  throughout  the  universe. 

Now,  since  a  nebula  condenses  into  solid  globes  and  some  of  these  planets  and 
satellites  come  to  revolve  in  systems  of  great  stability  and  permanency,  it  becomes 
interesting  to  inquire  into  the  physical  conditions  which  might  lead  to  the  develop- 
ment of  life. 

In  our  solar  system  life  developed  on  one  or  more  planets,  which  were  originally 
parts  of  a  nebula  at  the  temperature  of  space.  As  the  planets  have  gradually 
neared  the  Sun  their  average  surface  temperatures  have  probably  increased;  but 
the  only  really  high  temperatures  they  have  ever  experienced  arose  from  their 
own  internal  heat,  which  was  largely  cut  off  as  soon  as  they  became  encrusted.  The 
same  conditions  would  arise  among  the  fixed  stars,  and  thus  the  situation  in  nature 
generally  is  similar  to  that  in  our  solar  system. 
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The  problem  of  the  origin  of  life  in  the  solar  system  is  a  difficult  one,  in  the 
solution  of  which  but  little  progress  has  been  made;  but  there  is  an  increasing 
interest  in  the  subject  and  a  growing  probability  of  its  ultimate  solution.  In  his 
work  on  "Worlds  in  the  Making,"  Chapter  VIII,  Arrhenius  discusses  the  process 
by  which  the  germs  of  life  might  be  transferred  from  one  planet  to  another  under 
the  effects  of  electric  charges  and  radiation  pressure ;  and  he  seems  to  show  that 
in  this  way  spores  of  life  from  the  Earth  might  be  diffused  throughout  the  universe. 
This  is  a  very  interesting  possibility,  and  will  be  welcomed  by  all  philosophic 
thinkers. 

But  the  question  arises  whether  we  are  entitled  to  assume  for  the  Earth  any 
such  pre-eminence  among  the  planets  of  space.  Might  not  life  have  come  from 
some  other  planet  to  this  one?  In  the  solar  system  alone  conditions  favorable  to 
the  development  of  life  exist  not  only  on  the  Earth,  but  perhaps  also  on  Mars  and 
especially  on  Venus,  whilst  countless  planets  attend  the  other  fixed  stars. 

§  240.     The  Physical  Conditions  on  Venus  Nearly  Identical   with    Those 

on  the  Earth. 

Of  all  our  planets  Venus  most  strikingly  resembles  the  Earth,  as  to  size, 
situation,  duration  of  year,  light  and  heat,  and  lastly  as  respects  atmosphere  and 
day  and  night.  For  we  must  in  all  probability  conclude  that  the  Hesperian  day 
is  of  about  the  same  duration  as  the  Terrestrial.  The  chances  are  almost  infinity 
to  one  that  the  rotation  period  is  not  greatly  different  from  that  of  the  Earth.  The 
same  causes  have  operated  to  determine  the  rotations  in  both  cases,  and  this  con- 
clusion that  the  Hesperian  and  the  Terrestrial  day  are  of  about  the  same  length 
is  confirmed  by  the  observed  length  of  the  Martian  day.  The  latter  is  41  minutes 
longer  than  our  day,  while  the  Hesperian  day  appears  to  be  shorter  by  35  minutes. 
In  view  of  the  situation  of  Mars,  about  as  much  without  the  Earth's  orbit  as  Venus 
is  within,  this  close  agreement  is  remarkable  and  can  scarcely  be  due  to  chance. 

Moreover,  many  observers  of  markings  on  Venus  agree  in  making  the  observed 
rotation  of  that  planet  about  23  hours  and  21  minutes. 

It  is  well  known  that  the  early  observations  of  Huggins  and  Vogel  indicated 
the  presence  of  water  vapor  in  the  atmosphere  of  Venus,  which  is  almost  as  dense 
as  that  of  the  Earth.  With  day  and  night  and  seasons  similar  to  those  on  the 
Earth,  the  obliquity  being  probably  about  20°,  or  less,  it  will  be  readily  seen  how 
extremely  probable  it  is  that  life  exists  on  the  Hesperian  globe.  The  physical  con- 
ditions are  evidently  much  more  suitable  to  the  maintenance  of  life  than  are  those 
on  Mars,  which  have  long  been  such  a  subject  of  discussion.     It  is  probable  that 
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the  atmosphere  of  Venus  is  lighter  than  that  of  the  Earth,  but  still  dense  enough 
to  give  an  atmospheric  pressure  of  some  27  inches. 

The  average  temperature  on  Venus  is  also  doubtless  higher  than  on  the  Earth, 
but  not  high  enough  to  exclude  the  formation  of  ice  and  snow.  Though  large 
polar  caps  of  ice  have  not  been  proved  to  exist,  they  might  be  so  completely  ob- 
scured by  clouds  that  we  could  not  detect  them  even  if  very  prominent.  The 
blunting  of  the  southern  horn  of  the  planet  shows  that  the  surface  is  not  smooth, 
but  most  likely  traversed  by  mountain  ranges  of  great  height,  as  was  long  ago 
inferred  by  Schroeter.  The  formation  of  unusually  high  clouds,  if  the  terminator 
irregularities  were  caused  in  .this  way,  would  hardly  be  confined  to  one  region  at 
the  southern  horn,  unless  the  mountains  modified  the  air  currents,  which  probably 
is  the  case. 

The  high  albedo  of  the  planet,  0.77,  which  shows  that  it  reflects  almost  as  much 
light  as  new  fallen  snow,  indicates  that  the  Cytherean  globe  is  veiled  in  clouds;  and 
the  vapor  producing  these  clouds  can  be  none  other  than  that  of  water,  as  indicated 
directly  by  the  spectroscopic  researches  of  Huggins,  Vogel,  Tacchini  and  Lowell. 

Altogether  it  is  practically  certain  that  Venus  is  an  abode  of  life,  and  that  the 
life  on  the  planet  is  closely  similar  to  what  we  find  on  the  Earth.  The  planet  is 
so  largely  covered  with  clouds  as  to  greatly  increase  the  difficulty  of  fixing  the 
rotation  period.  Whilst  this  is  disappointing,  it  assures  us  that  the  planet  has  an 
abundance  of  water,  with  continents,  mountains,  rivers,  seas,  and  oceans,  and  is 
therefore  refreshing  as  showing  the  unquestioned  possibility  of  the  highest  form 
of  life  on  another  planet  of  our  solar  system. 

It  is  well  known  that  Venus  is  the  most  beautiful  of  all  the  planets.  This 
was  recognized  by  the  Greeks  from  the  earliest  ages;  for  in  an  account  of  the 
brightness  of  Achilles'  spear,  Homer  has  a  significant  description: 

doi  8'   atrTrjp  ct<ri  /*«■'    aOTpaxri   wktos   a/ioXyuJ 
foTrepos,    os    KaWurTOt  hi  ovpaviS  Tarartu   uxn-qp. 

"  Just  as  the  star  Hesperus,  which  is  classed  the  fairest  star  in  heaven,  pursues  its  course 
with  the  stars  in  the  darkness  of  night,"  etc.  (Iliad,  XXII,  317-319). 

In  view  of  the  substantial  proof  now  arising  from  many  circumstances,  but 
more  especially  from  the  short  period  of  the  planet's  rotation,  that  Venus  is  cer- 
tainly habitabie,  and  therefore  undoubtedly  an  abode  of  life,  probably  of  almost 
as  high  and  varied  an  order  as  we  have  upon  the  Earth,  Homer's  classification  of 
the  beautiful  planet  as  the  fairest  star  in  heaven  seems  wonderfully  appropriate 
and  even  prophetic. 
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In  a  paper  on  the  existence  of  planets  about  the  fixed  stars  presented  to  the 
American  Philosophical  Society,  held  at  Philadelphia  at  the  General  Meeting,  in 
April,  1910,  the  author  has  discussed  more  in  detail  the  development  of  planets 
about  other  suns.  It  is  shown  that  our  planets  survive  from  the  solar  nebula,  but 
never  were  thrown  off  as  formerly  supposed;  so  that  they  have  developed  independ- 
ently of  the  Sun,  and  been  added  on  from  without,  as  evolutionary  products  of 
the  outer  parts  of  the  nebula.  By  the  same  process  it  follows  that  in  the  con- 
densation of  the  nebulae,  which  have  formed  the  other  fixed  stars  and  given  them 
rotations  about  their  axes,  planets  will  necessarily  have  survived  about  them  also; 
so  that  planetary  systems  unquestionably  exist  about  the  great  majority  of  the  fixed 
stars.  And  if  worlds  of  habitable  character  are  so  abundant  throughout  space, 
of  course  the  natural  phenomenon  called  life  is  not  wanting.  Such  a  narrow  view 
would  be  inconsistent  with  the  fundamental  doctrine  of  uniformity,  which  was  long 
ago  made  the  basis  of  Natural  Philosophy,  as  formulated  by  the  illustrious 
Newton,  and  which  has  given  us  the  great  development  of  the  sciences  during 
the  past  two  centuries. 

Considerable  numbers  of  men  of  science  in  our  time  have  fallen  into  such 
materialistic  habits  of  thought  that  they  are  loth  to  admit  the  existence  of  life  on 
other  planets.  This  is,  however,  a  proper  subject  of  scientific  inquiry,  and  liberal 
minds  will  meet  it  in  a  straightforward  and  candid  manner.  In  time  we  shall  gain 
sufficient  light  to  bring  out  the  folly  of  materialism  and  enable  the  earnest  seeker 
after  truth  to  return  to  the  ancient  but  more  comprehensive  philosophy  of  Plato 
and  Aristotle,  who  taught  the  Greeks  and  all  subsequent  ages  that  the  ultimate 
problems  of  life  are  worthy  of  the  study  of  the  greatest  minds. 


CHAPTER  XX. 


Theory  of  Double  and  Multiple  Stars. 
§  241.     General  Considerations  on  the  Discovery  of  Spectroscopic  Binary  Stars. 

The  discovery  of  physically  connected  double  stars  with  components  so  close 
together  as  to  be  beyond  the  resolving  power  of  any  telescope,  which  was  made  at 
the  Harvard  and  Potsdam  Observatories  in  the  early  nineties,  together  with  the 
great  extension  of  this  branch  of  research  in  recent  years,  chiefly  at  the  Lick, 
Yerkes,  Allegheny,  and  Potsdam  Observatories,  may  be  regarded  as  one  of  the  most 
remarkable  developments  in  modern  astronomy.  By  the  application  of  the 
Doppler-Huggins  principle  in  modern  spectrographs,  an  entirely  new  light  has 
been  thrown  upon  the  constitution  of  the  sidereal  universe.  Systems  of  a  mark- 
edly different  type  from  our  own  are  shown  to  be  abundantly  scattered  throughout 
space;  and  although  our  solar  system  should  not  be  considered  unique  among 
cosmical  systems,  it  may  be  so  regarded  among  those  which  at  present  are  known 
to  us  by  the  direct  evidence  of  the  telescope  or  spectroscope. 

For  at  the  great  distance  of  the  fixed  stars  we  could  not  see  non-luminous  bodies 
so  small  as  our  planets.  And  heretofore  we  have  been  so  completely  in  the  dark  re- 
garding the  mode  of  formation  of  the  solar  system  that  we  could  not  safely  infer  the 
existence  of  planetary  systems  about  the  fixed  stars .  If ,  however,  the  Capture  Theory 
be  admissible,  and  our  Sun  has  captured  and  at  length  produced  an  orderly  planetary 
system  out  of  the  chaotic  nebulosity  once  whirling  about  it,  it  will  follow  that  other 
stars  likewise  have  developed  similar  orderly  systems  by  the  same  process.  Our 
knowledge  of  other  planetary  systems  is  thus  deductive,  yet  being  based  on  known 
mechanical  laws,  may  be  said  to  be  well  established,  but  not  by  direct  observation. 

Visual  double  star  Astronomy,  although  considerably  transformed  at  certain 
epochs,  has  been  of  comparatively  steady  growth.  It  began  essentially  with  the 
explorations  of  Sir  Wm.  Herschel  in  the  latter  part  of  the  18th  century;  and  in  the 
early  part  of  the  19th  century  was  greatly  extended  and  placed  upon  a  firm  basis  by 
the  researches  of  W.  Struve.  It  was  worthily  maintained  by  Sir  John  Herschel, 
Otto  Struve  and  Dembowski  ;    and  of  late  years  has  been  vastly  extended  by 
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Burnham  and  the  observers  whom  his  incomparable  example  has  inspired.  And 
not  only  has  observation  been  greatly  extended,  but  also  calculation  and  higher  the- 
oretical research  on  the  orbits  and  perturbations  of  the  stellar  systems;  until  at  the 
present  time  the  number  of  fairly  accurate  orbits  will  be  not  less  than  80.  The 
author  of  these  Researches  and  others  are  still  occupied  with  the  revision  of  these 
orbits,  and  doubtless  we  may  expect  more  accurate  data  in  the  course  of  a  few  years. 

The  most  important  element  of  the  orbit  of  a  double  star  is  the  eccentricity. 
For  the  80  orbits  now  determinable  this  will  average  about  the  same  as  that  found 
from  the  40  orbits  treated  by  the  writer  in  1896.  Perhaps  the  average  eccentricity 
will  be  slightly  increased  by  the  latest  calculations,  but  the  change  from  0.5  will 
be  only  a  few  hundredths;  and  for  our  present  discussion  we  may  therefore  adhere 
to  the  value  deduced  fourteen  years  ago. 

For  a  long  time  after  the  orbits  of  double  stars  began  to  be  carefully  studied 
it  was  customary  to  think  of  the  periodic  time  as  the  most  important  element, 
partly  because  of  the  convenience  of  observers,  and  partly  because,  when  the 
annual  parallax  is  known,  this  and  the  semi-axis  major  gives  the  mass  of  the  system. 

Sir  John  Herschel,  however,  many  years  ago  remarked  that  the  eccentricity 
is  physically  speaking  the  most  important  of  all  the  elements.  This  was  evident 
to  the  author  from  the  time  of  his  earliest  detailed  study  of  the  elements  of  binary 
stars  in  1888.  Probably  the  correctness  of  this  view  is  now  generally  recognized 
by  astronomers.  And  fortunately  the  eccentricity  is  an  element  which  may  be 
determined  with  accuracy  both  in  the  visual  and  spectroscopic  systems,  so  that  we 
are  now  in  a  position  to  study  their  leading  characteristics,  although  the  data  at 
hand  are  not  yet  so  complete  as  might  be  desired. 

§  242.     Rapid  Progress  of  Stellar  Astronomy  During  the  Last  Fourteen  Years. 

Until  recently  no  one  could  have  anticipated  the  results  of  researches  on 
spectroscopic  and  visual  binaries  which  we  have  to-day.  It  is  curious  and  in- 
structive to  reflect  over  the  great  changes  of  opinion  which  have  occurred  within  the 
past  fourteen  years.  Even  no  longer  ago  than  1896  any  one  who  dared  to  believe  in 
the  existence  of  a  great  number  of  stellar  systems  was  considered  an  enthusiast,  and 
encountered  the  usual  opposition  from  conservative  men  of  science  who  are  always 
in  the  majority.  In  some  well  known  cases  a  few  of  these  individuals  declared  that 
certain  branches  of  photography  were  the  only  lines  of  research  in  which  rapid  prog- 
ress was  being  made ;  and  emphatic  objection  was  made  to  work  in  so  unpromising  a 
subject  as  double  stars.  Who  can  name  a  branch  of  scientific  research  to-day  in 
which  greater  and  more  enduring  progress  has  been  made  than  in  visual  and  spectro- 
scopic double  star  astronomy?    Certainly  the  change  of  opinion  has  been  remarkable ! 
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According  to  estimates  based  on  work  done  at  the  Lick  Observatory,  Camp- 
bell found  that  about  one  star  in  five  of  those  examined  proved  to  be  a  spectro- 
scopic binary;  and  in  certain  groups  of  stars  Frost  has  found  the  ratio  of  binaries 
to  run  as  high  as  one-third.  If,  then,  the  stellar  universe  be  taken  as  made  up  of 
two  hundred  million  stars,  it  will  follow  from  Campbell's  estimate  that  there  are 
in  our  sidereal  system  some  forty  million  double  and  multiple  stars,  all  with  rela- 
tively large  masses ;  and  it  is  impossible  to  estimate  how  many  smaller  bodies  may 
attend  the  stare  which  appear  to  be  single.  But  for  reasons  set  forth  in  this  work, 
based  on  the  analogous  effects  of  similar  causes,  it  appears  that  in  all  probability 
the  other  one  hundred  and  sixty  million  stare  have  systems  of  planets  and  satel- 
lites of  their  own  essentially  like  those  of  our  solar  system. 

The  telescope  discloses  especially  the  widely  separated,  and  probably  only 
the  luminous,  companions  among  the  systems  comparatively  near  us  in  space; 
while  the  spectrograph  reveals  equally  all  attendant  masses  which  are  large  enough 
to  disturb  perceptibly  their  luminous  attendants,  whatever  be  their  distances  in 
the  depths  of  space.  It  was  this  independence  of  the  spectrograph  of  angular 
separation,  so  long  as  the  orbit  merely  remained  telescopically  visible,  that 
suggested  the  method  proposed  by  the  author  for  measuring  the  distance  of 
the  Milky  Way  (cf.  A.N.,  3323;  and  these  Researches,  Vol.  I,  Chapter  I,  §7). 
Although  the  application  of  this  method  is  somewhat  restricted,  it  looks  as  if 
it  might  become  available  for  actual  use  in  the  course  of  the  present  century. 

It  is  impossible  to  close  this  account  without  recalling  the  inestimable  debt 
which  Astronomical  Science  owes  to  Sir  William  Huggins,  the  illustrious  founder 
of  spectroscopic  astronomy,  who  was  the  first  to  render  Doppler's  principle 
practically  useful  in  the  study  of  the  heavens.  Not  only  was  he  the  first  to  measure 
the  motions  of  stare  in  the  line  of  sight,  but  also  one  of  the  first  to  recognize  the 
fertility  of  the  lines  of  research  here  laid  down.  And  if  now,  after  twenty-two 
years'  labor,  we  may  concur  in  Professor  Schiaparelli's  view,  that  a  secure 
foundation  has  been  laid  for  a  scientific  cosmogony,  we  must  recall  that  it  is  made 
possible  largely  by  the  extension  of  the  labors  which  Sir  William  Huggins  began 
in  the  early  sixties.  What  lover  of  truth  will  not  rejoice  that  our  illustrious  con- 
temporary has  lived*  to  see  the  ripe  fruits  of  his  pioneer  labors,  when  few  would 
consider  and  still  fewer  believe  in  the  new  methods,  which  have  so  powerfully 
revolutionized  every  branch  of  astronomical  science? 

*  We  grieve  to  record  that  since  this  was  written  the  venerable  Sir  William  Huggins  has  departed  this  life, 
in  the  87th  year  of  his  age,  May  12,  1910.  By  researches  extending  over  more  than  half  a  century  he  placed  the 
Science  of  Astrophysics  on  a  secure  foundation,  and  will  always  deserve  to  be  remembered  among  the  greatest  and 
noblest  philosophers  of  all  time.  It  was  he  who  first  established  the  chemical  uniformity  of  Nature  by  showing  that 
the  elements  are  the  same  wherever  a  star  twinkles.  He  thus  earned  the  title  of  the  Newton  of  Astrophysics, 
(cf.  the  writer's  "Tribute  to  the  Memory  of  Sin  William  Huggins,"  in  Popular  Astronomy,  for  August,  1910.) 
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But  only  the  smallest  beginning  has  been  made  on  the  science  of  the  heavens, 
and  to  quote  a  memorable  appeal  of  Sir  William  Herschel:  "The  subject 
promises  so  rich  a  harvest  that  I  cannot  help  inviting  every  lover  of  astronomy  to 
join  with  me  in  observations  that  must  inevitably  lead  to  new  discoveries." 

§  243.     Table  of  Spectroscopic  Binary  Stars  Whose  Period  and  Eccentricities 

Have  Been  Determined. 


Name 

a 

1900.0 

S 
1900.0 

Mag. 
Vis.      Phot. 

P 

e 

Authority 

Source 

a  Andromedae 

h         m 

0     3.0 

+  28  33 

2.2  ; 

96.67 

0.525 

R.  H.  Baker 

Publ.  All.  Obs.,  I,  No.  3 

a  Ursae  Min. 

1  22.6 

+  88  46 

2.1 

;4.4 

3.9683 

0.2001 

Hartmann 

Campbell,  L.O.B.,  79 

/3  Arietis 

1  49.1 

+  20  19 

2.8 

107.0 

0.88 

LUDENDORFF 

Aph.  J.,  June,  1907 

p  Persei 

3    2. 

+  40  34 

2.2-3.7 

2.87 

0.031 

SCHLESINGER 

Publ.  All.  Obs.,  I,  No.  5 

■/r*  Ononis 

4  46. 

+   5  26 

•4.0 

9.5191 

0.027 

R.  H.  Baker 

Publ.  All.  Obs.,  I,  No.  15 

a  Aurigae 

5    9.3 

+  45  54 

0.2 

104.022 

0.0164 

Reese 

L.O.B.,  No.  6,  1901 

|8  Ononis 

5  10. 

-  8  17 

0.3 

21.90 

0.296 

J.  S.  Plaskett 

Aph.  J.,  July,  1909,  p.  31 

r\  Ononis 

5  19.4 

-   2  29 

3.4 

3.9 

7.9896 

0.016 

Adams 

Aph.  J.,  17,  p.  68 

<ji  Ononis 

5  21.6 

+   3     1 

,4.5 

2.52588 

0.065 

J.  S.  Plaskett 

Aph.  J.,  Nov.,  1908, p. 272 

8  Ononis 

5  26.9 

-  0  23 

2.6 

var 

5.7333 

0.103 

Hartmann 

Aph.  J.,  19,  268,  1904 

i  Orionis 

5  30.5 

-  5  59 

3.4 

29.136 

0.74 

Plaskett  &  Harper 

Aph.  J.,  Dec,  1909,  p.  381 

C,  Tauri 

5  31.7 

+  21     5 

3.0 

3.4 

138. 

0.180 

Adams 

Aph.  J.,  Sept.,  1905 

R/J.-l°1004 

5  36.0 

-   1  11 

5.1 

27.160 

0.76 

Plaskett  &  Harper 

Aph.  J.,  Dec,  1909,  p.  381 

R  T  Aurigae* 

6  22.1 

+  30  34 

4.9-5.9 

3.73 

0.36 

Duncan 

L.O.B.,  151 

£  Geminorum 

6  58.2 

+  20  43 

3.8-4.3 

10.154 

0.22 

Campbell 

Aph.  J.,  13,  90,  1901 

«,  Geminorum 

7  28.2 

+  32     7 

3.7 

2.92835 

0.07 

Curtis 

Campbell,  L.O.B.,  79 

«2  Geminorum 

7  2S.2 

+  32     7 

2.7 

9.21883 

0.503 

Curtis 

Campbell,  L.O.B.,  79 

V  Puppis 

7  55.3 

-48  58 

4.1 

4.8 

1.454 

0.00 

Roberts 

Aph.  J.,  13,  177 

k  Cancri 

9    2.0 

+  11     4 

5.0 

5.3 

6.393 

0.149 

Ichinohe 

Aph.  J.,  June,  1907,  p.  318 

a  Carinae 

9    8.4 

-58  33 

3.5 

6.744 

0.18 

Curtis 

L.O.B.,  122,  1907 

k  Velorum 

9  19.0 

-54  35 

2.6 

116.65 

0.19 

Curtis 

L.O.B.,  122 

I  Carinae* 

0  42.5 

-62    3 

3.6-5.0 

35.53 

0.3  ± 

Wright  &  Albrect 

L.O.B.,  151 

17  Virginis 

12  15.1 

-  0     9 

3.7 

71.9 

0.25 

Ichinohe 

Aph.  J.,  Nov.,  1907 

«  Virginis 

13  20. 

-10  38 

1.2 

4.01426 

0.10 

R.  H.  Baker 

Publ.  All.  Obs.,  I,  No.  10 

Kit  Cenlauri 

14     9.4 

-59  27 

6.0-9.8 

160.5 

0.01 

Roberts 

M.N.,  June,  1903 

8  lAbrae 

14  56. 

-87 

4.8-6.2 

2.32735 

0.054 

SCHLESINGER 

Publ.  All.  Obs.  I,  No.  20 

(c  <  oron.  Bor. 

15  30.0 

+  27    3 

2.3 

17.36 

0.387 

F. C  Jordan 

Publ.  All.  Obs.  I,  No.  12 

6  I)raconis 

16    0.1 

+  58  50 

4.1 

4.8 

3.0708 

0.0141 

Curtis 

L.O.B.,  122 

/?  Hercidis 

16  26.0 

+  21  42 

2.9 

4.2 

410.58 

0.55 

Reese 

L.O.B.,  79 

u  Herculis 

17  14. 

+  33  12 

4.6-5.4 

2.05102 

0.053 

R.  H.  Baker 

Publ.  All.  Obs.,  I,  No.  11 

<j>  Draconis 

17  37.5 

+  68  48 

4.9 

5.27968 

0.0107 

A.  B.  Turner 

L.O.B.,  123,  1907 

X  Sagittarii* 

17  41.3 

-27  47.6 

4.4-5.0 

7.01185 

0.40 

J.  H.  Moore 

L.O.B.,  157 

Y  Ophiuchi* 

17  47.3 

-67 

6.2-7.1 

17.1207 

0.10 

Albrecht 

L.O.B.,  118 

11 '  Sagittarii* 

17  58.6 

-29  35 

4.3-5.1 

7.5946 

0.32 

CURTISS 

L.O.B.,  62  and  79 

\>.  Sagittarii 

18    8.0 

-21     5 

4.1 

180.2 

0.441 

Ichinohe 

Aph.  J.,  Oct.,  1907 

Y  Sagittarii* 

18  15.5 

- 18  55 

5.4-6.2 

5.7734 

0.3 

Curtiss 

L.O.B.,  62,  1904 

X  Draconis 

18  22.8 

+  72  42 

3.7 

4.2 

281.8 

0.423 

Wright 

Aph.  J.,  11,  131,  1900 

£'  Lgrae 

18  41. 

+  37  30 

4.29991 

0.00 

F. C  Jordan 

Publ.  All.  Obs.  I,  No.  17 

li  Lijrae 

18  46.3 

+  33  15 

3.4-1.1  ; 

12.908 

0.07 

Myers 

Aph.  J.,  7,  1,  1898 

k  f'avonis* 

18  46.6 

-67  21 

3.8-5.2  , 

9.09 

Wright 

L.O.B.,  151 

U  A  cpiilae* 

19  24.0 

-   7  15 

6.2-6.9 

7.02 

Albrecht 

L.O.B.,  151 

SI '  i ' i/gni* 

19  40.8 

+  29     1 

6.5-7.2  , 

3.85 

0.21 

Maddrill 

L.O.B.,  151 

■q .  1  quilae* 

19  47.4 

+   0  45 

3.7  , 

4.5 

7.176 

0.489 

Wright 

Aph.  J.,  9,  59,  1899 

S  Sagittae* 

19  51.5 

+  16  22 

5.4-6.1  , 

8.38 

0.35 

Maddrill 

L.O.B.,  151 

6  Aquilae 

20    6. 

-    1     7 

3.4 

17.117 

0.685 

R.  H.  Baker 

Publ.  All.  Obs.  I,  No.  7 

a  I'lr 

20  17.7 

-57    3 

2.0 

11.753 

0.01 

Curtis 

L.O.B.,  122 

T  \  idpeculae* 

20  47.2 

+  27  52 

5.5-6.5  , 

4.43578 

0.43 

Albrecht 

L.O.B.,  118 

ji  { 'epkei 

21  27.4 

+  70     9 

3.1  ; 

0.187 

0.0± 

Frost 

Aph.  J.,  Nov.,  1906, p.  260 

i  I'igasi 

22     2.3 

+  24  51 

4.0  ; 

4.4 

10.2131 

0.0085 

Curtis 

L.O.B.,  53,  1904 

2  Lacertae 

22  17. 

+  46     2 

4.6 

2.6164 

0.015 

R.  H.  Baker 

Publ.  All.  Obs.,  I,  No.  13 

f>  (  iphei* 

22  25.4 

+  57  54 

3.7-4.6  \ 

5.367 

0.46 

Belopolski 

Aph.  J.,  3,  227,  1896 

r)  l'agasi 

22  38.3 

+  29  42 

3.0  , 

4.2 

818.0 

0.1548 

Crawford 

L.O.B.,  5,  1901 

A  .  1  ndromedae 

23  32.6 

+  45  56 

3.9  , 

5.0 

20.54 

0.086 

Burns 

L.O.B.,  105 

*  Variable  Stars  of  the  Cepheid  and  Geminid  type  and  known  to  be  Binary. 
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§  244.     The  Orbits  of  Spectroscopic  Binary  Stars  and  Their  Distribution  as  Respects 

the  Region  of  Eccentricity. 

In  the  foregoing  table  we  have  condensed  the  most  important  data  now  avail- 
able* in  regard  to  the  periods  and  eccentricities  of  spectroscopic  binaries.  There 
are  in  all  fifty-three  orbits,  with  an  average  eccentricity  of  0.23,  about  the  same  as 
that  of  the  planet  Mercury.  The  number  of  orbits  with  small  eccentricity  is  very 
striking.  The  distribution  of  orbits  as  respects  the  region  of  eccentricity  is  as 
follows : 


No.  of 

Orbits 

veen  0.00 

and  0.10 

21 

0.10 

a 

0.20 

8 

0.20 

a 

0.30 

5 

0.30 

it 

0.40 

6 

0.40 

a 

0.50 

6 

0.50 

it 

0.60 

3 

0.60 

a 

0.70 

1 

0.70 

a 

0.80 

2 

0.80 

ti 

0.90 

1 

0.90 

a 

1.00 

0 

Total, 

53 

By  means  of  the  accompanying  figure  it  becomes  easy  to  understand  this 
distribution  graphically.  The  corresponding  curve  found  by  the  author  for  the 
distribution  of  visual  binaries  in  1896  was  given  in  Vol.  I  of  these  Researches, 
Chapter  III.  This  would  not  be  materially  changed  by  the  revision  of  the  eighty 
orbits  which  now  admit  of  determination. 

In  the  work  of  1896  the  distribution  of  orbits  as  respects  eccentricity  was  as 
follows : 


No.  of 
Orbits 

No.  of 
Orbits 

Between  0.00  and  0.10 
0.10     "     0.20 
0.20     "     0.30 
0.30     "     0.40 
0.40     "     0.50 

0 
2 
4 
8 
9 

Between  0.50  and  0.60 
0.60     "     0.70 
0.70     "     0.80 
0.80     "     0.90 
0.90     "     1.00 

9 
2 
4 
2 
0 

Professor  R.  G.  Aitken  of  the  Lick  Observatory  has  recently  given  con- 
siderable attention  to  the  orbits  of  double  stars,  and  published  in  L.O.B.  84,  a 
catalogue  of  the  best  available  elements.  Although  the  author  of  the  present  work 
does  not  concur  in  all  the  elements  which  Aitken  adopts,  the  final  mean  results 

•Since  this  table  was  prepared  tiiree  important  memoirs  on  Spectroscopic  Binaries  have  appeared,  as  follows: 
1.  By  W.  W.  Campbell,  Publications  Astron.  Soc.  of  Pacific,  April,  1910;  2.  By  Schlesinger  and  Baker,  Pub. 
lications  of  Allegheny  Observatory,  Vol.  I,  No.  21;  3.  By  H.  Ludendorff,  in  Astron.  Nachr.,  Nos.  4415-16.  The 
above  discussion  was  written  in  December,  1909,  and  we  leave  it  unchanged,  but  simply  call  attention  to  the 
rapid  progress  of  this  important  line  of  research. 
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Fig.  41.  Illustration  of  the  Small  Dimensions  of  the  Orbits  of  Spectroscopic  Binaries,  Which  on  the 
Average  are  Less  than  That  of  the  Planet  Mercury;  and  of  the  Tendency  to  Small  Eccentricities, 
as  Shown  Graphically  by  the  Diagram  on  the  Left. 
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are  but  very  slightly  influenced  thereby,  and  the  difference  between  these  authori- 
ties is  of  little  importance  in  our  present  discussion.  According  to  the  forty-nine 
orbits  given  in  Aitken's  list  of  well  determined  systems  the  distribution  is  as 
follows : 

No.  of 
Orbits 

Between  0.00  and  0.10  0 

0.10     "     0.20  2 

0.20     "     0.30  3 
0.30 


0.40 
0.50 
0.60 
0.70 
0.80 
0.90 


0.40  9 

0.50  13 

0.60  10 

0.70  5 

0.80  3 

0.90  3 

1.00  0 


Thus  the  distribution  is  practically  the  same  as  that  found  by  the  author  for 
visual  binaries  fourteen  years  ago,  though  the  mean  eccentricity,  or  maximum  of 
the  curve  of  distribution,  is  slightly  increased  by  Aitken's  selections. 

§  245.     Masses  of  Binary  Systems. 

When  the  visual  orbit  is  known  and  also  the  parallax  of  the  system,  so  that 
the  dimensions  of  the  orbit  becomes  known  in  astronomical  units,  the  mass  may 
be  found  from  the  formula  resulting  from  the  generalization  of  Kepler's  third 
law: 

Mt  +  Mt-jp-ja(M  +  m);  (540) 

where  M  +  m  is  the  mass  of  the  Sun  and  Earth,  usually  taken  as  unity ;  T  =  1 
year,  R  =  semi-axis  major  of  the  Earth's  orbit,  both  ordinarily  taken  as  unity; 
and  a  and  P  the  semi-axis  major  and  periodic  time  of  the  stellar  system.  Accord- 
ingly, for  ordinary  double  stars,  when  the  year,  the  combined  mass  of  the  Sun  and 
Earth,  and  the  Sun's  mean  distance  are  taken  as  units,  the  formula  becomes: 

M,  +  M2  =  p-  (541) 

When  the  parallax  is  not  known  by  the  ordinary  method  of  direct  measure- 
ment, but  the  orbit  is  determined  by  visual  observations,  and  the  relative  move- 
ment of  the  components  in  the  line  of  sight  at  any  time  can  be  found  by  the  spectro- 
graphic  method,  the  parallax  is  fixed  by  a  single  spectrographic  determination. 
In  this  case  the  absolute  dimensions  and  mass  of  the  system  becomes  known  with 
accuracy  (cf.  Vol.  I  of  these  Researches,  p.  30). 
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If  the  orbit  cannot  be  seen  visually,  so  as  to  disclose  its  dimensions  in  arc,  and 
give  its  visual  elements,  spectrographic  observations  alone  are  seldom  sufficient 
to  give  the  dimensions  and  mass  of  the  system.  In  some  cases,  however,  where 
the  plane  of  motion  is  in  the  line  of  sight,  as  in  the  Algol  variables,  the  dimensions 
of  the  orbit  of  the  bright  component  about  the  centre  of  gravity  of  the  system 
becomes  known  from  spectrographic  observations  alone,  without  any  observations 
of  the  visual  dimensions  of  the  orbit.  The  number  of  systems  thus  admitting  of 
partial  determination  of  mass  and  dimensions  is  only  a  small  fraction  of  the  whole ; 
yet  it  will,  in  time,  become  very  considerable. 

In  general,  spectroscopic  binaries,  which  can  not  be  seen  visually  separated, 
do  not  give  us  their  mass  and  dimensions.  Spectrographic  observations  give  us 
only  the  motion  in  the  line  of  sight,  and  the  total  range  of  this  variation  during  a 
revolution;  but  as  the  inclination  of  the  orbit,  as  well  as  the  angular  separation 
of  the  components,  is  unknown,  the  absolute  dimensions  and  mass  of  the  system 
can  not  be  determined.  The  chief  hope  of  extending  our  knowledge  of  this  nu- 
merous class  of  systems,  lies  in  the  increase  of  the  resolving  power  of  telescopes. 
This  is  not  very  promising  at  present,  but  eventually  it  will  enable  observers  to 
separate  some  of  them. 

In  the  foregoing  list  of  spectroscopic  binaries  we  have  given  only  those  systems 
which  have  not  been  visually  resolved.  It  is  true  that  Professor  Campbell 
includes  in  his  first  Catalogue  of  Spectroscopic  Binary  Stars,  L.  0.  B.  79,  seven  visual 
systems,  namely:  a  Canis  Majoris,  a  Geminorum,  e  Hydrae,  AB,  y  Virginis, 
a  Centauri,  £  Herculis,  8  Equulei;  yet  as  the  elements  in  each  case  are  deduced 
not  from  spectroscopic  observations,  but  from  micrometer  measures,  they  properly 
belong  to  the  class  of  visual  binaries.  And  as  the  orbits  are  included  in  the  latter 
class,  they  should  not  be  repeated  in  the  list  of  spectroscopic  binaries,  though  they 
form  an  interesting  connecting  link  between  the  two  types  of  systems. 

§  246.     Spectroscopic  Binaries  Differ  from  Visual  Binaries  Chiefly  in  the  Smaller 
Semi- Axes  of  Their  Orbits  and  the  Shorter  Periodic  Times. 

Heretofore  no  spectroscopic  binary  has  been  resolved  telescopically,  though 
a  few  visual  binaries  with  known  orbits  have  been  found  by  spectrographic  observa- 
tions to  be  also  spectroscopic  binaries;  so  that  the  two  classes  of  systems  are 
merged  into  one  common  whole.  If  our  telescopic  power  could  be  increased  one 
hundred-fold,  or  even  ten-fold,  the  connection  would  become  much  closer  than  it 
is  now.  In  that  case  a  good  many  spectroscopic  binaries  would  be  resolved  into 
their  visual  components. 
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But  the  resolving  power  of  telescopes  is  not  sensibly  increasing  at  present,  nor 
are  the  future  prospects  very  hopeful  in  this  respect ;  and  we  must  therefore  reverse 
the  problem  and  verify  the  visual  binaries  by  spectrographic  observations.  This 
was  recommended  by  the  author  in  1896,  and  has  since  been  done  in  a  perfectly 
satisfactory  manner,  in  such  cases  as  8  Equulei,  aCentauri,  Sirius,  etc.;  so  that 
we  may  feel  entirely  confident  that  spectroscopic  binaries  differ  from  visual  ones 
chiefly  in  their  smaller  semi-axes  and  shorter  periodic  times,  with  the  resulting 
greater  velocity  in  the  line  of  sight.  The  mean  distances  of  spectroscopic  binaries 
are  so  small  that  we  can  not  separate  the  components  in  any  except  a  few  cases 
where  the  relative  motion  is  comparatively  slow,  and  the  orbits  so  large  that  they 
were  already  known  as  visual  binaries  before  the  application  of  the  spectrographic 
method. 

Since  the  spectroscopic  binaries  on  the  average  probably  are  about  as  massive 
as  the  visual  binaries,  as  a  class,  the  formula  for  the  mass  of  a  system  Mx  +  M2  =  ^  > 
enables  us  to  infer  from  the  known  periods  about  what  the  average  distance  is  also. 

Thus  for  the  53  systems  previously  considered  we  find  the  average  period  to 
be  about  37  days.  But  if  we  exclude  a  few  long-period  stars,  the  average  period 
of  all  the  rest  is  about  ten  days.  Taking  Mt  +  M2  =  1,  as  in  the  case  of  the  Sun 
and  Earth,  we  find  the  average  value  of  the  mean  distance  to  be  0.2173  astronomical 
unit,  when  P  =  37  days;  and  only  0.09088  astronomical  unit,  when  P=  10  days. 
In  the  case  where  P  =  37  days  the  orbits  are  therefore  a  little  over  half  the  size  of 
that  of  the  planet  Mercury,  which  has  a  mean  distance  of  0.387.  But  in  the  more 
typical  case  where  P  =  10  days,  the  orbits  are  only  one-fourth  that  size,  or  have 
a  mean  distance  equal  to  about  ten  times  the  Sun's  diameter. 

This  result  is  remarkable  and  full  of  meaning  of  great  significance  for  the  general 
interpretation  of  the  Universe.  The  average  dimensions  of  the  visual  binary 
systems  may  be  compared  to  those  of  our  major  planets  in  the  solar  systems,  from 
Jupiter  to  Neptune,  where  the  period  ranges  from  twelve  to  one  hundred  and  sixty- 
five  years.  An  orbit  like  that  of  Jupiter  corresponds  to  the  more  rapid  class  of 
visual  binaries  found  of  late  years  by  Burnham  and  other  modern  observers.  It 
is  safe  to  infer  that  as  a  class  the  spectroscopic  binary  orbits  are  smaller  than  the 
visual  ones  in  a  ratio  comparable  to  that  found  between  the  orbits  of  the  planet 
Mercury  and  those  of  Saturn  or  Uranus.  Their  periods  naturally  stand  in  a 
similar  ratio,  according  to  Kepler's  law.  But  in  many  cases  the  spectroscopic 
binaries  have  mean  distances  very  much  smaller  than  that  of  Mercury,  and  in  some 
cases  only  a  few  times  larger  than  the  diameter  of  our  Sun. 

It  follows  therefore  that  the  spectroscopic  binaries  as  a  class  have  much  smaller 
orbits  and  shorter  periods  than  the  visual  binaries;  just  as  when  a  binary  is  tele- 
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scopically  resolved  into  a  closer  triple  system,  the  closer  component  has  the  smaller 
orbit  and  the  shorter  periodic  time.  And  if  the  dimensions  of  the  orbits  are 
increasing  under  the  influence  of  the  secular  action  of  tidal  friction,  the  spectroscopic 
binaries  are  in  an  earlier  stage  of  development.  Under  this  influence,  in  the  course 
of  millions  of  years,  their  orbits  will  grow  more  and  more  like  those  of  the  visual 
binaries.  If,  however,  the  resisting  medium  is  the  more  dominant  cause,  as  appears 
to  be  the  case,  then  the  secular  effects  will  be  just  the  reverse  of  those  here  indicated. 

Where  the  period  is  short  and  the  expansion  or  contraction  of  the  orbit  rapid, 
there  is  good  reason  to  hope  that  changes  in  the  periodic  time,  as  well  as  in  the 
eccentricity  and  motion  of  the  line  of  apsides,  may  become  sensible  to  observation 
before  many  years.  Under  tidal  friction  the  mean  distance  and  eccentricity  will 
steadily  increase  with  the  time,  while  the  line  of  apsides  will  progress,  as  in  the  well 
known  case  of  the  Fifth  Satellite  of  Jupiter,  where  this  movement  has  been  found 
to  afford  the  most  exact  method  of  evaluating  the  oblateness  of  that  planet.  In 
fact  Adams  and  Cohn  determined  Jupiter's  oblateness  by  this  theoretical  method, 
and  the  author  of  these  Researches  afterwards  found  by  a  series  of  careful  microm- 
eter measures  of  this  planet  that  the  observed  and  theoretical  oblatenesses  are  in 
entire  accord  (cf.  A.N.,  3670,  p.  406). 

In  the  same  way  the  study  of  the  motion  of  the  line  of  apsides  for  certain 
double  stars  may  give  us  a  very  accurate  means  of  determining  their  oblateness 
of  figure,  although  the  diameter  of  a  fixed  star  may  never  be  sensible  in  any  tele- 
scope, unless  designed  on  the  principle  recommended  by  Professor  Michelson 
(cf.  "  Light  Waves  and  Their  Uses,"  Decennial  Publications  of  the  University  of 
Chicago,  pp.  143-144).  There  is  thus  opened  to  our  contemplation  not  only  the 
possibility  of  great  progress  in  the  study  of  the  forms  and  dimensions  of  binary 
orbits,  but  also  in  the  theory  of  the  figures  of  the  stars  themselves,  which  may  be 
considered  indeed  a  crowning  achievement  of  Astronomical  Science. 

In  this  connection  attention  should  be  called  to  the  important  researches  of 
Dr.  A.  W.  Roberts  of  South  Africa,  whost  methods  promise  better  results  for 
variable  stars  than  all  others  put  together,  because  they  rest  on  a  true  physical 
cause. 

§  247.     Investigation  of  the  Form  of  the  Orbits  of  Variables. 

In  the  Monthly  Notices  for  June,  1903,  Dr.  Roberts  shows  how  to  find  the 
form  of  the  orbit  of  RR  Centauri  from  the  variations  of  the  light.  Professor 
G.  W.  Myers  had  previously  treated  the  variable  star  /3  Lyrae  in  a  somewhat 
analogous  manner  (Aph.  J.,  Vol.  7,  1898),  in  accordance  with  the  conceptions  laid 
down  in  the  author's  Inaugural  Dissertation  of  1892. 
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Roberts  shows  that  in  the  case  of  RR  Centauri  "  the  eccentricity  can  not  in 
any  case  be  greater  than  0.01,  and  of  course  may  be  much  less.  There  is  conclusive 
evidence  therefore  that  RR  Centauri  revolves  in  a  practically  circular  orbit."  He 
finds  the  density  to  be  one-third  that  of  our  Sun. 

In  the  Monthly  Notices  for  May,  1905,  Dr.  Roberts  treats  several  other 
variables  with  great  ingenuity,  and  deduces  their  distances  apart  as  well  as  oblate- 
ness.  He  finds  the  prolateness  of  RR  Centauri  to  be  0.78,  of  R  Vulpeculae  0.39; 
the  latter  being  "  composed  of  nearly  equal  masses,  one  of  which  is  two  and  a  half 
times  brighter  than  the  other."  The  space  between  the  globes  is  0.24,  when  the 
radius  of  the  orbit  is  taken  as  unity.  In  the  same  paper  Dr.  Roberts  gives  this 
remarkable  table: 


Distance  Between 

Prolateness 

System 

Components 

Observation       Theory 

RR  Centauri 

-0.01 

0.78              0.66 

/?  Lyrae 

+  0.01 

0.57            0.58 

V  Vulpeculae 

+  0.24 

0.37            0.35 

"  The  nearer  the  components  are  to  one  another  the  greater  their  prolateness,  and 
the  amount  of  prolateness  is  in  fair  conformity  with  what  theory  alone  would 
indicate." 

The  Report  of  the  British  Association  for  the  Advancement  of  Science,  for  1905, 
pp.  249-256,  contains  an  important  report  by  Dr.  Roberts  on  "  Apsidal  Binary 
Star  Systems,"  in  which  it  is  proved  that  "the  component  stars  of  close  binary 
systems  move  in  almost  circular  orbits.  In  no  case  is  the  eccentricity  of  motion 
greater  than  0.1;  the  average  eccentricity  of  the  six  stars  considered  is  one-fourth 
of  this."  In  the  case  of  y8  Lyrae  he  finds  evidence  of  a  recession  between  the  two 
components,  and  that  the  recession  is  gradually  diminishing  in  rate;  also  that  the 
line  of  apsides  of  ft  Lyrae  is  revolving.  The  eccentricities  found  by  Roberts 
for  the  orbits  of  these  six  stars  are  as  follows: 


Name  of  Star 

Eccentricity 
e 

Period 

Prolateness 

Density, 

Sun's  Density 

Being  Unity 

V  Puppis 
X  Carinae 

RR  Centauri 
P  Lyrae 

V  Vulpeculae 

U  Pegasi 

0.018 
0.020 
0.017 
0.022 

0.034 

d       h      ui      ■ 

1  10  54  27 

1     1  59    0 

0  14  32     7 

12  21  59  10 

75  days 

d        h       m      1 

•     0     8  49  41 

0.50 
0.48 

0.7S 
0.50 

0.51 

0.025 

0.050 

0.250 

0.0003 

0.00002 

0.36 

Ever  since  the  publication  of  the  author's  Inaugural  Dissertation  at  the  Uni- 
versity of  Berlin,  in  1892,  many  have  believed  that  variable  star  phenomena  must 
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be  referred  principally  to  attendant  bodies,  with  the  resulting  tidal  phenomena,  and 
a  resisting  medium.  It  is  agreeable  to  notice,  that  recent  investigators  usually 
adopt  the  theory  of  tides  and  occultations  by  attendant  bodies  and  the  action  of 
a  resisting  medium;  and  it  seems  certain  that  the  early  work  of  Myers  and  Roberts 
and  the  later  work  of  Curtiss,  Albrecht  and  Duncan  will  mark  an  epoch  in  this 
important  subject.  The  results  brought  out  in  the  present  work  seem  to  show  that 
the  resisting  medium  plays  the  most  important  part  in  the  phenomena  of  variable 
stars,  which  will  be  further  discussed  in  Chapter  XXIII. 

§248.     On  the  Dynamical  Relationship  Between  the  Mass-ratio  and  the  Efficiency 

of  the  Secular  Action  of  Tidal  Friction  and  of  the  Resisting 

Medium  in  the  Stellar  Systems. 

The  possible  expansion  of  the  orbits  of  double  stars  under  the  secular  action 
of  tidal  friction,  suggested  by  the  study  of  the  comparative  eccentricities  of  the 
orbits  of  spectroscopic  and  visual  binary  stars,  will  naturally  increase  the  interest 
in  certain  problems  connected  with  the  action  of  this  great  physical  cause,  the 
exact  investigation  of  which  we  owe  principally  to  Professor  Sir  G.  H.  Darwin 
(cf.  Philosophical  Transactions  and  Proceedings  of  the  Royal  Society,  1878-1882). 

Bodily  tides  certainly  exist  wherever  the  force  of  gravity  operates  between 
neighboring  globes  of  fluid  matter,  and  thus  tidal  friction  is  a  physical  agency  as 
universal  as  gravitation  itself. 

The  only  question  remaining  is  whether  tidal  friction  or  the  action  of  the 
resisting  medium  is  the  more  dominant  cause.  The  latter  agency  indeed  seems 
to  be  the  most  important,  and  we  believe  its  influence  has  generally  been  para- 
mount. Nevertheless  it  will  be  worth  while  to  examine  the  secular  effects  of  tidal 
friction ;  and  especially  since,  by  reversing  the  secular  effects  of  this  cause,  we  obtain 
very  nearly  the  corresponding  effects  of  the  resisting  medium.  Thus  one  examina- 
tion will  serve  to  throw  light  on  the  effects  of  both  causes  in  systems  with  varying 
mass-ratio. 

We  shall  begin  with  the  consideration  of  the  effect  of  varying  mass-ratio  upon 
the  moment  of  momentum  of  orbital  motion,  when  all  the  other  conditions  are 
supposed  to  be  uniform  and  unchanged.  If  we  have  two  masses,  M  and  m,  re- 
volving in  circular  orbits  about  their  common  centre  of  inertia,  with  a  distance 
between  their  centres  of  figure  equal  to  9  ,  and  an  angular  velocity  O ,  the 
moment  of  momentum  of  orbital  motion  will  be  given  by  the  expression 

M  (j£2-)'a  +  m  (MM*    Yn  -     *£-  92n  •  (542) 

\M  +  mj  \M  +  mj  M  +  my  v       ' 
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In  the  right  member  of  this  fundamental  equation,  we  find  that  9  and  ft 
will  be  unaltered  by  a  change  in  the  mass-distribution  within  the  system;  for  the 
distance  is  fixed  by  hypothesis,  and  the  period  depends  wholly  on  the  combined 
mass,  not  on  its  distribution ;  so  that  the  only  change  taking  place  will  depend  on 

the  ratio  ttt —  •  which  becomes  one-fourth  when  M  and  m  are  equal,  and  each  equal 

to  one-half  of  the  total  mass  of  the  system. 

Now  suppose  the  equable  distribution  of  mass  to  be  changed,  so  that  one  mass 
becomes  smaller  than  the  other,  as  implied  by  the  symbols  M  and  m.  As  the  total 
mass  M  +  m  =  C  ,  a  constant,  and  mean  distance  of  the  system  remains  the 
same,  the  periodic  time,  or  angular  velocity  ft  ,  is  unaltered,  according  to  Kep- 
ler's law.  Under  the  conditions  here  assumed,  the  mass  lost  by  m  is  gained  by  M ; 
and  thus  we  may  suppose  the  mass-ratio  of  the  smaller  to  the  larger  body  to  be  any 
fraction  less  than  unity.     When    m  =  \M  ,  or  m  =  |  (M  +  m),    the  expression 

=  5 ;  and  this  function  decreases  rapidly  with  decrease  in  the  relative  value 


M  +m      9 

of  m;  so  that  when  the  companion  or  satellite  becomes  a  mere  particle,  the  moment 
of  momentum  of  orbital  motion  vanishes.  Accordingly  we  see  that  the  moment 
of  momentum  of  orbital  motion  is  a  maximum  when  the  masses  are  equal,  and  a 
minimum  when  one  is  a  mere  particle.  This  conclusion  holds  for  an  elliptic  as  well 
as  for  a  circular  orbit,  as  will  be  seen  hereafter. 

§249.     Inferences  from  the  Dynamical  Theory  of  Tidal  Friction. 

In  view  of  the  consideration  here  set  forth  we  may  draw  the  following  con- 
clusions : 

(1)  In  systems  of  given  radius  vector  9  and  angular  velocity  ft  about  the 
common  center  of  inertia,  the  moment  of  momentum  of  orbital  motion  will  be  a 
maximum  when  the  masses  are  equal,  and  a  minimum  when  the  smaller  mass  is 
zero. 

(2)  Between  these  two  extremes  all  possible  values  of  the  moment  of  momen- 
tum of  orbital  motion  are  included,  so  that  any  system  in  nature  may  be 
represented. 

(3)  If  the  total  mass  of  the  system  be  kept  constant,  but  supposed  to  vary 
in  distribution,  between  the  extremes  here  mentioned;  and  the  rotational  and 
orbital  moment  of  momentum  of  the  system  be  also  taken  as  constant;  then  the 
smaller  moment  of  momentum  of  orbital  motion  will  correspond  to  the  greater 
moment  of  momentum  of  axial  rotation.  For  according  to  well  known  mechanical 
laws  the  moment  of  momentum  of  the  entire  system  when  once  set  in  motion  is 
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constant,  whatever  be  the  mutual  action  of  the  bodies.  It  is  made  up  of  three 
parts,  the  two  axial  rotations,  which  may  be  called  conveniently  y  and  z,  and  the 
moment  of  momentum  of  orbital  motion  x,  so  that  x  +  y  +  z  =  H,  a  constant, 
however  the  bodies  may  interact  upon  each  other.  If  therefore  the  mass  be  so 
distributed  that  x  is  small,  y  and  z  will  have  to  be  correspondingly  larger,  in  order 
to  keep  the  moment  of  momentum  of  the  system  constant,  as  here  assumed. 

(4)  It  will  follow  that  when  the  companion  is  small  and  the  radius  vector 
remains  of  the  initial  length,  the  orbital  moment  of  momentum  will  be  small  com- 
pared to  the  moment  of  momentum  of  axial  rotation,  especially  of  the  larger  mass. 
Hence  reduction  of  axial  rotation  under  the  secular  action  of  tidal  friction,  by  which 
moment  of  momentum  of  axial  rotation  is  transferred  to  moment  of  momentum 
of  orbital  motion,  might  vastly  expand  the  dimensions  of  the  orbit.  But  as  the 
tides  would  be  small,  owing  to  the  feeble  attraction  exerted  between  such  unequal 
masses,  the  process  of  change  would  be  excessively  slow;  and  as  witnessed  at  any 
given  epoch,  while  the  stars  are  still  self  luminous,  the  orbit  probably  would  not  be 
highly  eccentric. 

(5)  When  the  masses  are  equal,  the  moment  of  momentum  of  orbital  motion 
would  be  a  maximum  to  begin  with;  tidal  action  has  also  maximum  power  and 
gives  maximum  rate  of  change;  and  maximum  effect  on  the  major  axis  and 
eccentricity  of  the  orbit  would  be  produced  in  any  given  interval  of  time. 

(6)  For  the  tide-generating  potential  is 

V=^f(cos>z-h),  (543) 

where  ?  is  the  distance,  m  the  disturbing  mass,  and  R  the  radius  of  the  central 
body  in  which  the  tide  is  raised.  Now  the  height  of  the  tide  varies  directly  as  the 
tide-generating  force,  which  may  be  obtained  by  differentiating  this  expression  so 
as  to  get  the  component  in  any  desired  direction.  It  is  well  known  that  the  height 
of  the  tide  depends  principally  on  the  horizontal  component  (cf.  Airy's  Tides  and 
Waves,  p.  68),  which  may  be  obtained  by  differentiating  V  with  respect  to  z: 

dV  3mR*  .  '      „ 

=-=  = j—  cos  z  sin  z  .  (544) 

(7)  The  moment  of  the  tidal  frictional  couple  operating  against  the  axial 
rotation  depends  on  the  height  of  the  tide,  and  also  on  the  length  of  the  arm  on 
which  it  acts.  As  each  of  these  varies  as  the  intensity  of  the  tide-generating  force, 
it  follows  that  the  intensity  of  the  tidal  frictional  couple  varies  as  the  square  of  the 
tide-generating  force;   and  therefore  inversely  as  the  sixth  power  of  the  distance, 
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but  directly  as  the  square  of  the  disturbing  mass,  and  as  the  fourth  power  of  the 
radius  of  the  central  body. 

(8)  The  tangential  component  alone  produces  the  expansion  of  the  orbit  of 
the  companion,  and  this  varies  inversely  as  the  seventh  power  of  the  distance, 
directly  as  the  fourth  power  of  the  radius  of  the  central  body  and  the  square  of  the 
disturbing  mass.     Thus  when  the  disturbing  body  is  regarded  as  acting  as  if  its 

m1  R* 
mass  were  collected  at  its  centre  of  gravity,  the  secular  change  varies  as  — —  ■ 

(9)  In  the  case  of  double  stars  a  double  tidal  action  exists,  and  the  total 
effect  is  a  summation  of  two  separate  actions,  given  by  an  expression  which  for 
our  present  purposes  may  be  reduced  to  the  form 

m'R*  ,     ,MV  tmA0! 

F  =  c 1-  +  c'—rr-  '  (545) 

9  9 

where  c  and  c'  are  constants.  It  will  be  seen  that  <f  is  common  to  the  two  terms 
of  (545) ,  and  since  c  and  c'  are  constants  which  do  not  change  with  the  variation  of 
the  mass-distribution,  but  may  be  taken  to  be  identical,  when  all  the  conditions  in 
the  two  masses  are  similar,  and  the  matter  homogeneous,  it  follows  that  the  ex- 
pression will  be  a  maximum  when  m2  R4  +  M2  r4  is  a  maximum,  or  when  r  =  R, 
and  the  two  masses  are  equal.     This  may  be  most  satisfactorily  shown  as  follows. 

(10)  Take  a  given  volume  of  incompressible  fluid  matter  of  uniform  density 
and  suppose  it  divided  first  into  two  equal  masses  set  revolving  in  circular  orbits 
as  before  described.  Then  imagine  the  one  mass  to  be  decreased  by  cutting  away 
shells  corresponding  to  tenths  of  the  radius,  the  matter  lost  by  one  body  at  each 
stage  being  transferred  to  the  other.  As  the  total  mass  of  the  system  is  constant, 
the  periodic  time  will  remain  unchanged;  and  hence  we  may  find  the  effects  of 
unequal  mass  distribution  on  tidal  efficiency  under  any  supposed  initial  conditions. 
The  results  obtained  by  numerical  calculation  of  the  changes  of  the  function 
F'  =  r6R*  +  R&r4  .    are  shown  in  the  table  given  in  (12)  below. 

(11)  It  will  be  seen  that  the  efficiency  of  tidal  friction  rapidly  diminishes 
with  decrease  of  the  radius  or  mass  of  the  disturbing  body;  and  as  soon  as  the 
masses  become  very  unequal  the  efficiency  of  tidal  friction  becomes  wholly  insen- 
sible. Hence  equal  masses  given  maximum  efficiency,  or  the  greatest  effect  in  a 
given  time.  All  these  results  obviously  apply  to  ideal  systems  of  homogeneous 
matter,  in  which  all  the  conditions  are  exactly  the  same;  but  no  doubt  many 
actual  systems  approximate  these  conditions  sufficiently  to  give  results  of  consid- 
erable interest  in  connection  with  the  stellar  universe. 

(12)  Table  showing  the  efficiency  of  Tidal  Friction  for  varying  mass-ratio: 
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Mass-Ratio 

Efficiency 

r 

R 

m 

M 

m 

=  M 

of  Tidal 
Friction 

1.0 

1.00000 

1.000 

1.000 

1:  1 

2.000 

0.9 

1.08322 

0.729 

1.271 

1 

1.7435 

1.79156  • 

0.8 

1.14175 

0.512 

1.488 

1 

2.9062 

1.35223 

0.7 

1.18333 

0.343 

1.657 

1 

4.8306 

0.88991 

0.6 

1.21283 

0.216 

1.7S4 

1 

8.26 

0.53142 

0.5 

1.23311 

0.125 

1.875 

1 

15.00 

0.255854 

0.4 

1.24634 

0.064 

1.936 

1 

32.50 

0.105834 

0.3 

1.25423 

0.027 

1.973 

1 

73.0S 

0.033335 

0.2 

1.25824 

O.OOS 

1.992 

1 

249 

0.006364 

0.1 

1.25971 

0.001 

1.999 

1 

1999 

0.0004025 

0.0 

1.25992 

0.000 

2.000 

0.00000 

0.0000000 

§  250.     Comparison  of  Theory  with  the  Observations  of  Actual  Systems. 

In  the  examination  of  the  orbits  of  about  eighty  visual  binary  stars,  the  writer 
has  noticed  a  number  of  systems,  in  which  the  eccentricity  is  high  and  the  com- 
ponents about  equal  in  brightness,  and  presumably  also  in  mass.  In  the  following 
list  of  binaries,  with  eccentricities  of  about  0.6  or  above,  the  components  differ  in 
brightness  less  than  two  magnitudes;  the  eccentricities  indicated  in  parentheses 
are  provisional,  but  no  doubt  they  will  be  found  to  be  essentially  correct. 

13  Ceti  (0.74) ;  p  395  (0.85) ;  2  186  (0.67) ;  y  Andromedae  BC  (0.85) ;  20 
Persei  (0.75) ;  9  Puppis  (0.70) ;  /8  208  (0.85) ;  €  Hydrae  AB  (0.70) ;  V*  Velorum 
(0.61) ;  2  1639  (0.70) ;  y  Centauri  (0.80) ;  y  Virginis  (0.90) ;  25  Canum  Venat- 
icorum  (0.75);  2:1879  (0.65);  y  Lupi  (0.70);  02298  (0.58);  2  1989  (0.66); 
£  Scorpii  AB  (0.76) ;  2  2026  (0.70) ;  X  Ophiuchi  (0.68) ;  r  Ophiuchi  (0.59) ;  73 
Ophiuchi  (0.84) ;  £  639  (0.80) ;  2  2525  (0.95) ;  /3  80  (0.72)  —  25  pairs  in  which 
the  components  are  fairly  equal. 

The  following  list  includes  nine  stars  in  which  the  inequality  of  the  components 
always  exceeds  two  magnitudes,  and  has  an  average  difference  of  more  than  five 
magnitudes : 

17  Cassiopeiae  (0.45) ;  a  Canis  Majoris  (0.58) ;  a  Cants  Minoris  (0.40) ; 
£  Bootis  (0.54) ;  y  Coronae  Borealis  (0.48) ;  £  Herculis  (0.50) ;  t  Cygni  (0.37) ; 
85  Pegasi  (0.40);     99  Herculis  (0.78). 

There  are  among  the  80  systems  about  nine  times  as  many  stars  with  com- 
ponents approximately  equal  as  there  are  stars  with  components  very  unequal. 
In  nine  very  unequal  pairs  we  find  only  one  star  with  eccentricity  above  0.6.  In 
some  75  nearly  equal  pairs  we  find  25  with  eccentricity  of  0.6  or  above.  This  gives 
an  average  ratio  of  one  in  three ;  or  three  times  as  many  with  high  eccentricity  as 
would  appear  among  an  equal  number  of  very  unequal  pairs.     Hence,  although 
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very  unequal  pairs  are  only  one-ninth  as  frequent  as  approximately  equal  pairs, 
there  is  only  one-third  the  probability  of  a  high  eccentricity  occurring  among  the 
same  number  of  such  unequal  systems. 

The  ratio  of  one-third,  for  the  probability  of  an  equal  pair  having  high  eccentric- 
ity, is  founded  on  25  systems  out  of  75,  a  number  sufficiently  large  to  indicate  that 
the  ratio  will  prove  approximately  correct,  however  great  be  the  total  number  of 
bodies  considered.  In  the  case  of  the  unequal  pairs,  however,  the  ratio  of  one-ninth 
is  not  so  well  established,  because  the  number  of  bodies  is  too  small  to  give  a  clear 
indication.  Yet  it  seems  unlikely  that  more  than  one  in  nine  of  such  pairs  will 
have  high  eccentricity,  and  it  may  be  that  the  ratio  will  prove  to  be  even  smaller 
than  this.  Thus  on  the  basis  of  observed  facts  it  seems  highly  probable  that  three 
times  as  many  equal  pairs  have  high  eccentricity  as  unequal  pairs,  when  the  same 
number  of  the  two  classes  of  systems  is  considered.  And  as  equal  pairs  are  about 
nine  times  more  numerous  than  unequal  pairs,  probably  owing  to  the  difficulty  of 
seeing  very  close  unequal  objects  with  the  telescope,  it  follows  that  in  practice  the 
probability  of  a  high  eccentricity  occurring  among  the  equal  pairs  is  at  least  25 
times  greater  than  that  it  will  occur  among  the  very  unequal  pairs,  which  accords 
with  observation. 

Accordingly  among  the  equal  pairs  large  eccentricity  is  so  frequent  as  to 
attract  attention,  while  among  the  unequal  pairs  the  eccentricity  usually  is  small. 
There  naturally  are  many  equal  pairs  with  small  or  moderate  eccentricity,  and 
according  to  theory  this  ought  to  take  place,  since  many  of  them  are  in  very 
different  stages  of  development.  But  the  preponderance  of  high  eccentricities  among 
the  equal  pairs  would  seem  to  be  an  indication  of  the  higher  efficiency  of  Tidal  Fric- 
tion or  of  the  lesser  importance  of  the  Action  of  a  Resisting  Medium  in  such  systems, 
as  explained  theoretically  in  the  foregoing  discussion  and  in  the  section  below. 

If  this  inference  be  justifiable,  it  will  follow  that  in  deducing  from  the  round- 
ness and  small  size  of  the  orbits  of  spectroscopic  binaries  a  direct  confirmation  of 
the  Tidal  Theory  and  of  the  Theory  of  the  Action  of  a  Resisting  Medium,  as  ex- 
plained elsewhere  in  this  work,  we  may  at  the  same  time  find  additional  verification 
of  the  Theory  in  the  larger  eccentricities  occurring  among  binary  stars  with  nearly 
equal  components. 

§251.     Resisting  Medium  and  Variation  in  the  Mass  Distribution. 

If  now  we  consider  the  effects  of  the  action  of  a  resisting  medium  under  a 
variation  of  the  mass  distribution,  we  shall  find  that  the  moment  of  momentum  of 
orbital  motion  about  the  common  centre  of  gravity  of  the  system  is 
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M  L^t-YovT^?  +  m  f_^_y0VT37  =  _^1_  n9VrV    .  (546) 

\M  +  mj  \M  +  mj  M  +  m    v  v       ' 

This  too  is  a  maximum  when  m  =  M,  and  e  =  o,  or  the  orbit  is  circular.  If, 
however,  the  value  of  e  be  regarded  as  fixed  by  some  primordial  condition  of  the 
system,  m  =  M  will  still  give  the  maximum  moment  of  momentum  of  orbital 
motion. 

It  only  remains  to  consider  the  changes  in  e  when  the  other  elements  are 
unaltered.  Since  the  moment  of  momentum  of  orbital  motion  is  a  maximum  when 
m  —  M,  it  is  evident  that  a  minimum  change  of  the  mean  distance  and  therefore 
of  the  eccentricity  will  result  from  a  given  amount  of  resistance  when  the  masses 
are  equal.  Accordingly,  just  as  the  rate  of  increase  of  the  eccentricity  due  to  tidal 
friction  is  a  maximum  when  the  masses  are  equal,  so,  conversely,  the  rate  of  decrease 
of  the  eccentricity  due  to  the  resisting  medium  is  a  minimum  under  the  same  condition. 
In  the  action  of  a  resisting  medium  an  equable  distribution  of  mass  tends  to  preserve 
an  original  high  eccentricity. 

If  the  known  history  of  the  solar  system  did  not  afford  a  criterion  as  to  the 
relative  efficiency  of  these  two  causes,  we  might  be  unable  to  distinguish  between 
them,  but  in  view  of  the  paramount  part  played  by  the  action  of  the  resisting 
medium  in  the  development  of  the  planets  and  satellites,  as  shown  by  the  round- 
ness of  their  orbits,  there  would  seem  to  be  no  doubt  that  the  secular  effects  of  the 
resisting  medium  are  generally  preponderant  in  nature. 

Accordingly  the  larger  eccentricities  of  the  orbits  of  visual  binaries  compared 
to  those  of  spectroscopic  binaries  is  the  natural  outcome  of  resistance  which  has 
left  the  larger  orbits  with  the  larger  eccentricities,  and  vice  versa.  In  the  case  of 
equal  components  the  effect  of  resistance  has  produced  a  minimum  decrease  of  the 
primitive  eccentricity,  and  visual  binaries  with  equal  components  therefore  fre- 
quently move  in  paths  so  very  eccentric  as  to  attract  attention.  It  would  thus 
appear  that  observation  and  theory  are  in  good  agreement. 

§  252.     Indications  Furnished  by  Triple  and  Quadruple  Stars  Regarding  Motion 

Near  a  Common  Plane. 

Although  triple,  quadruple  and  other  multiple  stars  have  been  studied  since 
the  time  of  Sir  William  Herschel  (cf.  Phil.  Trans.,  1802),  their  components  in 
general  are  too  far  apart  to  give  evidence  of  rapid  motion;  and  it  is  chiefly  since 
the  epoch-making  work  of  Burnham  in  discovering  very  close  double  stars  that  our 
knowledge  of  multiple  stars  has  been  rapidly  advanced.  The  study  of  spectroscopic 
binaries  within  the  past  twelve  years  has  also  contributed  to  our  knowledge,  by 
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showing  that  many  of  the  visual  double  stars  have  one  or  both  components  spectro- 
scopically  double,  so  that  the  systems  formerly  classed  as  binary  are  really  ternary 
and  quaternary.  But  whether  the  systems  be  resolved  into  closer  components 
by  telescopic  or  spectroscopic  research,  it  is  generally  found  that  the  distance 
between  the  close  pair  is  small  compared  to  that  of  the  wide  pair  with  which  it  is 
associated.  Thus  the  distance  of  the  wide  pair  is  often  from  twenty  to  fifty  times 
that  of  the  close  pair,  so  that  the  latter  may  largely  escape  the  perturbations  of 
the  third  body,  or  at  least  revolve  in  comparative  safety  and  stability.  If  the 
relative  distances  were  not  thus  arranged,  stability  and  permanence  could  not  be 
assured,  and  the  systems  might  not  long  endure.  But  as  we  observe  vast  multi- 
tudes of  such  systems  arranged  on  this  plan,  we  conclude  that  they  are  stable,  and 
have  originated  under  conditions  which  ensure  permanency.  When  a  double  star 
had  been  formed  in  the  usual  way  by  the  growth  of  separate  centres  in  a  widely 
diffused  nebula,  one  or  both  components  likewise  captured  and  developed  com- 
panions, and  the  result  was  a  triple  or  quadruple  star.  So  far  as  we  yet  know, 
these  physical  systems  have  the  components  revolving  in  a  common  direction,  and 
in  any  given  case  the  orbits  are  not  greatly  inclined.  The  motion  is  essentially 
analogous  to  that  of  the  Earth  and  Moon  around  the  Sun.  As  examples  of  such 
multiple  stars,  we  may  mention  the  following  visual  pairs :  £  Cancri,  f  Scorpii, 
€  Lyrae,  e  Hydrae,  v  Scorpii,  £581,  etc.;  and  spectroscopically  resolved  systems 
such  as  a  Geminorum,  g  Ursae  Majoris,  k  Pegasi,  a  Ursae  Minoris,  etc.  The 
present  theory  of  the  development  of  the  stellar  systems  is  thus  confirmed  by  the 
indications  furnished  by  triple  and  quadruple  stars,  and  one  can  not  doubt  that 
the  process  is  general   throughout  nature. 

§  253.     The  Positions  of  the  Axes  of  Rotation  in  Double  Star  Systems. 

In  the  earlier  investigations  of  the  author  it  was  supposed  that  the  separation 
of  binary  stars  had  taken  place  by  a  process  of  nebular  fission  closely  resembling 
the  fission  of  rotating  masses  of  fluid  in  hydrostatic  equilibrium  under  the  pressure 
and  attraction  of  their  parts.  On  this  hypothesis  it  was  correctly  inferred  that 
the  axes  of  rotation  would  be  nearly  perpendicular  to  the  plane  of  the  orbit.  In 
this  volume  we  have  substituted  the  dynamical  process  of  nebular  fission  for  the 
hydrostatic  process  of  fluid  fission  heretofore  imagined  as  a  rough  approximation 
to  nature's  mode  of  Cosmical  Evolution. 

It  is  sufficient  to  say  that  in  dealing  with  planetary  obliquities  we  have  shown 
that  the  tendency  arising  from  the  capture  of  satellites  is  to  produce  zero  obliquity, 
or  cause  the  bodies  to  rotate  about  axes  nearly  perpendicular  to  the  orbit  plane. 
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A  similar  tendency  is  obviously  at  work  in  all  stellar  systems ;  and  it  may  reason- 
ably be  assumed  that  as  a  rule  the  obliquity  probably  is  small.  Thus  the  com- 
ponents have  direct  rotation,  as  was  assumed  in  my  Inaugural  Dissertation  and 
subsequent  researches  on  the  evolution  of  these  binary  systems. 

Accordingly  whilst  the  process  of  nebular  fission  is  different  from  that  provi- 
sionally imagined  in  1892,  the  resulting  rotations  and  axial  positions  of  the  bodies 
remain  unchanged,  so  that  tidal  friction  would  operate  very  nearly  as  originally 
supposed.  Tidal  friction  seems  to  be  much  less  effective  than  was  formerly  be- 
lieved, while  the  importance  of  the  secular  effects  of  the  resisting  medium  is  cor- 
respondingly augmented.  And  whilst  it  seems  more  probable  that  the  eccentric- 
ities of  the  orbits  of  binary  stars  are  survivals  of  larger  values  dating  back  to  the 
nebular  stage,  than  that  they  have  been  developed  from  small  initial  values  by  the 
secular  effects  of  tidal  friction ;  yet  it  is  certain  that  both  causes  are  at  work,  and 
usually  have  diametrically  opposite  tendencies. 

If  therefore  the  earlier  work  is  somewhat  incomplete,  it  is  nevertheless  very 
satisfactory  to  find  that  most  of  the  underlying  hypotheses  are  verified  by  the 
present  investigation.  It  seems  to  be  quite  certain  that  the  rotations  are  direct, 
and  the  obliquities  small,  in  the  great  majority  of  the  stellar  systems.  As  this 
result  could  never  be  verified  by  direct  observation,  owing  to  the  enormous  dis- 
tances of  the  stars,  but  is  deduced  from  the  mathematical  theory  of  the  motion  of 
three  bodies,  and  confirmed  by  well  established  phenomena  in  the  solar  system, 
it  is  the  more  satisfactory  to  the  human  mind.  Indeed  it  may  fairly  be  said  to  be 
one  of  the  most  interesting  inferences  yet  made  by  the  deductive  process  in  any 
branch  of  Physical  Science. 

§  254.     Augmentation  of  the  Destructive  Forces  in  an  Eccentric  Double  Star  System. 

In  treating  of  the  problem  of  three  bodies,  Chapter  VIII,  we  have  pointed  out 
that  in  eccentric  systems  the  destructive  tendency  is  much  greater  than  in  systems 
with  nearly  circular  orbits.  The  third  body  suffers  such  great  variation  in  the 
action  depending  on  the  other  two  that  anything  approaching  even  temporary 
stability  is  nearly  impossible.  The  result  apparently  would  be  that  the  third  body 
would  soon  be  brought  into  collision  with  one  of  the  two  large  masses ;  or  it  would 
be  driven  from  the  system  never  to  return.  It  seems  probable  therefore  that 
eccentric  double  star  systems  would  be  cleared  of  satellites  much  quicker  than 
planetary  systems  with  nearly  circular  orbits.  It  is  impossible  to  treat  this  sub- 
ject fully,  because  our  knowledge  is  still  but  little  developed,  but  this  general 
result  seems  to  be  reasonably  well  established. 
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If  this  line  of  reasoning  be  admissible,  it  will  follow  also  that  satellites  survive 
longest  in  planetary  systems.  Moreover  the  great  duration  of  planetary  systems 
enables  their  orbits  eventually  to  be  worn  quite  round  by  the  resistance  at  work 
against  comparatively  small  masses.  And  finally  since  the  double  star  systems 
as  a  class  are  quite  eccentric,  this  general  fact  shows  that  the  same  property  held 
true  of  the  primordial  orbits  of  the  planets,  before  the  resisting  medium  had  modi- 
fied the  original  state  of  the  system.  This  is  another  and  final  answer  to  the 
question  of  Dr.  G.  W.  Hill,  which  we  have  discussed  at  the  close  of  Chapter  VII. 
It  thus  seems  to  be  well  established  that  as  a  rule  the  primordial  orbits  of  planets 
were  originally  quite  eccentric,  like  those  of  double  stars,  but  that  this  eccen- 
tricity decreases  with  the  development  of  the  system;  and  in  a  mature  system 
such  as  that  of  the  planets  revolving  about  our  Sun,  the  orbits  may  become  so  very 
circular  as  to  excite  the  wonder  of  the  astronomer,  the  geometer  and  the  natural 
philosopher,  as  has  constantly  happened  during  the  past  2,000  years. 

§  255.     Comparison  of  the  Binary  Systems  with  the  Solar  System. 

The  two  most  important  characteristics  of  the  binary  systems  are:  (1)  the 
large  mass-ratios  of  their  components,  and  (2)  the  high  eccentricities  of  their  orbits. 
In  the  solar  system,  on  the  other  hand,  the  attendant  bodies  are  very  small  com- 
pared to  the  large  central  bodies  which  now  govern  their  motions,  and  moreover 
the  orbits  are  nearly  circular.  This  latter  effect,  the  roundness  of  the  orbits  of  the 
planets  and  satellites,  has  been  traced  the  secular  action  of  a  resisting  medium; 
and  it  is  shown  by  exact  calculations  based  on  the  mechanical  principle  of  the  con- 
servation of  areas  that  it  has  arisen  from  this  cause  and  no  other. 

Multiple  stars  are  not  only  remarkable  for  the  large  masses  of  the  companions 
but  also  for  the  corresponding  restriction  in  the  number  of  bodies  in  a  system. 
The  great  majority  of  the  stellar  systems  are  binary,  either  visual  or  spectroscopic; 
but  in  a  certain,  rather  small,  percentage  of  the  total  number  of  cases  we  find  triple 
and  quadruple  systems,  and  multiple  stars  of  more  complex  character.  What 
connection,  then,  according  to  the  principle  of  continuity,  are  we  to  imagine  between 
systems  of  the  type  of  our  solar  system  and  these  stellar  systems? 

We  have  seen  that  a  companion  star  may  gather  in  satellites,  just  as  Jupiter 
did  in  the  Solar  System ;  and  that  if  the  supply  of  material  is  properly  distributed 
in  the  nebula-,  the  mass  of  the  companion  may  in  time  become  large,  as  in  the 
systems  of  binary  and  multiple  stars.  On  the  other  hand  the  eccentricity  of  the 
orbit  will  tend  to  disappear.  If,  however,  the  original  eccentricity  was  quite  high, 
it  may  easily  happen  that  a  large  eccentricity  will  still  survive,  after  most  of  the 
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satellites  are  gathered  in.  This  seems  to  be  the  case  with  our  actual  visual 
binary  systems. 

The  problem  therefore  reduces  itself  to  the  following:  In  a  fraction  of  the 
total  number  of  systems,  perhaps  about  one-fifth  of  the  whole,  the  constitution  of 
the  primordial  spiral  nebulae  was  such  as  to  give  binary  systems  rather  than  plane- 
tary systems.  And  in  a  case  of  this  kind  the  resisting  medium,  made  up  of 
nebulosity,  cosmical  dust  and  satellites,  is  least  effective  in  reducing  the  eccentric- 
ity of  the  primordial  orbit,  owing  to  the  preponderant  moment  of  momentum 
of  orbital  motion,  arising  from  the  relatively  great  mass  of  the  companion. 

When,  therefore,  a  nebula  is  so  constituted  as  to  give  rise  to  a  double  star,  a 
system  with  a  mass  distribution  which  is  essentially  double,  the  result  will  be  the 
survival  of  a  large  eccentricity,  such  as  is  indicated  by  observation.  On  the  other 
hand,  when  the  primordial  nebula  is  free  from  a  single  preponderant  companion 
revolving  about  the  central  star,  but  characterized  by  a  multitude  of  nearly  equal 
planets,  all  quite  small,  the  result  will  be  the  development  of  a  planetary  system 
such  as  our  own. 

This  seems  to  be  the  general  tendency  in  nature,  as  indicated  by  the  fact  that  about 
four-fifths  of  all  the  stars  appear  to  be  single,  ivhereas  in  reality  they  are  surrounded 
by  planetary  systems  made  up  of  bodies  so  small  as  to  be  invisible  in  our  telescopes. 
From  this  line  of  reasoning  it  follows  that  there  is  a  connection,  conformable  to  the 
principle  of  continuity,  between  the  planetary  systems  and  the  double  star  systems 
of  the  universe.  Both  have  been  formed  by  the  same  process,  but  the  dominant 
forces  have  been  in  different  proportion,  according  to  the  original  states  of  the 
primordial  nebulae  from  which  they  have  arisen. 

§  256.     Since  All  Cosmical  Systems  Develop  from  Nebulosity  Expelled  from  the 

Stars,  the  Orbit  Planes  of  Binary  Stars  Ought  to  hie  at  All  Angles 

with  Respect  to  the  Plane  of  the  Milky  Way. 

We  have  seen  that  the  nebulae  are  clouds  of  cosmical  dust  expelled  from  the 
stars  by  the  radiation  pressure  of  their  light,  and  by  electric  and  other  repulsive 
forces;  and  we  have  shown  how  the  falling  together  of  this  nebulosity  necessarily 
gives  rise  to  spiral  nebulae,  which  develop  into  cosmical  systems.  Some  of  the 
resulting  systems  resemble  the  planetary  system,  while  others  become  double  and 
multiple  stars;  and  it  appears  that  the  largest  of  all  the  nebulae  develop  into 
clusters  and  clouds  of  stars. 

Now  a  cosmical  system  is  produced  by  the  agglomeration  of  cosmical  dust, 
and  by  the  capture  of  bodies  already  partially  developed;   but  the  cosmical  dust 
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is  expelled  from  the  stars  lying  in  every  direction  and  drifts  about  hither  and  thither 
till  it  collects  into  a  nebula;  and  thus  it  follows  that  when  it  collects  into  a  vortex 
and  begins  to  whirl  about  the  centre,  the  fundamental  plane  of  motion  will  have 
no  definite  relationship  to  the  plane  of  the  Milky  Way,  but  may  be  inclined  to  it 
any  angle  whatever.  And  since  it  appears  by  observation  that  about  one-fifth 
of  the  cosmical  vortices  produce  binary  systems,  the  other  four-fifths  giving  plane- 
tary systems  with  attendant  bodies  too  small  to  be  seen  in  our  telescopes,  it  follows 
that  the  orbit  planes  of  these  binary  systems  should  have  no  definite  relationship 
to  the  plane  of  the  Milky  Way,  but  should  be  tilted  at  all  possible  angles.  This 
seems  to  be  the  case,  as  was  shown  in  the  third  chapter  of  the  first  volume  of  these 
Researches ;  and  consequently  we  conclude  that,  on  this  point,  theory  and  observa- 
tion are  in  good  accord. 

As  the  planetary  systems  among  the  fixed  stars  are  wholly  invisible,  and  the 
situation  of  their  fundamental  planes  cannot  be  investigated  by  any  means  now 
known  or  likely  to  become  available  hereafter  to  the  scientific  investigator,  we  are 
reduced  to  the  neccessity  of  falling  back  on  the  binary  stars,  which  alone  have 
attendant  bodies  large  enough  and  bright  enough  to  be  visible  in  our  telescopes, 
or  sufficiently  massive  to  give  a  variable  velocity  in  the  line  of  sight,  which  can  be 
measured  by  means  of  the  spectrograph.  And  although  we  are  thus  restricted 
to  one-fifth  of  all  the  stellar  systems  known  to  exist  in  the  universe,  and  in  practice 
to  but  a  small  fraction  of  this  fraction;  yet  it  is  evident  that  the  distribution  of 
the  inclinations  found  for  the  small  number  of  systems  visible  to  us,  will  also  hold 
for  the  vastly  greater  number  of  systems  which  are  invisible  but  known  to  exist. 
Accordingly  to  assure  ourselves  of  the  haphazard  law  of  the  inclinations  for  all 
existing  systems  it  is  sufficient  to  study  the  situations  of  the  orbits  of  binary  stars, 
on  which  a  considerable  beginning  has  already  been  made,  as  set  forth  in  the  first 
volume  of  these  Researches. 


§  257.     Difference  in  Color  of  Binary  Components  Due  to  Selective  Separation  of 

Certain  Chemical  Elements. 

The  difference  in  the  color  of  the  components  of  binary  stars  has  long  been  a 
subject  of  remark  and  investigation.  So  far  as  we  know  no  satisfactory  explana- 
tion of  this  phenomenon  has  been  obtained;  and  whilst  we  cannot  yet  hope  to 
reach  a  final  solution  of  the  problem,  it  seems  probable  that  the  general  cause  at 
work  may  be  indicated. 

It  was  for  a  long  time  believed  that  the  apparent  contrast  in  color  was  largely 
or  wholly  subjective;  but  after  the  various  physical  experiments  and  the  extensive 
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observations  of  Herschel  and  Struve  and  other  eminent  astronomers,  this  idea  was 
given  up,  and  it  was  admitted  that  the  apparent  contrast  in  color  is  real  and  inherent. 

The  brighter  component  as  a  rule  inclines  to  orange  or  red,  the  fainter  one  to 
bluish  or  purple;  in  other  words  the  dominant  light  of  the  companion  lies  near 
the  more  refrangible  end  of  the  spectrum,  while  that  of  the  principal  star  lies  near 
the  opposite  extreme,  at  the  red  end  of  the  spectrum.  This  general  tendency  has 
been  explained  by  selective  absorption,  the  gases  in  the  atmosphere  of  the  com- 
panion being  such  as  to  allow  the  short  wave  lengths  to  pass,  while  the  reverse  is 
true  of  the  brighter  component,  the  heavier  absorption  there  cutting  down  the 
shorter  vibrations.  Within  certain  limits  there  is  a  considerable  amount  of  truth 
in  this  idea,  but  the  explanation  is  still  very  incomplete.  Why  should  the  emitting 
and  absorbing  elements  be  thus  distributed? 

The  most  probable  answer  to  this  question  is  the  following:  Since  both  com- 
ponents have  been  augmented  by  the  capture  of  satellites,  but  the  fainter  com- 
ponent as  a  rule  has  the  smaller  mass,  it  has  probably  gained  an  undue  proportion 
of  certain  chemical  elements  of  small  atomic  weight,  such  as  Hydrogen,  Helium, 
Coronium,  etc.  This  separation  might  result  from  the  elastic  expansion  of  these 
lighter  gaseous  elements  to  greater  distance  from  the  large  mass,  owing  to  very 
high  temperature  or  their  repulsion  under  electric  charges,  so  that  they  come  under 
the  control  of  the  smaller  mass  —  the  two  bodies  probably  having  atmospheres 
with  opposite  electric  charges  —  or  to  some  such  process  of  separation,  into  the 
details  of  which  we  need  not  go  at  present. 

It  is  evident  that  difference  in  color  and  spectrum  rests  essentially  upon  a 
difference  in  chemical  constitution.  And  this  is  not  a  question  of  the  relative 
ages  of  the  components,  as  was  once  believed ;  for  the  two  masses  have  had  separate 
origins,  in  a  common  nebula,  and  there  is  no  proof  that  difference  in  color  is  a  sign 
of  unequal  rate  of  development  due  to  difference  of  mass. 

It  is  rather  a  chemical  difference  due  to  the  differentiation  of  the  elements ;  with 
the  result  that  the  radiation  is  in  striking  contrast.  This  adds  greatly  to  the  beauty 
of  coupled  double  stars,  and  such  striking  contrast  of  color  is  an  almost  infallible 
sign  of  physical  connection  into  true  binary  systems,  so  that  this  may  generally 
be  predicted  in  advance  of  the  development  of  orbital  motion. 

§  258.     The  Probable  Cause  of  the  Extreme  Darkness  of  the  Companions  of  Certain 

Double  Stars. 

It  has  long  been  remarked  that  the  companions  of  certain  binary  stars  are 
singularly  dark.  Thus  the  companions  of  both  Sirius  and  Procyon  were  detected 
by  Bessel  from  the  perturbations  they  produced  long  before  either  of  these  faint 


590  THE   VERY    OBSCURE   COMPANIONS   OF   DOUBLE    STARS. 

objects  were  discovered  by  observation.  But  later  investigation  of  these  systems 
indicates  that  the  satellite  of  Sirius  has  half  the  mass  of  the  large  star,  though  it 
gives  only  one  ten-thousandth  as  much  light;  while  in  the  case  of  the  equally 
obscure  companion  of  Procyon  the  mass  is  at  least  one-fifth  that  of  the  principal 
star.  This  contrast  of  coupled  light  and  dark  bodies  is  further  illustrated  by 
examples  among  the  Algol  Variables,  and  by  some  of  the  variables  of  the  type  of 
/8  Lyrae,  where  two  stars  of  unequal  luminosity  are  nearly  in  contact  and  revolving 
in  short  periods. 

Moreover,  this  extreme  type  of  dark  companions  has  been  observed  among 
the  double  stars  visible  in  our  large  telescopes.  The  older  observers,  such  as  the 
Herschels,  the  Struves  and  Alvan  Clark,  have  called  attention  to  the  coupling 
of  very  unequal  stars  in  such  systems  as  £  Herculis,  99  Herculis  and  95  Ceti,  while 
the  modern  observations  of  Burnham,  See,  Aitken  and  others,  confirm  this  con- 
trast of  brightness  in  certain  close  binaries,  as  85  Pegasi,  Xt  2,  ^  23,  etc. ;  and 
also  in  binaries  of  a  wider  class  where  the  companions  are  excessively  faint. 

As  an  example  of  the  latter  class  of  dull  companions,  it  may  be  mentioned 
that  during  the  writer's  survey  of  southern  double  stars  at  the  Lowell  Observatory, 
1896-1898,  he  found  over  half  a  dozen  remarkable  objects  which  were  so  dark  and 
obscure  as  to  present  the  aspect  of  shining  by  reflected  light.  Thus  the  stars  num- 
bered \,  76,  88, 113,  289,  311,  429,  455, 459,  in  the  First  Catalogue  of  New  Double 
Stars  published  in  the  Astronomical  Journal,  Nos.  431-432,  appeared  exceedingly 
remarkable  for  the  faintness  and  obscurity  of  their  companions.  The  author's 
assistant,  Mr.  Cogshall,  used  to  remark,  when  he  found  one  of  these  dull  objects, 
that  the  color  was  black ;  meaning  a  dull  color  of  extreme  darkness,  but  with  suffi- 
cient contrast  to  the  blackness  of  the  background  of  the  sky  that  we  could  just 
see  it. 

My  experience  led  me  to  the  view  that  in  these  objects  the  predominant  color 
is  ultra  violet,  so  that  the  dull  light  of  the  star  has  a  little  purplish  tinge  to  it;  and 
I  ascribed  our  detection  of  these  objects  on  the  black  background  of  the  sky  to 
the  contrast  afforded  by  this  ultra  violet  light.  When  I  mentioned  these  remark- 
able objects  to  Professor  E.  C.  Pickering,  he  too  expressed  surprise,  but  thought 
the  light  most  likely  to  be  of  ultra  violet  character.  This  would  make  them  simply 
extreme  cases  of  the  contrast  of  color  usually  prevailing  in  double  star  systems, 
and  not  a  separate  and  isolated  class  of  bodies,  as  their  appearances  would  almost 
indicate. 

Accordingly  it  seems  probable  that  the  cause  which  produces  general  contrast 
of  color  in  binary  stars  may  also  produce  extreme  cases  so  obscure  usually  as  to  be 
almost  black.    This  separation  of  certain  chemical  elements  doubtless  is  the  cause 
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of  the  ultra  violet  light  of  certain  visual  binaries  and  also  of  the  dark  companions 
of  Sirius  and  Procyon,  where  the  large  stars  are  so  bright  that  we  can  not  see  the 
color  of  the  companions,  but  merely  recognize  that  they  are  very  faint.  And  from 
the  relatively  large  mass  of  the  companions  in  such  systems  as  Sirius  and  Procyon, 
we  may  infer  that  even  in  the  case  of  the  dull  satellites,  mentioned  above  as  pre- 
senting the  aspect  of  shining  by  reflected  light,  the  relative  masses  are  considerable, 
and  possibly  of  nearly  the  same  order  of  magnitude  as  in  the  cases  of  Sirius  and 
Procyon,  which  have  been  investigated  by  the  observed  motions  of  the  systems 
about  their  centres  of  gravity. 

The  great  obscurity  of  certain  companions,  therefore,  appears  to  be  an 
extreme  case  of  the  general  tendency  to  contrast  of  color;  and  does  not  imply  that 
the  faint  and  dark  companions  may  not  be  quite  massive.  The  explanation  already 
given  in  the  last  section  appears  to  be  the  only  rational  account  of  these  contrasts ; 
and  whilst  this  is  far  from  complete,  it  gives  us  some  idea  of  the  causes  at  work,  and 
shows  that  we  may  expect  a  considerable  number  of  stars  to  have  large  companions 
which  are  so  dull  as  to  pass  unnoticed  in  our  telescopes. 

This  is  a  development  of  Bessel's  conception  of  the  astronomy  of  the  invisible, 
and  directly  deducible  from  the  two  celebrated  cases  of  Sirius  and  Procyon,  which 
have  been  under  investigation  for  over  seventy  years.  Bessel's  announcement 
to  Humboldt  in  1844  was  as  follows:  "I  adhere  to  the  conviction  that  Procyon 
and  Sirius  form  real  binary  systems,  consisting  of  a  visible  and  an  invisible  star. 
There  is  no  reason  to  suppose  luminosity  an  essential  quality  of  cosmical  bodies. 
The  visibility  of  countless  stars  is  no  argument  against  the  invisiblity  of  countless 
others"  (Wolf,  Gesch.  d.  Astron.,  p.  743,  note).  And  now  we  have  more  sub- 
stantial grounds  upon  which  this  conclusion  could  be  generalized  and  shown  to  be 
applicable  to  stars  of  several  distinct  classes. 


§  259.     The  Use  of  Binary  Stars  for  Measuring  the  Distances  of  Clusters  and  of  the 

Milky  Way. 

In  Vol.  I  of  these  Researches  we  estimated  the  distances  at  which  direct  measure- 
ment might  be  possible  at  1,000  light-years.  If  we  wish  to  inquire  what  is  the 
maximum  depth  of  the  Milky  Way  to  which  the  spectroscopic  method  would  enable 
us  to  penetrate,  we  may  reason  as  follows:  At  present  it  is  not  admissible  to 
assume  that  any  star  has  a  mass  exceeding  1,000  times  that  of  the  Sun.  Bodies 
revolving  around  such  a  powerful  centre  of  attraction  might  have  the  same  abso- 
lute velocity  as  in  the  solar  system,  at  over  31  times  the  corresponding  absolute 
distance.    The  effect,  therefore,  of  a  large  mass  is  to  increase  the  distance  at  which 
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a  given  absolute  velocity  can  be  maintained  by  the  factor  VM  +  m,  which 
cannot  exceed  31.  This  makes  it  possible  to  place  the  system  as  much  as  31  times 
farther  away  than  would  be  possible  for  a  system  having  the  mass  of  our  Sun.  Now 
it  is  shown  in  §  7,  Chapter  I,  of  Vol.  I,  of  these  Researches,  that  the  spectroscopic 
method  of  determining  distance  might  be  applied  to  a  Centauri  at  a  distance  of 
800  light-years.  This  double  star  has  just  twice  the  mass  of  the  Sun.  Conse- 
quently a  maximum  star  with  500  times  the  mass  of  a  Centauri  might  be  investi- 
gated spectroscopically  at  about  22  times  greater  distance,  or  17,600  light-years. 
Accordingly  it  does  not  seem  possible  to  extend  the  method  of  direct  measure- 
ment to  distances  exceeding  some  20,000  light-years;  and  our  ability  to  measure 
even  that  distance  will  depend  on  the  existence  of  double  stars  with  enormous 
masses.  Up  to  the  present  time  no  such  systems  have  been  discovered,  and  it  is 
impossible  to  say  how  far  direct  measurement  may  be  extended;  but  it  seems 
likely  that  the  method  will  be  applicable  chiefly  to  the  stratum  of  stars  comparative- 
ly near  the  Sun.  It  appears  probable,  therefore,  that  only  an  indirect  method,  such 
as  that  used  by  Herschel,  will  ever  enable  us  to  measure  the  distance  of  the 
remotest  stars,  which  may  be  removed  from  us  by  several  million  light-years. 

§  260.     Significance  of  the  Absence  of  Binaries  from  Clusters. 

In  view  of  the  new  light  thrown  upon  clusters  by  the  researches  of  Boss  on 
the  moving  cluster  in  Taurus,  of  which  an  account  is  given  in  the  next  chapter, 
we  cannot  be  quite  certain  what  the  absolute  dimensions  of  the  average  cluster 
is.  In  the  first  volume  of  these  Researches,  we  have  given  an  exact  method  by 
means  of  which  the  spectroscope  may  sometime  be  used  to  determine  the  distance 
of  a  cluster  or  of  the  Milky  Way.  It  depends  on  the  finding  within  the  cluster  or 
cloud  of  the  Milky  Way  of  a  binary  star  with  an  orbit  which  can  be  determined 
both  visually  and  spectroscopically.  This  will  eventually  enable  us  to  determine 
the  distances  of  such  groups  of  stars  by  actual  measurement. 

Up  to  the  present  time,  however,  it  has  not  been  possible  to  apply  this  valuable 
method,  because  no  visual  binary  is  known  to  be  revolving  in  any  cluster;  at  least 
no  orbit  of  such  a  binary  has  yet  been  determined,  and  Burnham  and  other  double 
star  observers  have  remarked  on  the  comparative  poverty  of  clusters  in  binary  stars. 
This  fact  is  becoming  more  and  more  generally  recognized  and  has  a  deeper  signifi- 
cance than  has  been  suspected.  Let  us  see  if  we  can  fathom  the  meaning  of  the 
almost  total  absence  of  visual  binaries  from  clusters. 

According  to  the  results  of  Boss,  relative  to  the  moving  cluster  in  Taurus,  all 
clusters  are  of  immense  dimensions  absolutely  and  at  enormous  distances  from  the 
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Earth.  Therefore  binary  systems  of  the  usual  angular  separation  could  not  possi- 
bly be  seen  at  such  immense  distances,  and  the  result  would  be  that  the  clusters 
should  be  nearly  if  not  quite  devoid  of  true  visual  binaries.  If  this  should  prove 
to  be  true,  when  the  clusters  come  to  be  more  closely  studied,  it  will  confirm  the 
large  scale  of  construction  and  the  immense  distances  of  the  clusters  in  general. 
Only  a  few  visual  pairs  of  close  double  stars  have  been  found  in  clusters;  and  it 
will  take  considerable  time  to  show  whether  they  are  mere  groups  of  perspective 
or  true  physical  systems. 

On  the  whole,  the  indications  now  are  that  they  are  due  to  perspective,  the 
probability  of  such  juxtaposition  increasing  rapidly  as  the  density  of  stars  on  the 
background  of  the  sky  augments,  as  is  always  true  in  a  dense  cluster  of  stars. 

Nothing  is  more  needed  in  observational  astronomy  at  present  than  a  study 
of  clusters,  for  the  purpose  of  finding  true  binary  systems.  Perhaps  the  stars,  if 
found,  might  prove  to  be  too  faint  to  be  studied  spectroscopically  with  existing 
telescopes;  but  with  the  growth  of  large  reflectors  during  the  next  half  century, 
such  investigation  of  the  distances  of  the  clusters  ought  to  become  possible. 

At  present  we  can  only  say  that  the  meager  evidence  we  have  is  inadequate 
to  solve  the  problem;  but,  on  the  whole,  it  tends  to  magnify  our  views  of  the 
clusters  and  of  the  Milky  Way  to  about  the  scale  imagined  by  Herschel,  or  even 
beyond  it,  while  it  decreases  our  hope  of  finding  the  distance  of  these  gigantic 
systems  by  direct  measurement.  Therefore,  whilst  we  may  find  spectroscopic 
binaries  by  the  thousand,  in  the  greatest  clusters,  it  will  in  all  probability  be  most 
difficult  to  discover  visual  binaries  which  can  be  measured  in  our  telescopes  from 
a  point  so  remote  as  the  Earth.  The  finding  of  spectroscopic  binaries  is  independent 
of  the  distance,  while  the  difficulty  of  the  measurement  of  visual  binaries  increases 
directly  with  the  distance.  Perhaps  such  measurements  will  never  be  possible 
among  the  remotest  clusters  observed  in  the  sidereal  heavens. 


CHAPTER  XXL 


Theory  of  Star  Clusters. 
§  261.     On  the  Earliest  Discovery  of  Clusters  and  on  the  Explorations  of  Herschel. 

The  existence  of  dense  masses  of  stars  in  different  regions  of  the  heavens  was 
one  of  the  earliest  results  disclosed  by  the  invention  of  the  telescope.  For  although 
the  star-clouds  of  the  Milky  Way  had  been  noticed  by  the  Greeks,  the  telescopic 
clusters  are  smaller  and  denser  groups  of  stars,  and  cannot  be  distinctly  seen  by 
the  naked  eye.  From  the  first  these  telescopic  swarms  of  stars  were  as  deeply 
mysterious  as  their  discovery  was  unexpected.  Yet  even  Galileo's  announce- 
ment that  he  had  proved  the  great  arch  of  the  Galaxy  to  be  composed  of  clouds 
of  stars  too  small  to  be  seen  individually,  excited  great  wonder  among  those  who 
first  viewed  the  heavenly  bodies  through  the  telescope,  and  beheld  the  resolution 
of  the  Milky  Way  into  stars  and  clusters. 

It  is  true,  as  already  remarked,  that  Democritus  and  Anaxagoras  had 
assured  the  Greeks  2,000  years  before  that  the  Milky  Way  was  composed  of  dense 
clouds  of  stars  too  small  to  be  seen  individually  and  so  numerous  as  to  give  the 
effect  of  a  milky  light.  But  although  this  might  be  believed  by  a  few  philosophers, 
it  could  not  be  demonstrated  to  the  masses  of  mankind  before  the  time  of  Galileo  ; 
and  when  tangible  proof  did  come,  the  astonishment  was  so  great  that  observers 
could  hardly  believe  the  evidence  of  their  senses.  The  wonder  over  the  constitu- 
tion of  the  universe  naturally  increased  with  the  improvement  of  the  telescope; 
but  it  was  only  after  Herschel's  memorable  exploration  of  the  heavens  that 
astronomers  realized  the  immense  number  and  variety  of  clusters  scattered  through- 
out the  sidereal  universe. 

As  to  the  origin  of  these  masses  of  stars,  most  of  the  early  astronomers  re- 
mained silent,  in  simple  amazement  at  the  facts  disclosed  by  the  telescope,  without 
seriously  trying  to  explain  them.  Some  few  of  the  earlier  investigators  probably 
felt  that  the  stars  might  perhaps  be  aggregating  together  under  the  power  of 
gravity.  Yet  it  was  only  after  Herschel's  epoch-making  explorations  that  even 
he  saw  clearly  the  effect  of  a  clustering  power  which  was  gradually  breaking  up 
the  Milky  Way.     This  was  the  beginning  of  our  physical  theory  of  clusters;   and 


herschel's  views  on  the  origin  of  clusters  under  gravity.       595 

these  masses  of  stars  have  since  been  viewed  as  transition  phenomena  in  the  develop- 
ment of  the  universe.  In  fact,  Herschel  considered  that  the  observed  state  of 
the  heavens  attained  under  the  continuous  action  of  the  clustering  power,  which 
was  breaking  up  the  Milky  Way,  afforded  a  kind  of  chronometer  for  measuring 
the  past  and  future  duration  of  the  present  order  of  things.  He  believed  that  he 
could  look  backward  to  a  time  when  the  clustering  power  had  not  yet  begun  to 
operate,  and  forward  to  a  time  when  its  ravages  on  the  structure  of  the  heavens 
must  be  vastly  greater  than  at  present;  so  that  the  sidereal  universe  could  not 
endure  forever,  otherwise  the  clustering  power  could  not  already  have  made  such 
visible  inroads  upon  the  assumed  uniform  structure  of  the  primordial  Milky  Way. 

The  views  of  Herschel  are  so  important,  and  now  so  inaccessible,  owing  to  the 
scarcity  of  his  original  papers  —  a  collected  edition  of  his  works  never  having  been 
published,*  although  it  has  been  repeatedly  urged  by  Struve,Bessel,  Argelander, 
Newcomb,  Pritchard,  and  many  other  eminent  astronomers  —  that  at  the  end  of 
this  chapter  we  have  departed  from  the  usual  plan,  and  have  quoted  his  theories  at 
considerable  length.  This  seemed  to  be  the  only  way  of  doing  justice  to  Herschel's 
work,  and  of  making  it  accessible  to  the  modern  reader.  It  is  too  important  to 
pass  over;  too  original  and  too  distinctly  Herschelian  to  mar  by  an  attempt  at 
condensation.  If  these  lengthy  quotations  shall  be  the  means  of  diffusing  a  juster 
estimate  of  Herschel's  great  labors,  there  will  be  no  criticism  of  this  mode  of 
procedure  for  which  the  author  may  not  unhesitatingly  assume  full  responsibility. 

It  is  said  that  in  the  last  days  of  his  life,  Laplace  was  occupied  with  the 
correction  and  reprinting  of  a  new  edition  of  his  Exposition  du  Systeme  du  Monde, 
and  often  expressed  the  view  that  correction  of  the  works  of  authors  after  their 
death  was  not  permissible,  because  it  altered  the  original  thought,  and  always  to 
the  prejudice  of  the  history  of  science.  Similar  views  were  expressed  by  Newton, 
and  have  been  generally  held  by  all  eminent  men  of  science.  For  that  reason, 
abridgement  or  restatement  of  views  is  difficult,  and  always  accompanied  with 
some  sacrifice.  If,  therefore,  the  views  can  be  given  in  the  original  language  of 
the  author,  it  is  always  preferable.  Those  who  object  to  this  method  of  bring- 
ing out  the  conclusions  of  investigators  whose  works  are  inaccessible  have  inferior 
grounds  upon  which  to  base  their  claims.  Clearness,  accuracy  and  authenticity, 
within  moderate  limits  of  exposition,  are  the  essential  elements  of  sound  knowl- 
edge, which  is  the  ultimate  object  of  all  scientific  effort. 

*  Since  this  was  written  the  Royal  Society  and  the  Royal  Astronomical  Society  have  appointed  a  Joint  Com- 
mittee on  the  publication  of  the  "  Collected  Works  of  Sir  William  Herschel,"  and  it  is  now  hoped  that  the  re- 
issue of  these  celebrated  papers,  which  will  have  a  living  interest  to  the  remotest  ages,  may  soon  be  undertaken 
under  the  auspices  of  these  learned  Societies,  on  which  the  discoveries  of  Herschel  shed  such  imperishable 
renown.  The  last  service  of  Sir  William  Hugoins  to  Astronomy  was  connected  with  the  republication  of  these 
immortal  works  of  Sir  William  Herschel. 
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We  treat  of  the  Milky  Way  in  the  next  chapter,  and  shall  at  present  content 
ourselves  with  the  theory  of  clusters;  but  we  may  observe  that  the  two  subjects 
are  connected  by  the  clustering  power  of  gravitation,  which  is  everywhere  at 
work,  and  has  already  given  the  Milky  Way  the  appearance  of  a  vast  collection 
of  clusters  and  larger  clouds  of  stars.  The  present  chapter  and  the  next  one  are 
therefore  closely  related,  and  both  represent  particular  aspects  of  the  Capture 
Theory,  as  applied  to  the  great  swarms  of  bodies  constituting  the  sidereal  universe. 

§  262.     Relation  of  the  Nebulae  to  Clusters. 

We  have  seen  in  Chapter  IV  that  in  the  main  the  clusters  are  distributed 
along  the  path  of  the  Milky  Way.  This  arrangement  has  a  fundamental  signifi- 
cance, in  showing  that  the  clusters  are  closely  connected  with  the  principal  stratum 
of  stars.  Along  the  same  zone  we  find  various  large,  diffuse  and  irregular  nebulae, 
as  if  these  objects  were  formed  from  cosmical  dust  recently  expelled  from  the 
starry  stratum  and  still  diffused  in  that  general  direction. 

On  the  other  hand,  we  have  seen  that  the  larger  nebulae,  such  as  that  in 
Andromeda,  are  in  all  probability  made  up  of  a  cluster  of  small  stars  surrounded 
by  nebulous  fog.  The  star-cluster  theory  of  the  white  nebulae  is  strongly  supported 
by  spectroscopic  evidence,  and  by  the  demonstrated  prevalence  of  multitudes  of 
moons  in  the  nebula  which  developed  into  our  solar  system.  For  it  is  now  clearly 
established  that  the  solar  system  originated  from  a  spiral  nebula;  and  the  history 
of  our  own  system  is  therefore  typical  of  the  development  of  the  vast  majority  of 
the  systems  existing  throughout  nature. 

There  are  some  cases  in  which  the  nebulae  are  unmistakably  passing  into 
star  clusters,  by  visible  processes  of  transformation;  though  as  a  rule  the  denser 
globular  clusters  have  been  found  by  Perrine  (Lick  Observatory  Bulletin  No.  155) 
to  be  essentially  devoid  of  visible  nebulosity.  Thus  the  whirlpool  nebula  Messier 
33  Trianguli  is  evidently  forming  a  cluster,  and  it  has  a  conspicuous  spiral  move- 
ment. A  similar  remark  applies  to  Messier  101  Ursae  Majoris,  and  especially 
to  Messier  63  Canum  Venaticorum.  This  latter  object  is  not  only  forming  a 
cluster,  but  also  has  a  conspicuous  spiral  movement  and  is  already  greatly  con- 
densed towards  the  centre;  so  that  in  time  it  will  become  a  dense  globular  cluster, 
quite  devoid  of  nebulosity  of  any  kind. 

From  this  line  of  reasoning  it  appears  that  the  nebulae  and  clusters  are  every- 
where closely  connected;  but  that  by  the  time  a  cluster  becomes  compact,  the 
nebulosity  is  absorbed  by  the  component  stars,  and  the  globular  clusters,  as  a  class, 
therefore,  are  almost  devoid  of  nebulosity,  as  found  by  Perrine  from  observations 
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taken  at  the  Lick  Observatory.  Yet,  notwithstanding  this  gradual  disappearance 
of  nebulosity  in  the  older  clusters,  there  are  some  still  in  the  transition  stage,  show- 
ing their  origin  from  nebulae;  while  many  large  objects  now  classed  as  nebulae, 
such  as  the  nebula  of  Andromeda,  are  in  reality  clusters  in  an  early  stage  of  develop- 
ment. In  fact,  all  white  nebulae  are  clusters,  in  the  sense  that  they  are  literally 
filled  with  moons  and  planets,  some  of  which  are  more  or  less  self-luminous  from 
internal  collisions  or  impacts  of  various  kinds. 

In  general,  therefore,  there  is  just  as  intimate  a  connection  between  clusters 
and  nebulae  as  between  nebulae  and  planetary  systems.  The  one  class  of  objects 
passes  by  gradual  development  into  the  other,  and  the  phenomena  observed  in 
the  heavens  represent  all  stages  of  development  of  the  various  classes  of  nebulae. 
It  is  evident  that  many  nebulae  of  immense  extent  and  large  mass  develop  into 
clusters,  because  each  centre  of  attraction  in  such  a  large  mass  is  more  or  less 
independent  of  the  others.  In  time  the  nebulosity  disappears  by  absorption; 
and  this  leaves  us  a  star  cluster,  which  is  certainly  the  most  beautiful  object  pre- 
sented to  our  contemplation  in  the  physical  universe,  as  was  long  ago  remarked 
by  the  elder  Herschel  (Phil.  Trans.,  1802,  p.  497). 

It  is  worth  while  recalling  in  this  connection  that  nebulae  are  formed  by  the  gather- 
ing together  of  the  elements  of  cosmical  dust,  the  particles  of  which  thus  become  cap- 
tured and  attached  to  larger  masses  of  nebulosity.  The  condensation  of  the  resulting 
nebula  produces  stars,  planets,  and  moons,  as  well  as  an  infinite  number  of  smaller 
masses.  In  the  course  of  immense  ages  an  orderly  system,  such  as  our  solar  system, 
may  result.  And  now,  just  as  small  masses  of  all  kinds  are  captured  by  the  nebula, 
and  serve  some  purpose  in  the  development  of  the  resulting  cosmical  system,  so 
also  stars  and  smaller  bodies  are  often  captured  by  clusters,  and  made  to  serve 
some  purpose  in  the  development  of  these  glorious  systems.  Accordingly  the 
clusters  develop  not  only  from  nebulae,  but  also  from  the  gathering  in  of  isolated 
bodies,  including  stars  with  planetary  systems  revolving  about  them.  This  sub- 
ject will  be  discussed  more  fully  when  we  come  to  treat  of  the  views  of  Sir  William 
Herschel,  to  whom  our  theory  of  clusters  is  so  largely  due. 

§  263.     Significance  of  the  Distribution  of  Clusters  Along  the  Milky  Way. 

The  fact  disclosed  by  observation  showing  that  the  clusters  as  a  rule  are  dis- 
tributed along  the  Milky  Way  has  some  physical  meaning  which  heretofore  has 
not  been  clearly  made  out.  We  have  seen  that  of  all  the  systems  presented  to 
our  contemplation  in  the  sidereal  heavens,  the  globular  cluster  is  the  most  beautiful 
and  also  the  oldest;   because,  in  true  globular  clusters,  the  nebulosity  has  nearly 
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all  disappeared  by  absorption,  and  this  takes  immeasurable  eons  for  its  accom- 
plishment. The  Milky  Way  itself  is  essentially  a  spiral  made  up  of  clusters  and 
streams ;  and  therefore  we  may  infer  that  it  is  in  the  starry  stratum  of  the  Galaxy 
that  we  see  the  oldest  and  most  perfect  development.  The  nebulae  on  either 
side  are  built  up  of  cosmical  dust  expelled  from  the  central  stratum  of 
stars. 

Accordingly,  so  far  as  one  can  now  determine,  the  ordering  of  the  universe, 
with  the  clusters  and  masses  of  stars  in  the  centre  and  the  nebulae  on  either  side, 
is  the  inevitable  effect  of  attractive  and  repulsive  forces  operating  over  vast  periods 
of  time.  It  was  already  noticed  by  the  elder  Herschel  that  the  Milky  Way  is 
breaking  up  under  the  continued  action  of  the  clustering  power,  which  has  given 
that  great  arch  of  light  the  aspect  of  a  series  of  clusters  rather  than  that  of  a  uniform 
band  of  milky  light.  Herschel  referred  to  the  clustering  tendency  noticed  in  the 
Milky  Way  as  early  as  1785  (Phil.  Trans.,  1785,  p.  255),  and  he  there  concluded 
that  some  parts  of  our  sidereal  system  had  suffered  more  from  the  ravages  of  time 
than  other  parts.  He  cites,  in  confirmation  of  this  idea,  the  absolutely  dark  space, 
nearly  four  degrees  broad,  in  the  constellation  Scorpio,  while  on  its  western  border 
the  cluster  Messier  80  is  found  to  be  one  of  the  richest  and  most  compressed  clusters 
in  the  heavens. 

In  his  paper  of  1802  (Phil.  Trans.,  1802,  p.  495),  Herschel  again  treats  of 
the  tendency  to  sidereal  aggregation  noticed  in  the  Milky  Way.  He  found  the 
brightness  greatest  in  the  centre  of  the  clusters ;  and  this  indicated  to  him  that  the 
stars  of  each  group  were  clustering  towards  a  common  centre.  From  the  aspect 
of  the  stars  between  /3  and  y  Cygni  he  concluded  that  they  are  clustering  towards 
opposite  regions  of  a  space  about  five  degrees  wide ;  and  having  found  by  counting 
that  there  were  331,000  stars  in  the  area,  he  inferred  that  each  cluster  would  con- 
tain at  least  165,000  stars. 

In  a  paper  published  in  1814  (Phil.  Trans.,  1814,  pp.  248  et  seq),  Herschel 
again  considers  the  tendency  of  the  stars  of  the  Milky  Way  to  arrange  themselves 
into  separate  systems,  and  examines  the  consequences  of  the  continued  operation 
of  this  clustering  process.  As  the  clusters  are  now  much  denser  in  the  Milky  Way 
than  in  regions  remote  from  the  Galaxy,  he  concludes  that,  under  the  influence 
of  the  mutual  attraction  of  the  stars,  this  clustering  process  would  continue  until 
it  would  ultimately  result  in  the  complete  breaking  up  of  the  Milky  Way,  and  the 
formation  of  a  number  of  sidereal  systems  totally  distinct  from  one  another. 
"The  grandeur  of  this  conclusion,"  says  Grant,*  "was  worthy  of  the  genius  of 
Herschel." 

*  History  oj  Physical  Astronomy,  p.  576. 
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In  his  paper  of  1802  Herschel  examines  our  Sun  and  its  stellar  associates, 
and  says  they  are  in  a  "magnificent  collection  of  innumerable  stars,  called  the 
Milky  Way,  which  must  occasion  a  very  powerful  balance  of  opposite  attractions 
to  hold  the  intermediate  stars  at  rest.  For  though  our  Sun,  and  all  the  stars  we 
see,  may  truly  be  said  to  be  in  the  plane  of  the  Milky  Way,  yet  I  am  now  convinced, 
by  long  inspection  and  continued  examination  of  it,  that  the  Milky  Way  itself 
consists  of  stars  very  differently  scattered  from  those  which  are  immediately  about 
us."  ....  "  This  immense  aggregation  is  by  no  means  uniform.  Its  com- 
ponent stars  show  evident  signs  of  clustering  together  into  many  separate  allot- 
ments" (Phil.  Trans.,  1802,  pp.  479-495). 

These  views  of  the  elder  Herschel  will  always  deserve  the  consideration  of 
philosophers  in  dealing  with  the  grandest  problem  presented  to  our  contemplation 
by  the  sidereal  universe.  Yet,  after  all,  the  question  may  perhaps  be  raised 
whether  the  Milky  Way  has  not  always  been  more  or  less  aggregated  into  clusters, 
which  have  simply  grown  denser  or  become  more  dispersed  with  the  flight  of  ages. 

If  these  clusters  have  arisen  from  the  condensation  of  nebulosity,  and  this 
diffused  cosmical  dust  everywhere  acts  as  a  resisting  medium,  it  would  necessarily 
follow  that  all  clusters  would  in  time  become  more  and  more  dense  and  globular, 
unless  the  aggregations  thus  going  on  are  eventually  dispersed  by  external  forces 
due  to  the  action  of  other  clusters.  These  two  causes  together  would  fully  account 
for  the  clustered  and  also  for  the  fragmentary  and  dispersed  aspect  of  the  Milky 
Way  seen  in  so  many  portions  of  that  great  arch  of  light. 


§  264.     The  Clusters  Generally  Follow  the  Milky  Way  Because  the  Sidereal  Universe 
is  Made  Up  of  Streams  of  Stars  Lying  in  That  Plane. 

After  what  we  find  out  in  dealing  with  the  moving  cluster  in  Taurus,  dealt 
with  in  §  266,  it  is  evident  how  great  an  effect  the  perspective  of  distance  exerts 
on  clusters  of  stars.  As  seen  from  a  point  near  by,  they  may  appear  quite  diffuse, 
but  when  removed  further  away  they  become  a  condensed  cluster.  Now  since 
the  stars  are  confined  mainly  to  the  fundamental  plane  of  the  Galaxy,  it  follows 
that  even  if  they  are  quite  distant  from  one  another,  many  groups  of  them,  from 
the  mere  effect  of  distance,  will  be  made  to  appear  as  clusters,  some  of  them  quite 
dense,  others  comparatively  open.  The  state  of  apparent  condensation  depends 
on  the  distance  of  the  group,  and  its  form:  and  if  not  globular,  whether  the  aggre- 
gation is  seen  end-on  or  side  wise.  These  various  possibilities  give  the  varied 
structures  of  clusters,  streams  and  clouds  of  stars  seen  in  the  Milky  Way. 

In  such  a  complex  aggregate  it  could  not  be  expected  that  the  phenomena 
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would  all  be  simple.  Many  clusters  and  clouds  and  streams  are  here  and  there 
superposed,  and  observation  does  not  enable  us  to  disentangle  one  group  from  the 
other.  However  these  details  be  explained,  it  is  clear  that  the  mere  fact  of  the 
stars  being  collected  near  a  place,  whether  in  one  or  more  superposed  streams,  or 
distributed  in  a  more  or  less  continuous  stratum,  would  have  the  effect  of  giving 
us  a  series  of  clusters  grouped  along  the  general  course  of  the  Milky  Way.  The 
clusters  therefore  are  necessarily  found  by  observation  to  be  most  intimately 
connected  with  the  Galaxy.  Any  other  result  is  manifestly  impossible,  if  we 
admit  the  wide  extension  of  the  Milky  Way  in  its  own  plane.  And,  conversely, 
the  clusters  being  there,  and  the  nature  of  these  masses  of  stars  being  known  from 
the  observation  of  groups  such  as  the  Hyades,  we  necessarily  conclude  that  the 
Milky  Way  is  vastly  extended  in  the  direction  in  which  the  clusters  are  gathered. 

§  265.     Spiral  Movement  in  Clusters  and  in  the  Milky  Way. 

The  spiral  movement  inferred  to  exist  generally  in  clusters  is  directly  trace- 
able by  visible  lines  of  nebulosity  in  such  spiral  nebulae  as  Messier  33  Trianguli, 
Messier  63  Canum  Venaticorum,  Herschel  IV,  76  Cephei,  etc.  And  as  it  is  not 
possible  to  draw  a  hard  and  fast  distinction  between  nebulae  and  clusters,  it  is  justly 
inferred  that  the  movement  in  all  clusters  whatsoever  is  similar  to  that  observed 
in  those  particular  clusters  which  still  retain  traces  of  nebulosity.  This  latter  move- 
ment is  similar  to  the  movement  seen  in  nebulae,  and  is  of  a  spiral  character. 

As  certain  large  nebulae  pass  by  gradual  development  into  clusters,  we  may 
be  sure  that  the  movements  of  all  clusters  are  like  those  which  still  retain  a  nebulous 
aspect.  The  nebulosity  enables  us  to  make  out  the  nature  of  the  movement  in 
special  cases;  but,  on  dynamical  grounds,  it  must  always  be  of  the  same  general 
character,  whether  the  nebulosity  once  pervading  such  a  mass  has  disappeared  or  not. 

This  conclusion  that  the  clusters  are  animated  by  spiral  movement  is  of  vast 
importance  for  our  interpretation  of  the  phenomena  of  the  physical  universe.  We 
may  be  sure  that  all  clusters  have  circulatory  movement  of  a  spiral  character,  and 
the  same  conclusion  applies  to  the  individual  star-clouds  of  the  Milky  Way,  and 
no  doubt  also  to  the  Milky  Way  as  a  whole.  Throughout  the  vast  extent  of  the 
most  gigantic  cosmical  systems  observed  in  space  the  movement  is  sure  to  be  of 
spiral  character.  This  has  been  proved  for  the  larger  Magellanic  Cloud  from 
photographs  taken  by  Russell,  of  Sydney,  in  1890,  which  showed  traces  of  a 
spiral  including  almost  the  whole  of  this  immense  mass  of  nebulae  and  stars. 

In  such  spiral  movement,  there  is  circulation  around  the  centre  of  gravity 
of  the  system,  and  orbital  motion  of  the  individual  stars,  but  the  orbits  are  of 
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Photographs  of  Star  Clusters  taken  at  the  Lick  Observatory 
and  the  Royal  Observatory,  Cape  of  Good  Hope: 

M.  3,Canum  Ven/iticorum;  M.5,  Librae; 

M.  13,  Herculis-,  M.  12,  0PH1UCHI; 

47  Toucan i,  general  view  (Cape];  47  Toucan i,  internal  structure(Cape). 
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Photographs  of  Star  Clusters  taken  at  Lick.Yerkes, 
Roberts, and  Harvard  Observatories. 

Omega   Centauri  (Lick);  M.  15,  Peoasi  (Yerkes) ; 

M.  14,  Oph/uchi  (Roberts);  M.2,  Aquarii  (Roberts); 

M. 62,  Scorpii  (Harvard);  M.U.Antinoi  (Harvard). 
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Photograph  of  the  great  Star   Cluster  Omega   Centauri, 
taken  at    th e  royal.0 bservatory ,  cape  of  good  hope, 

May  24,  1905  (J.Lunt),  Exposure  I* 
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Photograph  of  the  great  Star   Cluster  Omega  Centauri, 

TAKEN  AT  THE   D.O.MlLLS    BRANCH  OF  LlCK  OBSERVATORY,  SANTIAGO  DeChILE, 

by  H.D.Curtis,  Exposure  e? 30™ 
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immense  extent  and  .never  closed.  A  cluster  as  a  whole  may  also  experience 
gravitational  oscillation,  contracting  sensibly  as  the  stars  fall  towards  the  centre, 
and  subsequently  expanding  as  they  recede  from  it.  Some  stars  may  even  be 
driven  out  to  great  distances,  and  thus  give  rise  to  the  outlyers  noticed  in  many 
clusters.  It  is  scarcely  necessary  to  remark  that  none  of  these  oscillatory  move- 
ments have  been  observed  within  historical  times.  Our  inferences  rest  on  purely 
theoretical  grounds,  and  Poincabe  concludes  from  theory  that  in  certain  cases 
the  outlyers  give  evidence  of  expulsion;  yet  it  is  probable  that  condensation  due 
to  the  clustering  power  noticed  by  the  elder  Hebschel  would  equally  well  explain 
the  observed  phenomena. 

§  266.     Boss's  Investigation  of  the  Moving  Cluster  Observed  in  the  Hyades. 

In  the  Astronomical  Journal,  No.  604  (Vol.  26,  1908),  Pbopessoe  Lewis 
Boss,  of  Albany,  has  discussed  a  remarkable  moving  cluster  in  Taurus,  comprising 
many  of  the  stars  known  as  the  Hyades.  The  magnitudes  of  the  forty  stars  treated 
vary  from  3.5  to  7,  and  some  of  the  more  central  members  of  the  group  have  been 
under  investigation  by  Boss  for  some  twenty-five  years;  because  it  was  long  ago 
noticed  that  their  proper  motions  were  nearly  identical.  On  completing  recently  his 
"  Preliminary  General  Catalogue"  of  the  brighter  stars,  he  was  enabled  to  recognize 
thirty-nine  and  possibly  forty-two  stars  whose  directions  of  motion  converge  to  a 
common  but  very  distant  point,  at  which  the  apparent  velocities  will  enable  them 
to  arrive  almost  simultaneously  after  the  lapse  of  some  sixty-five  million  years. 

The  cluster  as  now  observed  is  spread  over  a  total  space  of  15°,  but  is  con- 
densed towards  the  centre;  and  Boss  shows  that  this  apparent  convergence 
towards  a  distant  point  is  due  to  the  recession  of  the  cluster  from  us  in  space.  In 
fifty  thousand  years  the  indications  are  that  the  cluster  will  be  a  little  more  con- 
densed than  at  present;  but  Boss  finds  that  the  motions  of  the  stars  probably 
are  in  parallel  lines,  and  after  sixty-five  million  years,  the  cluster  will  have  become 
a  globular  cluster  20'  in  diameter,  composed  largely  of  stars  from  the  9th  to  the 
12th  magnitude,  and  considerably  condensed  towards  the  centre. 

Since  the  outermost  stars  of  the  group  as  seen  in  the  heavens  are  separated 

by  15°,  their  minimum  distance  apart  must  be  greater  than  one-fourth     (573) 

of  the  distance  of  the  cluster  from  the  Earth.  From  the  spectroscopic  observa- 
tions of  Kustneb,  at  Bonn,  it  has  been  concluded  that  the  average  velocity  of  the 
entire  cluster  towards  its  vanishing  point  is  45.6  kms.  per  second,  and  the  average 
parallax  found  to  be  0".025.  From  this  it  follows  that  the  most  widely  separated 
stars  of  this  cluster  have  a  mutual  parallax  less  than  four  times  0.025,  or  0".l. 
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Considering  the  probable  significance  of  this  result  for  sideral  astronomy,  Boss 
remarks  that  more  than  thirty  of  the  stars  nearest  the  Sun  have  parallaxes  exceed- 
ing 0".l.  Accordingly  it  thus  appears  that  the  vast  space  occupied  by  the  solar 
cluster  has  a  diameter  only  twice  the  minimum  diameter  of  the  space  occupied  by 
the  cluster  in  Taurus. 

It  has  been  remarked  by  Campbell  and  other  spectroscopic  workers  that 
15  kms.  of  the  recessional  velocity  of  this  cluster  is  due  to  the  motion  of  the  solar 
system  away  from  the  region  of  the  Hyades.  Professor  Frost,  Director  of  the 
Yerkes  Observatory,  has  found  by  observations  with  the  Bruce  spectrograph, 
that  eight  out  of  fourteen  of  the  stars  investigated  in  this  moving  cluster  are 
spectroscopic  binaries  (cf.  Astrophysical  Journal,  April,  1909,  p.  237).  All  but 
one  of  the  fourteen  stars  examined  are  of  the  Orion  type,  in  which  the  proportion 
of  spectroscopic  binaries  is  usually  not  less  than  one  to  three. 

This  investigation  of  the  Hyades  cluster  has  excited  wide  interest  among 
astronomers,  as  tending  to  restore  in  some  respects  the  views  of  the  elder  Herschel 
on  the  immense  extent  of  the  sidereal  universe.  For  if  this  is  a  typical  cluster, 
we  readily  appreciate  how  immensely  distant  most  of  the  clusters  must  be;  and 
though  this  cluster  at  present  stands  somewhat  alone,  there  is  no  reason  to  con- 
sider it  an  exception  in  the  general  arrangement  of  clusters.  As  long  ago  as  1784 
(Phil.  Trans.,  1784,  p.  450),  Sir  William  Herschel  remarked  that  the  scattered 
aspect  of  the  stars  in  the  open  cluster  of  Coma  Berenices  depends  on  its  proximity 
to  the  solar  system.  As  we  shall  see  later,  it  is  just  possible  that  even  Herschel's 
views  were  too  restricted  to  correspond  to  the  reality  in  regard  to  the  distribution 
of  stars  in  space,  though  his  views  have  long  been  considered  extreme. 

It  was  justly  inscribed  on  the  tomb  of  this  unrivaled  explorer  of  the  heavens 
that  he  broke  through  the  barriers  of  the  heavens  (Coelorum  perrupit  claustra), 
yet  a  repetition  and  extension  of  his  grand  labors  by  a  modern  successor  may 
alone  give  us  an  adequate  grasp  of  the  problem  of  the  construction  of  the  universe. 
In  a  recent  publication  Newcomb  estimated  the  distance  of  the  remotest  stars  at 
some  3,000  light-years,  or  about  800  times  that  of  the  nearest  star,  a  Centauri. 
Herschel's  researches  show  that  these  estimates  of  Newcomb  are  entirely  in- 
adequate and  may  have  to  be  magnified  a  thousand  times  to  give  us  an  approxima- 
tion to  the  actual  dimensions  of  the  Milky  Way. 

§  267.     Owing  to  the  Large  Solid  Angle  Subtended  by  a  Cluster,  a  Neighboring  Star 
Will  Almost  Necessarily  be  Drawn  Into  It. 

This  may  be  inferred  from  the  aspects  of  a  cluster  such  as  the  Hyades  and 
Coma  Berenices.     For  unless  the  star  is  passing  by  with  considerable  relative 
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velocity,  it  will  be  drawn  into  the  group ;  and  once  within  the  cluster,  the  chances 
are  that  it  will  abide  there.  The  dimensions  of  such  a  cluster  are  immense,  and 
in  the  long  interval  of  time  required  to  traverse  it,  the  attractive  forces  of  the 
stars  of  the  cluster  will  make  themselves  felt.  In  many  cases,  therefore,  the  star 
will  be  captured;  and  this  probably  happens  in  nearly  all  cases  where  the  star 
penetrates  the  cluster  to  any  appreciable  depth.  Now,  if  we  consider  the  immense 
size  of  the  clusters,  we  shall  perceive  that  in  the  course  of  ages  many  stars  will  thus 
be  gathered  in;  and  the  effect  will  be  to  give  the  Milky  Way  the  aspect  of  a  group 
of  clusters  rather  than  that  of  a  uniform  band  of  milky  light.  This  leads  to  the 
breaking  up  of  the  Milky  Way,  as  remarked  by  Sir  William  Herschel. 

If,  on  the  other  hand,  certain  mutual  actions  occur  between  the  stars  of  a 
cluster,  it  may  be  that  one  or  more  of  them  will  be  expelled  from  the  clusters  or 
driven  out  to  a  considerable  distance  from  the  centre.  The  chances  of  complete 
expulsion  are  small,  because  this  could  only  arise  from  the  action  of  a  portion  of 
the  cluster,  and  the  effect  would  have  to  be  powerful  enough  to  overcome  the 
gravitation  of  the  whole  mass  of  stars.  Moreover,  just  as  a  nebula  is  formed  by 
the  collection  or  capture  of  an  infinite  number  of  particles  or  small  bodies,  and 
afterwards  slowly  condenses,  so  also  with  clusters  —  they  are  formed  by  the 
principle  of  capture  and  condensation.  Isolated  bodies  passing  near  these  aggre- 
gations are  almost  necessarily  drawn  into  them.  The  presence  of  a  resisting 
medium  aids  the  process  of  capture  by  causing  the  isolated  masses  to  drift  towards 
the  more  powerful  centres  of  attraction.  The  size  of  all  orbits  is  thus  reduced,  and 
the  state  of  compression  of  a  cluster  constantly  accelerated;  so  that  in  time  the  globular 
clusters  become  more  and  more  compressed  towards  the  centre,  as  long  ago  ob- 
served by  Herschel  in  his  extensive  explorations  of  the  heavens. 

§  268.     Capture  is  Possible  by  Gravity  Alone,  but  the  Presence  of  a  Resisting  Medium 
Accelerates  the  Operation  of  This  Clustering  Power. 

Imagine  a  star  to  plunge  into  a  cluster  and  traverse  its  diameter  with  such 
velocity  that  it  will  be  carried  through  to  the  other  side,  after  which  it  will  oscillate 
back  and  forth  along  the  same  general  path.  If  no  collision  or  close  approaches 
occurred,  this  movement  might  become  periodic;  but  under  the  circulation  of 
the  other  stars  of  the  cluster,  the  period  could  not  be  constant,  because  the  exact 
configuration  would  never  be  the  same  during  two  successive  oscillations.  Any 
supposed  periodic  orbit  would  therefore  be  temporary.*    And  if  a  resisting  medium 

*  A  considerable  number  of  Periodic  Orbits  were  discussed  by  Hbhschei,  as  long  ago  as  1802.  In  his  celebrated 
paper  on  "Binary  Stare,"  Phil.  Trans.,  1802,  he  has  outlined  with  great  clearness  the  nature  of  the  movement  for 
several  types  of  multiple  stars. 
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were  at  work,  even  if  the  action  of  this  cause  be  slight,  the  effect  would  be  to  work 
the  stars  closer  together  and  introduce  into  the  cluster  a  state  of  greater  and 
greater  compression.  The  amplitude  of  all  oscillations  would  be  reduced,  just 
as  in  the  case  of  a  resisted  pendulum;  and  finally  the  stars  would  be  collected 
near  the  centre,  and  have  their  excursions  confined  within  narrow  limits.  The 
star,  therefore,  which  once  oscillated  through  a  wide  space,  would  do  so  no  more, 
but  have  its  movement  greatly  reduced  in  amplitude. 

To  produce  this  effect,  it  is  not  necessary  that  the  resisting  medium  be  dense ; 
a  feeble  resistance  operating  over  a  very  long  time  will  produce  the  same  effect. 
And  since  millions  of  ages  have  been  required  to  produce  the  observed  aspects  of 
the  universe,  we  must  look  upon  the  observed  phenomena  as  the  outcome  of  these 
several  forces.  Gravitation  alone  might  gather  the  stars  into  a  globular  cluster, 
because  gravitation  of  the  whole  mass  will  tend  to  make  it  assume  that  form;  but 
the  rate  of  compression  is  accelerated  by  the  secular  action  of  a  resisting  medium, 
and  those  clusters  which  are  compressed  to  a  perfect  blaze  of  light  in  the  centre, 
give  evidence  of  great  age  under  the  action  of  these  two  forces.  The  path  of  a 
star  in  a  cluster  is  obviously  non-reentrant,  and  while  the  streams  of  stars  pro- 
bably have  a  spiral  movement,  and  the  system  as  a  whole  rotates  about  some  axis, 
the  average  tendency  will  be  for  the  stars  to  contract  their  paths  to  smaller  and 
smaller  dimensions.  Herschel  therefore  justly  observed  that  the  more  com- 
pressed clusters  are  the  oldest;  and  that  a  central  accumulation  to  a  blaze  of  light 
is  an  indication  of  advanced  development.  Thus  47  Tucani  is  a  cluster  which 
exhibits  the  effects  of  great  age,  but  «  Centauri  still  has  a  more  youthful  aspect. 

§  269.     Mechanism  of  Clusters  and  Changes  of  Distribution  of  the  Stars  Under  the 

Power  of  Gravity. 

Not  only  may  we  infer  that  the  stars  exhibit  the  clustering  power,  but  also 
understand  how  the  stars  eventually  may  become  quite  evenly  distributed  over 
the  space  now  occupied  by  the  cluster,  though  they  may  have  been  originally  in 
certain  streams.  Let  the  original  coils  of  a  cluster  be  imagined  to  be  parts  of 
elliptic  paths;  then  it  is  obvious  that  the  streams  may  lie  not  in  one  plane,  but 
in  any  direction  from  the  origin,  and  thus  in  any  of  the  eight  equal  parts  into  which 
the  solid  angle  is  divided  by  the  coordinate  planes  when  the  origin  is  situated  at 
the  centre  of  gravity  of  the  cluster.  We  cannot  give  a  general  theory  of  the  move- 
ment, in  the  present  state  of  science,  but  the  following  particular  solution  by  Sir 
John  Herschel  (Phil.  Trans.,  1833)  will  throw  some  light  on  the  problem  of  the 
mechanism  of  clusters:     "A  quiescent  spherical  form  may  subsist  as  the  bounding 
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outline  of  an  immense  number  of  equal  stars,  uniformly  distributed  through  its 
extent.  In  such  a  state  of  things  each  star  might  describe  an  ellipse  in  any  plane, 
and  in  any  direction  in  that  plane,  about  the  common  centre,  without  the  possibility 
of  collision.  If  the  form  be  not  spherical,  and  the  distribution  of  the  stars  not 
homogeneous,  the  dynamical  relations  become  too  complicated  to  be  distinctly 
apprehended." 

As  having  an  analogy  with  the  mechanism  of  clusters  we  may  pause  a  moment 
to  recall  what  is  shown  on  a  vast  scale  in  the  two  Magellanic  Clouds,  which  present 
the  appearance  of  detached  portions  of  the  Milky  Way.  In  her  excellent  work 
on  The  Herschels  and  Modern  Astronomy,  pp.  166-7,  the  late  Miss  Clerke  says: 
"The  first  photographs  of  the  Magellanic  Clouds  were  taken  in  1890-91  by  Mr. 
Russell  of  Sydney.  They  contained  an  extraordinary  revelation.  Both  objects 
came  out  in  them  as  gigantic  spirals.  Their  miscellaneous  contents  are  then 
arranged  according  to  the  dictates  of  a  prevalent,  though  unexplained  cosmical 
law.  The  Nubecula  Maj  or  is  a  double  vortex,  and  the  extent  of  its  outlying  portions, 
invisible  except  to  the  camera,  is  at  least  eight  times  that  of  the  central  mass ;  but 
they  conform  to  the  same  helical  lines." 

In  view  of  the  law  established  in  this  volume,  a  spiral  structure  of  the  Magel- 
lanic Clouds  is  not  remarkable,  but  naturally  to  be  expected,  and  it  is  highly 
probable  that  the  circulation  of  the  Milky  Way  also  is  everywhere  of  a  spiral 
character. 

Resuming  now  the  subject  of  spiral  circulation  in  clusters,  it  is  evident  that 
whatever  be  the  original  distribution  of  the  stars,  after  a  great  number  of  revolu- 
tions the  perturbations  will  have  dispersed  the  stars  of  the  streams,  and  spread 
them  over  the  whole  of  the  space  now  occupied  by  the  cluster,  just  as  the  elements 
of  meteoric  dust  diffused  along  the  path  of  a  comet  are  spread  out  and  diffused 
over  the  solar  system  by  the  action  of  the  planets.  The  even  distribution  is  the 
outcome  of  vast  age.  Accordingly  those  clusters  presenting  a  uniform  but  very 
condensed  aspect,  such  as  47  Tucani,  and  most  of  the  dense  globular  clusters, 
are  old;  those  still  showing  dark  lanes  and  other  irregularities,  like  the  great 
cluster  in  Hercules  and  some  others,  probably  are  relatively  younger,  because 
as  yet  the  perturbations  have  not  produced  such  a  uniform  diffusion  of  the 
bodies. 

Thus  in  time  the  distribution  may  become  more  uniform,  so  that  collisions 
would  become  more  difficult ;  but  the  condensation  slowly  augments  and  no  doubt 
the  swarm  of  stars  experiences  a  secular  shrinkage,  especially  under  the  influence 
of  a  resisting  medium.  It  would  seem  that  in  time  a  cluster  must  unite  to  form 
one  vast  mass;   but  as  yet  this  does  not  seem  to  have  occurred  very  generally  in 
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the  universe,  unless  such  giant  stars  as  Canopus  and  Arcturus  have  been  thus  pro- 
duced. 

Accordingly  by  the  study  of  the  forms  of  spiral  nebulae  we  may  recognize  the 
nature  of  the  movement  in  clusters  and  in  the  Galaxy.  As  Herschel  remarked, 
this  great  stratum  of  stars  is  largely  breaking  up  under  the  continued  effect  of  a 
clustering  power,  which  can  be  nothing  else  than  universal  gravitation.  In  general 
we  may  say  that  nebulae  are  least  advanced  in  development;  then  come  scattered 
and  nebulous  clusters,  and  finally  dense  globular  clusters,  which  show  the  maximum 
effect  of  the  clustering  power  that  is  gradually  breaking  up  the  Milky  Way.  This 
majestic  band  of  milky  light  is  largely  made  up  of  clusters  and  streams  of  stars, 
moving  in  several  directions,  but  gradually  showing  more  and  more  the  effect  of 
the  clustering  power  which  is  most  clearly  seen  in  the  spiral  nebulae. 

§  270.     Lord  Kelvin's  Comparison  of  the  Stars  of  the  Milky  Way  to  the  Molecules 

of  a  Mass  of  Gas. 

In  a  well  known  paper  on  the  Clustering  of  Gravitational  Matter  in  any  part 
of  the  Universe,  Lord  Kelvin  has  compared  the  stars  of  the  Milky  Way  to  the 
molecules  in  a  mass  of  gas.  The  grains  of  dust  are  in  this  case  no  longer  atoms, 
but  stars,  separated  by  wide  intervals  and  moving  with  considerable  velocities. 
In  fact  they  are  so  wide  apart  that  the  path  of  each  star  is  nearly  rectilinear,  but 
in  some  instances  two  may  come  near  enough  together  to  have  their  paths  curved 
in  the  passage.  No  such  deflection  of  the  path,  it  is  true,  has  been  observed 
within  the  historical  period,  but  after  long  ages  such  an  effect  may  be  found  some- 
where. 

Lord  Kelvin's  idea  was  that  to  the  eyes  of  a  giant  for  whom  the  stars  would 
be  what  atoms  are  to  us,  the  Milky  Way  would  seem  to  behave  as  a  bubble  of 
gas.  This  is  a  useful  suggestion,  but  it  is  not  entirely  accurate.  For  in  the  mass 
of  gas,  the  velocities  of  the  particles  are  such  that  they  traverse  very  quickly,  in 
an  infinitesimal  fraction  of  a  second,  the  spaces  between  the  average  molecule, 
because  the  velocity  of  the  molecule  is  large  compared  to  the  spaces  between  the 
molecules.  In  the  case  of  the  stars,  however,  this  is  no  longer  true;  on  the  con- 
trary the  stars  move  with  such  small  velocities  that  it  would  take  long  ages  for 
one  of  them  to  traverse  the  average  space  between  the  component  stars  of  the 
Milky  Way;  yet  after  all  to  such  a  giant  as  Lord  Kelvin  imagined,  this  interval 
might  seem  very  brief. 

Thus  while  there  is  a  close  analogy  between  the  stars  of  the  Galaxy  and  the 
Theory  of  Gases,  there  is  also  some  fundamental  difference.     No  doubt  the  laws 
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of  the  gases  relative  to  the  average  effects  of  proper  motions  and  to  the  statistical 
method  of  calculating  by  the  theory  of  probability  the  mean  results  of  distribution 
and  movement  would  be  applicable,  and  there  are  some  other  results  which  are 
quite  clear,  and  will  be  considered  in  the  following  sections.. 


§  271.     The  Kinetic  Energy  of  Stars  in  a  Cluster,  as  of  Molecules  in  a  Mass  of  Gas 

in  Equilibrium,  Greatest  at  the  Centre. 

In  the  theory  of  a  mass  of  gas  in  equilibrium  under  the  pressure  and  attraction 
of  its  parts,  it  is  well  known  that  the  density,  temperature  and  pressure  are  greatest 
at  the  centre.  The  adiabatic  law  gives  the  state  of  a  gas,  and  was  first  applied 
to  the  heavenly  bodies  by  J.  Homer  Lane  in  1869  (Am.  Journal  of  Science,  July, 
1870).  It  has  since  been  extended  by  Lord  Kelvin,  Ritter,  See  and  others, 
and  at  length  we  have  a  fairly  perfect  theory  of  the  gaseous  nebulae  and  stars. 
See  developed  especially  the  theory  of  a  monatomic  gas  in  Astron.  Nachr.,  4053, 
and  Lord  Kelvin  has  considered  other  gases  in  Phil.  Mag.,  April,  1908,  and  Proc. 
Royal  Society  of  Edinburgh,  Vol.  XXVIII,  March  9,  1908. 

Just  as  the  velocity  of  molecules  is  greatest  in  the  centre  of  a  mass  of  gas,  so 
also  the  velocity  of  stars  is  greatest  at  the  centre  of  a  cluster.  The  reason  of  this 
in  the  case  of  the  cluster  is  that  the  centre  of  the  cluster  is  its  centre  of  gravity  and 
centre  of  attraction,  and  in  falling  into  this  point,  the  velocity  steadily  increases.* 
On  going  outward  again,  it  as  steadily  decreases,  and  becomes  small,  when  a  great 
distance  from  the  centre  has  been  attained.  The  velocity  and  temperature  and 
pressure  are  greatest  at  the  centre  of  such  a  mass  of  gas.  So  also  in  a  cluster  the 
velocity  is  greatest  at  the  centre;  but  as  the  stars  are  not  in  collision,  there  is 
properly  speaking  no  pressure,  and  the  only  temperature  is  that  of  the  individual 
stars.  But  what  corresponds  to  temperature  in  a  gas,  namely  average  kinetic 
energy  of  the  stars,  evidently  is  a  maximum  at  the  centre  of  the  cluster. 

It  is  clear  that  as  the  velocities  are  a  maximum  at  the  centre  of  a  cluster, 
some  of  the  stars  might  acquire  there  such  velocities  as  to  carry  them  beyond  the 
gravitative  control  of  the  cluster,  and  they  would  speed  through  the  Milky  Way 
as  run-away  stars,  and  the  cluster  would  lose  some  of  its  members.  On  the  other 
hand  stars  passing  through  might  have  their  velocities  correspondingly  reduced 

*  If  a  star  jormed  in  the  centre  of  a  cluster,  or  reached  there  by  any  process  which  did  not  develop  large 
velocity,  the  symmetry  of  the  cluster  and  the  mutual  balancing  of  opposite  forces  might  leave  it  without  much 
velocity,  in  spite  of  the  central  situation.  Several  such  inert  stars  in  a  cluster,  however,  would  tend  to  unite 
into  a  single  mass,  and  as  large  central  stars  are  not  usual  in  clusters,  the  inference  is  that  nearly  all  are  moving 
with  considerable  velocities,  so  that  such  large  stars  do  not  ordinarily  develop,  or  develop  only  in  the  oldest 
clusters. 
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and  they  would  thus  become  attached  to  the  cluster.  As  the  resisting  medium 
is  everywhere  at  work,  the  number  of  stars  captured  would  in  the  long  run  exceed 
those  lost,  and  the  clusters  gradually  gather  in  more  and  more  stars.  It  is  this 
effect  which  Herschel  foresaw  in  the  clustering  power  at  work  in  the  Milky  Way. 

§  272.     Paths  of  the  Fixed  Stars  Nearly  Straight  Except  in  the  Clusters,  Where 
They  are  Curved  and  Tangled  in  Every  Possible  Manner. 

In  his  suggestive  address  on  the  Milky  Way  and  the  Theory  of  Gases  (cf. 
Bulletin  de  la  Societe  Astronomique  de  France,  April,  1906;  translated  in  Popular 
Astronomy  for  Oct.,  1906),  Poincare  points  out  that  in  general  the  paths  of  the 
stars  will  resemble  those  of  the  radiant  matter  seen  in  Crookes'  tubes,  where  the 
free  path  is  very  long  and  straight.  When  two  molecules  pass  near  one  another, 
the  trajectory  is  suddenly  curved  and  the  whole  path  is  made  up  of  straight  lines 
joined  by  short,  curved  arcs,  corresponding  to  the  points  of  closest  approach  of 
the  molecules.  It  is  very  similar  with  the  stars  of  the  Milky  Way.  In  order  to 
curve  the  path  of  a  star  appreciably,  the  approach  has  to  be  very  close.  Now 
such  close  approaches  seldom  occur  in  the  general  course  of  the  Milky  Way;  and 
it  is  even  calculated  that  a  star  might  traverse  the  Galaxy  many  times  without 
coming  near  enough  to  another  star  to  cause  the  path  to  be  curved  perceptibly. 

But  in  the  denser  clusters  the  case  is  somewhat  different.  Here  a  star  is 
always  partially  under  the  influence  of  its  neighbors.  And  in  moving  through 
the  denser  parts  of  the  cluster,  it  will  happen  that  the  approach  may  be  com- 
paratively close,  and  the  path  will  curve  more  or  less  at  every  point;  nor  will 
the  path  lie  in  a  plane,  but  become  a  curve  of  double  curvature. 

In  regard  to  the  chances  of  a  star  being  swerved  from  its  course  in  traversing 
the  Milky  Way,  Poincare  has  the  following  interesting  suggestion  in  his  address 
on  the  Milky  Way  and  the  Theory  of  Gases,  which  grew  out  of  the  paper  of  Lord 
Kelvin  on  the  same  subject.  "What  then  happens  to  the  Milky  Way?"  asks 
Poincare.  "  It  is  a  mass  of  gas  whose  density  is  very  low  but  whose  dimensions 
are  very  great;  does  a  star  have  chances  to  cross  it  without  suffering  a  shock,  i.e., 
without  passing  near  enough  to  another  star  to  be  perceptibly  swerved  from  its 
course?  What  do  we  understand  by  near  enough?  This  is  necessarily  a  little 
arbitrary ;  let  us  say  that  it  is  the  distance  from  the  Sun  to  Neptune,  which  would 
represent  a  deviation  of  about  ten  degrees,  then  let  us  suppose  each  one  of  our 
stars  enveloped  in  a  protecting  sphere  of  this  radius;  will  a  straight  line  be  able 
to  pass  between  these  spheres?  At  the  average  distance  of  the  stars  of  the  Milky 
Way  the  radius  of  one  of  these  spheres  will  be  seen  at  an  angle  of  about  one-tenth 
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of  a  second,  and  we  have  a  thousand  million  stars.  Let  us  place  on  the  celestial 
sphere  a  thousand  million  circles  with  a  radius  of  a  tenth  of  a  second.  Is  there 
any  chance  that  these  circles  will  cover  the  celestial  sphere  a  great  number  of 
times?  Far  from  it,  they  will  only  cover  the  sixteen-thousandth  part.  Thus  the 
Milky  Way  is  not  the  image  of  gaseous  matter,  but  of  the  radiant  matter  of 
Crookes." 

§  273.     Poinc are's  Remarks  on  the  Theory  of  Clusters. 

After  discussing  the  Milky  Way  as  if  it  were  a  spherical  mass  of  stars,  Poin- 
care  considers  what  modification  should  be  introduced  to  take  account  of  actual 
conditions,  and  then  treats  of  the  theory  of  clusters  (Popular  Astronomy,  October, 
1906): 

"The  Milky  Way  is  not  spherical  and  up  to  this  time  we  have  reasoned  as 
though  it  were,  since  that  is  the  form  of  equilibrium  which  a  gas  isolated  in  space 
would  take.  In  support  of  this  theory  there  exist  star  clusters  whose  form  is 
globular  and  to  which  what  has  just  been  said  applies  better.  Herschel  had 
already  endeavored  to  explain  their  remarkable  appearance.  He  supposed  that 
the  stars  of  the  clusters  are  uniformly  distributed  in  such  a  manner  that  one  cluster 
would  be  a  homogeneous  sphere;  each  star  then  would  describe  an  ellipse  and  all 
these  orbits  would  be  traveled  over  in  the  same  time,  so  that  at  the  end  of  a  period 
the  cluster  would  find  again  its  primitive  configuration  and  that  this  form  would 
be  stable.  Unfortunately  the  clusters  do  not  appear  homogeneous;  one  observes 
condensation  at  the  centre,  one  would  observe  it  even  if  the  sphere  were  homogene- 
ous, since  it  is  thicker  at  the  centre,  but  it  would  not  be  so  marked.  We  can  then 
rather  compare  a  cluster  to  a  gas  in  adiabatic  equilibrium  and  which  takes  the 
spherical  form  because  that  is  the  form  of  equilibrium  of  a  gaseous  mass. 

"But,  you  will  say,  these  clusters  are  much  smaller  than  the  Milky  Way  of 
which  they  probably  even  form  a  part,  and  although  they  are  denser  they  will 
still  give  us  something  more  analagous  to  radiant  matter;  now  gases  reach  their 
adiabatic  equilibrium  only  by  a  succession  of  innumerable  shocks  of  the  molecules. 
There  might  be  some  way  of  arranging  that.  Let  us  suppose  that  the  stars  of  the 
cluster  have  just  enough  energy  so  that  their  velocity  is  annulled  when  they  reach 
the  surface;  then  they  will  be  able  to  pass  through  the  mass  without  shock,  but 
having  reached  the  surface  they  will  turn  backward  and  cross  it  again;  after  a 
great  number  of  crossings  they  will  end  by  being  turned  aside  by  a  shock;  in  these 
conditions  we  should  still  have  a  matter  that  could  be  considered  as  gaseous;  if 
by  chance  there  had  been  in  the  cluster  stars  whose  velocity  was  greater,  they  have 
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left  it  long  ago,  they  have  gone  away  to  return  there  no  more.  For  all  these  reasons 
it  would  be  interesting  to  examine  the  known  clusters,  to  try  and  explain  the  law 
of  their  densities  and  to  see  if  it  is  the  adiabatic  law  of  gases." 

In  view  of  these  considerations,  it  is  clear  that  stars  occasionally  may  be  lost 
from  clusters,  but  still  oftener  drawn  into  these  dense  masses  and  captured.  This 
explains  the  tendency  of  the  stars  to  form  swarms  as  noticed  by  the  elder  Herschel 
in  various  parts  of  the  universe;  and  it  justifies  his  inference  that  the  Milky  Way 
is  breaking  up  under  the  continued  action  of  the  clustering  power,  and  already 
has  ceased  to  be  a  continuous  band  of  milky  light,  and  become  a  clouded  belt  of 
star  dust,  such  as  now  spans  the  midnight  sky  with  such  unspeakable  grandeur. 

The  Rotation  of  the  Milky  Way.  In  the  address  above  cited  Poincare  con- 
cludes that  the  Milky  Way  is  not  in  equilibrium  and  that  the  stars  have  a  tendency 
to  quit  its  plane  "  so  that  the  system  will  tend  toward  a  spherical  form  of  equilibrium 
of  an  isolated  mass  of  gas.  Or  else  the  entire  system  is  animated  by  a  common 
rotation,  and  it  is  for  this  reason  that  it  is  flattened  like  the  Earth,  like  Jupiter, 
like  all  bodies  which  revolve.  Only,  as  the  flattening  is  considerable,  it  must  be 
that  the  rotation  is  rapid;  rapid  indeed,  but  we  must  agree  on  the  meaning  of  this 
word.  The  density  of  the  Milky  Way  is  1025  times  less  than  that  of  the  Sun;  a 
velocity  of  rotation  which  is  v/io*  times  less  than  that  of  the  Sun  would  then 
have  its  equivalent  from  the  point  of  view  of  the  flattening;  a  velocity  1012  times 
slower  than  that  of  the  Earth,  that  is  a  thirtieth  of  a  second  of  arc  in  a  century, 
would  be  a  very  rapid  rotation,  almost  too  rapid  for  stable  equilibrium  to  be 
possible." 

"  In  this  hypothesis  the  observable  proper  motions  will  appear  to  us  uniformly 
distributed  and  there  will  no  longer  be  any  preponderance  for  the  components 
parallel  to  the  Galactic  plane.  They  will  tell  us  nothing  about  the  rotation  itself, 
since  we  are  a  part  of  the  revolving  system." 

From  these  considerations  it  is  clear  that  if  the  Milky  Way  has  no  rotation, 
it  is  not  in  equilibrium  and  will  eventually  round  up  and  become  more  and  more 
spherical  under  the  mutual  attraction  of  its  component  stars.  On  the  other  hand, 
if  it  is  in  rotation,  there  would  be  little  or  no  tendency  to  round  up,  and  the  present 
form  of  the  Galaxy  might  be  maintained,  though  it  would  become  locally  con- 
densed or  disintegrated  under  the  continued  action  of  the  clustering  power  noticed 
by  Herschel,  the  ravages  of  which  are  already  very  apparent  in  the  congestion 
of  the  stars  in  many  parts  of  the  Milky  Way,  which  thus  presents  the  aspect  of  a 
luminous  band  of  star-clouds.  Thus  what  is  to  us  mortals  the  sublimest  of  all  the 
grand  phenomena  of  nature  will  in  time  tend  to  pass  away,  and  we  shall  have 
instead  only  a  disconnected  series  of  clusters. 
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§  274.     Sir  William  Herschel's  Views  on  the  Nature  of  Clusters,  1785. 

In  the  Philosophical  Transactions  for  1785,  pp.  213-266,  Herschel  discusses 
the  Construction  of  the  Heavens,  and  states  his  views  on  clusters  as  follows: 

"  Theoretical  View. 

"Let  us  then  suppose  numberless  stars  of  various  sizes,  scattered  over  an 
indefinite  portion  of  space  in  such  a  manner  as  to  be  almost  equally  distributed 
throughout  the  whole.  The  laws  of  attraction,  which  no  doubt  extend  to  the 
remotest  regions  of  the  fixed  stars,  will  operate  in  such  a  manner  as  most  probably 
to  produce  the  following  remarkable  effects. 

"Formation  of  Nebulae* 

"  Form  I.  In  the  first  place,  since  we  have  supposed  the  stars  to  be  of  various 
sizes,  it  will  frequently  happen  that  a  star,  being  considerably  larger  than  its 
neighboring  ones,  will  attract  them  more  than  they  will  be  attracted  by  others 
that  are  immediately  around  them;  by  which  means  they  will  be,  in  time,  as  it 
were,  condensed  about  a  centre ;  or,  in  other  words,  form  themselves  into  a  cluster 
of  stars  of  almost  a  globular  figure,  more  or  less  regularly  so,  according  to  the  size 
and  original  distance  of  the  surrounding  stars.  The  perturbations  of  these  mutual 
attractions  must  undoubtedly  be  very  intricate,  as  we  may  easily  comprehend  by 
considering  what  Sir  Isaac  Newton  says  in  the  first  book  of  his  Principia,  in 
the  thirty-eighth  and  following  problems ;  but  in  order  to  apply  this  great  author's 
reasoning  of  bodies  moving  in  ellipses  to  such  as  are  here,  for  a  while,  supposed  to 
have  no  other  motion  than  what  their  mutual  gravity  has  imparted  to  them,  we 
must  suppose  the  conjugate  axes  of  these  ellipses  indefinitely  diminished,  whereby 
the  ellipses  will  become  straight  lines. 

"Form  II.  The  next  case,  which  will  also  happen  almost  as  frequently  as 
the  former,  is  where  a  few  stars,  though  not  superior  in  size  to  the  rest,  may  chance 
to  be  rather  nearer  each  other  than  the  surrounding  ones;  for  here  also  will  be 
formed  a  prevailing  attraction  in  the  combined  centre  of  gravity  of  them  all,  which 
will  occasion  the  neighboring  stars  to  draw  together;  not  indeed  so  as  to  form  a 
regular  or  globular  figure,  but  however  in  such  a  manner  as  to  be  condensed  towards 
the  common  centre  of  gravity  of  the  whole  irregular  cluster.  And  this  construction 
admits  of  the  utmost  variety  of  shapes,  according  to  the  number  and  situation  of 
the  stars  which  first  gave  rise  to  the  condensation  of  the  rest. 

*  At  this  stage  of  his  explorations  Herschel  supposed  nebulae  to  be  nothing  but  clusters  of  stars.     This  must 
be  borne  in  mind  throughout  the  discussion  based  on  his  early  papers. 
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"Form  III.  From  the  composition  and  repeated  conjunction  of  both  the 
foregoing  forms,  a  third  may  be  derived,  when  many  large  stars,  or  combined  small 
ones,  are  situated  in  long  extended,  regular,  or  crooked  rows,  hooks,  or  branches; 
for  they  will  also  draw  the  surrounding  ones,  so  as  to  produce  figures  of  condensed 
stars  coarsely  similar  to  the  former  which  gave  rise  to  these  condensations. 

"Form  IV.  We  may  likewise  admit  of  still  more  extensive  combinations; 
when,  at  the  same  time  that  a  cluster  of  stars  is  forming  in  one  part  of  space,  there 
may  be  another  collecting  in  a  different,  but  perhaps  not  far  distant  quarter, 
which  may  occasion  a  mutual  approach  towards  their  common  centre  of  gravity. 

"Form  V.  In  the  last  place,  as  a  natural  consequence  of  the  former  cases, 
there  will  be  formed  great  cavities  or  vacancies  by  the  retreat  of  the  stars  towards 
the  various  centres  which  attract  them;  so  that  upon  the  whole  there  is  evidently 
a  field  of  greatest  variety  for  the  mutual  and  combined  attractions  of  the  heavenly 
bodies  to  exert  themselves  in.  I  shall,  therefore,  without  extending  myself  farther 
upon  this  subject,  proceed  to  a  few  considerations,  that  will  naturally  occur  to 
every  one  who  may  view  this  subject  in  the  light  I  have  here  done. 

"  Objections  Considered. 

"  At  first  sight  then  it  will  seem  as  if  a  system,  such  as  has  been  displayed  in 
the  foregoing  paragraphs,  would  evidently  tend  to  a  general  destruction,  by  the 
shock  of  one  star's  falling  upon  another.  It  would  here  be  sufficient  answer  to 
say  that  if  observation  should  prove  this  really  to  be  the  system  of  the  universe, 
there  is  no  doubt  but  that  the  great  Author  of  it  has  amply  provided  for  the  pres- 
ervation of  the  whole,  though  it  should  not  appear  to  us  in  what  manner  this  is 
effected.  But  I  shall  moreover  point  out  several  circumstances  that  do  manifestly 
tend  to  a  general  preservation;  as,  in  the  first  place,  the  indefinite  extent  of  the 
sidereal  heavens,  which  must  produce  a  balance  that  will  effectually  secure  all 
the  great  parts  of  the  whole  from  approaching  to  each  other.  There  remains  then 
only  to  see  how  the  particular  stars  belonging  to  separate  clusters  will  be  preserved 
from  rushing  on  to  their  centres  of  attraction.  And  here  I  must  observe  that, 
though  I  have  before  by  way  of  rendering  the  case  more  simple  considered  the 
stars  as  being  originally  at  rest,  I  intended  not  to  exclude  projectile  forces;  and 
the  admission  of  them  will  prove  such  a  barrier  against  the  seeming  destructive 
power  of  attraction  as  to  secure  from  it  all  the  stars  belonging  to  a  cluster,  if  not 
forever,  at  least  for  millions  of  ages.  Besides,  we  ought  perhaps  to  look  upon 
such  clusters,  and  the  destruction  of  now  and  then  a  star,  in  some  thousands  of 
ages,  as  perhaps  the  very  means  by  which  the  whole  is  preserved  and  renewed. 
These  clusters  may  be  the  Laboratories  of  the  universe,  if  I  may  so  express  myself, 


HERSCHEl/s  VIEWS  ON  THE  ARRANGEMENT  OF  THE  STARS  IN  A  CLUSTER,   1?89.       613 

wherein  the  most  salutary  remedies  for  the  decay  of  the  whole  are  prepared  "  (pp. 
214-217). 

Continuing  his  discussion  of  clusters,  Herschel  concludes  (p.  259)  that  some 
of  them  are  six  or  eight  thousand  times  the  distance  of  Sirius. 

"  My  opinion  of  their  size  is  grounded  on  the  following  observations.  There 
are  many  round  nebulae,  of  the  first  form,  of  about  five  or  six  minutes  in  diameter, 
the  stars  of  which  I  can  see  very  distinctly;  and  on  comparing  them  with  the 
visual  ray  calculated  from  some  of  my  long  gauges,  I  suppose,  by  the  appearance 
of  the  small  stars  in  those  gauges,  that  the  centres  of  these  round  nebulae  may  be 
600  times  the  distance  of  Sirius  from  us.  In  estimating  the  distance  of  such 
clusters  I  consulted  rather  the  comparatively  apparent  size  of  the  stars  than  their 
mutual  distance;  for  the  condensation  in  these  clusters,  being  probably  much 
greater  than  in  our  own  system,  if  we  were  to  overlook  this  circumstance  and 
calculate  by  their  apparent  compression,  where,  in  about  six  minutes  diameter, 
there  are  perhaps  ten  or  more  stars  in  the  line  of  measures,  we  should  find,  that 
on  the  supposition  of  an  equal  scattering  of  the  stars  throughout  all  nebulae,  the 
distance  of  the  centre  of  such  a  cluster  from  us  could  not  be  less  than  6,000  times 
the  distance  of  Sirius.  And,  perhaps,  in  putting  it,  by  the  apparent  size  of  the 
stars,  at  600  times  only,  I  may  have  considerably  underrated  it;  but  my  argument 
if  that  should  be  the  case,  will  be  so  much  the  stronger." 

On  page  266,  Herschel  adds  a  remark  on  the  origin  of  new  stars: 

"  If  it  were  not  perhaps  too  hazardous  to  pursue  a  former  surmise  of  a  renewal 
in  what  I  figuratively  called  the  laboratories  of  the  universe,  the  stars  forming  these 
extraordinary  nebulae,  by  some  decay  or  waste  of  nature,  being  no  longer  fit  for 
their  former  purposes,  and  having  their  projectile  forces,  if  any  such  they  had, 
retarded  in  each  other's  atmosphere,  may  rush  at  last  together,  and  either  in  suc- 
cession, or  by  one  general  tremendous  shock,  unite  into  a  new  body.  Perhaps 
the  extraordinary  and  sudden  blaze  of  a  new  star  in  Cassiopea's  Chair,  in  1572, 
might  possibly  be  of  such  a  nature." 

§  275.     Herschel's  Views  on  the  Arrangement  of  the  Stars  in  a  Cluster,  1789. 

In  the  Philosophical  Transactions  for  1789,  pp.  214-226,  Herschel  has  a 
"Catalogue  of  a  Second  Thousand  of  New  Nebulae  and  Clusters  of  Stars,  with  a 
Few  Introductory  Remarks  on  the  Construction  of  the  Heavens,"  in  which  he 
develops  his  views  of  the  Constitution  of  Clusters: 

"  But  first  of  all  it  will  be  necessary  to  explain  what  is  our  idea  of  a  cluster 
of  stars,  and  by  what  means  we  have  obtained  it.     For  an  instance,  I  shall  take 
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the  phenomenon  which  presents  itself  in  many  clusters.  It  is  that  of  a  number 
of  lucid  spots,  of  equal  lustre,  scattered  over  a  circular  space,  in  such  a  manner  as 
to  appear  gradually  more  compressed  towards  the  middle;  and  which  compression, 
in  the  clusters  to  which  I  allude,  is  generally  so  far,  as  by  imperceptible  degrees, 
to  end  in  a  luminous  centre,  of  a  resolvable  blaze  of  light.  To  solve  this  appear- 
ance, it  may  be  conjectured,  that  stars  of  any  given,  very  unequal  magnitudes 
may  easily  be  so  arranged,  in  scattered,  much  extended,  irregular  rows,  as  to 
produce  the  above  described  picture;  or,  that  stars,  scattered  about  almost  pro- 
miscuously within  the  frustrum  of  a  given  cone,  may  be  assigned  of  such  properly 
diversified  magnitudes  as  also  to  form  the  same  picture.  But  who,  that  is  ac- 
quainted with  the  doctrine  of  chances,  can  seriously  maintain  such  improbable 
conjectures?  To  consider  this  only  in  a  very  coarse  way,  let  us  suppose  a  cluster 
to  consist  of  5,000  stars,  and  that  each  of  them  may  be  put  into  one  of  the  5,000 
given  places,  and  have  one  of  5,000  assigned  magnitudes.  Then,  without  extend- 
ing our  calculation  any  further,  we  have  five  and  twenty  millions  of  chances  out 
of  which  only  one  will  answer  the  above  improbable  conjecture,  while  all  the  rest 
are  against  it.  When  we  now  remark  that  this  relates  only  to  the  given  places 
within  the  frustrum  of  a  supposed  cone,  whereas  these  stars  might  have  been 
scattered  all  over  the  visible  space  of  the  heavens;  that  they  might  have  been 
scattered,  even  within  the  supposed  cone,  in  a  million  of  places  different  from  the 
assumed  ones,  the  chance  of  this  apparent  cluster's  not  being  a  real  one,  will  be 
rendered  so  highly  improbable  that  it  ought  to  be  entirely  rejected. 

"  Mr.  Michell  computes,  with  respect  to  the  six  brightest  stars  of  the  Pleiades 
only,  that  the  odds  are  near  500,000  to  1  that  no  six  stars  out  of  the  number  of 
those  which  are  equal  in  splendor  to  the  faintest  of  them,  scattered  at  random  in 
the  whole  heavens,  would  be  within  so  small  a  distance  from  each  other  as  the 
Pleiades  are. 

"Taking  it  then  for  granted  that  the  stars  which  appear  to  be  gathered  to- 
gether in  a  group  are  in  reality  thus  accumulated,  I  proceed  to  prove  also  that 
they  are  nearly  of  an  equal  magnitude. 

"The  cluster  itself,  on  account  of  the  small  angle  it  subtends  to  the  eye,  we 
must  suppose  to  be  very  far  removed  from  us.  For,  were  the  stars  which  compose 
it  at  the  same  distance  from  one  another  as  Sirius  is  from  the  Sun;  and  supposing 
the  cluster  to  be  seen  under  an  angle  of  ten  minutes,  and  to  contain  fifty  stars  in 
one  of  its  diameters,  we  should  have  the  mean  distance  of  such  stars  twelve  seconds ; 
and  therefore  the  distance  of  the  cluster  from  us  about  seventeen  thousand  times 
greater  than  the  distance  of  Sirius.  Now,  since  the  apparent  magnitude  of  these 
stars  is  equal,  and  their  distance  from  us  is  also  equal  —  because  we  may  safely 
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neglect  the  diameter  of  the  cluster,  which,  if  the  centre  be  seventeen  thousand 
times  the  distance  of  &irius  from  us,  will  give  us  seventeen  thousand  and  twenty- 
five  for  the  farthest,  and  seventeen  thousand  wanting  twenty-five  for  the  nearest 
star  of  the  cluster  —  it  follows  that  we  must  either  give  up  the  idea  of  a  cluster, 
and  recur  to  the  above  refuted  supposition,  or  admit  the  equality  of  the  stars  that 
compose  their  clusters.  It  is  to  be  remarked  that  we  do  not  mean  entirely  to 
exclude  all  variety  of  size;  for  the  very  great  distance,  and  the  consequent  small- 
ness  of  the  component  clustering  stars,  will  not  permit  us  to  be  extremely  precise 
in  the  estimation  of  their  magnitudes;  though  we  have  certainly  seen  enough  of 
them  to  know  that  they  are  contained  within  pretty  narrow  limits;  and  do  not, 
perhaps,  exceed  each  other  in  magnitude  more  than  in  some  such  proportion  as 
one  full-grown  plant  of  a  certain  species  may  exceed  another  full-grown  plant  of 
the  same  species. 

"  If  we  have  drawn  proper  conclusions  relating  to  the  size  of  stars,  we  may 
with  still  greater  safety  speak  of  their  relative  situations,  and  affirm  that  in  the 
same  distances  from  the  centre  an  equal  scattering  takes  place.  If  this  were  not 
the  case,  the  appearance  of  a  cluster  could  not  be  uniformly  increasing  in  bright- 
ness towards  the  middle,  but  would  appear  nebulous  in  those  parts  which  were 
more  crowded  with  stars;  but,  as  far  as  we  can  distinguish,  in  the  clusters  of 
which  we  speak,  every  concentric  circle  maintains  an  equal  degree  of  compression, 
as  long  as  the  stars  are  visible;  and  when  they  become  too  crowded  to  be  dis- 
tinguished, an  equal  brightness  takes  place,  at  equal  distances  from  the  centre, 
which  is  the  most  luminous  part. 

"The  next  step  in  my  argument  will  be  to  show  that  these  clusters  are  of  a 
globular  form.  This  again  we  rest  on  the  sound  doctrine  of  chances.  Here,  by 
way  of  strength  to  our  argument,  we  may  be  allowed  to  take  in  all  round  nebulae, 
though  the  reasons  we  have  for  believing  that  they  consist  of  stars  have  not  as  yet 
been  entered  into.  For,  what  I  have  to  say  concerning  their  spherical  figure  will 
equally  hold  good  whether  they  be  groups  of  stars  or  not.  In  my  catalogues  we 
have,  I  suppose,  not  less  than  one  thousand  of  these  round  objects.  Now,  what- 
ever may  be  the  shape  of  the  group  of  stars,  or  of  a  nebula,  which  we  would  intro- 
duce instead  of  the  spherical  one,  such  as  a  cone,  an  ellipsis,  a  spheroid,  a  circle 
or  a  cylinder,  it  will  be  evident  that  out  of  a  thousand  situations,  which  the  axes 
of  such  forms  may  have,  there  is  but  one  that  can  answer  the  phenomenon  for 
which  we  want  to  account;  and  that  is,  when  those  axes  are  exactly  in  a  line  drawn 
from  the  object  to  the  place  of  the  observer.  Here  again  we  have  a  million  chances 
of  which  all  but  one  are  against  any  other  hypothesis  than  that  which  we  main- 
tain, and  which,  for  this  reason,  ought  to  be  admitted. 
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"The  last  thing  to  be  inferred  from  the  above  related  appearances  is  that 
these  clusters  of  stars  are  more  condensed  towards  the  center  than  at  the  surface. 
If  there  should  be  a  group  of  stars  in  the  spherical  form,  consisting  of  such  as  were 
equally  scattered  over  all  the  assigned  space,  it  would  not  appear  to  be  very  gradu- 
ally more  compressed  and  brighter  in  the  middle ;  much  less  would  it  seem  to  have 
a  bright  nucleus  in  the  centre.  A  spherical  cluster  of  an  equal  compression  within 
—  for  that  such  there  are  will  be  seen  hereafter  —  may  be  distinguished  by  the 
degrees  of  brightness  which  take  place  in  going  from  the  centre  to  the  circumference. 
Thus,  when  a  is  the  brightness  in  the  centre,  it  will  be  Va"  -  x2  at  any  other  distance 
x  from  the  center.  Or,  putting  a  =  1  and  x  =  any  decimal  fraction;  then, 
in  a  table  of  natural  sines,  where  x  is  the  sine,  the  brightness  at  x  will  be  expressed 
by  the  cosine.  Now,  as  a  gradual  increase  of  brightness  does  not  agree  with  the 
degrees  calculated  from  a  supposition  of  an  equal  scattering,  and  as  the  cluster 
has  been  proved  to  be  spherical,  it  must  needs  be  admitted  that  there  is  indeed 
a  greater  accumulation  towards  the  centre.  And  thus,  from  the  above-mentioned 
appearances,  we  come  to  know  that  there  are  globular  clusters  of  stars  nearly 
equal  in  size,  which  are  scattered  evenly  at  equal  distances  from  the  middle,  but 
with  an  increasing  accumulation  towards  the  centre 

"Having  then  established  that  the  clusters  of  stars  of  the  first  form,  and 
round  nebulae,  are  of  a  spherical  figure,  I  think  myself  plainly  authorized  to  con- 
clude that  they  are  thus  formed  by  the  action  of  central  powers.  To  manifest 
the  validity  of  this  inference,  the  figure  of  the  Earth  may  be  given  as  an  instance; 
whose  rotundity,  setting  aside  small  deviations,  the  causes  of  which  are  well  known, 
is  without  hesitation  allowed  to  be  a  phenomenon  decisively  establishing  a  centri- 
petal force.  Nor  do  we  stand  in  need  of  the  revolving  satellites  of  Jupiter,  Saturn, 
and  the  Georgium  Sidus,  to  assure  us  that  the  same  powers  are  likewise  lodged 
in  the  masses  of  these  planets.  Their  globular  figure  alone  must  be  admitted  as 
a  sufficient  argument  to  render  this  point  uncontrovertible.  We  also  apply  this 
inference  with  equal  propriety  to  the  body  of  the  Sun,  as  well  as  to  that  of  Mercury, 
Venus,  Mars  and  the  Moon;  as  owing  their  spherical  shape  to  the  same  cause. 
And  how  can  we  avoid  inferring,  that  the  construction  of  the  clusters  of  stars 
and  nebulae  likewise,  of  which  we  have  been  speaking,  is  as  evidently  owing  to 
central  powers? 

"Besides,  the  step  that  I  here  make  in  my  inference  is  in  fact  a  very  easy  one, 
and  such  as  ought  freely  to  be  granted.  Have  I  not  already  shown  that  these 
clusters  cannot  'have  come  to  their  present  formation  by  any  random  scattering 
of  stars?  The  doctrine  of  chance,  by  exposing  the  very  great  odds  against  such 
hypotheses,  may  be  said  to  demonstrate  that  the  stars  are  thus  assembled  by  some 
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power  or  other.  Then,  what  do  I  attempt  more  than  merely  to  lead  the  mind  to 
the  conditions  under  which  this  power  is  seen  to  act? 

"  In  case  of  such  consequences  I  may  be  permitted  to  be  a  little  more  diffuse, 
and  draw  additional  arguments  from  the  internal  construction  of  spherical  clusters 
and  nebulae.  If  we  find  that  there  is  not  only  a  general  form,  which,  as  has  been 
proved,  is  a  sufficient  manifestation  of  a  centripetal  force,  what  shall  we  say  when 
the  accumulated  condensation,  which  everywhere  follows  a  direction  towards  a 
centre,  is  even  visible  to  the  very  eye?  Were  we  not  already  acquainted  with 
attraction,  this  gradual  condensation  would  point  out  a  central  power,  by  the 
remarkable  disposition  of  the  stars  tending  towards  a  centre.  In  consequence  of 
this  visible  accumulation,  whether  it  may  be  owing  to  attraction  only,  or  whether 
other  powers  may  assist  in  the  formation,  we  ought  not  to  hesitate  to  ascribe  the 
effect  to  such  as  are  central;  no  phenomena  being  more  decisive  in  that  particular, 
than  those  of  which  I  am  treating 

"  I  shall  now  extend  the  weight  of  my  argument,  by  taking  in  likewise  every 
cluster  of  stars  or  nebula  that  shows  a  gradual  condensation,  or  increasing  bright- 
ness, towards  a  centre  or  certain  point ;  whether  the  outward  shape  of  such  clusters 
or  nebulae  be  round,  extended,  or  of  any  other  given  form.  What  has  been  said 
with  regard  to  the  doctrine  of  chance,  will  or  course  apply  to  every  cluster,  and 
more  especially  to  the  extended  and  irregular-shaped  ones,  on  account  of  their 
greater  size.  It  is  among  these  that  we  find  the  largest  assemblages  of  stars, 
and  most  diffusive  nebulosities;  and  therefore  the  odds  against  such  assemblages 
happening  without  some  particular  power  to  gather  them,  increase  exceedingly 
with  the  number  of  the  stars  that  are  taken  together.  But  if  the  gradual  accumu- 
lation either  of  stars  or  increasing  brightness  has  before  been  admitted  as  a  direction 
to  the  seat  of  power,  the  same  effect  will  equally  point  out  the  same  cause  in  the 
cases  now  under  consideration.  There  are  besides  some  additional  circumstances 
in  the  appearance  of  extended  clusters  and  nebulae,  that  favor  very  much  the  idea 
of  a  power  lodged  in  the  brightest  part.  Although  the  form  of  them  be  not  globu- 
lar, it  is  plainly  to  be  seen  that  there  is  a  tendency  towards  sphericity,  by  the  swell 
of  the  dimensions  the  nearer  we  draw  towards  the  most  luminous  place,  denoting 
as  it  were  a  course  or  tide  of  stars,  setting  towards  a  centre.  And  —  if  allegorical 
expressions  may  be  allowed  —  it  should  seem  as  if  the  stars  thus  flocking  towards 
the  seat  of  power  were  stemmed  by  the  crowd  of  those  already  assembled,  and  that 
while  some  of  them  are  successful  in  forcing  their  predecessors  sideways  out  of 
their  places,  others  are  themselves  obliged  to  take  up  with  lateral  situations,  while 
all  of  them  seem  equally  to  strive  for  a  place  in  the  central  swelling,  and  generating 
spherical  figure. 
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"Since  then  almost  all  the  nebulae  and  clusters  of  stars  I  have  seen,  the 
number  of  which  is  not  less  than  three  and  twenty  hundred  are  more  condensed 
and  brighter  in  the  middle;  and  since,  from  every  form,  it  is  now  equally  apparent 
that  the  central  accumulation  or  brightness  must  be  the  result  of  central  powers, 
we  may  venture  to  affirm  that  this  theory  is  no  longer  an  unfounded  hypothesis, 
but  is  fully  established  on  grounds  which  cannot  be  overturned 

"Let  us  then  continue  to  turn  our  view  to  the  power  which  is  molding  the 
different  assortments  of  stars  into  spherical  clusters.  Any  force,  that  acts  unin- 
terruptedly, must  produce  effects  proportional  to  the  time  of  its  action.  Now, 
as  it  has  been  shown  that  the  spherical  figure  of  a  cluster  of  stars  is  owing  to  central 
power,  it  follows  that  those  clusters,  which,  ceteris  paribus,  are  the  most  complete 
in  this  figure,  must  have  been  longest  exposed  to  the  action  of  these  causes.  This 
will  admit  of  various  points  of  views.  Suppose  for  instance  that  5,000  stars  had 
been  once  in  a  certain  scattered  situation,  and  that  other  5,000  equal  stars  had 
been  in  the  same  situation,  then  that  of  the  two  clusters  which  had  been  longest 
exposed  to  the  action  of  the  modelling  power,  we  suppose,  would  be  most  con- 
densed, and  more  advanced  to  the  maturity  of  its  figure.  An  obvious  consequence 
that  may  be  drawn  from  this  consideration  is  that  we  are  enabled  to  judge  of  the 
relative  age,  maturity,  or  climax  of  a  sidereal  system,  from  the  disposition  of  its 
component  parts;  and,  making  the  degrees  of  brightness  in  nebulae  stand  for  the 
different  accumulation  of  stars  in  clusters,  the  same  conclusions  will  extend  equally 
to  them  all.  But  we  are  not  to  conclude  from  what  has  been  said  that  every 
spherical  cluster  is  of  an  equal  standing  in  regard  to  absolute  duration,  since  one 
that  is  composed  of  a  thousand  stars  only  must  certainly  arrive  to  the  perfection  of 
its  form  sooner  than  another,  which  takes  in  a  range  of  a  million.  Youth  and  age 
are  comparative  expressions;  and  an  oak  of  a  certain  age  may  be  called  very  young, 
while  a  contemporary  shrub  is  already  on  the  verge  of  its  decay  "  (pp.  213-225). 

§  276.     Herschel's  Theory  of  Clusters,  1802. 

In  the  "  Catalogue  of  500  New  Nebulae,  Nebulous  Stars,  Planetary  Nebulae, 
and  Clusters  of  Stars,  with  Remarks  on  the  Construction  of  the  Heavens,"  pub- 
lished in  the  Philosophical  Transactions  for  1802,  pp.  477-528,  Herschel  establishes 
the  existence  of  double  and  multiple  stars  and  the  nature  of  their  orbits,  and  then 
considers  clusters  as  follows: 

"  IV.     Of  Clustering  Stars,  and  the  Milky  Way. 
"From  the  quadruple,  quintuple,  and  multiple  stars,  we  are  naturally  led 
to  a  consideration  of  the  vast  collections  of  small  stars  that  are  profusely  scattered 
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over  the  Milky  Way.  •  On  a  very  slight  examination,  it  will  appear  that  this 
immense  starry  aggregation  is  by  no  means  uniform.  The  stars  of  which  it  is 
composed  are  very  unequally  scattered,  and  show  evident  marks  of  clustering 
together  into  many  separate  allotments.  By  referring  to  some  one  of  these  cluster- 
ing collections  in  the  heavens,  what  will  be  said  of  them  will  be  much  better  under- 
stood, than  if  we  were  to  treat  of  them  merely  in  a  general  way.  Let  us  take  the 
space  between  /8  and  y  Cygni  for  an  example,  in  which  the  stars  are  clustering 
with  a  kind  of  division  between  them,  so  that  we  may  suppose  them  to  be  cluster- 
ing towards  two  different  regions.  By  a  computation,  founded  on  observations, 
which  ascertain  the  number  of  stars  in  different  fields  of  view,  it  appears  that  our 
space  between  /8  and  y  , taking  an  average  breadth  of  about  five  degrees  of  it, 
contains  more  than  three  hundred  and  thirty-one  thousand  stars;  and,  admitting 
them  to  be  clustering  two  different  ways,  we  have  one  hundred  and  sixty-five 
thousand  for  each  clustering  collection.  Now,  as  a  more  particular  account  of 
the  Milky  Way  will  be  the  subject  of  a  separate  chapter,  I  shall  only  observe  that 
the  above-mentioned  milky  appearances  deserve  the  name  of  clustering  collections, 
as  they  are  certainly  brighter  about  the  middle,  and  fainter  near  their  undefined 
borders.  For,  in  my  sweeps  of  the  heavens,  it  has  been  fully  ascertained  that  the 
brightness  of  the  Milky  Way  arises  only  from  stars;  and  that  their  compression 
increases  in  proportion  to  the  brightness  of  the  Milky  Way. 

"  We  may  indeed  partly  ascribe  the  increase,  both  in  brightness  and  of  apparent 
compression,  to  a  greater  depth  of  the  space  which  contains  these  stars;  but  this 
will  equally  tend  to  show  their  clustering  condition;  for,  since  the  increase  of  bright- 
ness is  gradual,  the  space  containing  the  clustering  stars  must  tend  to  a  spherical 
form,  if  the  gradual  increase  of  brightness  is  to  be  explained  by  the  situation  of 
the  stars. 

"V.    Of  Groups  of  Stars. 

"  From  clustering  stars  there  is  but  a  short  transition  to  groups  of  stars ;  they 
are,  however,  sufficiently  distinct  to  deserve  a  separate  notice.  A  group  is  a 
collection  of  closely,  and  almost  equally  compressed  stars,  of  any  figure  or  outline ; 
it  contains  no  particular  condensation  that  might  point  out  the  seat  of  an  hypo- 
thetical central  force ;  and  is  sufficiently  separated  from  neighboring  stars  to  show 
that  it  makes  a  peculiar  system  of  its  own.  It  must  be  remembered  that  its  being 
a  separate  system  does  not  exclude  it  from  the  action  or  influence  of  other  systems. 
We  are  to  understand  this  with  the  same  reserve  that  has  been  pointed  out,  when 
we  explained  what  we  called  insulated  stars. 

"  The  construction  of  groups  of  stars  is  perhaps,  of  all  objects  in  the  heavens, 
the  most  difficult  to  explain;    much  less  can  we  now  enter  into  a  detail  of  the 
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numerous  observations  I  have  already  made  upon  this  subject.     I  therefore  pro- 
ceed in  my  enumeration. 

"VI.    Of  Clusters  of  Stars. 

"These  are  certainly  the  most  magnificent  objects  that  can  be  seen  in  the 
heavens.  They  are  totally  different  from  mere  groups  of  stars,  in  their  beautiful 
and  artificial  arrangement.  Their  form  is  generally  round;  and  the  compression 
of  the  stars  shows  a  gradual,  and  pretty  sudden  accumulation  towards  the  centre, 
where,  aided  by  the  depth  of  the  cluster,  which  we  can  have  no  doubt  is  of  a  globular 
form,  the  condensation  is  such  that  the  stars  are  sufficiently  compressed  to  pro- 
duce a  mottled  lustre,  nearly  amounting  to  the  semblance  of  a  nucleus.  A  centre 
of  attraction  is  so  strongly  indicated,  by  all  the  circumstances  of  the  appearance 
of  the  cluster,  that  we  cannot  doubt  a  single  moment  of  its  existence,  either  in  a 
state  of  real  solidity,  or  in  that  of  an  empty  centre,  possessed  of  an  hypothetical 
force,  arising  from  the  joint  exertion  of  the  numerous  stars  that  enter  into  the 
composition  of  the  cluster. 

"  The  number  of  observations  I  have  to  give  relating  to  this  article,  in  which 
my  telescopes,  especially  those  of  high  space-penetrating  power,  have  been  of  the 
greatest  service,  of  course  can  find  no  room  in  this  enumeration." 


§  277.     Herschel's  Theory  of  a  Clustering  Power  Which  is  Breaking  Up  the 

Milky  Way,  1814. 

In  a  paper  included  in  the  Philosophical  Transactions  for  1814  (pp.  248-284), 
Herschel  devotes  considerable  attention  to  the  clustering  power  which  is  collect- 
ing the  stars  into  swarms  of  various  forms  and  thus  gradually  breaking  up  the 
Milky  Way: 

"Connoiss.  30  is  'A  brilliant  cluster,  the  stars  of  which  are  gradually  more 
compressed  in  the  middle.  It  is  insulated,  that  is,  none  of  the  stars  in  the  neighbor- 
hood are  likely  to  be  connected  with  it.  Its  diameter  is  from  2'  40"  to  3'  30".  Its 
figure  is  irregularly  round.  The  stars  about  the  centre  are  so  much  compressed 
as  to  appear  to  run  together.  Towards  the  north  are  two  rows  of  bright  stars, 
four  or  five  in  a  line.' 

"  In  this  accumulation  of  stars,  we  plainly  see  the  exertion  of  a  central  cluster- 
ing power,  which  may  reside  in  a  central  mass,  or,  what  is  more  probable  in  the 
compound  energy  of  the  stars  about  the  centre.  The  lines  of  the  bright  stars, 
although  by  a  drawing  made  at  the  time  of  observation,  one  of  them  seems  to  pass 
through  the  cluster,  are  probably  not  connected  with  it. 
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"  14.     Of  Differently  Compressed  Clusters  of  Stars. 

"  I  have  hitherto  only  considered  the  arrangement  of  stars  in  clusters  with  a 
view  to  point  out  that  they  are  drawn  together  by  a  clustering  power,  in  the  same 
manner  as  the  nebulous  matter  has,  in  my  former  paper,  been  proved  to  be  con- 
densed by  the  gravitating  principle;  but  in  the  forty-one  clusters  of  the  following 
two  collections  we  shall  see  that  it  is  one  and  the  same  power  uniformly  exerted 
which  first  condenses  the  nebulous  matter  into  stars,  and  afterwards  draws  them 
together  into  clusters,  and  which  by  a  continuance  of  its  action  gradually  increases 
the  compression  of  the  stars  that  form  the  clusters. 

"15.     Of  the  Gradual  Concentration  and  Insulation  of  Clusters  of  Stars. 

"  The  existence  of  a  clustering  power  is  nowhere  so  visibly  pointed  out  as  in 
the  thirty-nine  clusters  which  are  given  in  the  following  collection.  My  remarks 
upon  them  will  come  with  more  clearness  when  applied  to  a  particular  description 
of  some  of  them. 

"VI,  5  is  'A  beautiful  cluster  of  very  compressed  small  stars  of  several  sizes. 
It  is  of  an  irregular  round  form,  about  12'  or  15'  in  diameter,  and  the  stars  are 
gradually  most  compressed  in  the  middle.' 

"  Here  the  gradually  increasing  compression  of  the  stars  points  out  the  central 
situation  of  the  clustering  power;  the  form  is  also  that  of  a  solid,  not  much  differ- 
ing from  a  globular  figure;  and  by  the  outline  of  the  cluster  we  may  consider  it 
as  already  in  an  advanced  state  of  insulation;  from  these  circumstances  we  may 
therefore  conclude  that  this  cluster  has  been  long  under  the  influence  of  the  cluster- 
ing power 

"Connoiss.  68  is  'A  beautiful  cluster  of  stars,  extremely  rich,  and  so  com- 
pressed that  most  of  the  stars  are  blended  together;  it  is  near  3'  broad  and  about 
4'  long,  but  chiefly  round,  and  there  are  very  few  scatted  stars  about.' 

"This  oval  cluster  is  also  approaching  to  the  globular  form,  and  the  central 
compression  is  carried  to  a  high  degree.  The  insulation  is  likewise  so  far  advanced 
that  it  admits  of  an  accurate  description  of  the  contour. 

"The  clusters  of  this  class  are  beautiful,  but  can  hardly  be  seen  to  any  ad- 
vantage without  a  twenty-feet  telescope. 

"  16.     Of  Globular  Clusters  of  Stars. 
"The  objects  of  this  collection  are  of  a  sufficient  brightness  to  be  seen  with 
any  good  common  telescope,  in  which  they  appear  like  telescopic  comets,  or  bright 
nebulae,  and,  under  this  disguise,  we  owe  their  discovery  to  many  eminent  astrono- 
mers;   but  in  order  to  ascertain  their  most  beautiful  and  artificial  construction, 
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the  application  of  high  powers,  not  only  of  penetrating  into  space  but  also  of 
magnifying,  are  absolutely  necessary;  and  as  they  are  generally  but  little  known 
and  are  undoubtedly  the  most  interesting  objects  in  the  heavens,  I  shall  describe 
several  of  them  by  selecting  from  a  series  of  observations  of  thirty-four  years  some 
that  were  made  with  each  of  my  instruments,  that  it  may  be  a  direction  for  those 
who  wish  to  view  them  to  know  what  they  may  expect  to  see  with  such  telescopes 
as  happen  to  be  in  their  possession"  (pp.  272-273). 

"  It  will  not  be  necessary  to  add  that  the  two  last  mentioned  globular  clusters, 
viewed  with  more  powerful  instruments,  are  of  equal  beauty  with  the  rest;  and 
from  what  has  been  said  it  is  obvious  that  here  the  exertion  of  a  clustering  power 
has  brought  the  accumulation  and  artificial  construction  of  these  wonderful  celes- 
tial objects  to  the  highest  degree  of  mysterious  perfection"  (pp.  277-278). 
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They  say  concerning  Anaxagoras  and  Democritus  that  they  held  that  the  Milky  Way  is  due  to  the  light  of 

certain  stars     ....     But  the  circle  in  which  the  Milky  Way  appears  to  our  observations  is  immense ;   and  the 

position  is  such  that  it  extends  much  beyond  the  tropics.     Moreover  the  place  is  full  of  the  largest  and  most  brilliant 

stars  and  also  of  those  called  sporadic.     This  is  clearly  visible  to  our  eyes,  in  such  a  way  as  to  suggest  that  these  stars 

continually  and  always  produce  this  entire  combination  of  phenomena.     Here  is  the  proof.     The  most  brilliant  light 

of  the  circle  appears  in  that  one  of  the  two  hemispheres  which  contains  the  bifurcation.     Now  then,  in  this  part, 

there  are  moreover  many  stars,  and  they  are  more  crowded  together  than  in  the  other;   as  if  the  movement  of  the 

stars  might  have  been  the  sole  cause  of  the  brilliancy  of  the  Milky  Way.     For  if  this  brilliancy  is  in  the  circle  which 

shows  the  greatest  number  of  stars,  and  even  in  the  part  of  the  circle  where  the  stars  are  largest  and  the  greatest 

number  of  them  gathered  together  and  condensed,  it  is  natural  to  suppose  that  this  is  the  most  probable  and  most 

direct  cause  of  the  phenomenon. 

Aristotle,  De  Meleorologica,  Lib.  I,  Chap.  VIII,  §§  4,  15-17. 


CHAPTER  XXII. 


General  Theory  of  the  Milky  Way  and  of  the  Construction  of  the 

Sidereal  Heavens. 

§  278.     Views  of  the  Milky  Way  Held  by  the  Greeks. 

The  Science  of  the  physical  universe  begins  with  the  Greeks,  and  it  will  there- 
fore be  of  interest  to  examine  their  theories  of  the  Milky  Way,  although  it  would 
be  unreasonable  to  expect  more  than  sound  fundamental  principles  from  the 
greatest  philosophers  who  lived  before  the  invention  of  the  telescope.  The  naked 
eye  discloses  to  us  only  the  general  aspects  of  the  Milky  Way,  yet  the  lucid  stars 
are  related  to  the  Galaxy  in  such  a  way  as  to  suggest  that  this  great  arch  of  light 
is  due  to  the  presence  of  countless  multitudes  of  faint  stars  lying  in  that  general 
direction  in  space.  In  fact,  the  bright  stars  in  such  constellations  as  Cygnus, 
Sagittarius,  and  Centauries  are  not  only  related  to  the  general  path  of  the  Milky 
Way,  but  also  to  the  great  star-clouds  which  conspicuously  illuminate  its  course, 
in  several  of  the  constellations  embraced  within  these  limits ;  and  thus  a  connection 
between  the  milky  light  of  the  Galaxy  and  the  brighter  naked-eye  stars  becomes 
so  evident  as  to  be  almost  irresistible.  Accordingly,  it  is  not  remarkable  that 
Anaxagoras  and  Democritus,  as  Aristotle  tells  us  (Meteorology,  Lib.  I,  Chap. 
VIII,  §  4),  should  have  concluded  that  the  Milky  Way  is  due  simply  to  the  light 
of  certain  stars.  Similar  views  are  credited  to  these  great  thinkers  by  Diogenes 
Laertius,  in  his  "Lives  of  Celebrated  Philosophers"  (Lib.  II). 

Aristotle  tells  us,  however,  that  some  of  the  Pythagorian  philosophers 
claimed  that  the  Milky  Way  was  the  route  of  one  of  the  stars  which  followed  the 
course  of  the  fall  of  Phaeton;  that  it  was  the  Sun  itself  which  of  old  followed  the 
path  of  the  Galaxy,  so  that  the  space  was  in  some  way  scorched  and  made  of 
luminous  character  by  the  passage  of  this  star.  The  difference  in  the  color  of 
the  sky  along  the  circle  of  the  Galaxy  is  thus  attributed  to  the  radiations  of  a 
body  which  once  pursued  this  path.  Aristotle  then  points  out  the  absurdity 
of  these  traditional  Pythagorian  doctrines,  and  says  there  is  still  more  reason  why 
the  Zodiac  should  be  in  this  condition,  since  not  only  the  Sun,  but  also  all  the 
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planets,  move  near  the  plane  of  the  ecliptic.  And  yet  the  only  luminous  part 
of  the  Zodiac  is  that  where  it  crosses  the  Milky  Way  at  the  point  of  inter- 
section. 

It  is  not  worth  while  to  dwell  on  the  inadequate  views  of  some  of  the  Greek 
philosophers  who  held  that  the  Milky  Way  was  caused  by  the  light  of  certain  stars 
lying  in  the  Earth's  shadow,  which  were  not  entirely  put  out  by  the  light  of  the 
Sun.  Yet  we  may  remark  that  this  is  the  modern  view*  of  the  Gegenschein,  which 
appears  as  an  illumination  of  the  sky  not  unlike  the  milky  light  of  the  Galaxy, 
but  confined  to  a  small  elliptical  area,  and  not  diffused  along  a  great  circle  of  the 
heavens,  as  in  the  case  of  the  Milky  Way.  In  refuting  these  suggestions  regard- 
ing the  luminosity  of  stars  in  the  shadow  of  the  Earth,  Aristotle  remarks  that 
if  the  Milky  Way  depended  on  the  position  of  the  Sun,  its  situation  would  change 
with  the  movement  of  that  luminary;  whereas  it  remains  fixed  among  the  stars, 
and,  moreover,  that  the  cone  of  the  Earth's  shadow  is  not  long,  owing  to  the  fact 
that  the  diameter  of  the  Sun  so  greatly  exceeds  that  of  the  Earth. 

The  view  of  the  Milky  Way  finally  adopted  by  Aristotle  is  that  this  great 
circle  is  composed  of  a  luminous  substance  occupying  an  intermediate  position 
between  the  terrestrial  atmosphere  and  the  region  of  the  fixed  stars,  and  having 
the  power  and  the  property  of  fire  (Meteorology,  Lib.  I,  Chap.  VII,  §  11);  so  that 
by  the  motion  of  the  higher  air  the  comets  are  produced  from  it  by  exhalations, 
or  spontaneous  combustion,  according  to  the  curious  conceptions  on  this  subject 
prevalent  among  the  ancients. 

Aristotle  made  the  tails  or  emanations  observed  to  proceed  from  comets 
the  means  of  bringing  these  erratic  bodies  into  a  singular  relationship  to  the  Milky 
Way.  According  to  this  great  philosopher,  the  innumerable  multitude  of  stars 
which  compose  this  starry  zone  give  out  a  self-luminous,  incandescent  matter; 
and  the  circle  of  the  Galaxy  which  divides  the  heavens  into  two  slightly  unequal 
hemispheres  was  regarded  as  a  large  comet,  the  substance  of  which  was  being 
incessantly  renewed  (cf.  Meteorology,  Lib.  I,  §§  19-21;  and  Humboldt's  Cosmos, 
Vol.  I,  p.  88).  Aristotle  expressly  says  that  the  Milky  Way  is  the  emanation 
or  chevelure  of  a  great  number  of  stars  lying  along  the  course  of  the  Galaxy,  and 
he  therefore  defines  the  milky  light  as  the  emanation  of  this  Galactic  circle. 

Opposite  to  the  opening  page  of  this  chapter  we  give  a  singularly  beautiful 
passage  extracted  from  the  theory  developed  in  the  Meteorology  of  Aristotle, 

*In  Nature,  of  June  16,  1910,  Mr.  R.  T.  A.  Innes,  Director  of  the  Transvaal  Observatory,  suggests  that  the 
earth  is  bombarded  with  meteorites  which  are  throwing  off  corpuscles;  that  these  are  repelled  by  the  earth  and 
sun  and  thus  produce  in  the  part  of  the  sky  opposite  to  the  sun  a  faint  tail  less  extensive  than  that  of  a  comet, 
but  bright  enough  to  be  visible  on  a  dark  night  as  the  Gegenschein.  This  new  theory  has  much  to  commend  it, 
and  will  deserve  the  serious  consideration  of  investigators. 
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which  enables  one  to  form  a  high  estimate  of  his  logical  power  and  philosophic 
penetration  into  the  great  secrets  of  Nature. 

Ptolemy  does  not  enter  into  a  detailed  discussion  of  the  nature  of  the  Milky 
Way,  but  from  the  allusions  in  the  Almagest  (Lib.  VIII,  Ch.  2),  it  appears  certain 
that  his  opinion  is  the  same  as  that  of  Anaxagoras  and  Democritus  —  that  the 
Milky  Way  is  due  to  a  multitude  of  small  stars  so  very  near  to  each  other  that 
their  light  is  blended  together  to  produce  the  appearance  of  a  luminous  zone  (cf. 
also  Plutarch,  De  Placit,  Lib.  Ill,  Ch.  I).  This  latter  view  was  quite  current 
among  the  Greeks,  and  is  adopted  by  Manilius  in  his  poem  on  the  "  Sphere  "  (Lib. 
I,  Cap.  IX).  And  any  one  so  familiar  with  the  celestial  sphere  as  Aristyllus, 
Timocharis  and  Hipparchus  must  have  been,  would  almost  necessarily  have 
reached  this  conclusion  from  the  general  aspects  of  the  starry  heavens.  It  is  highly 
probable  that  this  opinion  had  been  uniformly  accepted  in  the  Alexandrian  School 
since  the  days  of  Timocharis  and  Aristyllus,  and  was  therefore  not  a  subject  of 
much  difference  of  opinion  in  the  time  of  Ptolemy;  so  that  he  assumes  the  sidereal 
constitution  of  the  Milky  Way,  and  does  not  consider  it  necessary  to  discuss  it. 

§  279.     Views  of  Modern  Writers  on  the  Nature  of  the  Milky  Way,  Prior  to  the  Epoch 

of  Sir  Wm.  Herschel. 

The  views  of  the  Greeks  of  the  classic  period  were  somewhat  divided  by  the 
rival  theories  of  Anaxagoras  and  Democritus,  on  the  one  hand,  and  of  Aristotle 
on  the  other;  and  a  similar  difference  of  opinion  continued  to  prevail  among  the 
Roman  and  Greek  writers  of  later  times.  Thus  it  became  a  subject  of  debate, 
about  the  beginning  of  the  Christian  era,  whether  the  Milky  Way  belonged  to  the 
domain  of  the  higher  atmosphere,  as  held  by  Aristotle,  or  to  the  remoter  region 
of  the  fixed  stars  proper.  In  the  Middle  Ages  Aristotle's  views  were  somewhat 
misunderstood,  and  generally  held  to  be  that  the  Milky  Way  was  a  part  of  the 
lower  or  terrestrial  atmosphere. 

The  celebrated  Arabian  philosopher,  Averroes,  who  died  A.D.  1206,  con- 
sidered it  advisable  to  refute  this  popularly  misunderstood  meteoric  theory  of 
the  Milky  Way.  No  doubt  this  was  because  Aristotleian  writings  were  then  almost 
universally  used  among  the  Saracens,  who  had  taken  up  the  cultivation  of  the 

I  sciences  founded  by  the  Greeks.  This  eminent  Arabian  justly  pointed  out,  as 
in  fact  Aristotle  himself  had  already  done,  that  the  Milky  Way  must  be  at  the 
distance  of  the  stars,  because  the  projection  among  them  was  the  same,  whether  the 
Galaxy  was  viewed  from  Cordova  or  Morocco ;  so  that  it  had  no  sensible  parallax,  as 
seen  from  different  parts  of  the  Earth,  and  must  necessarily  be  in  the  region  of  the 
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were  carried  on  by  other  Arabian  writers  who  cultivated  the  sciences  of  the  Greeks. 
And  during  the  14th  century  Dante  speaks  of  the  view  that  the  Milky  Way  is 
made  up  of  a  great  mass  of  small  stars  as  offering  a  high  degree  of  probability. 

In  his  great  work  De  Revolutionibus  Orbium  Celestium,  1543,  Copernicus 
expounds  the  true  theory  of  the  system  of  the  world  without  considering  the 
constitution  of  the  Milky  Way.  But  Tycho  Brahe's  account  of  the  new  star 
of  1572,  and  the  speculations  he  has  left  us  oh  this  subject  (cf.  Progymnasmata, 
p.  795) ,  indicate  that  he  believed  the  Milky  Way  to  be  formed  of  a  nebulous  sub- 
stance similar  to  that  imagined  by  Aristotle.  And  the  speculations  of  Kepler 
on  the  new  star  of  1604  imply  that  he  entertained  similar  views  (cf.  De  Stella  Nova, 
Cap.  XXIII,  p.  115).  These  disputes  and  uncertainties,  after  the  lapse  of  nearly 
twenty  centuries,  were  finally  settled  by  Galileo's  invention  of  the  telescope  in 
January,  1610. 

In  an  announcement  subsequently  published  in  the  Sidereus  Nuncius,  Galileo 
says :  "  It  is  a  truly  wonderful  fact  that  to  the  vast  number  of  fixed  stars  which 
the  eye  perceives,  an  innumerable  multitude  before  unseen,  and  exceeding  more 
than  ten  fold  those  hitherto  known,  have  been  rendered  discernible.  Nor  can  it 
be  regarded  as  a  matter  of  small  moment  that  all  disputes  respecting  the  nature 
of  the  Milky  Way  have  been  brought  to  a  close,  and  the  nature  of  the  zone  made 
manifest  not  to  the  intellect  only,  but  to  the  senses  "  (Opere  di  Galileo,  Tome  II, 
p.  4).  Later  telescopic  observers  verified  and  extended  the  pioneer  work  of 
Galileo,  and  one  of  thegreat  objects  always  in  view  when  laboring  to  improve  the 
telescope  was  to  increase  the  power  for  exploring  the  wonders  of  the  starry  heavens. 

Among  the  early  observers  of  the  Milky  Way,  mention  should  be  made  of 
Huyghens,  who  used  a  23-ft.  refractor.  In  1656  he  declared  that  the  milky 
whiteness  of  the  Galactic  zone  was  not  to  be  ascribed  to  irresolvable  nebulosity 
or  scantily  interspersed  nebulae,  as  some  still  believed,  in  accordance  with  the 
teachings  of  Aristotle;  but  was  owing  solely  to  accumulated  strata  of  small 
stars.  After  describing  the  nebula  of  Orion,  and  the  stars  in  that  region,  he  adds 
how  different  it  is  from  other  fixed  stars :  "  For  those  stars  which  have  generally 
been  considered  as  nebulae,  and  even  the  Milky  Way  itself,  when  seen  through  a 
telescope,  are  found  to  have  nothing  nebulous  about  them,  but  are  merely  a  multi- 
tiude  of  stars  collected  together  into  clusters." 

§  280.     Views  of  Wright  and  Kant  Regarding  the  Nature  of  the  Milky  Way. 

In  his  excellent  "History  of  Physical  Astronomy,"  Grant  gives  the  follow- 
ing account  of  the  theories  of  Wright  and  Kant:  "Although  the  nature  of  the 
Milky  Way  was  now  well  understood,  no  attempt  was  made  for  a  long  time  to 
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investigate  the  particulars  of  its  structure,  and  to  connect  its  appearance  with  the 
distribution  of  the  stars  throughout  the  other  parts  of  the  visible  heavens.  This 
important  object  was  at  length  accomplished  by  Thomas  Wright,  in  his  '  Theory 
of  the  Universe/  a  work  to  which  we  have  already  had  occasion  to  allude.  The 
author  has  given  an  exposition  of  his  theory  in  nine  letters  addressed  to  a  friend. 
Alluding  to  the  current  opinion  respecting  the  Milky  Way,  that  it  is  composed 
entirely  of  stars,  he  asserts  that  this  view  of  its  nature  was  supported  by  his  own 
observations  with  a  reflector  of  one  foot  focal  length.  The  following  statement 
embraces  the  more  important  points  of  his  theory. 

"  If  we  judge  of  the  Milky  Way  by  phenomena  only,  we  must  conclude  it  to 
be  a  vast  ring  of  stars,  scattered  promiscuously  round  the  celestial  regions  in  the 
direction  of  a  perfect  circle.  This  view  of  its  structure,  however,  does  not  accord 
with  the  aplanatic  position  and  irregular  distribution  of  multitudes  of  other  stars 
of  the  same  nature,  dispersed  throughout  the  celestial  regions.  It  is  not  consistent 
with  the  harmony  which  pervades  all  of  the  other  arrangements  of  nature,  that 
one  portion  of  the  stars  should  be  disposed  with  the  most  perfect  regularity,  while 
all  the  others  were  scattered  about  in  the  utmost  confusion,  without  any  regard 
to  symmetry.  It  is  more  probable  that  the  whole  visible  creation  of  stars  forms 
one  vast  system,  the  parts  of  which  are  adjusted  with  the  most  perfect  harmony, 
and  that  its  incongruous  aspect  is  due  to  the  eccentric  position  in  which  it  is  viewed, 
and  to  the  motions  of  the  constituent  bodies  relatively  to  each  other.  When  we 
reflect  upon  the  various  configurations  of  the  planets,  and  the  changes  which  they 
perpetually  undergo,  we  may  be  assured  that  nothing  but  a  like  eccentric  position 
of  the  stars  could  occasion  such  confusion  among  bodies  otherwise  so  regular.  In 
like  manner,  we  may  conclude  that,  as  the  planetary  system,  if  viewed  from  the 
Sun,  would  appear  perfectly  symmetrical,  so  there  may  be  some  place  in  the  uni- 
verse where  the  arrangement  and  motions  of  the  stars  may  appear  most  beautiful. 

"  If  we  suppose  the  Sun  to  be  plunged  in  a  vast  stratum  of  stars,  of  incon- 
siderable thickness  compared  with  its  dimensions  in  other  respects,  it  is  not  difficult 
to  see  that  the  actual  appearance  of  the  heavens  may  be  reconciled  with  a  harmoni- 
ous arrangement  of  the  constituent  bodies  of  such  a  system,  relative  to  some  common 
centre,  provided  it  be  admitted,  at  the  same  time,  that  the  stars  have  all  a  proper 
motion.  In  such  a  system  it  is  manifest  that  the  distribution  of  the  stars  would 
appear  more  irregular  the  farther  the  place  of  the  spectator  was  removed  from 
the  centre  of  the  stratum  towards  either  of  the  sides.  It  is  also  evident  that  the 
stars  would  appear  to  be  distributed  in  least  abundance  in  the  opposite  directions 
of  the  thickness  of  the  stratum,  the  visual  line  being  shortest  in  either  of  those 
directions,  and  that  the  number  of  visible  stars  would  increase  as  the  stratum 
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was  viewed  through  a  greater  depth,  until  at  length,  from  the  continual  crowding 
of  the  stars  behind  each  other,  it  would  ultimately  assume  the  appearance  of 
a  zone  of  light.  According  to  this  hypothesis,  then,  the  whole  of  the  visible 
stars,  including  the  Sun,  form  part  of  the  system  of  the  Milky  Way,  their  irregular 
distribution  being  occasioned  by  the  eccentric  position  of  the  Sun,  combined  with 
their  own  proper  motions. 

"  There  are,  in  all  probability,  various  systems  resembling  the  Milky  Way;  but 
it  is  not  unreasonable  to  suppose  that  there  may  be  systems  of  stars  differing  as 
much  in  the  order  and  distribution  of  their  constituent  bodies  as  the  zones  of 
Jupiter  do  from  the  rings  of  Saturn.  We  may,  in  fact,  suppose  that  some  systems 
of  stars  move  in  perfect  spheres,  at  different  inclinations  and  in  different  directions ; 
while  others,  again,  may  revolve  like  the  primary  planets,  in  a  general  zone,  or  more 
probably  in  the  manner  of  Saturn's  ring;  nay,  perhaps,  ring  within  ring,  to  a  third 
or  fourth  order. 

"In  propounding  his  theory  of  the  Milky  Way,  of  which  the  foregoing  is  a 
brief  sketch,  Wright  does  not  recognize  the  existence  of  systems  of  stars  subordi- 
nate to  that  great  system.  He  indeed  asserts  that  those  cloudy  spots  which  are 
resolvable  into  stars,  might  be  explained  by  the  principles  which  he  laid  down, 
but  he  does  not  formally  assign  to  them  a  place  in  his  theory.  In  the  concluding 
letter,  however,  he  appears  to  admit  the  existence  of  a  multitude  of  sidereal  systems 
within  the  boundaries  of  the  visible  universe,  subordinate,  of  course,  to  the  great 
system  of  the  Milky  Way.  We  also  find,  in  the  same  letter,  an  interesting  ex- 
pression of  his  opinion  respecting  those  nebulae  which  had  hitherto  proved  irresolv- 
able even  in  the  best  telescopes.  Taking  into  consideration  the  multitude  of  sidereal 
systems  included  within  the  confines  of  the  visible  universe,  it  appeared  to  him 
not  improbable  that  the  immensity  of  space  is  occupied  by  endless  succession  of 
systems  analogous  in  their  structure  to  the  great  system  (the  Milky  Way)  of  which 
the  visible  universe  is  composed.  'That  this  in  all  probability,  may  be  the  real 
case/  says  he,  'is  in  some  degree  made  evident  by  the  many  cloudy  spots,  just 
perceivable  by  us,  as  far  without  our  starry  regions,  in  which,  although  visibly 
luminous  spaces,  no  one  star  or  particular  constituent  body  can  possibly  be  dis- 
tinguished; those,  in  all  likelihood,  may  be  external  creation,  bordering  upon  the 
known  one,  too  remote  for  even  our  telescopes  to  reach.' 

"The  speculations  of  Wright  on  the  Milky  Way,"  continues  Grant,  "are 
so  consistent  with  sound  philosophy  and  the  results  of  observation,  that  they 
cannot  fail  to  obtain  the  sanction  of  every  person  who  submits  them  to  a  careful 
examination.  At  the  time  of  their  original  promulgation,  however,  the  attention 
of  mathematicians  had  become  deeply  engrossed  with  the  development  of  the 
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theory  of  gravitation,  while  astronomers,  on  the  other  hand,  were  impressed  with 
the  necessity  of  introducing  a  corresponding  degree  of  refinement  into  their  observa- 
tions, and  establishing  with  the  utmost  possible  accuracy  the  elements  of  the 
planetary  movements.  It  happened,  from  this  cause,  that  only  individuals  of 
the  same  speculative  turn  of  mind  as  Wright  himself  were  induced  to  adopt  his 
theory  as  the  basis  of  further  inquiry.  Such  was  the  case  with  respect  to  Kant, 
the  celebrated  German  metaphysician,  who,  in  the  year  1755,  published  a  work 
containing  an  exposition  of  his  views  respecting  the  cosmical  arrangement  of  the 
celestial  bodies.  In  the  introduction  to  this  work,  he  acknowledges  that  the  germ 
of  his  ideas  on  the  distribution  of  the  stars  was  suggested  to  him  by  the  speculations 
of  Wright  on  the  subject.  His  system,  indeed,  does  not  materially  differ  from 
that  of  the  English  philosopher.  A  system  bearing  close  affinity  to  either,  was 
also  propounded  a  few  years  afterwards,  by  Lambert,  in  his '  Cosmological  Letters.' " 

§  281.     The  Beginning  of  the  Explorations  of  Sir  Wm.  Herschel. 

As  we  have  just  seen,  the  views  of  the  Milky  Way,  afterwards  developed  and 
founded  on  extensive  exploration  of  the  heavens  by  Sir  Wm.  Herschel,  were  first 
suggested  by  Wright  and  Kant.  But  the  observational  basis  which  Herschel 
gave  to  these  theories  by  his  incomparable  explorations  of  the  starry  heavens 
was  so  much  more  complete  than  anything  previously  available,  that  we  must 
consider  it  essentially  a  new  development.  The  work  of  Wright  and  Kant  was 
speculative  rather  than  observational;  Herschel's  work,  on  the  other  hand, 
included  by  far  the  most  elaborate  observations  ever  made,  and  enough  of  the 
speculative  spirit  to  render  the  data  philosophically  intelligible.  In  the  Philo- 
sophical Transactions  for  1784,  Herschel  has  an  "Account  of  Some  Observations 
Tending  to  Investigate  the  Construction  of  the  Heavens,"  in  which  he  outlines 
his  plan  for  studying  the  various  nebulous*  strata: 

"In  future,  therefore,  we  shall  look  upon  these  regions  into  which  we  may 
now  penetrate  by  means  of  such  large  telescopes,  as  a  naturalist  regards  a  rich 
extent  of  ground  or  chain  of  mountains,  containing  strata  variously  inclined  and 
directed,  as  well  as  consisting  of  very  different  materials.  A  surface  of  a  globe 
or  map,  therefore,  will  but  ill  delineate  the  interior  parts  of  the  heavens  "  .  .  .  . 
"  On  applying  the  telescope  to  a  part  of  the  via  lactea,  I  found  that  it  completely 
resolved  the  whole  whitish  appearance  into  small  stars,  which  my  former  tele- 
scopes had  not  light  enough  to  effect"  (p.  438).      He  then  goes  on  to  explain 

*  In  his  earlier  work  Herschel  always  supposed  the  nebulae  to  be  of  stellar  character,  and  therefore  by  nebulous 
strata  he  means  beds  of  stars. 
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Fig.  42.  The  Upper  Figure  Gives  Herschel's  Theory  of  the  Construction  of  the  Sidereal 
Heavens,  1784.  The  Lower  Figure  Represents  Herschel's  Section  of  the  Sidereal 
Stratum  Perpendicular  to  the  Plane  of  the  Milky  Way,  1785.  In  this  Figure  the 
Scale  of  the  Universe  is  so  Immense  that  the  Distance  of  Sirius  is  only  1:  160th  of 
an  Inch,  and  All  the  Naked  Eye  Stars  are  Included  Within  a  Circle  of  Radius 
1:16th  of  an  Inch. 
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his  method  of  gauging  by  counting  the  number  of  stars  in  ten  fields  and  taking 
the  mean. 

"It  is  very  probable  that  the  great  stratum,  called  the  Milky  Way,  is  that 
in  which  the  Sun  is  placed,  though  perhaps  not  in  the  very  centre  of  its  thickness. 
We  gather  this  from  the  appearance  of  the  Galaxy,  which  seems  to  encompass 
the  whole  heavens,  as  it  certainly  must  do  if  the  Sun  is  within  the  same.  For, 
suppose  a  number  of  stars  arranged  between  two  parallel  planes,  indefinitely 
extended  every  way,  but  at  a  given  considerable  distance  from  each  other;  and 
calling  this  a  sidereal  stratum,  an  eye  placed  somewhere  within  it  will  see  all 
the  stars  in  the  direction  of  the  planes  of  the  stratum  projected  into  a  great 
circle,  which  will  appear  lucid  on  account  of  the  accumulation  of  the  stars; 
while  the  rest  of  the  heavens,  at  the  sides,  will  only  seem  to  be  scattered  over 
the  constellations,  more  or  less  crowded,  according  to  the  distance  of  the 
planes  or  number  of  stars  contained  in  the  thickness  or  sides  of  the  stratum " 
(p.  443). 

"From  appearances  then,  as  I  observed  before,  we  may  infer,  that  the  Sun 
is  most  likely  placed  in  one  of  the  great  strata  of  the  fixed  stars  and  very  probably 
not  far  from  the  place  where  some  smaller  stratum  branches  out  from  it.  Such 
a  supposition  will  satisfactorily,  and  with  great  simplicity,  account  for  all  the 
phenomena  of  the  Milky  Way,  which,  according  to  this  hypothesis,  is  no  other 
than  the  appearance  of  the  projection  of  the  stars  contained  in  this  stratum  and 
its  secondary  branch.  As  a  farther  inducement  to  look  on  the  Galaxy  in  this 
point  of  view,  let  it  be  considered  that  we  can  no  longer  doubt  of  its  whitish  ap- 
pearance arising  from  the  mixed  lustre  of  the  numberless  stars  that  compose  it. 
Now,  should  we  imagine  it  to  be  an  irregular  ring  of  stars,  in  the  centre  nearly 
of  which  we  must  then  suppose  the  Sun  to  be  placed,  it  will  appear  not  a  little  ex- 
traordinary that  the  Sun,  being  a  fixed  star  like  those  which  compose  this  imagined 
ring,  should  just  be  in  the  centre  of  such  a  multitude  of  celestial  bodies,  without  any 
apparent  reason  for  this  singular  distinction;  whereas,  on  our  supposition,  every 
star  in  this  stratum,  not  very  near  the  termination  of  its  length  or  height,  will 
be  so  placed  as  also  to  have  its  own  Galaxy,  with  only  such  variations  in  the 
form  and  lustre  of  it,  as  may  arise  from  the  particular  situation  of  each  star  " 
(p.  445). 

"  If  the  Sun  should  be  placed  in  the  great  sidereal  stratum  of  the  Milky  Way, 
and,  as  we  have  surmised  above,  not  far  from  the  branching  out  of  a  secondary 
stratum,  it  will  very  naturally  lead  us  to  guess  at  the  cause  of  the  probable  motion 
of  the  solar  system;  for  the  very  bright,  great  node  of  the  via  lactis,  or  union  of 
the  two  strata  about  Cepheus  and  Cassiopeia,  and  the  Scorpion  and  Sagittarius, 
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points  out  a  conflux  of  stars  manifestly  quite  sufficient  to  occasion  a  tendency 
towards  that  node  in  any  star  situated  at  no  very  great  distance ;  and  the  secondary 
branch  of  the  Galaxy  not  being  much  less  than  a  semi-circle  seems  to  indicate  such 
a  situation  of  our  solar  system  in  the  great  undivided  stratum  as  the  most  probable" 
(pp.  447-448). 


§  282.     Herschel's  Views  of  the  Arrangement  of  the  Stars  in  Space. 

Already  in  his  paper  of  1784,  Herschel  had  arrived  at  the  foregoing  figure 
as  the  best  available  representation  of  the  arrangement  of  the  stars  in  space.  This 
figure  is  very  well  known,  and  need  not  be  dwelt  upon  here.  As  the  outcome  of 
his  paper  of  1785,  his  gauges  enabled  him  to  represent  a  section  of  the  sidereal 
stratum  in  a  plane  perpendicular  to  the  Milky  Way.  This  is  also  reproduced  just 
below  the  other  figure  for  convenience  of  reference.  The  only  explanation  we 
need  give  of  this  section  of  the  universe  perpendicular  to  the  plane  of  the  Milky 
Way  is  that  Herschel  tried  to  avoid  clusters  in  taking  his  gauges;  so  that  it 
represents  the  outcome  of  his  method  of  studying  the  distribution  of  the  stars 
from  seven  hundred  gauges.  He  adds  that  in  the  section  as  here  drawn,  the 
distance  of  Sirius  is  represented  by  no  more  than  one-eightieth  part  of  an  inch 
(corresponding  to  one  hundred  and  sixtieth  of  an  inch  as  the  figure  is  here  repro- 
duced) ;  and  that  all  the  naked  eye  stars  are  comprised  within  a  sphere  of  only  an 
eighth  (one-sixteenth)  of  an  inch  in  radius. 

"From  this  figure,  however,  which  I  hope  is  not  a  very  inaccurate  one,  we 
may  see  that  our  nebula,*  as  we  observed  before,  is  of  the  third  form;  that  is: 
A  very  extensive,  branching,  compound  Congeries  of  many  millions  of  stars;  which 
most  probably  owes  its  origin  to  many  remarkably  large  as  well  as  pretty  closely 
scattered  small  stars,  that  may  have  drawn  together  the  rest.  Now,  to  have  some 
idea  of  the  wonderful  extent  of  this  system,  I  must  observe  that  this  section  of  it 
is  drawn  upon  a  scale  where  the  distance  of  Sirius  is  no  more  than  the  eightieth 
part  of  an  inch ;  so  that  probably  all  the  stars,  which  in  the  finest  nights  we  are 
able  to  distinguish  with  the  naked  eye,  may  be  comprehended  within  a  sphere, 
drawn  round  the  large  star  near  the  middle,  representing  our  situation  in  the 
nebula,*  of  less  than  half  a  quarter  of  an  inch  radius"  (Phil.  Trans,  1785,  p.  254). 

Dividing  the  heavens  into  zones  of  15°  in  width,  parallel  to  the  plane  of  the 
Galaxy,  HersChel  finally  obtained  as  the  outcome  of  his  counts  of  the  stars  in 
3,400  telescopic  fields  the  following  mean  results: 

*  To  be  understood  in  the  sense  of  cluster,  as  already  explained. 
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Zones  about  the  North  Pole  of  the  Milky  Way 

Stars  per 

Field 

W.  Hebschel 

Corresponding  Result 

for  Southern  Side 
of  Galaxy,  Found  by 
Sir  John  Herschel 

First  Zone      90°-75°  Galactic  Latitude 

Second  Zone  75°-60° 

Third  Zone     60°-45° 

Fourth  Zone  45°-30° 

Fifth  Zone      30°-15° 

Sixth  Zone      15°-  0° 

4 

5 

8 

14 

24 

53 

6 

7 

9 

13 

26 

59 

As  discussed  by  W.  Struve,  in  his  Etudes  d'Astronomie  Stellaire,  Petersbourg, 
1847,  pp.  71-72,  these  gauges  of  the  Herschels  give  the  following  results: 


Galactic 

No.  of  Stars 

Latitude 

per  Field 

</>  =  90° 

4.15 

75° 

4.68 

60° 

6.52 

45° 

10.36 

30° 

17.68 

15° 

30.30 

0° 

122.00 

In  his  Etudes  d'Astronomie  Stellaire,  Struve  has  calculated  the  following 
table  of  density  of  the  stars  on  either  side  of  the  main  stratum  of  the  Milky  Way, 
the  unit  of  distance  being  the  maximum  distance  to  which  Herschel's  twenty- 
inch  telescope  could  penetrate: 


Mean  Distance 

Distance  from 

Between 

-"rincipal  Plane 

Density 

Neighboring  Stars 

0.00 

1.000 

1.000 

0.05 

0.48568 

1.272 

0.10 

0.33288 

1.458 

0.20 

0.23895 

1.611 

0.30 

0.17980 

1.772 

0.40 

0.13020 

1.973 

0.50 

0.08646 

2.261 

0.60 

0.05510 

2.628 

0.70 

0.03079 

3.190 

0.80 

0.01414 

4.136 

0.866 

0.00532 

5.729 

This  table  gives  the  average  condensation  near  the  central  plane,  and  a  gradual 
thinning  out  on  either  side.  Of  course,  this  table  does  not  apply  to  clusters  or 
dense  star-clouds,  but  only  to  portions  of  the  sidereal  stratum  with  average  density. 
By  taking  the  cube  roots  of  these  numbers,  we  get  the  relative  distances  of  the 
zones  of  the  starry  stratum,  on  Herschel's  hypothesis.     Herschel's  telescope 
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had  an  aperture  of  twenty  inches,  and  covered  a  field  of  view  of  about  15',  or 
about  one-fourth  of  the  apparent  surface  of  the  Moon.  Sir  John  Herschel's 
gauges  in  the  southern  hemisphere  were  made  with  a  similar  instrument,  and 
corresponding  field  of  view,  so  as  to  render  the  results  comparable,  and  the  general 
agreement  is  excellent.  The  clefts  in  the  accompanying  illustrations  of  Sir  Wm. 
Herschel  correspond  to  the  bifurcation  of  the  Milky  Way,  extending  from  Cygnus 
to  Centaurus;  thus  Herschel  concluded  that  the  universe  extended  about  five 
times  as  far  in  the  plane  of  the  Milky  Way  as  in  the  direction  perpendicular  to  this 
plane.  This  gives  a  density  of  stars  one  hundred  and  twenty-five  times  as  great 
in  the  plane  of  the  Galaxy  as  in  its  poles,  which  does  not  seem  excessive,  but  may 
easily  be  too  small. 

§  283.     The  Increase  in  the  Density  of  Small  Stars  Towards  the  Plane  of  the 

Milky  Way. 

A  simple  examination  of  the  sky  on  a  clear  night  shows  that,  while  some  of 
the  bright  stars  are  remote  from  the  Milky  Way,  there  is  a  very  noticeable  pre- 
ponderance of  the  brighter  stars  towards  this  fundamental  plane  of  the  universe. 
This  is  not  surprising,  but  a  natural  result  of  the  arrangement  giving  greater  extent 
of  the  universe  in  the  direction  of  the  plane  of  the  Galaxy;  for  the  brighter  stars 
are  made  up  of  two  classes:  (1)  The  stars  included  within  the  cluster  to  which 
the  Sun  belongs,  and  others  moving  past  us  at  no  great  distance;  (2)  Stars 
larger  and  brighter  than  the  average,  lying  necessarily  nearer  and  nearer  the 
Milky  Way,  as  the  distance  of  that  extended  stratum  increases.  This  will  easily 
explain  the  obvious  preponderance  of  bright  stars  near  the  Milky  Way.  Proctor 
and  Gore  have  each  examined  this  subject  from  the  statistical  point  of  view;  and 
it  is  found  that  of  32  stars  brighter  than  2.0  magnitude,  12  lie  upon  the  Milky 
Way,  namely:  Vega,  Capella,  Altair,  aOrionis,  Procyon,  aCygni,  aPersei,  Sirius, 
a  and  $  Centauri  and  a  and  £  Crucis.  Now,  the  area  of  the  Galaxy  does  not 
exceed  one-seventh  of  the  whole  celestial  sphere;  but  12  is  37.5  per  cent,  of  the 
32  brightest  stars,  which  are  condensed  into  14.3  per  cent,  of  the  space  of  the  sky. 
According  to  Gore,  33  stars  brighter  than  3.0  magnitude  lie  upon  the  Milky  Way, 
out  of  a  total  of  99,  or  33.3  per  cent.  Extending  this  reasoning  to  the  262  stars 
between  3d  and  4th  magnitudes,  he  finds  73  lying  on  the  Milky  Way,  or  28.2  per 
cent.  He  estimates  164  stars  in  the  northern  hemisphere  brighter  than  4.0  magni- 
tude, of  which  52  lie  on  the  Milky  Way,  or  31.7  per  cent.,  while  in  the  richer  south- 
ern hemisphere  he  estimates  228  stars  brighter  than  4.0  magnitude,  with  66  on 
the  Milky  Way,  or  28.9  per  cent.     Out  of  the  5,356  lucid  stars  given  in  Heis' 
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Atlas,  Gore  finds  1,186  on  the  Milky  Way,  or  22.1  per  cent.  It  has  been  remarked 
that  the  percentage  of  bright  stars  is  large,  then  a  decrease  takes  place,  and  when 
we  come  to  small  magnitudes,  there  is  again  a  large  percentage.  This  can  only 
mean  that  the  body  of  the  stars  in  the  Milky  Way  are  immensely  distant,  and 
that  the  abnormally  bright  stars  are  relatively  so  few  in  number,  within  moderate 
distances  of  the  Sun,  that  the  percentage  of  them  in  the  Milky  Way  soon  decreases, 
but  then  again  increases  when  we  deal  with  the  average  stars,  of  which  the  great 
star-clouds  are  composed. 

As  was  long  ago  found  by  W.  Struve,  if  we  take  only  the  stars  plainly  visible 
to  the  naked  eye,  there  is  a  moderate  increase  in  density  towards  the  Milky  Way, 
but  the  density  rapidly  increases  as  we  descend  to  lower  magnitudes,  so  that  the 
faintest  telescopic  stars  show  a  great  inequality  of  distribution,  a  very  large  per- 
centage of  them  lying  in  the  Milky  Way,  which  thus  presents  to  the  naked  eye 
the  aspect  of  a  luminous  zone.  In  certain  portions  of  this  belt  the  star-clouds 
present  the  appearance  of  a  blaze  of  light  so  intense  as  to  modify  sensibly  the 
illumination  of  the  sky  at  night.  In  speaking  of  the  intensity  of  the  light  of  the 
Milky  Way  in  the  vicinity  of  the  Southern  Cross,  the  English  astronomer,  Captain 
Jacob,  of  the  Bombay  Engineers,  justly  remarked  that:  "Such  is  the  general 
blaze  of  starlight  near  the  Cross  from  that  part  of  the  sky,  that  a  person  is  immedi- 
ately made  aware  of  its  having  risen  above  the  horizon,  though  he  should  not  be 
at  the  time  looking  at  the  heavens,  by  the  increase  of  general  illumination  of  the 
atmosphere,  resembling  the  effect  of  the  young  Moon  "  (cf .  Humboldt's  Cosmos, 
Vol.  III.,  p.  198). 

Proctor  was  inclined  to  contest  both  the  assumptions  of  Herschel  as  to 
average  equality  of  distribution,  and  his  conclusions  regarding  the  extent  of  the 
universe,  because  of  the  hypothesis  of  equal  intrinsic  brightness.  But  while 
these  assumptions,  as  Herschel  points  out,  are  not  entirely  rigorous,  they 
will  yet  lead  to  general  truth;  and  anyone  who  has  noticed  the  close  approach  to 
equality  in  the  brightness  of  millions  of  stars  in  the  star-clouds  along  the  Milky 
Way,  will  find  in  it  a  powerful  support  for  the  general  validity  of  Herschel's 
argument. 

§  284.     Decrease  in  the  Light  of  Stars  Owing  to  Distance  Alone. 

A  star  of  the  first  magnitude  gives  2.512  times  as  much  light  as  a  star 
of  the  second  magnitude;  and  as  light  decreases  inversely  as  the  square  of  the 
distance,  the  light  of  the  fainter  star  would  equal  that  of  the  brighter  star  at  a  dis- 
tance  1.585   times   its   present  distance.     Consequently,  if   two  stars  differ  by 
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n  magnitudes,  their  light  would  be  equalized  by  placing  the  brighter  star  at  a 
distance  a  =  V(2.512)"  =(1.585)" .  The  following  table  gives  the  value  of  A  from 
n  =  1,  to  n  =  20.  which  is  about  the  difference  of  magnitude  between  the 
brightest  star  and  the  faintest  visible  in  our  most  powerful  telescopes. 


Distance  to  which 

Distance  to  which 

the  Brighter  Star 

the  Brighter  Star 

Difference  in 

would  have  to  be  Removed 

Difference  in 

would  have  to  be  Removed 

Magnitude 

to  Equalize  the  Starlight 

Magnitude 

to  Equalize  the  Starlight 

n 

A 

n 

A 

1 

1.585 

11 

158.49 

2 

2.512 

12 

251.19 

3 

3.981 

13 

398.11 

4 

6.310 

14 

630.96 

5 

10.000 

15 

1000.00 

6 

15.849 

16 

1584.9 

7 

25.119 

17 

2511.9 

8 

39.811 

18 

3981.1 

9 

63.096 

19 

6309.6 

10 

100.000 

20 

10000.0 

Accordingly  it  appears  that  if  distance  alone  were  the  cause  of  faintness,  we 
could  explain  a  difference  of  20  magnitudes  by  a  10,000-fold  increase  of  distance ; 
15  magnitudes  by  a  1,000-fold  increase  of  distance;  10  magnitudes  by  100-fold 
increase  of  distance;  5  magnitudes  by  a  10-fold  increase  of  distance.  Thus,  to 
take  a  concrete  case  for  illustration,  the  companion  of  Sirius  is  about  10  magni- 
tudes fainter  than  Sirius;  and  if  the  two  stars  were  intrinsically  of  equal  lustre, 
with  the  fainter  star  merely  behind  the  brighter,  the  distance  of  the  fainter  would 
be  100  times  that  of  the  brighter.  And  if  we  take  the  distance  of  a  Centauri  to 
be  4.5  light-years,  the  remotest  stars  20  magnitudes  fainter  than  Sirius  would  be 
at  a  distance  of  45,000  light-years.  The  fact,  however,  that  the  universe  lies 
mainly  in  the  plane  of  the  Milky  Way  and  is  enormously  extended  in  this  direction, 
would  lead  one  to  suppose  that,  of  the  more  distant  stars,  we  see  chiefly  the  brightest 
ones;  and  of  the  most  distant  stars,  only  the  few  that  are  very  large  and  brilliant. 
From  the  effect  of  distance  alone  the  fainter  stars  become  invisible,  and  we  should 
see  only  the  largest  stars  in  the  remoter  regions  of  the  Galaxy.  If  they  be  10,000 
times  as  bright  as  our  Sun,  or  a  Centauri,  the  distance  may  be  100  times  45,000 
light-years,  or  4,500,000  light-years.  This  surpasses  the  dimensions  of  the  universe 
calculated  by  Herschel,  which  never  exceeded  about  2,000,000  light-years  (Phil. 
Trans.,  1802,  p.  498). 


§  285.     Herschbl's  Calculation  of  the  Distances  of  the  Stars  from  Their  Brightness. 

We  have  already  discussed  Herschel's  method  of  gauging  the  depths  of 
the  starry  stratum  by  counting  the  stars  visible  in  his  telescope.     It  now  becomes 


herschel's  calculation  of  distances  of  stars  from  their  brightness.  639 

advisable  to  explain  his  method  of  estimating  distances,  not  from  the  number  of 
stars  seen  in  telescopes,  but  from  their  brightness.  This  method  was  applied  by 
Herschel  for  determining  the  distances  of  clusters  and  other  masses  of  stars, 
in  his  celebrated  papers  entitled  "Astronomical  Observations  and  Experiments 
Tending  to  Investigate  the  Local  Arrangement  of  the  Celestial  Bodies  in  Space, 
and  to  Determine  the  Extent  and  Condition  of  the  Milky  Way,"  published  in  the 
Philosophical  Transactions  for  1817. 

To  explain  Herschel's  method  most  easily,  it  is  sufficient  to  remark  that, 
if  all  the  stars  were  of  the  same  intrinsic  brightness,  so  that  the  difference  in  lustre 
depended  wholly  on  the  distance  from  us,  then  the  observed  magnitudes,  varying 
inversely  as  the  square  of  the  distance,  would  enable  us  to  fix  the  distances  in 
space.  Herschel  remarks  that  the  method  cannot  be  safely  applied  to  individual 
stars,  owing  to  their  differences  in  intrinsic  brightness,  but  he  held  that, 
as  applied  to  whole  classes  or  groups  of  stars,  it  would  give  their  relative 
distances  with  essential  accuracy.  For  it  was  pointed  out  that,  although  a 
single  star  of  the  4th  magnitude  may  be  nearer  to  us  than  another  of  the 
3d  magnitude,  yet  it  is  impossible  to  doubt  that  the  average  distance  of  the 
4th  magnitude  star  exceeds  that  of  the  3d,  and  this  difference  becomes  still  more 
certain  as  the  fainter  stars  are  approached,  because  the  number  of  them  is  very 
large.  Accordingly,  this  difference  of  distance  depending  on  difference  in  bright- 
ness becomes  a  means  of  estimating  distances  of  masses  of  stars  admitting  of 
considerable  accuracy.  The  necessity  of  this  method  Herschel  explains  as 
follows : 

"With  regard  to  objects  comparatively  very  near  to  us,  astronomers  have 
completely  succeeded  by  the  method  of  parallaxes.  The  distance  of  the  Sun; 
the  dimensions  of  the  orbits  of  the  planets  and  of  their  satellites;  the  diameters 
of  the  Sun,  the  Moon,  and  the  rest  of  the  bodies  belonging  to  the  solar  system,  as 
well  as  the  distances  of  comets,  have  all  been  successfully  ascertained.  The 
parallax  of  the  fixed  stars  has  also  been  an  object  of  attention;  and  although  we 
have  hitherto  had  no  satisfactory  result  from  the  investigation,  the  attempt  has 
at  least  so  far  succeeded  as  to  give  us  a  most  magnificent  idea  of  the  vast 
expansion  of  the  sidereal  heavens,  by  showing  that  probably  the  whole  diameter 
of  the  Earth's  orbit,  at  the  distance  of  a  star  of  the  first  magnitude,  does  not 
subtend  an  angle  of  more  than  a  single  second  of  a  degree,  if  indeed  it  should 
amount  to  so  much;  with  regard  to  more  remote  objects,  however,  such  as 
the  stars  of  smaller  size,  highly  compressed  clusters  of  stars  and  nebulae, 
the  parallactic  method  can  give  us  no  assistance"  (Phil.  Trans.,  1817,  pp. 
302-303). 
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§  286.     Herschel's  Method  of  Converting  Order  of  Magnitudes  Into  Order  of 

Distances. 

To  find  the  distances  of  the  stars  from  their  brightness  it  is  necessary  to  con- 
vert the  order  of  magnitudes  into  order  of  distances,  and  the  following  is  the  method 
given  by  Herschel  who  was  then  in  the  80th  year  of  his  age.  W.  Struve  has 
remarked  (Etudes  d'Astronomie  Stellaire,  p.  44)  on  the  wonderfully  youthful  pene- 
tration of  spirit  and  clearness  of  judgment  which  enabled  Herschel  to  enjoy  at 
this  great  age  the  composition  of  such  a  sublime  and  profound  speculation.  Her- 
schel's discussion  is  as  follows  (Phil.  Trans.,  1817,  pp.  307-310): 

"Of  a  Standard  by  Which  the  Relative  Arrangement  of  the  Stars  May  Be  Examined. 

"  It  is  evident  that  when  we  propose  to  examine  how  the  stars  of  the  heavens 
are  arranged,  we  ought  to  have  a  certain  standard  reference;  and  this  I  believe 
may  be  had  by  comparing  their  distribution  to  a  certain  properly  modified  equality 
of  scattering.  Now,  the  equality  I  shall  here  propose  does  not  require  that  the 
stars  should  be  at  equal  distances  from  each  other;  nor  is  it  necessary  that  all 
those  of  the  same  nominal  magnitude  should  be  equally  distant  from  us.  It  con- 
sists in  allotting  a  certain  equal  portion  of  space  to  every  star,  in  consequence 
of  which  we  may  calculate  how  many  stars  any  given  extent  of  space  should  con- 
tain. This  definition  of  equal  scattering  agrees  so  far  with  observation  that  it 
admits,  for  instance,  Sirius,  Arcturus,. and  Aldebaran  to  be  put  into  the  same  class, 
notwithstanding  their  very  different  lustre  will  not  allow  us  to  suppose  them  to 
be  at  equal  distances  from  us;  but  its  chief  advantage  will  be  that  instead  of  the 
order  of  magnitudes  into  which  our  catalogues  have  arranged  the  stars,  it  will 
give  us  an  order  of  distances,  which  may  be  used  for  ascertaining  the  local  dis- 
tribution of  the  heavenly  bodies  in  space. 

"To  explain  this  arrangement,  let  a  circle  be  drawn  with  any  given  radius 
about  the  point  *S,  Fig.  1,  Plate  XV,  and  with  3,  5,  7,  9,  etc.  times  the  same  radius 
drawn  circles,  or  circular  arcs,  about  the  same  centre.  Then  if  a  portion  of  space 
equal  to  the  solid  contents  of  a  sphere,  represented  by  the  circle  S,  be  allotted  to 
each  star,  the  circles,  or  circular  arcs  drawn  about  it  will  denote  spheres  containing 
the  stars  of  their  own  order,  and  of  all  the  orders  belonging  to  the  included  spheres, 
and  on  the  supposition  of  an  equality  of  scattering,  the  number  of  stars  of  any 
given  order  may  be  had  by  inspection  of  the  figure,  which  contains  all  the  numbers 
that  are  required  for  the  purpose;  for  those  in  front  of  the  diagram  express  the 
diameters  of  spherical  figures.  The  first  row  of  numbers  enclosed  between  the 
successive  arcs  are  the  cubes  of  the  diameters;    the  next  column  expresses  the 
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order  of  the  central  distances;   and  the  last  gives  the  difference  between  the  cube 
numbers  of  any  order  and  the  cube  of  the  next  enclosed  order. 

"The  use  to  be  made  of  these  columns  of  numbers  is  by  inspection  to  deter- 
mine how  many  stars  of  any  particular  order  there  ought  to  be  if  the  stars  were 
equally  scattered.  For  instance,  let  it  be  required  how  many  stars  there  should 
be  of  the  4th  order.  Then  No.  4,  in  the  column  of  the  orders,  points  out  a  sphere 
of  nine  times  the  diameter  of  the  central  one,  and  shows  that  it  would  contain 
729  stars,  but  as  this  sphere  includes  all  the  stars  of  the  3d,  2d,  and  1st  order  as 
well  as  the  Sun,  their  number  will  be  the  sum  of  all  the  stars  contained  in  the  next 
inferior  sphere  amounting  to  343;  which  being  taken  from  729  leaves  386  for 
the  space  allotted  to  those  of  the  4th  order  of  distances. 

"  Comparison  of  the  Order  of  Magnitudes  with  the  Order  of  Distances. 

"With  a  view  to  throw  some  light  upon  the  question,  in  what  manner  the 
stars  are  scattered  in  space,  we  may  now  compare  their  magnitudes,  as  we  find 


Fig.  43.     Herschel's  Fig.  1,  Plate  XV,  Phil.  Trans.,  1817,  Showing  the  Number  of 
Stars  of  Any  Particular  Order  on  the  Hypothesis  of  Equal  Scattering. 
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them  assigned  in  Mr.  Bode's  extensive  catalogue  of  stars,  with  the  order  of  their 
distances  which  has  been  explained. 

"The  catalogue  I  have  mentioned  contains  17  stars  of  the  1st  magnitude; 
but  in  my  figure  of  the  order  of  the  distances  we  find  their  number  to  be  26. 

"The  same  catalogue  has  57  stars  of  the  2d  magnitude;  but  the  order  of 
distances  admits  98. 

"Of  the  third  magnitude  the  catalogue  has  206,  and  the  order  of  distances 
will  admit  218. 

"  The  number  of  the  stars  of  the  4th  magnitude  is  by  the  catalogue  454,  and 
by  the  order  of  distances  386. 

"  Before  I  proceed  it  may  be  proper  to  remark  that,  by  these  four  classifica- 
tions of  the  stars  into  magnitudes,  it  appears  already  that  on  account  of  the  great 
difference  in  the  lustre  of  the  brightest  stars  many  of  them  have  been  put  back 
into  the  second  class ;  and  that  the  same  visible  excess  of  light  has  also  occasioned 
many  of  the  stars  of  the  next  degree  of  brightness  to  be  put  into  the  third  class; 
but  the  principle  of  the  visibility  of  the  difference  in  brightness  would  have  less 
influence  with  the  gradually  diminishing  lustre  of  the  stars,  so  that  the  number 
of  those  of  the  third  magnitude  would  come  nearly  up  to  those  of  the  third  distance. 
And  as  the  difference  in  the  light  of  small  stars  is  less  visible  than  in  the  large  ones, 
we  find  that  the  catalogue  has  admitted  a  greater  number  of  stars  of  the  4th  magni- 
tude than  the  fourth  order  of  distances  points  out;  this  may,  however,  be  owing 
to  taking  in  the  stars  that  were  thrown  back  from  the  preceding  orders;  and  a 
remarkable  coincidence  of  numbers  seems  to  confirm  this  account  of  the  arrange- 
ment of  the  stars  into  magnitudes.  For  the  total  number  of  the  catalogued 
stars  of  the  1st,  2d,  3d,  and  4th  magnitudes,  with  the  addition  of  the  Sun,  is 
735;  and  the  number  contained  in  the  whole  sphere  of  the  4  th  distance  is 
729. 

"Now  the  distinguishable  difference  of  brightness  becoming  gradually  less 
as  the  stars  are  smaller,  the  effect  of  the  principle  of  classification  will  be,  as  indeed 
we  find  it  in  the  5th,  6th,  and  7th  classes,  that  fainter  stars  must  be  admitted  into 
them  than  the  order  of  distances  points  out. 

"The  catalogue  contains  1,161  stars  of  the  5th  magnitude,  whereas  the  5th 
order  of  distances  has  only  room  for  602. 

"Of  the  6th  magnitude  the  catalogue  contains  not  less  than  6,103  stars,  but 
the  6th  order  of  distances  will  admit  only  866. 

"And  lastly,  the  same  catalogue  points  out  6,146  stars  of  the  7th  magnitude, 
while  the  number  of  stars  that  can  be  taken  into  the  7th  order  of  distances  is 
only  1,178. 


HERSCHEL's    CRITERION    FOR   THE    PROFUNDITY   OF   STARS   IN   SPACE,    1817.      643 

"The  result  of  this  comparison  therefore  is  that  if  the  order  of  magnitudes 
could  indicate  the  distance  of  the  stars,  it  would  denote  at  first  a  gradual,  and 
afterwards  a  very  abrupt  condensation  of  them ;  but  that,  considering  the  principle 
on  which  the  stars  are  classed,  their  arrangement  into  magnitudes  can  only  apply 
to  certain  relative  distances,  and  show  that  taking  the  stars  of  each  class  one  with 
another,  those  of  the  succeeding  magnitudes  are  farther  from  us  than  the  stars 
of  the  preceding  order. 

"Of  a  Criterion  for  Ascertaining  the  Profundity,  or  Local  Situation  of 

Celestial  Objects  in  Space. 

"  It  has  been  shown  that  the  presumptive  distances  of  the  stars  pointed  out 
by  their  magnitudes  can  give  us  no  information  of  their  real  situation  in  space. 
The  statement,  however,  that  one  with  another  the  faintest  stars  are  at  the  greatest 
distance  from  us,  seems  to  me  so  forcible  that  I  believe  it  may  serve  for  the  founda- 
tion of  an  experimental  investigation. 

"  It  will  be  admitted  that  the  light  of  a  star  is  inversely  as  the  square  of  its 
distance;  if  therefore  we  can  find  a  method  by  which  the  degree  of  light  of  any 
given  star  may  be  ascertained,  its  distance  will  become  a  subject  of  calculation. 
But  in  order  to  draw  valid  consequences  from  experiments  made  upon  the  bright- 
ness of  different  stars,  we  shall  be  obliged  to  admit  that  one  with  another  the  stars 
are  of  a  certain  physical  generic  size  and  brightness,  still  allowing  that  all  such 
deviations  may  exist,  as  generally  take  place  among  the  individuals  belonging 
to  the  same  species. 

"There  may  be  some  difference  in  the  intrinsic  brightness  of  starlight;  that 
of  highly  colored  stars  may  differ  from  the  light  of  the  bluish  white  ones;  but  in 
remarkable  cases  allowances  may  be  made. 

"With  regard  to  size,  or  diameter,  we  are  perhaps  more  liable  to  error;  but 
the  extensive  catalogue  which  has  already  been  consulted,  contains  not  less  than 
14,144  stars  of  the  seven  magnitudes  that  have  been  adverted  to;  it  may  there- 
fore be  presumed  that  any  star  promiscuously  chosen  for  an  experiment,  out  of 
such  a  number,  is  not  likely  to  differ  much  from  a  certain  mean  size  of  them  all. 

"  At  all  events  it  will  be  certain  that  those  stars  of  the  light  of  which  we  can 
experimentally  prove  to  be  J,  , ,  ^ ,  57,  57,  and  ^  of  the  light  of  any  certain  star 
of  the  1st  magnitude,  must  be  2,  3,  4,  5,  6,  and  7  times  as  far  from  us  as  the  stand- 
ard star,  provided  the  condition  of  the  stars  should  come  up  to  the  supposed  mean 
state  of  diameter  and  lustre  of  the  standard  star,  and  of  this,  when  many  equaliza- 
tions are  made,  there  is  at  least  a  great  probability  in  favor. 
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"Of  the  Equalization  of  Starlight. 

"In  my  sweeps  of  the  heavens,  the  idea  of  ascertaining  the  profundity  of 
space  to  which  our  telescopes  might  reach,  gave  rise  to  an  investigation  of  their 
space-penetrating  power;  and  finding  that  this  might  be  calculated  with  reference 
to  the  extent  of  the  same  power  of  which  the  unassisted  eye  is  capable,  there 
always  remained  a  desideratum  of  some  sure  method  by  which  this  might  be 
ascertained 

"The  equalization  of  starlight,  when  carried  to  a  proper  degree  of  accuracy, 
will  do  away  with  the  cause  of  the  error  to  which  the  telescopic  extent  of  vision 
has  been  unavoidably  subject,  we  may  therefore  safely  apply  this  vision  to  measure 
the  Profundity  of  sidereal  objects  that  are  far  beyond  the  reach  of  the  natural  eye; 
but  for  this  purpose  the  powers  of  penetrating  into  space  of  the  telescopes  that 
are  to  be  used  must  be  reduced  to  what  may  be  called  gaging  powers;    and  as 


the  formula  — ^ -    gives  the  whole  quantity  of  the  space-penetrating  power, 

0 

a  reduction  to  any  inferior  power  p,  may  be  made  by  the  expression 


X 


when  the  aperture  is  then  limited  to  the  calculated  value  of  A,  the  telescopes  will 
have  the  required  gaging  power.  Or,  we  may  prepare  a  regular  set  of  apertures 
to  serve  for  trial,  and  find  the  gaging  powers  they  give  to  the  telescopes  by  the 
original  formula"  (pp.  318-319). 


§  287.     Herschel's  Views  on  the  Construction  and  Extent  of  the  Milky  Way. 

In  the  paper  already  cited  in  the  Philosophical  Transactions  for  1817,  Her- 
schel  expresses  himself  regarding  the  Milky  Way  as  follows: 

"  Of  the  Construction  and  Extent  of  the  Milky  Way. 

"Of  all  the  celestial  objects  consisting  of  stars  not  visible  to  the  eye,  the 
Milky  Way  is  the  most  striking;  its  general  appearance,  without  applying  a  tele- 
scope to  it,  is  that  of  a  zone  surrounding  our  situation  in  the  solar  system,  in  the 
shape  of  a  succession  of  differently  condensed  patches  of  brightness,  intermixed 
with  others  of  a  fainter  tinge. 

"To  enumerate  a  partial  series  of  them,  we  have  a  very  bright  patch  under 
the  arrow  of  Sagittarius;  another  in  the  Scutum  Sobiescii;  between  these  two  there 
are  three  unequally  bright  places;  north  preceding  a/3  and  y  Aquilae  is  a  bright 
patch;    between  Aquila  and  the  Scutum  are  two  very  faint  places;    a  long  faint 

*  "  See  Phil.  Trans,  for  1800,  page  66." 
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place  follows  the  shoulder  of  Ophiucus;  near  #  Cygni  is  a  bright  place;  near  y 
is  another,  and  a  third  near  a.  A  smaller  brightish  place  follows  in  the  succession 
of  the  Milky  Way,  and  a  large  one  towards  Cassiopea.  A  faint  place  is  on  one 
side;  a  second  towards  Cassiopea,  and  a  third  is  within  that  constellation;  a  very 
bright  place  is  in  the  sword  handle  of  Perseus;  and  a  and  y  Cassiopea  inclose 
a  dark  spot. 

"  The  breadth  of  the  Milky  Way  appears  to  be  very  unequal.  In  a  few  places 
it  does  not  exceed  five  degrees;  but  in  several  constellations  it  is  extended  from 
ten  to  sixteen.  In  its  course  it  runs  nearly  120  degrees  in  a  divided  clustering 
stream,  of  which  the  two  branches  between  Serpentarius  and  Antinous  are  ex- 
panded over  more  than  22  degrees. 

"  That  the  Sun  is  within  its  plane  may  be  seen  by  an  observer  in  the  latitude 
of  about  60  degrees;  for  when  at  100  degrees  of  right  ascension  the  Milky  Way 
is  in  the  east,  it  will  at  the  same  time  be  in  the  west  at  280;  while  in  its  meridianal 
situation  it  will  pass  through  Cassiopea  in  the  Zenith,  and  through  the  constellation 
of  the  Cross  in  the  Nadir."     .... 

"Concluding  Remarks. 
"  What  has  been  said  of  the  extent  and  condition  of  the  Milky  Way  in  several 
of  my  papers  on  the  construction  of  the  heavens,  with  the  addition  of  the  observa- 
tions contained  in  this  attempt  to  give  a  more  correct  idea  of  its  profundity  in 
space,  will  nearly  contain  all  the  general  knowledge  we  can  ever  have  of  this 
magnificent  collection  of  stars.  To  enter  upon  the  subject  of  the  contents  of  the 
heavens  in  the  two  comparatively  vacant  spaces  on  each  side  adjoining  the  Milky 
Way,  the  situation  of  globular  clusters  of  planetary  nebulae,  and  of  far  extended 
nebulosities,  would  greatly  exceed  the  compass  of  this  paper;  I  shall  therefore 
only  add  one  remarkable  conclusion  that  may  be  drawn  from  the  experiments 
which  have  been  made  with  the  gaging  powers"  (pp.  320-331). 

§  288.     Explorations  of  Sir  John  Herschel,  W.  Struve  and  Boeddicker. 

After  the  memorable  explorations  of  the  northern  heavens  by  Sir  Wm.  Her- 
schel, the  necessity  of  a  corresponding  gauging  of  the  southern  hemisphere  was 
fully  appreciated  by  Sir  John  Herschel;  and  finally  carried  out  at  the  Cape 
of  Good  Hope  between  1834  and  1838,  with  a  telescope  similar  to  that  used  by 
his  father  in  the  gauging  of  the  northern  heavens.  Sir  John  Herschel's  studies 
at  the  Cape  confirmed  and  completed  the  survey  of  the  heavens  begun  by  his 
father,  and  gave  us  a  singularly  symmetrical  and  complete  view  of  the  sidereal 
universe. 
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The  original  data  of  Sir  Wm.  Herschel  were  considerably  improved  by  the 
discussion  of  W.  Struve,  embodied  in  his  Etudes  d'Astronomie  Stellaire,  Peters- 
bourg,  1847.  What  Sir  Wm.  Herschel  had  left  in  the  form  of  tables  of  gauges, 
Struve  reduced  to  order  by  general  mathematical  formulae,  admitting  of  exact 
calculation  or  graphical  illustration. 

Besides  rediscussing  the  work  of  Sir  Wm.  Herschel  and  reducing  it  to  approx- 
imate geometrical  form,  W.  Struve  extended  the  Herschelian  theory  to  the 
data  given  in  the  catalogues  of  Bessel  and  Argelander.  His  conclusions  essen- 
tially confirmed  the  views  of  Sir  Wm.  Herschel.  The  only  important  departure 
from  Herschel 's  theory  consisted  in  the  conclusion  that  if  the  original  principle 
of  star-gauging  was  sound,  the  method  of  measuring  distances  from  the  order  of 
brightness  proposed  by  Herschel  in  his  80th  year,  would  give  greater  uniformity 
of  distribution  of  the  brighter  stars  over  the  heavens  than  they  are  observed  to 
have.  This  difference,  however,  was  not  very  pronounced,  and  in  part  the  actual 
state  of  the  heavens  confirms  both  Herschel  and  Struve  in  their  inferences. 
Struve  also  concluded  that  the  Sun  occupies  a  position  near  the  centre  of  a  cluster 
of  disc-like  shape,  which  does  not  accurately  follow  a  great  circle  in  its  course 
around  the  heavens,  but  presents  some  inflections  or  irregularities.  From  these 
studies  W.  Struve  concluded  that  the  Sun  is  a  little  north  of  the  central  plane  of 
the  cluster  and  that  the  distance  from  the  centre  corresponded  to  about  the  average 
distance  of  a  star  of  the  second  magnitude. 

Among  the  later  workers  in  the  study  of  the  Milky  Way,  Dr.  Boeddicker, 
of  Lord  Ross's  Observatory,  deserves  especial  mention  for  having  given  us  a 
faithful  representation  of  the  naked-eye  aspects  of  the  Galaxy.  He  reached  the 
conclusion  that  a  good  naked-eye  map  was  the  first  prerequisite  to  the  study  of 
the  Milky  Way,  and  devoted  to  it  the  best  efforts  of  five  years,  1884-1889.  We 
have  made  much  use  of  Dr.  Boeddicker's  maps,  and  cannot  commend  them  too 
highly  to  the  student  of  the  Milky  Way. 

§  289.     Dr.  Gould's  Theory  of  the  Solar  Cluster  and  Milky  Way. 

In  the  course  of  his  study  of  the  stars  of  the  southern  hemisphere,  Dr.  Gould 
reached  the  conclusion  that  the  Milky  Way  as  we  see  it  probably  is  the  result  of 
the  superposition  of  two  or  more  Galaxies,  or  immense  streams  of  stars  (cf.  Ura- 
nometria  Argentina,  p.  381).  This  question  is  one  to  which  Sir  John  Herschel 
had  given  some  attention  during  his  memorable  survey  of  the  southern  hemisphere 
made  at  the  Cape  of  Good  Hope  from  1834  to  1838.  It  was  then  remarked  by 
Sir  John  that  the  Milky  Way  is  crossed  by  a  zone  of  large  stars  which  traverses 
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the  brilliant  constellations  of  Orion,  Canis  Major,  Argo,  Crux,  Centaurus,  Lupus 
and  Scorpius.  "  A  great  circle  passing  through  e  Ononis  and  a  Crucis  will 
mark  out  the  axis  of  the  zone  in  question,  whose  inclination  to  the  Galactic  circle 
is  therefore  about  20°,  and  whose  appearance  would  lead  us  to  suspect  that  our 
nearest  neighbors  in  the  sidereal  system  (if  really  such)  form  part  of  a  subordinate 
sheet  or  stratum  deviating  to  that  extent  from  parallelism  to  the  general  mass, 
which,  seen  projected  on  the  heavens,  forms  the  Milky  Way"  (Results  at  the 
Cape,  p.  385). 

This  idea  of  a  cluster  about  the  Sun,  which  dates  back  to  Sir  Wm.  Herschel, 
was  further  developed  by  Dr.  Gould,  in  1874  (Proc.  of  Am.  Assoc,  1874,  p.  113, 
and  in  the  Uranometria  Argentina,  pp.  348-370).  Gould  bases  his  argument 
principally  on  the  excessive  number  of  stars  brighter  than  4th  magnitude,  above 
the  number  naturally  to  be  expected  from  the  numbers  of  5th,  6th,  7th  magnitude 
stars,  on  the  assumption  that  the  stars  of  all  magnitudes  are  uniformly  distributed 
in  space.  If  only  the  stars  brighter  than  4th  magnitude  are  considered,  he  con- 
cluded that  there  is  evidence  of  the  bifurcation  of  the  belt  of  bright  stars  pointed 
out  by  Sir  John  Herschel. 

Undoubtedly  this  belt  of  bright  stars  culminating  in  Argo  and  Centaurus 
is  the  most  remarkable  phenomenon  presented  to  our  contemplation  by  the  sidereal 
heavens.  The  bright  stars  are  so  conspicuous  in  the  constellations  Argo,  Centaurus, 
Lupus,  etc.,  that  when  examining  this  part  of  the  heavens  from  the  Lowell  Obser- 
vatory in  the  City  of  Mexico,  1896-7,  the  author  of  this  work  used  frequently  to 
remark  that  the  sky  presented  a  spotted  appearance,  so  densely  were  the  large  stars 
spangled  over  the  region  just  north  of  the  southernmost  portion  of  the  Milky  Way. 

As  the  result  of  his  studies  of  this  belt  of  bright  stars,  Dr.  Gould  reached 
the  following  conclusions: 

1.  "There  is  in  the  sky  a  girdle  of  bright  stars,  the  medial  line  of  which 
differs  but  little  from  a  circle,  inclined  to  the  Galactic  circle  by  a  little  less  than  20°." 

2.  "The  grouping  of  the  fixed  stars  brighter  than  4.1  magnitude  is  more 
symmetric,  relatively  to  that  medial  line,  than  to  the  Galactic  circle;  and  the 
abundance  of  bright  stars  in  any  region  of  the  sky  is  greater  as  its  distance  there- 
from is  less."  In  other  words,  the  circle  is  the  one  which  practically  makes  the 
sum  of  the  squares  of  the  distances  a  minimum,  so  that  it  is  the  most  probable 
medial  line  to  which  they  can  be  referred. 

3.  "The  known  tendency  to  aggregation  of  faint  stars  towards  the  Milky 
Way  is  according  to  a  ratio  which  increases  rapidly  as  their  magnitudes  decrease, 
the  law  of  which  is  such  that  the  corresponding  aggregation  would  be  scarcely  if 
at  all  perceptible  for  the  bright  stars." 
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4.  "These  facts,  together  with  others,  indicate  the  existence  of  a  small 
cluster  within  which  our  system  is  eccentrically  situated,  but  which  is  itself  not 
far  from  the  middle  plane  of  the  Galaxy.  This  cluster  appears  to  be  of  a  flattened 
shape,  somewhat  bifid,  and  to  consist  of  somewhat  more  than  400  stars  of  magni- 
tudes from  the  1st  to  the  7th,  their  average  magnitude  being  about  3.6  or  3.7." 

The  rest  of  Dr.  Gould's  discussion  is  of  less  interest  and  need  not  be  given 
here.  The  considerations  here  adduced  show  that  our  Sun  is  really  a  star  in  a 
cluster  of  large  extent;  and  yet  it  may  be  that  some  of  our  brighter  stars  are  not 
permanent  members  of  the  solar  cluster,  but  only  passing  through  our  portion  of 
the  Galaxy  on  a  longer  journey. 

§  290.     Photographic  Exploration  of  the  Milky  Way  by  Barnard,  Russell, 

and  Max  Wolf. 

Of  all  the  photographic  explorers  of  the  Milky  Way,  Barnard  is  easily  first. 
In  fact,  his  photographic  study  of  the  Galaxy  marks  a  distinct  epoch  in  the  sub- 
ject scarcely  less  important  than  that  of  Herschel  a  century  ago.  The  photo- 
graphic method  is  the  method  of  the  future,  and  it  is  impossible  to  estimate  the 
value  of  the  light  which  may  thus  be  thrown  upon  the  structure  of  the  heavens. 
Barnard  began  his  great  photographic  survey  of  the  Milky  Way  with  a  simple 
portrait  lens  at  Lick  Observatory,  July  28,  August  1  and  2,  1889.  During  the 
past  twenty  years  he  has  extended  the  work  over  the  entire  Milky  Way  of  the 
Northern  Hemisphere,  and  as  far  south  as  —  30°.  The  plates  of  the  Milky  Way 
given  in  this  work  are  by  Barnard,  and  tell  their  own  story  more  eloquently  than 
any  language  could  possibly  do. 

Let  the  reader  study  these  pictures,  and  marvel  at  the  wonders  of  the  heavens ! 
He  will  then  understand  why  the  Milky  Way  had  such  a  charm  for  the  Herschels, 
while  at  the  same  time  he  will  be  surprised  that  the  most  beautiful  part  of 
the  visible  creation  should  be  so  little  known  to  many  contemporary  men  of 
science. 

Soon  after  the  beginning  of  his  brilliant  work,  made  possible  by  using  a  wide 
field  and  a  strong  light-grasp  resulting  from  a  six-inch  lens  and  an  exposure  of 
several  hours,  Professor  Barnard  wrote:  "In  the  photographs  made  with  the 
six-inch  portrait-lens,  besides  myriads  of  stars,  there  are  shown,  for  the  first  time, 
the  vast  and  wonderful  cloud  forms,  with  all  their  remarkable  structure  of  lanes, 
holes,  and  black  gaps,  and  sprays  of  stars.  They  present  to  us  these  forms  in 
all  their  delicacy  and  beauty,  as  no  eye  or  telescope  can  ever  hope  to  see  them." 
(Publications,  Astron.  Soc.  of  Pacific,  Vol.  II,  p.  242). 
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Star  Clouds  Due  to  the  Breaking  Up  of  the  Milky  Way  Under  the  Clustering  Power  of 

Universal  Gravitation,  as  First  Remarked  by  Herschel,  and  Illustrating 

the  Capture  Theory  on  the  Most  Stupendous  Scale. 


Plate  /3.     Region  of  1")  Monoceroti8.     Photographed  hy   Barnard,  1894,  February  1   (Exposure  3"  0'"). 
Plate  Reveals  the  Wide  Diffusion  of  Neiujlosity  over  the  Background  of 
Certain  Portions  of  the  Heavens. 


This 


Star  Clouds  Due  to  the  Breaking  Up  of  the   Milky  Way  Under  the  Clustering   Power  op 

Universal  Gravitation,  as  First  Remarked  by  Herschel,  and  Illustrating 

the  Capture  Theory  on  the  Most  Stupendous  Scale. 


Plate  y.  Region  of  Rho  Ophiuchi,  Showing  Great  Nebula  and  Vacant  Regions.  Photographed  by  Barnard,  1895, 
January  21-22  (Exposure  7h  30m).  Barnard  Concludes  that  the  Phenomena  Here  Disclosed  Give  Evidence 
of  the  Absorption  or  Extinction  of  Light  in  Traversing  the  Masses  of  Nebulosity  Pervading  Certain 
Portions  of  Space. 


Star  Clouds  Due  to  the  Breaking  Up  of  the  Milky  Way  Under  the  Clustering  Power  of 

Universal  Gravitation,  as  First  Remarked  by  Herschel,  and  Illustrating 

the  Capture  Theory  on  the  Most  Stupendous  Scale. 


Plate  8.     Region  of  58  Ophiuchi,  Showing  the  Clustering   Power  at  Work  Over  a  Large   Area  op  the 
Milky  Way.     Photographed  bt  Barnard,  1895,  June  26  (Exposure  41'  5m). 


Star  Clouds  Due  to  the  Breaking  Up  of  the  Milky  Way  Under  the  Clustering  Power 

of  Universal  Gravitation,  as  First  Remarked  by  Herschel,  and  Illustrating 

the   Capture   Theory   on   the   Most   Stupendous   Scale. 


Plats  f.     Region  of  Theta  Ophiuchi,  Showing  Vacant  Regions  in  the  Milky  Way.     Photographed  by  Barnard, 

]S04,  July  6  (Exposure,  3h  3f>m). 


Star  Clouds  Due  to  the  Breaking  Up  of  the  Milky  Way  Under  the  Clustering  Power 

of  Universal  Gravitation,  as  First  Remarked  by  Herschel,  and  Illustrating 

the   Capture   Theory   on   the   Most   Stupendous   Scale. 


Plate  £.     Vacant    Region    East    op   Theta    Ophiuchi,    Showing    Nebulosity    and   the   Clustering 

Photographed  by  Barnard,  1905,  June  30  (Exposure  3h  45"'). 


Tendency. 


Star  Clouds  Due  to  the  Breaking  Up  op  the  Milky  Way  Under  the  Clustering  Power  of 

Universal  Gravitation,  as  First  Remarked  by  Herschel,  and  Illustrating 

the  Capture  Theory  on  the  Most  Stupendous  Scale. 


Plate  7/.     Region  of  Messier  8  and  the  Trifid  Nebula  in  Sagittarius.      Photographed  by  Barnard,  1894,  July  5 
(Exposure,  4h  0m).     In  This  Region  the  Background  of  the  Sky  is  Largely  Covered  with  Faint  Nebulosity. 


Star  Clouds  Due  to  the  Breaking  Up  of  the  Milky  Way  Under  the  Clustering  Power 

of  Universal  Gravitation,  as  First  Remarked  by  Herschel,  and  Illustrating 

the   Capture   Theory   on   the   Most   Stupendous   Scale. 


Plate  6.     Region  of  Small  Star  Cloud  in  Sagittarius.     Photographed  by  Barnard,  1892,  Junk  20  (Exposure 
4h  15m).     The  Rifts  and  Vacancies  in  the  Upper  Part  of  This  Star  Cloud  Are  Very  Remarkable. 
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Stab  Clouds  Due  to  the  Breaking  Up  of  the  Milky  Way  Under  the  Clustering 

Power  of  Universal  Gravitation,  as  First  Remarked  by  Herschel,  and 

Illustrating  the  Capture  Theory  on  the  Most  Stupendous  Scale. 


Plate  k.     Region  op  Great  Star  Cloud  in  Sagittarius,  Showing  Masses  and  Streams  of  Stars  in 
TBI! Process  of  Development.    Photographed  by  Barnard,  1895,  August  13  (Exposure,  3h .5'"). 


Star  Clouds  Due  to  the  Breaking  Up  of  the  Milky  Way  Under  the  Clustering  Power  of 

Universal  Gravitation,  as  First  Remarked  by  Herschel,  and  Illustrating 

the  Capture  Theory  on  the  Most  Stupendous  Scale. 


Plate  a.     Region  of  Messier  11, 


with   the  Star  Clouds  in  Antinous. 
June  29  (Exposure  3h  25ra). 


Photographed  by  Barnard,  1892, 


Star  Clouds  Due  to  the  Breaking  Up  op  the  Milky  Way  Under  the  Clustering  Power 

of  Universal  Gravitation,  as  First  Remarked  by  Herschel,  and  Illustrating 

the   Capture   Theory   on   the   Most   Stupendous   Scale. 


1'i.ATi:  ft.     Region  of  Beta  Cygni,  in  a  Rich  Portion  of  the  Milky  Way. 

Octobeb  12  (Exposure  5"  17"). 


Photographed  ny  Barnard,  1893, 


Star  Clouds  Due  to  the  Breaking  Up  of  the  Milky  Way  Under  the  Clustering 

Power  of  Universal  Gravitation,  as  First  Remarked   by  Herschel,  and 

Illustrating  the  Capture  Theory  on  the  Most  Stupendous  Scale. 


Plate  v.     Region  of  Chi  Cygni,  Showing  One   of  the    Densest  Clouds   of   Stars  Known  in  Any 
Part  of  the  Heavens.  Photographed  kv  Barnard,  1n(.)2,  October  20  (Exposure,  5*  ()'"). 


Star  Clouds  Due  to  the  Breaking  Up  of  the  Milky  Way  Under  the  Clustering  Power  of 

Universal  Gravitation,  as  First  Remarked  by  Herschel,  and  Illustrating 

the  Capture  Theory  on  the  Most  Stupendous  Scale. 


Plate  £.     Region  ov  Gamma  Cram,  Showing  Nebulosity  and  Clustering  Masses  of  Stars.  Photographed  by 

Barnard,  1905,  August  28  (Exposure,  6"  30m). 


Star  Clouds  Due  to  the  Breaking  Up  of  the  Milky  Way  Under  the  Clustering 

Power  of  Universal  Gravitation,  as  First  Remarked  by  Herschel,  and 

Illustrating  the  Capture  Theory  on  the  Most  Stupendous  Scale. 


I'lvte  ir.     Regiox  of  the   Constellation   Cepheus,   Showing    Nebulosity   and   Dark   Rifts 
in  the  Milky  Way.   Photographed  by  Barnard,  1893,  October  13  (Exposure,  7''  5"'). 
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Babnabd's  complete  photographic  Atlas  of  the  Milky  Way  is  soon  to  be  pub- 
lished by  the  Carnegie  Institution  of  Washington.  It  is  not  too  much  to  say 
that  it  will  be  one  of  the  most  splendid  works  of  any  age,  and  constitute  a  veritable 
momentum  aere  perennius;  for  it  will  place  before  every  one  the  deepest  and  most 
penetrating  view  of  the  universe  yet  revealed  to  mortal  sight,  and  in  a  form  that 
will  be  almost  ultimate.  The  structure  of  the  Milky  Way  will  no  doubt  change 
slightly,  with  the  lapse  of  ages,  but  there  will  be  no  sensible  change  in  the  aspects 
of  these  gigantic  structures  for  many  thousands  of  years.  Thus  Babnabd's  con- 
tribution to  this  branch  of  astronomical  science  will  constitute  a  precious  legacy 
to  future  generations  which  will  be  gratefully  remembered  in  the  remotest  ages. 

In  1890,  H.  C.  Russell,  of  Sydney,  imitated  Babnabd's  example  by  apply- 
ing photography  to  the  southernmost  portion  of  the  Milky  Way.  His  pictures 
showed  the  Coal  Sack  to  be  black  only  in  the  northern  portion  (cf.  Knowledge, 
Vol.  XIX,  p.  301);  while  the  other  regions  near  the  Southern  Cross  that  show 
great  rifts  to  the  naked  eye,  were  found  by  the  more  sensitive  eye  of  the  camera 
to  be  densely  spangled  with  stars.  Russell's  photographs  of  the  Nubecula  Major, 
resulting  from  an  exposure  of  four  and  one-half  hours,  showed  the  structure  to  be 
a  "  complex  spiral  with  two  centres."  A  similar  cluster  was  disclosed  in  the  lesser 
Nubecula  by  an  exposure  of  eight  hours.  One  result  of  the  explorations  of  Bae- 
naed  and  Russell  was  the  realization  that  the  structure  of  the  heavens  is  every- 
where much  more  complex  than  we  had  previously  supposed. 

While  the  spiral  nebulae  remain  as  before  principally  in  the  poles  of  the 
Galaxy,  there  are  shown  to  be  many  irregular  nebulae  of  diffuse  character  con- 
nected with  the  stars  of  the  Milky  Way.  And  the  structure  of  the  Galaxy  itself 
is  shown  to  be  tenfold  more  varied  than  any  one  had  previously  imagined. 

One  of  the  earliest  students  of  the  Milky  Way,  by  means  of  photographic 
methods,  was  De.  Max  Wolf,  of  Heidelberg,  who  holds  a  high  and  almost  unique 
place  in  the  history  of  astronomical  photography.  Along  with  the  pioneer  labors 
of  Baenabd,  of  whose  work  we  have  treated  above,  De.  Wolf  brought  out  the 
distinguishing  features  of  nebulosity  and  other  complexities  in  the  structure  of 
the  Milky  Way  in  Cygnus,  Perseus,  and  other  regions  of  the  sky.  What  was  thus 
recorded  on  photographic  plates  after  hours  of  exposure,  became  permanently 
visible  to  every  one;  whereas  in  the  early  days  of  Sib  Wm.  Heeschel  the  structure 
could  be  known  only  to  the  observer;  and  no  language  or  description  was  adequate 
to  convey  to  the  mind  a  correct  impression  of  the  wonders  of  the  heavens.  The 
advantages  thus  gained  by  photography  are  great  beyond  calculation,  and  we 
owe  much  of  the  initiative  in  the  photography  of  diffuse  nebulae  to  De.  Max 
Wolf,  whose  labors  in  so  many  lines  are  very  justly  celebrated. 


CHAPTER  XXIII. 


Spiral  Theory  of  the  Milky  Way,  and  of  the  Two  Star  Streams;   Theory 

of  Temporary  and  of  Variable  Stars,  and  of  the 

Extinction  of  Light  in  Space.* 

§  291.     Easton's  Spiral  Theory  of  the  Milky  Way. 

Among  the  several  investigators  who  have  attempted  to  explain  the  phenomena 
of  the  Milky  Way,  Easton  has  best  succeeded  in  outlining  a  satisfactory  working 
theory,  and  he  adopts  the  spiral  hypothesis  (Astrophysical  Journal,  Vol.  XII,  No.  2, 
September,  1900).  We  shall  now  give  a  brief  account  of  Easton's  theory,  and  of 
the  observational  foundation  on  which  it  rests.  In  his  earlier  work  of  1895  (Astro- 
physical  Journal,  March,  1895)  Easton  concluded  that  the  Milky  Way  might  be 
of  roughly  annular  structure,  but  he  pointed  out  that  the  parts  of  the  ring,  even 
if  closed,  might  be  at  very  different  distances  from  our  Sun.  Subsequently  See- 
liger  studied  by  exact  methods  the  problem  of  the  distribution  of  the  stars  in 
space  (cf.  Betrachtungen  uber  rdumliche  Verteilung  der  Fixsterne,  1898),  and  reached 
the  conclusion  that  the  stellar  accumulations  of  the  Milky  Way  are  probably  at 
different  distances,  which  accords  in  fact  with  the  result  already  reached  by  the 
elder  Herschel.  On  the  basis  of  this  modern  confirmation  of  Herschel's  con- 
clusions, Easton  proceeds  to  examine  the  annular  theory  by  subjecting  it  to 
successive  tests,  under  the  several  conceivable  hypotheses,  and  thus  finds  that  it 
is  inadmissible  and  must  be  wholly  given  up. 

Easton  lays  much  stress  on  the  great  superiority  in  brightness  of  the  Milky 
Way  near  Aquila  as  compared  to  that  near  Monoceros;  and  says  that  this  indicates 
that  the  stars  are  more  numerous  near  the  XVIIIth  hour  than  near  the  Vlth  hour 
of  right-ascension,  a  fact  which  has  long  been  recognized  by  observers.  He  then 
adds:  "The  unequal  distribution  of  the  stars  of  the  Milky  Way,  not  only  in 
detail,  but  also  for  the  two  halves  of  the  zone  as  compared  with  each  other,  when 

*  It  had  been  planned  to  devote  this  chapter  to  the  "History  of  the  Theories  of  Cosmogony,"  but  on  more 
careful  consideration  it  seemed  better  to  reserve  this  subject  for  subsequent  treatment,  while  the  foregoing  discus- 
sion is  here  extended  to  include  an  outline  of  several  subjects  without  which  this  volume  would  be  very  incomplete. 
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it  is  represented  as  divided  along  a  line  through  Crux  and  Cassiopeia,  is  still  more 
striking  in  the  result  of  stellar  gauges  and  enumerations.  The  mean  result  of 
William  Herschel's  gauges  in  the  region  of  Aquila  is  161.5  stars;  in  that  of 
Monoceros,  82.5  stars.  Similarly,  Celoria,  systematically  counting  the  stars  to 
about  the  eleventh  magnitude  in  an  equatorial  band  six  degrees  wide,  has  found 
58,883  stars  in  the  half  of  this  band  which  is  traversed  by  the  Milky  Way  near 
XVIIP  and  only  43,822  in  the  opposite  half"  (cf.  Struve's  Etudes  d'Astronomie 
Stellaire,  1847,  Note  75;  Celoria  " Sopra  alcuni  Scandagli  del  Cielo,"  publ.  del  R. 
Osserv.  di  Brera,  Tome  13,  p.  18) . 

Encke's  criticism  of  Struve's  theory  that  the  Sun  occupies  an  eccentric 
position  (A.N.,  Vol.  26,  No.  622)  made  it  clear  that  the  stellar  density  in  different 
directions  should  vary  continuously  from  the  maximum  to  the  minimum.  Easton 
points  out  that  local  condensations  of  structure  and  brightness  stand  in  the  way 
of  applying  this  principle;  but  as  an  approximation  he  considers  the  Uranometrie 
Generate  of  Houzeau,  in  which  thirty-three  bright  spots  and  regions  of  the  Milky 
Way  are  enumerated.  Dividing  the  Milky  Way  into  halves  by  a  line  through 
Crux  and  Cassiopeia,  he  finds  that  the  half  containing  Monoceros  includes  four 
or  five  fairly  bright  spots,  and  not  a  single  bright  spot;  while  the  half  containing 
Aquila  includes  seven  or  eight  fairly  bright  spots  and  seven  bright  spots — showing 
the  same  remarkable  preponderance  of  light  on  the  Aquila  side  as  was  indicated 
by  Herschel's  gauges.     Easton  continues  as  follows: 

"  It  follows  that  these  apparent  accumulations  are  comparatively  most  nu- 
merous in  the  region  of  Aquila,  between  — 45°  and  +45°,  and  that  they  are  least 
numerous  in  the  opposite  zone  near  Monoceros.  From  this  point  of  view  these  two 
zones,  each  embracing  a  quarter  of  the  circumference,  are  in  the  ratio  of  5.5  to  1, 
while  for  the  corresponding  halves  of  the  Milky  Way,  the  ratio  is  2.8  to  1.  On  my 
chart  of  the  Milky  Way  it  may  be  seen  that  the  general  brightness  diminishes 
pretty  gradually  from  Cygnus  to  Cassiopeia;  the  same  thing  occurs  between  Ara 
and  Navis  in  the  Southern  Hemisphere.  But  the  gradation  is  very  incomplete: 
between  a  Persei  and  a  Aurigae,  for  example,  the  brightness  of  the  Milky  Way 
is  much  less  marked  than  between   a  and   6  Aurigae." 

"Gould  remarks  (Uranometria  Argentina,  p.  370)  in  speaking  of  the  Milky 
Way  in  the  Southern  Hemisphere :  '  Its  brightest  portion  is  unquestionably  in 
Sagittarius,  that  in  Carina  being  slightly  inferior  to  this  as  regards  intrinsic  brilliancy, 
although  far  more  magnificent  and  impressive  on  account  of  the  great  number 
of  bright  stars  with  which  it  is  spangled.' " 

After  examining  the  various  data  bearing  on  the  question,  Easton  rightly 
concludes  "  that  for  the  fainter  stars,  taken  as  a  whole,  the  Milky  Way  is  widest  in 
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its  brightest  part,  and  at  least  for  Herschel's  gauges,  this  certainly  cannot  be 
explained  by  local  causes."  Finally  Easton  gives  the  accompanying  figure  to 
explain  his  spiral  theory  of  the  Milky  Way,  and  concludes  his  discussion  thus: 

.  "  It  would  be  easy  to  push  the  comparison  further  and  to  find  in  it  a  plausible 
explanation  of  many  features  of  the  Galaxy.  But  I  confine  myself  here  to  point- 
ing out  how  easily  this  theory  explains  the  luminous  streams  between  the  two 
branches  of  the  Milky  Way,  in  Sagittarius  and  Cassiopeia;  the  anomalous  bright- 
ness of  the  secondary  branch  near  Cygnus;  the  dark  spaces  surrounded  by  luminous 
streams  between  a  Cygni  and  /8  Cassiopeiae,  etc. ;  the  '  lateral  offsets '  of  the 
Milky  Way;  the  connection  of  the  clusters  and  the  bright  stars  in  Taurus  and 
Orion  with  the  nebulosities  related  to  the  Milky  Way;    the  very  faint  region  in 
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Fig.  44.     Easton's  Suggested  Spiral  Theory  of  the  Milky  Way. 


THEORY  OF  THE  TWO  STAR  STREAMS. 


653 


Perseus,  etc.  —  while  retaining  the  advantages  offered  by  the  annular  segments. 
I  wish  to  insist  upon  the  fact  that  Fig.  6  does  not  pretend  to  give  an  even  approxi- 
mate representation  of  the  Milky  Way,  seen  from  a  point  in  space  situated  on  its 
axis.  It  only  indicates  in  a  general  way  how  the  stellar  accumulations  of  the 
Milky  Way  might  be  distributed  so  as  to  produce  the  Galactic  phenomenon,  in  its 
general  structure  and  its  principal  details,  as  we  observe  it." 

§  292.     Theory  of  the  Two  Star  Streams. 

It  was  first  pointed  out  by  Sir  William  Herschel  that  the  solar  system  as 
a  whole  is  moving  towards  the  constellation  Hercules,  and  that  there  results 
therefrom  a  systematic  tendency  in  the  apparent  motions  of  the  stars.  Those  in 
front  of  our  Sun  should  gradually  appear  to  separate,  owing  to  our  approach,  and 
those  behind  should  apparently  draw  together,  owing  to  our  recession  to  greater 
and  greater  distance.  This  was  clearly  foreseen  by  Herschel,  and  the  principle 
thus  outlined  enabled  him  to  locate  the  apex  of  the  Sun's  way  with  considerable 
precision.  Herschel's  conclusions  were  for  a  time  disputed  by  Bessel,  but  they 
were  later  confirmed  by  Argelander,  and  their  correctness  has  since  been  generally 
recognized  by  astronomers.  But  various  investigators  have  obtained  different 
values  for  the  apex  of  the  Sun's  way,  according  to  the  stars  chosen  and  the  method 
employed.  Here  are  a  few  of  the  results  (cf.  Kobold's  Ban  des  Fixstern  systems, 
p.  101). 


Number 

Mean 

Ao 

Do 

of  Stars 

Proper  Motion 

AlHY 

261.5 

24.7 

113 

DUNKIN 

263.7 

25.0 

1167 

L.  Struve 

273.3 

27.3 

2509 

Stumpe 

287.4 

42.0 

551 

0.23 

279.7 

40.5 

340 

0.43 

287.9 

32.1 

105 

0.85 

285.2 

30.4 

58 

2.39 

Porter 

281.9 

53.7 

576 

0.23 

280.7 

40.1 

533 

0.45 

285.2 

34.0 

143 

0.90 

277.0 

34.9 

70 

>1.20 

These  results  depend  on  Argelander's  method,  while  by  Bessel's  method 
the  corresponding  place  of  the  solar  apex  would  be  in  south  declination  near  —5°. 
In  1895  Dr.  Kobold  directed  attention  to  these  discrepancies  depending  on 
method,  the  underlying  hypothesis  being  that  the  "peculiar"  motions  are  hap- 
hazard, or  devoid  of  preference  for  any  particular  direction.  Of  course  this 
hypothesis  could  be  admitted  only  as  a  first  approximation  to  the  order  of  nature. 


654  THEORY   OF   THE   TWO    STAR   STREAMS. 

After  a  prolonged  study  of  the  proper  motions  of  2,400  stars  included  in  the 
Auwers-Bradley  Catalogue,  extending  from  the  North  Pole  to  30°  South,  Pro- 
fessor J.  C.  Kapteyn  announced  to  the  British  Association  in  1905  that  there 
were  two  principal  streams  of  stars  (cf.  Report  for  1905,  p.  257).  He  divided  the 
area  of  the  sky  into  twenty-eight  regions,  and  found  the  directions  of  the  apparent 
motions  in  each  region;  and  when  these  directions  were  plotted  on  a  sphere  they 
were  seen  to  converge  to  two  points,  showing  that  the  apparent  linear  motions 
are  parallel,  as  in  the  case  of  a  shower  of  meteors  which  converge  to  a  radiant  point 
in  the  sky.  Professor  F.  W.  Dyson,  Director  of  the  Royal  Observatory  of 
Edinburgh,  has  discussed  these  problems  in  the  Proc.  Roy.  Soc.  of  Edinburgh 
(1908,  p.  231,  and  1909,  p.  376)  and  in  Nature,  of  Nov.  4, 1909;  and  we  have  availed 
ourselves  of  Professor  Dyson's  analysis  in  making  up  the  present  account  of 
the  two  streams  of  stars. 

It  is  concluded,  therefore,  that,  relatively  to  the  Sun,  the  stars  are  moving  in 
two  streams,  which  are  inclined  at  a  considerable  angle  to  one  another.  When 
the  solar  motion  is  subtracted,  so  as  to  give  the  absolute  motion  in  space,  it  is 
found  that  the  two  streams  are  moving  in  diametrically  opposite  directions,  rela- 
tively to  the  centre  of  gravity  of  all  the  stars.  Kapteyn  concluded  that  the  motion 
was  in  the  plane  of  the  Milky  Way,  and  towards  the  star  ij  Orionis,  a  =  91° 
8  =  +13°;  and  towards  the  opposite  point  of  the  celestial  sphere  in  Sagittarius. 
The  apparent  motions  of  the  stars  were  thus  resolved  into:  (1)  a  haphazard 
motion,  without  preference  for  direction;  (2)  the  reversed  solar  motion;  (3)  the 
streaming  movement  towards  ^Ononis  and  the  opposite  point. 

These  investigations  have  been  carried  on  by  Kapteyn,  Eddington,  Dyson, 
Schwartzschild,  and  others,  with  slightly  varied  results,  but  all  agreeing  in  the 
existence  of  the  two  streams  of  stars  mentioned.  The  convergent  point  varies  a 
little  according  to  the  material  used.  Schwartzschild  has  made  a  considerable 
improvement  in  the  method  of  analysis  by  adopting  a  spheroidal  instead  of  a 
spherical  distribution  of  the  velocities  of  the  stars.  In  view  of  Herschel's  proof 
that  the  Galaxy  is  of  small  thickness  compared  to  its  breadth,  this  is  equivalent 
to  the  assumption  that  the  more  dominant  velocities  are  in  the  plane  of  the 
Galaxy.  The  existence  of  two  streams  of  stars  moving  in  opposite  directions  with 
spheroidal  distribution  of  velocity,  is  a  necessary  result  of  the  construction  of  the 
heavens. 

If  we  define  the  "apex"  as  the  direction  of  the  Sun's  motion  relative  to  the 
centre  of  gravity  of  the  stars,  and  the  "vertex"  as  the  direction  of  motion  of  one 
stream  relatively  to  the  other  (Kapteyn),  or  the  major  axis  of  Schwartzschild 's 
spheroid,  the  different  investigators  give  the  following  results: 
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Kapteyn-Bradley  Stars 

Eddington-Groombridge  Stars 

Schwartzschild-Groombridge  Stars 

DYSON-Stars  of  large  proper  motion 

Beljawsky-Porter's  Stars 

EDDiNGTON-Zodiacal  Stars  . .  . .  109         +    6 

These  data  are  taken  from  Dyson's  paper  in  Nature,  of  November  4th,  1909. 
In  the  Monthly  Notices  of  the  Royal  Astronomical  Society  for  November,  1909, 
Mr.  S.  S.  Hough,  Director  of  the  Cape  Observatory,  gives  results  of  the  study 
of  the  radial  velocities  of  318  stars  brighter  than  4.5  magnitude  within  120°  of 
the  South  Pole.  The  radial  velocities  may  also  be  explained  on  the  two-drift 
hypothesis;  for  Hough's  results  confirm  Dyson's  conclusions  based  on  the  trans- 
verse motions,  so  that  both  motions  point  to  one  and  the  same  phenomenon. 

§293.     The  System  of  Ursa  Major. 

Of  late  years  a  great  deal  of  attention  has  come  to  be  given  to  the  detection 
of  particular  systems  among  the  fixed  stars,  and  especially  among  the  brighter 
stars  which  compose  the  conspicuous  constellations.  Already  in  the  18th  century 
Michell  had  concluded  from  the  theory  of  probability  that  a  physical  relation- 
ship existed  between  the  stars  of  the  Pleiades;  and  on  similar  grounds  Sir  William 
Herschel  announced  that  Coma  Berenices  was  a  cluster  comparatively  near  our 
Sun.  Boss'  investigation  of  the  Hyades  cluster  has  already  been  mentioned  in 
§  266.  It  was  pointed  out  by  Proctor  over  thirty  years  ago  that  most  of  the 
stars  of  the  Dipper  have  a  common  proper  motion,  and  are  drifting  together  in 
space.  He  applied  the  new  theory  of  star  drifts,  giving  systems  of  stars  with 
parallel  motion,  to  other  constellations,  with  a  number  of  suggestive  results.  But 
the  recent  investigations  with  the  spectrograph  have  greatly  augmented  the 
material  at  the  disposal  of  the  astronomer,  because  by  combining  the  motion  in 
the  line  of  sight  with  the  motion  perpendicular  to  the  visual  ray  and  the  parallax, 
it  becomes  possible  to  determine  the  absolute  direction  of  the  motions  in  space. 
We  shall  not  go  into  the  details  of  these  calculations,  but  merely  content  our- 
selves with  a  few  of  the  results  that  have  been  obtained.  The  principal  centres 
of  the  spectrographic  work  on  the  motion  in  the  line  of  sight,  are  the  Lick,  Yerkes, 
and  Potsdam  Observatories.  And  Professor  Ludendorff,  of  Potsdam,  has 
extended  and  greatly  improved  our  knowledge  of  the  Ursa  Major  system  of  bright 
stars.     Recently  Professor  Eberhard,  Dr.  Mund,  Dr.  Hertzsprung,  and  others 
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have  been  occupied  with  these  researches.  Hertzsprung  has  shown  that  Sirius 
is  a  member  of  the  Ursa  Major  system;  and  in  A.N.,  4376,  Ludendorff  shows 
that  /3  Aurigae  and  a  Coronae  Borealis  belong  to  the  same  group.  Luden- 
dorff's  list  of  stars  includes  the  following  objects,  but  many  more  will  doubtless 
be  added  when  our  knowledge  of  the  heavens  becomes  more  complete : 

/?  Aurigae  y  Ursae  Majoris 

a  Cards  Majoris  8  Ursae  Majoris 

37  Ursae  Majoris  t  Ursae  Majoris 

/?  Ursae  Majoris  £  Ursae  Majoris 

8  Leonis  a  Coronae  Borealis 

The  agreement  among  the  motions  of  the  stars  is  quite  satisfactory,  and  there 
is  no  doubt  that  they  form  parts  of  a  cluster  drifting  together  in  space.  In  fact 
these  stars  not  only  drift  together,  but  lie  approximately  in  a  plane,  and  accord- 
ing to  Professor  Ludendorff,  nearly  in  a  right  line.  The  known  convergent 
point  of  the  system  was  used  by  Dr.  Hertzsprung  to  detect  new  and  remote 
members  of  the  system,  such  as  Sirius,  8  Leonis,  f}  Aurigae,  etc.  (cf.  Astro- 
physical  Journal,  Sept.,  1909) ;  and  he  gives  the  convergent  point  as  a  =  127°. 8, 
8  =  +40°.2.  The  velocity  of  the  system  referred  to  our  Sun  is  found  to  be  18.4 
km.  per  second. 

§  294.     Theory  of  the  Milky  Way  Here  Adopted. 

The  accompanying  sketch  gives  what  seems  to  be  the  most  probable  arrange- 
ment of  the  Milky  Way.  It  is  a  modification  and  extension  of  Easton's  spiral 
theory,  so  designed  as  to  account  for  the  two  streams  recently  recognized  to  exist 
among  the  stars  near  our  Sun,  which  alone  show  proper  motion.  It  is  impossible 
as  yet  to  work  out  the  details  of  the  spiral  constituting  the  Milky  Way;  but  it  is 
clear  that  the  general  arrangement  here  outlined  enables  us  to  account  for  the 
two  streams.  There  is  a  secular  whirling  motion  in  progress  by  which  our  Sun 
is  carried  along  nearly  in  the  plane  of  the  Milky  Way,  towards  Hercules  or  Lyra, 
as  Herschel  first  pointed  out.  The  centre  of  the  vortex  is  towards  Sagittarius, 
Aquila  and  Cygnus,  and  that  is  why  the  stars  are  so  dense  and  bright  in  that 
direction.  The  streams  near  our  Sun  interpenetrate,  some  going  faster  and  some 
slower  than  our  Sun;  and  the  result  is  that  those  which  are  moderately  remote 
appear  to  be  left  behind,  by  the  greater  motion  of  our  Sun;  while  those  out- 
stripping our  Sun  in  the  whirlpool  of  stars  rush  ahead  towards  Cygnus,  Aquila 
or  Sagittarius.  This  last  point  is  the  one  towards  which  the  movement  is  most 
concentrated,  and  from  our  point  of  view  seems  to  be  the  centre  of  the  Milky  Way. 


Plate  p.     Isographic   Projection  op   the  Northern   Celestial  Hemisphere  upon  the 
Viewed   from   Above,  Showing   the   Breaking  Up  of  the  Milky  Way   into   Vast 
Stars,  with  Clusters  Forming   Along  the  Galactic  Circle,  and  Nebulae 
The   Clusters   are   Represented  isy   Crosses,  the  Nebulae    by   Dots.     Thi 


Plane  of   the    Equator, 
Clouds   and   Streams   of 

in  the  Regions  of  the  Poles. 

Data  for  This    Projection  of 


the  Naked   Eye   Milky  Way  is   Supplied  by  the  Maps  of   Boeddicker,  and   Dreyer's  New  Catalogue   of 
Nebulae  and  Clusters. 


Plate  <t.  Isograpnk:  Projkction  of  tiik  Southern  Celestial  Hemisphere  upon  the  Plane  of  the  Equator, 
Viewed  from  Above,  Showing  the  Breaking  Up  of  the  Milky  Way  into  Vast  Clouds  and  Streams  of 
Stars,  with  Clusters  Forming  Along  the  Galactic  Circle,  and  Nebulae  in  the  Regions  of  the  Poles. 
The  Clusters  are  Represented  by  Crosses,  the  Nebulae  by  Dots.  The  Data  for  This  Projection  of 
the  Naked  Eye  Milky  Way  is  Supplied  by  the  Maps  of  Gould,  and  Dreyer's  New  Catalogue  of  Nebulae 
and  Clusters. 


Plate  t.  Spiral  Theory  of  the  Sidereal  Universe,  Devised  by  T.  J.  J.  See,  for  Explaining  the  Two 
Star  Streams,  the  Secular  Motion  op  the  Solar  System  Towards  the  Constellation  Cygnus, 
the  Asymmetry  and  Bifurcation  of  the  Milky  Way,  and  Such  Phenomena  as  the  Coal  Sack, 
Near  the  Southern  Cross,  Here  Represented  by  a  Vacant  Lane  Along  the  Stream  of  Stars. 
The  Sun  is  Supposed  to  be  a  Member  of  a  Cluster  Represented  by  the  Bright  Point  Below 
the  Centre  of  the  Spiral,  so  that  as  Viewed  from  our  Unsymmetrical  Situation  the  Milky 
Way  Appears  Widest  and  Brightest  Towards  the  Constellation  Sagittarius,  and  Narrowest 
and  Faintest  in  Monoceros. 
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At  any  rate  it  is  the  centre  of  the  portions  of  the  Milky  Way  nearest  the  Sun.  This 
simple  figure  enables  us  to  give  a  physical  interpretation  to  the  researches  of 
astronomers.  The  result,  however,  is  a  mere  outline,  and  does  not  yet  enable  us 
to  indicate  to  what  extent  the  spiral  branches  of  the  Milky  Way  interpenetrate. 
It  may  be  long  ages  before  we  can  make  out  the  details  of  the  star  streams,  and 
the  exact  way  in  which  they  are  arranged  about  our  Sun.  But  it  seems  fairly 
certain  that  this  rough  sketch  gives  us  the  fundamental  basis  of  the  Galactic 
vortex  in  which  the  Sun  is  immersed.  The  study  of  this  gigantic  sidereal  move- 
ment will  doubtless  engage  the  attention  of  astronomers  for  many  centuries. 

§  295.     List  of  the  Principal  Novae  Which  Have  Appeared  Since  the  New  Star  of 

Hipparchus,  134  B.C. 

1.  Nova  Scorpii,  134  B.C.;  between  {S  and  p  Scorpii.  Observed  by  Hip- 
parchus, and  by  the  Chinese. 

2.  Nova  Ophiuchi,  123  A.D.;   between  a  Herculis  and  a  Ophiuchi. 

3.  Nova  Centauri,  Dec.  10,  173,  A.D.;  between  a  and  /3  Centauri;  very 
brilliant,  changed  color,  visible  eight  months. 

4.  Nova  Sagittarii,  April  to  July,  386;  between  X  and  <$>  Sagittarii. 

5.  Nova  Aquila,  389;  near  a  Aquilae,  visible  three  weeks,  and  rivalled  Venus 
in  brightness,  according  to  Cuspinianus,  who  had  himself  seen  it. 

6.  Nova  Scorpii,  393,  March;   in  the  tail  of  Scorpion,  observed  by  the  Chinese. 

7.  Nova  Scorpii,  827  (?).  Visible  four  months;  observed  at  Babylon  in  reign 
of  Caliph  Al  Mamoun,  by  Arabian  astronomers  Haly  and  Giafar  Ben 
Mohammed  Albumazar;  brightness  "equalled  that  of  the  Moon  in  her 
quarters "     [This  might  be  a  comet!]. 

8.  Nova  Cephei-Cassiopeiae,  945;  recorded  by  Cyprianus  Leovitius,  Bohemian 
astronomer,  from  manuscript  chronicle,  credited  by  Tycho. 

9.  Nova  Arietis,  1012,  May  to  August;  variable  in  brightness  and  dazzling  to 
the  eyes;  chronicled  in  Annals  (709-1044)  of  Hepid annus,  Monk  of  St.  Gall, 
who  died  in  the  year  1088. 

10.  Nova  Scorpii,  1203,  July;  in  tail  of  Scorpion;  recorded  by  the  Chinese  as  of 
"bluish  white  color,  without  luminous  vapor,  and  resembling  Saturn." 

11.  Nova  Ophiuchi,  1230,  middle  of  December  to  end  of  March,  1231;  between 
Ophiuchus  and  the  Serpent;  from  the  Ma-tuan-lin,  which  contains  an  accurate 
account  of  comets  and  fixed  stars  back  to  613  B.C.,  in  the  time  of  Thales. 

12.  Nova  Cephei-Cassiopeiae,  1264;  mentioned  by  Cyprianus  Leovitius,  the 
Bohemian  astronomer,  and  credited  by  Tycho. 
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13.  Nova  Cassiopeiae,  Nov.  11, 1572;  Tycho's  celebrated  star.  Equaled  Jupiter 
and  rivaled  Venus;  visible  till  March,  1574.  Changed  color  from  dazzling 
white  to  ruddy,  and  then  appeared  pale.     Visible  in  daylight  when  brightest. 

14.  Nova  Cygni,  1600;  Jansen's  star,  and  according  to  Bayer,  now  known  as 
34  Cygni,  3d  to  6th  magnitude;  vanished  in  1621,  but  found  by  Cassini  in 
1655  to  be  again  of  3d  magnitude;  1677-1682  again  discovered  to  be  of  the 
6th  magnitude.  Sir  John  Herschel  classed  it  as  a  variable,  but  Arge- 
lander  considered  it  a  Nova. 

15.  Nova  Ophiuchi,  Oct.  10,  1604;  Kepler's  celebrated  star;  brighter  than 
Jupiter  and  Saturn,  but  fainter  than  Venus;  white  but  scintillating.  Van- 
ished in  March,  1606. 

16.  Nova  Vulpeculae,  1670,  June  20,  near  /8  Cygni;  discovered  by  Carthusian 
Monk  Anthelmus;   3d  magnitude,  variable;   vanished  in  March,  1672. 

17.  Nova  Ophiuchi,  1848,  April  28;  discovered  by  Hind;  5th  magnitude,  reddish 
yellow,  afterwards  died  down  to  13th  magnitude,  1874-5. 

18.  Nova  Scorpii,  May  18,  1860,  in  a  nebula,  Messier  80;  7th  magnitude,  rapidly 
declined.     Observed  by  Auwers  and  Pogson. 

19.  Nova  Coronae  Borealis,  May  12,  1866;  rose  to  2d  magnitude;  shown  by 
Huggins  to  give  bright  hydrogen  lines ;  changed  color  from  white  to  orange  ; 
faded  to  10th  magnitude. 

20.  Nova  Cygni,  Nov.  24,  1876;  rose  to  3d  magnitude,  rapidly  declined  to  6th 
magnitude  Dec.  15th;  color  changed  from  yellow  to  bluish,  thus  probably 
becoming  a  planetary  nebula. 

21.  Nova  Andromedae,  1885,  August  16,  in  the  Great  Nebula;  rose  to  7th 
magnitude,  and  rapidly  declined;  color  changed  from  yellow  to  nebular 
tint. 

22.  Nova  Persei,  1887;  ninth  magnitude;  hydrogen  lines  and  A.  =  4060  bright; 
discovered  at  Harvard  College  Observatory. 

23.  Nova  Aurigae,  1892,  Feb.  1;  rose  from  below  10th  to  4th  magnitude,  and 
after  fluctuations  became  a  planetary  nebula  in  August,  1892. 

24.  Nova  Normae,  1893;  7th  magnitude;  twelve  bright  lines,  nebular  spectrum 
13th  Feb.,  1894;    Harvard  College  Observatory. 

25.  Nova  Carinae,  1895.  Bright  hydrogen  lines;  faded  from  8th  to  11th  magni- 
tude between  April  and  July.     Harvard  College  Observatory. 

26.  Nova  Cmtauri,  1895;  7.2  magnitude;  spectrum  July  18,  resembled  that  of 
30  Doradus;    in  a  nebula;    Harvard  College  Observatory. 

27.  Nova  Sagittarii,  March  8, 1898, 4.7  magnitude ;  bright  hydrogen  lines ;  spectrum 
nebular,  13  March,  1899;    Harvard  College  Observatory. 
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28.  Nova  Aquilae,  April  21,  1899;  7th  magnitude;  bright  line  spectrum,  July 
3,  1899;    nebular  spectrum  October,  1898. 

29.  Nova  Persei,  No.  2,  Feb.  22,  1901 ;  the  brightest  temporary  since  Kepler's 
celebrated  star  of  1604;  rose  to  exceed  Capella;  bluish  white;  showed  great 
changes  of  color  and  spectrum;  at  first  of  Orion  type,  then  of  hydrogen  type; 
color  changed  from  white  to  red;  faded  and  spectrum  became  that  of 
planetary  nebula  in  July,  1901. 

30.  Nova  Geminorum,  1903,  March  6th;  observed  by  Turner  and  Bellamy  at 
Oxford. 

31.  Nova  (RS)  Velorum,  1905,  Dec.  5th.  Discovered  by  Miss  Leavitt,  at  Har- 
vard College  Observatory. 

32.  Nova  Aquilae,  1905,  Aug.  18.  Discovered  by  Mrs.  Fleming,  at  Harvard 
College  Observatory. 

33.  Nova  Circini,  1906,  Feb.  14.  Discovered  by  Miss  Leavitt,  at  Harvard 
College  Observatory. 

34.  Nova  Scorpii,  No.  2,  1906,  June  14.  Discovered  by  Miss  Cannon,  at  Har- 
vard College  Observatory. 

Many  of  the  notes  about  the  earlier  stars  are  taken  from  Humboldt's  Cosmos, 
Vol.  Ill,  and  of  the  latest  stars  from  data  kindly  supplied  by  Professor  E.  C. 
Pickering,  Director  of  the  Harvard  College  Observatory,  where  so  many  Novae 
have  been  discovered  in  recent  years. 

§  296.     On  the  Physical  Cause  of  the  Appearance  of  New  Stars  Near  the  Path  of 

the  Milky  Way. 

It  was  remarked  by  Tycho  and  Kepler,  over  three  centuries  ago,  that  nearly 
all  of  the  new  stars  which  have  suddenly  blazed  forth  and  afterwards  died  down 
to  comparative  obscurity,  have  appeared  near  the  course  of  the  Milky  Way,  while 
the  regions  of  the  heavens  remote  from  the  Galaxy  have  seldom  or  never  been 
illuminated  by  these  temporary  stars.  And  although  this  tendency  of  the  Novae 
to  follow  the  Milky  Way  has  attracted  more  and  more  attention  from  astronomers 
of  late  years,  during  which  the  list  of  these  objects  has  been  so  greatly  increased, 
especially  by  the  search  for  stars  having  peculiar  spectra,  carried  on  at  Harvard 
College  Observatory,  there  has  been,  so  far  as  I  know,  no  satisfactory  explanation 
of  this  fact. 

Even  if  the  cause  producing  Novae  should  remain  more  or  less  obscure,  it 
would  still  be  very  desirable  to  know  where  they  appear  and  why,  because  if 
this  were  well  established,  it  might  guide  us  to  a  large  extent  in  the  discovery  of 
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Novae,  and  perhaps  ultimately  throw  light  on  the  cause  which  occasions  these 
sudden  outbursts  of  very  obscure  objects.  We  propose,  therefore,  to  examine  the 
relationship  of  the  Novae  to  the  Milky  Way,  in  the  hope  of  ascertaining  why  they 
are  essentially  confined  to  the  Galactic  region  of  the  heavens. 

If  we  were  required  to  calculate  the  total  number  of  stars  included  within  a 
sphere  of  radius   r,  we  should  have  to  evaluate  the  triple  integral 


N,  =    /        /        /  <t  .  dr  .  rd<f>  .  r  cos  <j>d\\i ,  (547) 


0 


where  cr  is  the  density  of  the  stars  per  unit  volume,  and  (j>  and  «|>  the  Galactic  lati- 
tude and  longitude,  respectively.  As  the  stars  are  irregularly  scattered  and  gathered 
into  clusters   cr  is  very  complex  and  can  only  be  defined  by  the  general  relation 

<r  =  F\C  ,  R (r)  ,  *(+)  ,  *(*)$  .  (548) 

Here  C  is  some  initial  constant  applying  to  a  particular  portion  of  space,  while  the 
functions     R  (r),   4>  (<f>),   ¥  («/»)     are  complex  and  at  present  quite  unknown. 

In  default  of  actual  knowledge  of  the  details  of  the  distribution  of  the  stars 
in  space,  we  are  obliged  to  fall  back  on  W.  Struve's  discussion  of  the  gauges  of  Sir 
Wm.  Herschel,  as  affording  the  best  available  approximation  to  the  actual  state 
of  the  sidereal  universe.  In  these  discussions  r  will  be  taken  as  the  distance  to 
which  Herschel's  telescope  could  penetrate,  assumed  to  be  uniform  in  all  directions 
and  the  above  triple  integral  thus  reduces  to  a  double  integral,  relative  to  the 
Galactic  latitude  and  longitude,  respectively. 

But  although  there  are  some  known  irregularities  in  the  density  depending 
on  the  Galactic  longitude,  they  are  not  yet  accurately  determinable  and  so  much 
less  important  than  those  depending  on  the  Galactic  latitude,  that  we  shall  here 
content  ourselves  with  the  latter  only,  and  thus  but  a  single  integral  is  required 
to  express  the  approximate  number  of  stars  scattered  over  the  face  of  the  heavens. 

In  his  Etudes  d'Astronomie  Stellaire,  Petersbourg,  1847,  W.  Struve  has  shown 
that  the  average  density  of  the  stars  per  field  of  Herschel's  telescope  in  different 
Galactic  latitudes  is  as  follows: 

6.5713 -5.03  cos  2  <f>-  1.39  cos  4 <£ 


*  = 


1  -  1.23088  cos  2  4>  +  0.23212  cos  40 
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And  on  page  34  of  the  Notes  on  the  Etudes,  Struve  calculates  a  table  giving 
the  value  of  z  for  each  region  of  Galactic  latitude,  as  follows : 
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He  remarks  that  the  most  rapid  change  of  z  is  near  <f>  =  2°,  and  adds  that  this 
circumstance  explains  why  the  Galaxy  is  visible  to  the  naked  eye  only  over  a 
comparatively  small  width  of  about  4°. 

Taking  Struve's  discussion  of  Herschel's  data  as  the  basis  of  our  calcula- 
tions, we  are  required  to  integrate  certain  zones  of  the  Galactic  hemisphere,  to 
ascertain  if  there  is  any  physical  reason  why  the  new  stars  should  follow  the  path 
of  the  Milky  Way.  The  values  of  z  being  given,  we  obtain  the  total  number  of 
stars  £  included  between  two  semicircles  which  cut  each  other  at  the  pole  of  the 
Galaxy  at  an  angle  of  904",  corresponding  to  the  field  of  view  of  Herschel's 
telescope,  in  the  plane  of  the  Milky  Way,  by  the  expression 


£  =  4 


\f- 


cos  <f>d<j> 


(549) 


This  integral  gives  the  number  of  stars  included  within  a  half  lune  of  angle 
904",  and  to  get  the  contents  of  the  entire  hemisphere  we   must  multiply  by 

1296000" 

-  1433.6.     The  total  number  of  stars  in  a  Galactic  hemisphere  thus 


904" 

becomes 


Z  =  1433.6 


cos  <f>d<f>  , 


(550) 
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=  10,187,017  stars,  according  to  the  calculations  of  Struve,  based  on  the  data  of 
Herschel.  This  gives  20,374,034  stars  in  the  entire  celestial  sphere — an  estimate 
which  faithfully  represents  the  gauges  of  Herschel,  who  avoided  the  regions  of 
clusters  and  other  groups  of  stars  of  abnormal  density. 

According  to  this  mode  of  integration  the  numbers  of  the  stars  in  the  eighteen 
zones  of  5°  width  extending  from  the  Milky  Way  to  the  poles,  may  be  found  by 
the  formula 


N      8  9000" 
'      w  904" 


<f>  (s)  ds 


(551) 


and  the  results  obtained  by  neglecting  the  second  differences  in  Struve's  table 
of   z  =  <f>  (s)     are  as  follows : 
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Struve  found  for  the  number  of  the  Herschel  stars  in  a  hemisphere 
10,187,017,  while  Seeliger  obtained  13,500,000.  The  values  here  found  thus  lie 
between  these  extremes. 

Making  use  of  Struve's  data  and  integrating  the  Galactic  hemisphere  from 
the  pole  to  45°,  <f>  =  90°  to  <f>  =  45°,  I  find  in  this  zone  with  about  0.3  of  the  area 
of  a  hemisphere  only  1,976,930  stars,  almost  exactly  one-sixth  of  the  stars  of  the 
hemisphere,  according  to  the  author's  integration  given  above.  Accordingly, 
we  find  that  the  zone  within  45°  of  the  Milky  Way  contains  five-sixths  of  all  the 
stars  counted  by  Herschel;  and  it  is  a  fact  that  all  the  Novae  which  have  been 
recorded  since  the  earliest  ages  have  appeared  within  less  than  45°  of  the  Milky 
Way. 

Now,  our  modern  telescopes  and  photographic  plates  show  many  more  stars 
than  Herschel's  gauges.     Perhaps  instead  of  20,374,034  stars  we  should  have 
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ten  times  that  many,  or  about  200,000,000.  Moreover,  as  the  universe  is  known 
to  extend  enormously  in  the  direction  of  the  Galaxy,  it  is  certain  that  more  than 
the  average  proportion  of  the  additional  stars  now  visible,  but  unseen  or  uncounted 
by  Herschel  (who  avoided  the  clusters  in  which  the  regions  of  the  Milky  Way 
are  so  rich),  would  be  near  the  plane  of  the  Galaxy.  Thus  to  represent  our  pres- 
ent knowledge,  our  multiplier  near  the  Galaxy  would  considerably  exceed  10,  and 
might  reach  20,  while  near  the  poles  it  would  be  less  than  10,  and  might  be 
no  larger  than  5  or  even  3.  Accordingly,  to  our  modern  investigation  the  stars 
are  much  thicker,  and  the  universe  is  relatively  more  extended,  in  the  direction 
of  the  Galaxy  than  Herschel  estimated,  while  they  are  relatively  rarer  near  the 
poles  of  the  Galaxy.  Thus  the  above  ratio  of  5  to  1  may  be  increased  to  some- 
thing like  33  to  1,  or  even  a  higher  value. 

If  this  view  be  admissible,  the  belt  within  45°  on  either  side  of  the  Milky  Way 
may  include  not  only  five-sixths  of  the  stars,  as  in  Herschel's  time,  but  perhaps 
thirty-two  thirty-thirds,  or  even  a  higher  proportion  of  all  the  stars.  For  some 
of  the  Galactic  stars  are  rendered  very  faint  by  great  distance  and  extinction  of 
their  light;  and  even  if  below  telescopic  vision  in  our  most  powerful  instruments, 
might  suddenly  rise  into  view  and  even  prominence  by  the  outbursts  which  aug- 
ment their  light  by  so  many  magnitudes. 

The  fact  that  out  of  the  total  number  of  Novae  recognized  in  recent  years, 
a  considerable  part  are  faint  stars  which  have  been  detected  by  their  peculiar 
spectra,  chiefly  at  Harvard  College  Observatory,  and  in  former  times  would  have 
passed  unnoticed,  while  only  a  few  Novae  attain  conspicuous  naked-eye  bright- 
ness, lends  support  to  the  view  that  the  Milky  Way  utilizes  its  almost  unlimited 
supply  of  very  faint  stars  in  the  production  of  Novae,  as  well  as  those  brighter 
than  say  14th  magnitude. 

Accordingly  it  seems  practically  certain  that  the  preference  of  Novae  for  the 
plane  of  the  Milky  Way  rests  on  no  other  physical  cause  than  the  great  accumu- 
lation of  stars  in  that  part  of  the  heavens.  And  in  the  effort  to  discover  these 
objects,  the  Galaxy  is  the  region,  above  all  others,  in  which  search  should  be 
made,  while  search  near  the  poles  of  the  Galaxy  would  be  almost  if  not  quite 
hopeless. 

As  the  stars  are  centres  of  cosmical  systems  made  up  of  planets,  satellites 
and  comets,  Novae  obviously  are  due  to  collisions  of  suns  with  smaller  masses, 
such  as  planets,  satellites,  comets,  or  small  nebulae.  Spectroscopic  evidence  indi- 
cates that  Novae  sometimes  pass  into  planetary  nebulae,  as  in  the  case  of  Nova 
Persei,  No.  2,  1901;    Nova  Aurigae,  1892,  etc. 

Owing  to  the  great  extension  of  the  universe  in  the  direction  of  the  Galaxy, 
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and  the  effect  of  perspective  from  distance  alone,  all  the  observed  phenomena* 
find  an  easy  and  simple  explanation  on  this  hypothesis.  Incidentally  the  decided 
preference  of  Novae  and  of  the  Wolf-Rayet  stars  for  the  plane  of  the  Milky  Way 
lends  some  support  to  the  view  that  the  sidereal  universe  is  of  unlimited  extent, 
and  that  the  more  distant  portions  of  the  Galaxy  remain  invisible  from  mere 
faintness  and  extinction  of  the  starlight. 

§  297.     General  Theory  of  Variable  Stars. 

The  subject  of  variable  stars  is  a  very  large  one,  and  the  limits  of  this  volume 
will  not  permit  a  detailed  treatment  of  it;  but  if  any  light  can  be  thrown  upon 
the  underlying  cause  producing  variable  star  phenomena,  even  a  very  brief  treat- 
ment will  not  be  wholly  without  value.  In  spite  of  the  variety  of  phenomena 
exhibited  by  variable  stars,  it  is  easy  to  divide  them  into  about  six  principal  classes: 

1.  Algol  Variables,  with  regular  extinction  of  part  of  the  light  by  a  dark  com- 
panion moving  in  a  plane  passing  nearly  through  the  Sun. 

2.  fi  Lyrae  Variables  of  double  maxima  and  minima  due  to  two  bright  stars, 
revolving  in  close  proximity,  with  alternate  eclipses  of  the  component  stars. 

3.  The  Cepheid  Variables,  with  rapid  increase  in  the  light  and  a  more  gradual 
decrease,  accompanied  by  irregularities  resembling  secondary  maxima  in  the 
descending  branch  of  the  light  curve.     Type  of  SCephei. 

4.  The  Geminid  Variables,  with  light  curves  of  nearly  symmetrical  shape,  the 
increase  and  decrease  following  essentially  the  same  law  of  change. 

5.  The  Cluster  Variables,  usually  of  short  regular  period,  and  characterized  by 
rapid  increase  and  somewhat  more  gradual  decrease  in  the  light,  with  pro- 
longed dead  level  minima,  the  reverse  of  the  Algol  Variables,  and  therefore 
called  by  Hart  wig  Ant- Algol  Variables. 

6.  Long-Period  Variables,  of  which  o  Ceti  may  be  taken  as  a  type. 

The  eclipsing  stars,  comprised  here  in  the  first  three  classes  may  be  repre- 
sented by  such  types  as  Algol,  ft  Lyrae,  and  SCephei.  The  first  is  due  to  an 
ordinary  eclipse  of  a  bright  by  a  dark  companion;  the  second,  to  a  bright  star 
circulating  about  a  larger  but  less  lustrous  globe,  and  thus  exhibiting  an  intensified 
totality,  with  alternate  eclipses  of  the  stars;  the  third,  to  two  stars  undergoing 

*  We  may  estimate  that  at  least  20  Novae  have  blazed  forth  with  dazzling  splendor  in  2000  years,  or  one  in 
a  century.  These  are  the  extraordinary  results  of  millions  of  collisions,  with  minor  bodies,  among  a  total  as- 
semblage of  perhaps  a  billion  stars.  Thus  in  the  long  run  any  one  star  might  suffer  such  a  great  collision  once 
in  100,000,000,000  years.  There  need  therefore  be  no  fear  that  a  body  large  enough  to  produce  a  great  conflagra- 
tion will  strike  our  Sun,  though  in  the  course  of  immense  ages  it  may  suffer  slight  conflagrations  from  the  im- 
pacts of  comets,  such  as  those  of  1680,  1843,  and  1882,  a  little  change  in  the  perihelion  distances  of  which  would 
have  brought  about  actual  collisions. 
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Fig.  45.     Light  Curves  op  Typical  Variable  Stars. 
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unequal  double  eclipses  with  periastral  resistance,  and  having  a  period  of  revolu- 
tion corresponding  to  two  periods  of  variation. 

All  these  types  of  eclipsing  stars  have  been  studied  by  various  investigators, 
and  their  phenomena  admit  of  rational  explanation  by  known  causes. 

The  exact  details  of  the  classification  of  eclipse  variables  adopted  is  unim- 
portant, since  the  general  character  of  the  theory  is  not  thereby  altered;  but  it 
is  natural  to  adhere  to  that  earliest  developed,  if  it  proves  adequate  to  explain 
the  observed  phenomena,  which  is  believed  to  be  the  case.  We  need  not  there- 
fore dwell  on  eclipsing  stars,  but  may  pass  at  once  to  the  Geminids  and  Cluster 
Variables,  and  variables  of  long  period. 

Already  in  1904  (Astrophysical  Journal,  Vol.  20,  p.  186  and  L.O.B.  62)  Dr. 
R.  H.  Curtiss  remarked  that  "  It  is  easy  to  construct  a  plausible  explanation  for 
the  fight  and  velocity  curves  of  W  Sagittarii  on  the  assumption  that  the  system 
is  pervaded  by  a  resisting  medium  which  enhances  the  brightness  of  the  side  of 
the  star  which  faces  the  direction  of  motion Until  more  data  are  avail- 
able, it  would  be  premature  to  follow  out  such  theories." 

The  subject  has  since  been  further  investigated  by  Dr.  Sebastian  Albrecht 
of  the  Lick  Observatory  (L.O.B. ,  118,  p.  138)  and  by  Professor  F.  H.  Loud  of 
Colorado  College  (Astrophysical  Journal,  Dec.  1907),  and  by  others;  and  it  has 
come  to  be  believed  that  the  resisting  medium  is  one  of  the  most  important  causes 
operative  in  the  development  of  variable  star  phenomena.  For  those  who  wish 
to  consult  the  latest  researches  attention  should  be  called  to  the  work  of  the  follow- 
ing investigators: 

1.  Dr.  Ralph  H.  Curtiss,  in  L.O.B.,  62,  July,  1904,  with  full  discussion  of  the 
orbit  of  W  Sagittarii. 

2.  Dr.  Sebastian  Albrecht,  in  L.O.B.,  118,  May,  1907,  with  orbits  of  Y  Ophiuchi 
and  T  Vulpeculae. 

3.  Dr.  J.  C.  Duncan,  in  L.O.B.,  157,  April  19,  1909,  with  orbit  of  X  Sagittarii. 

In  these  papers  an  observational  basis  is  laid  which  justifies  the  conclusion 
that  the  resisting  medium  is  the  most  important  cause  affecting  the  light  of  vari- 
able stars.  It  accounts  for  the  important  fact  of  the  synchronism  of  maximum 
light  and  minimum  positive  velocity  in  line  of  sight  which  appears  to  be  character- 
istic of  variables  of  the  Cepheid  type.  These  and  other  phenomena  have  been 
shown  to  be  consistent  with  the  effects  of  a  resisting  medium,  and  these  conclusions 
were  recorded  by  the  foregoing  investigators  independently  of  the  present  author's 
researches  in  Cosmical  Evolution.  The  discovery  of  independent  lines  of  evidence 
pointing  in  the  same  direction  is  always  interesting,  and  greatly  strengthens  the 
theory  thus  suggested. 
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It  is  not  necessary  to  go  into  a  detailed  discussion  of  the  phenomena  which 
may  be  thus  explained,  but  it  is  sufficient  to  remark  that  by  varying  the  character 
of  the  medium,  and  the  law  of  its  density,  the  eccentricity  and  size  of  the  orbit, 
the  relative  mass  and  relative  brightness  of  the  components,  and  the  inclination 
of  the  system  with  respect  to  the  visual  ray,  the  position  of  the  periastron,  etc.,  we 
may  account  for  all  the  known  phenomena  of  variable  stars. 

Even  the  Ant-Algol  Variables  in  clusters  find  a  simple  and  natural  explanation 
in  good  accord  with  their  short  periods  and  regular  light-curves.  It  is  scarcely 
to  be  doubted  that  the  sudden  rise  in  their  light  is  due  to  bodies  moving  in  highly 
eccentric  orbits,  and  encountering  resistance  chiefly  near  periastron;  while  the 
more  prolonged  dead  level  tracts  of  their  light-curves  correspond  to  the  longer 
sweep  of  the  companion  over  the  region  near  apastron.  The  rapid  rise  and  more 
gradual  decline  in  light  may  be  explained  by  the  direct  effect  of  resistance,  which 
would  produce  a  rapid  blazing  up  and  a  more  gradual  cooling  down.  The  great 
regularity  in  the  periods  of  these  stars  shows  that  orbital  motion*  must  necessarily 
be  the  controlling  principle. 

In  the  case  of  long-period  variables  such  as  Omicron  Ceti,  the  same  explana- 
tion will  hold  by  introducing  disturbing  bodies  which  we  have  every  reason  to 
suppose  must  often  be  present.  Moreover,  the  red  color  of  variables  points  also 
to  a  resisting  medium,  since  such  a  medium  would  imply  that  selective  absorption 
is  at  work  and  the  principal  star  surrounded  by  a  widely  extended  atmosphere  of 
fine  cosmical  dust,  or  nebulosity,  too  close  and  too  faint  to  be  visible  in  our  tele- 
scopes. For  as  we  recognize  in  the  telescope  a  good  many  nebulous  stars,  there 
must  be  a  considerable  number  of  such  objects  also  quite  beyond  the  limits  of  our 
vision;  and  when  the  nebulosity  is  dense  enough  and  in  a  state  of  fine  particles 
it  may  give  the  star  the  reddish  aspect  so  characteristic  of  variables.  This  explains 
a  difficulty  long  recognized  in  variable  star  astronomy,  by  the  simplest  and  most 
general  cause  known  to  be  at  work  everywhere  in  space,  and  shown  to  have  exerted 
an  enormous  influence  on  the  development  of  the  solar  system. 

In  view  of  the  great  part  played  by  the  nebular  resisting  medium  in  the  past 
history  of  the  universe,  as  shown  by  the  known  process  involved  in  the  evolution 
of  the  solar  system,  and  the  ease  with  which  the  theory  of  the  resisting  medium 
adapts  itself  to  the  phenomena  of  variable  stars,  it  is  impossible  to  doubt  that  it 
is  the  principal  physical  cause  of  stellar  variability. 

It  must  be  left  to  future  research  to  determine  the  exact  mode  of  operation 
involved  in  the  different  types  of  variables.     But  as  it  is  proved  that  nearly  all 

*  In  Aetrcm.  Nachr.,  No.  4409,  Barnard  discusses  the  use  which  might  be  made  of  certain  variables  of  this 
type  for  the  measurement  of  time. 
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the  fixed  stars  have  companions  of  planetary  or  stellar  character  revolving  about 
them,  and  that  some  nebulosity  still  survives  about  nearly  all  the  heavenly  bodies, 
it  will  be  apparent  that  as  a  whole  the  stars  are  more  or  less  variable,  and  that 
fluctuation  in  brightness  is  one  of  the  most  general  of  all  the  laws  of  the  stars. 
Since  cosmical  systems  are  everywhere  in  the  process  of  formation,  it  shoidd 
occasion  us  no  surprise  that  the  luminous  bodies  which  light  up  the  depths  of 
space  should  exhibit  fluctuations  in  their  starlight.*  Our  wonder  should  rather 
be  that  the  changes  are  no  greater  than  they  are.  The  smallness  of  the  changes, 
in  most  cases,  would  seem  to  imply  that,  as  a  rule,  cosmical  transformations  come 
about  gradually,  and  extend  over  vast  intervals  of  time;  which  shows  that  systems 
of  worlds  usually  develop  under  conditions  of  great  stability,  just  as  in  the  known 
history  of  our  solar  system.  Notwithstanding  very  gradual  changes  this  result 
bears  impressive  testimony  to  the  general  stability  of  the  order  of  Nature. 

§  298.     The  Extinction  of  Light  in  Spoxe  as  Inferred  from  the  Researches  of  Cheseaux, 
Olbers,  Struve,  Brace,  Kapteyn,  Seeliger  and  Barnard.! 

The  problem  of  the  extinction  of  light  in  space  dates  back  to  1744,  when 
Cheseaux,  of  Geneva,  published  a  treatise  on  the  great  comet  of  1743  and  1744, 
with  an  addition  containing  diverse  observations  and  astronomical  dissertations, 
of  which  the  second  is  entitled  Sur  la  force  de  la  Lumiere  et  la  propagation  dans 
VEther,  et  sur  la  distance  des  Etoiles  Fixes.  In  1823  this  subject  was  independently 
treated  by  Dr.  Olbers,  of  Bremen,  in  a  memoir  entitled  Ueber  die  Durchsich- 
tigkeit  des  Weltraums,  published  in  the  Berliner  Jahrbuch  for  1826,  pp.  100-121,  and 
reprinted  in  Olbers'  Werke. 

Basing  their  work  on  observed  data  respecting  the  stellar  distribution, 
both  Cheseaux  and  Olbers  concluded  that,  if  the  number  of  stars  is  infinite  and 
distributed  with  anything  like  uniformity  in  space,  and  there  be  no  extinction  or 
absorption  of  light,  the  sky  would  appear  all  over  of  a  brightness  approaching  that 
of  the  Sun,  since  at  any  point  the  brightness  depends  on  the  depth  of  the  luminous 
layer  and  the  solid  angle  which  it  subtends  at  that  point.  If,  therefore,  the  layer 
of  stars  is  indefinitely  thick,  and  no  light  is  lost  by  extinction  or  absorption,  the  lumin- 
ous points  would  finally  tend  to  cover  the  background  of  the  heavens  as  the  stars 
do  in  a  dense  cluster,  and  the  whole  sky  would  become  luminous  like  the  Sun's  disc. 

In  his  Etudes  d'Astronomie  Stellaire,  1847,  W.  Struve  attempted  to  deduce 
the  law  of  the  extinction  of  light  in  space.     He  used  the  data  of  Herschel's  gauges 

*  The  Novae  appear  to  be  extreme  cases  of  fluctuation,  due  to  actual  collisions  of  stars  with  bodies  large 
enough  to  produce  violent  but  temporary  conflagrations,  and  therefore  with  masses  probably  corresponding  to 
our  planets,  satellites  and  comets. 

t  cf .  Astrophysical  Journal,  January,  1910. 
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and  assumed  an  average  uniformity  of  stellar  distribution  in  layers  parallel  to  the 
Milky  Way;  and  on  the  hypothesis  that  the  brightness  is  a  measure  of  the  relative 
distance,  deduced  tables  to  show  that  extinction  takes  place.  If  the  distribution 
were  uniform,  the  number  of  calculated  stars  of  different  magnitude  should  vary 
inversely  as  their  brightness;  but  as  the  number  of  calculated  stars  of  any  magni- 
tude exceeds  slightly  the  number  observed,  the  excess  being  greater  with  the 
diminution  of  the  magnitude,  he  concluded  that  extinction  should  be  invoked  to 
explain  the  discrepancy. 

Struve  also  concluded  that  the  space-penetrating  power  of  a  telescope  was 
less  than  Herschel  had  concluded  from  the  natural  enfeeblement  of  light  incident 
to  the  inverse  square  of  the  distance,  and  that  light  is  lost  in  its  passage  through 
celestial  space. 

Using  Argelander's  estimates  of  magnitudes  as  the  basis  of  calculation, 
Struve  found  that  the  apparent  brightness  of  a  star  £  is  a  function  of  its  dis- 
tance and  of  the  extinction,  of  the  form 


i  -  ^3-  -  -„0.990651x-1 
x*       x* 


(552) 


where  x  is  the  distance  of  the  star,  and  X  =  0.990651,  the  coefficient  of  extinction. 
The  following  is  Struve 's  table: 


Distance 
x  = 

Coefficient 

of 
Extinction 

Relative  Brilliancy 

No.  of  Collected 

Stars  which  would 

Produce  the  Same 

Brilliancy 

Without  Regard 
to  Extinction 

(0  = 

With  Regard 
to  Extinction 

e- 

1,0000 
1,2638 

1,8031 
2,1408 

2,7639 
3,1961 

3,9057 
4,4374 

5,4545 
6,2093 

7,7258 
8,8726 

14,4365 
24,8445 
37,7364 

227,782 

0,99065 
0,99821 

0,98300 
0,98009 

0,97437 
0,97043 

0,96398 
0,95918 

0,95006 
0,94334 

0,93000 
0,92003 

0,87319 
0,79186 
0,70154 

0,11770 

1,0000 
0,6261 

0,3076 
0,2182 

0,1309 
0,0979 

0,0656 
0,0508 

0,0336 
0,0259 

0,0168 
0,01270 

0,00480 
0,00162 
0,000702 

0,00001928 

1,0000 
0,6246 

0,3053 
0,2159 

0,1287 
0,0959 

0,0638 
0,0492 

0,0322 
0,0247 

0,0157 
0,01180 

0,00423 
0,00129 
0,000497 

0,00000229 

1,00 
1,60 

3,28 
4,63 

7,77 
10,43 

15,68 
20,34 

31,02 
40,49 

63,58 

84,76 

236,44 

772,20 
2010,9 

436696,0 

Mean  Dist.  of  Stars  1A 
Radius        "       "      1A 

Mean  Dist.  of  Stars  2A 
Radius        "       "     2A 

Mean  Dist.  of  Stars  3A 
Radius        "       "     3A 

Mean  Dist.  of  Stars  4A 
Radius        "       "     4A 

Mean  Dist.  of  Stars  5A 
Radius        "       "     5  A 

Mean  Dist.  of  Stars  6A 
Radius        "       "     6A 

Radius        "       "     7B 
"       "     8B 
"       "     9B 

Radius        "       "     H 
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The  second  column  shows  the  effect  of  extinction.  Only  one  per  cent,  of 
the  light  is  lost  for  a  star  of  the  first  magnitude,  but  for  a  star  of  Argelander's 
sixth  magnitude,  the  loss  mounts  up  to  eight  per  cent.,  while  for  stars  of  Bessel's 
ninth  magnitude,  thirty  per  cent,  is  lost.  Finally,  for  the  smallest  stars  at  the 
greatest  depth  to  which  Herschel's  telescope  could  penetrate,  the  total  loss  is 
88  per  cent.  If  X  be  the  coefficient  or  function  to  which  the  intensity  of  the  light 
is  reduced  by  extinction,  the  loss  is     1  —  X  ;    and  we  have  for  great  distances: 


Extinction 

Distance 

X  =  0.01 

0.99 

x=    490.26 

X  =  0.001 

0.999 

x  =    735.40 

X  =  0.0001 

0.9999 

x  =    980.53 

X  =  0.00001 

0.99999 

x  =  1470.80 

This  enfeeblement  of  the  light  of  the  more  distant  stars  and  the  corresponding 
limitation  of  the  penetrating  power  of  telescopes  is  the  direct  effect  of  the  extinction 
of  light  in  its  passage  through  space. 

Struve  has  examined  also  the  fractional  part  of  the  light  of  the  Galaxy 
given  by  the  stars  of  different  classes.  Taking  a  differential  cone  with  vertex  in 
the  eye  of  the  observer,  and  having  an  element  of  the  base  of  thickness  dx,  the 
differential  brilliancy  is 

dL  =  C  .  X1  .  zdx  ,  (553) 

where  C  is  a  constant,  X  the  coefficient  of  extinction  for  unit  of  distance,  and  z 
the  density  of  the  stars  in  the  differential  layer.  The  total  light  of  the  cone  from 
the  eye  to  the  distance  8  is 


C  J X'zdx  . 


L  =  C  /k'zdx  .  (554) 

1  =  0 


In  the  direction  of  the  middle  of  the  Galaxy  2  =  1,    and  we  get 

i-x3 

log^x' 

(555) 

_  r.  I 

and  if 

But  as  the  light  of  the  middle  of  the  Milky  Way  is  taken  to  be  unity,  this  gives 
C  =  -  loge  X  .    And  thus  for  the  distance  S  we  have 

L>  =  1  -  X5 .  (556) 

And 

•"•x  =  3 
L  =  -  \oge\/\'dx  (557) 

"^0-0 
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gives  the  brilliancy  in  any  direction  from  the  Milky  Way  to  its  poles.  But  as 
the  analytical  expression  of  z  is  very  complicated,  this  is  best  evaluated  by  quad- 
rature, which  is  made  very  simple  by  taking  the  distance  of  the  remotest  Herschel 
stars  as  the  unit  of  distance,  and  the  corresponding  coefficient  of  extinction 
A.  =  0.11770.     Thus  Struve  finds  the  following  results: 


Portion  of  the 

Portion  of  the 

Stars  of 

Light  of  the 
Middle  of  the 

Stars  of 

Light  of  the 
Middle  of  the 

Classes 

Classes 

Galaxy 

Galaxy 

1  to  6  A 

0.07993 

1  to  6  A 

0.07993 

1  to7B 

0.12683 

7B 

0.04690 

1  to8B 

0.20814 

8B 

0.08131 

1  to9B 

0.29845 

9B 

0.09031 

1  to  H 

0.88230 

9B  toH 

0.58385 

1  to  00 

1.00000 

H  to  oo 

0.11770 
1.00000 

This  table  gives  a  very  useful  summary  of  the  total  light  of  the  stars  of  the 
different  Argelander,  Bessel  and  Herschel  classes.  It  shows  that  most  of  the 
light  comes  from  the  stars  between  Bessel's  ninth  magnitude  and  the  faintest 
Herschel  stars,  while  the  stars  beyond  Herschel's  vision  give  less  than  12  per 
cent,  of  the  total  light  of  the  Galaxy.  Unless  we  suppose  the  sidereal  universe  to 
extend  but  little  beyond  the  depths  to  which  Herschel's  telescope  could  pene- 
trate, we  must  recognize  the  rapid  increase  of  extinction  at  great  depths. 

That  the  universe  should  have  been  accidentally  so  constituted  as  practically 
to  cease  at  the  limits  of  Herschel's  vision,  or  that  Herschel  would  have  just 
happened  to  make  telescopes  which  nearly  penetrated  to  the  borders  of  the  universe, 
no  one  will  believe  who  is  acquainted  with  the  theory  of  probability.  The  chances 
are  almost  infinity  to  one  against  the  coincidence.  And  we  are  obliged  to  recognize, 
therefore,  that  the  remoter  stars  are  finally  rendered  invisible  by  the  extinction 
of  light  in  space,  and  that  the  penetrating  power  of  telescopes  is  less  than  its 
theoretical  amount  by  a  proportion  which  increases  with  the  distance  and  finally 
cuts  off  the  light  of  the  more  distant  stars  entirely.  Thus  the  most  distant  regions 
of  the  universe  will  always  be  veiled  in  the  blackness  of  everlasting  night,  and  no 
increase  in  telescopic  power  can  ever  overcome  this  difficulty,  by  which  nature 
limits  our  explorations  of  the  sidereal  universe. 

Since  the  appearance  of  the  great  work  of  Struve,  over  sixty  years  ago,  on 
the  extinction  of  light  in  space,  the  subject  of  the  absorption  of  light  has  been  con- 
sidered by  many  other  writers,  but  with  less  significant  results.  We  shall  only 
refer  to  a  few  of  these  investigations. 

In  the  Studies  of  the  University  of  Nebraska  for  July,  1888,  the  late  Professor 
D.  B.  Brace  has  an  important  paper  "  On  the  Transparency  of  the  Ether,"  in 
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which  he  has  considered  the  effect  of  imperfect  elasticity  of  the  ether,  and  shown 
by  a  careful  discussion  of  the  differential  equations  for  the  motion  of  a  viscous 
fluid  that  the  principal  effect  of  imperfect  elasticity  or  friction  in  the  ether  would 
be -to  give  increasing  coloration  to  the  remoter  stars,  by  cutting  down  the  shorter 
vibrations,  and  thus  rendering  them  somewhat  reddish.  But  he  remarks  that  the 
observed  whitish  color  of  the  remotest  stars  is  strong  evidence  that  there  is  little 
or  no  absorption  of  light  depending  on  the  friction  of  the  ether;  and  he  thus  con- 
cludes that  the  apparent  finiteness  of  the  universe,  as  shown  by  Struve's  re- 
searches, cannot  be  due  to  absorption. 

Brace,  however,  takes  no  account  of  extinction  as  distinguished  from  absorp- 
tion, the  former  effect  depending  on  the  pressure  of  cosmical  dust,  the  latter  on 
the  imperfect  elasticity  of  the  ether.  We  may  therefore  dismiss  the  supposition 
that  the  ether  is  imperfectly  elastic,  and  consider  only  the  effects  which  will  arise 
from  cosmical  dust  in  space.  If  the  particles  of  the  dust  be  appreciably  larger 
than  the  wave  lengths  of  light,  the  effect  will  be  extinction  without  sensible  selective 
absorption.  Now  this  is  exactly  what  appears  to  take  place.  Nebulosity  per- 
vades the  celestial  spaces,  and  this  star  dust  is  made  up  of  solid  particles  of  all 
sizes.  Like  very  coarse  dust  floating  in  the  air  it  cuts  down  the  depth  through 
which  the  starlight  can  penetrate ;  so  that  the  remoter  stars  become  invisible  but 
do  not  show  sensible  coloration. 

As  extinction  of  light  is  an  unquestioned  fact,  this  result  would  seem  to  indi- 
cate that  most  of  the  cosmical  dust  is  made  up  of  grains  larger  in  diameter  than 
the  wave  lengths  of  light;  which  accords  with  our  knowledge  of  the  nature  of 
meteoric  dust  falling  upon  the  Earth  and  shown  to  exist  in  considerable  abundance 
throughout  the  celestial  spaces. 

Within  the  last  few  years  the  subject  of  the  extinction  and  absorption  of  light 
in  space  has  been  further  considered  by  Turner,  Kapteyn,  and  Seeliger.*  In 
A.N.,  4359,  p.  246,  Seeliger  remarks  that  the  recent  results  tending  to  show  a 
selective  absorption  are  far  from  conclusive,  and  that  the  subject  must  be  followed 
much  further  before  any  proof  can  be  obtained.  Turner's  results  are  published 
in  the  Monthly  Notices  of  the  Royal  Astronomical  Society,  while  Kapteyn 's  more 
elaborate  discussions  will  be  found  in  the  Astrophysical  Journal  for  January, 
November,  and  December,  1909. 

Kapteyn  finds  from  his  careful  discussion  of  the  observations  of  several 
hundred  stars  that  the  difference  d  representing  the  amount  of  change  Phot. — Vis. 
for  unit  distance  is  d=  +0.0031  ±0.0006  mag.     (Aph.  J.,  Dec,  1909,  p.  399).    This 

*  Also  by  Barnard  in  the  Astrophysical  Journal  for  January,  1910,  and  by  Schwarzschild  and  Hartzsprung, 
in  Astron.  Nachr.,  No.  4422,  June  28,  1910. 
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value  of  the  absorption  is  excessively  minute,  and  whilst  it  may  be  real,  it  cannot 
yet  be  regarded  as  established.  The  data  on  photographic  and  visual  magnitudes 
of  the  stars  are  not  yet  accurate  enough  to  permit  of  the  certain  recognition  of 
such  minute  quantities.  The  difficulty  is  like  that  of  fixing  the  ten-thousandth  of 
a  second  of  arc  in  the  solar  parallax,  when  the  thousandth  is  still  uncertain,  and 
the  hundredth  barely  established. 

Accordingly  the  indications  of  absorption  found  in  the  spectra  of  certain  stars 
by  Kapteyn  and  Slipher  must  be  accepted  with  extreme  reserve.  Many  other 
explanations  might  be  found  for  the  same  phenomena,  but  the  causes  involved 
might  prove  to  be  wholly  different.  In  conclusion,  we  may  therefore  say  that  a 
small  absorption  probably  exists,  but  that  it  is  not  yet  certainly  detected.  It  can- 
not be  large,  even  for  the  remotest  stars,  as  we  infer  from  the  observed  absence 
of  sensible  coloration ;  while  extinction  is  everywhere  at  work  and  known  to  be  so 
large  for  the  most  distant  portions  of  the  Galaxy  as  to  limit  the  depths  to  which 
our  telescopes  can  penetrate,  as  has  been  shown  by  Struve  from  Herschel's 
gauges. 

§  299.     Seeliger's  Investigation  of  the  Spacial  Distribution  of  the  Fixed  Stars. 

In  the  Abhandlungen  of  the  Munich  Academy  of  Sciences  for  1898  (II  Class, 
XIX  Band,  III  Abtheilung)  Professor  H.  Von  Seeliger  has  treated  with  entire 
mathematical  rigor  of  the  problem  of  the  spacial  distribution  of  the  fixed  stars. 
We  can  here  give  only  the  briefest  summary  of  his  method,  but  we  may  remark 
that  he  takes  account  of  the  following  causes:  (1)  The  unequal  intrinsic  lustre 
of  the  stars;  (2)  The  unknown  law  of  distribution;  (3)  The  extinction  of  light 
in  space.  And  when  the  resulting  equations  cannot  be  integrated,  owing  to  the 
presence  of  unknown  factors  under  the  integral  signs,  he  proceeds  to  determine 
the  unknown  functions  in  such  a  way  as  to  satisfy  observations ;  and  the  data  of 
observation  are  thus  harmonized  with  rigorous  theory. 

Put  Am  for  the  number  of  stars  from  the  brightest  to  the  magnitude  m,  which 
lie  in  a  given  direction  on  an  apparent  surface  area  a>;  then  if  the  stars  which  lie 
in  a  portion  of  space  dr  =  wr2dr,  at  the  distance  r  were  transferred  to  the  distance 
1,  the  apparent  brightness  would  be  i,  which  denotes  the  absolute  intensity;  and 
the  value  of  i  may  be  defined  by  the  frequency  function  <f>  (i) .  And  if  D  be  the 
number  of  the  stars  in  a  unit  volume  of  space,  their  intensity  i  will  be  between 
i  and  i  +  di,  and  D(f>(i)didT  will  be  the  number  of  the  stars  which  are  in  the 
surface    w;   so  that  we  have  the  equation 

A(dr)  =  D  .  <f>(i)didT  .  [a]  (558) 
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The  intensity  i  is  to  be  taken  so  that  it  varies  between  i  =  0  and  i  =  H,  and  <j>  (i) 
is  to  be  determined  so  that 

/  4>{i)di=  1  .  [£1(559) 

•A 

The  apparent  brightness  h  of  a  star  at  the  distance  r  will  not  be  assumed  to  be  -s 
but  may  be  reduced  by  extinction  to 

*-'-*£*,  [y](560) 

where  </» (r)  is  the  extinction  function,  and  depends  on  the  direction  of  the  star. 
Taking  as  the  element  of  space    dr  =  wr2dr  ,     and  substituting  for  di  its  value 

di  =  — ^-  dh ,   we  therefore  get 

7)     rldr      /hri\ 

"w  =  u7(ir*y*'  [8](561) 

This  gives  the  number  of  stars  in  the  area  &>,  at  distance  between  r  and  r+dr, 
and  brightness  between  h  and  h  +  dh.  Integrating  this  expression  between  the 
limits  of  the  brightest  stars  to  those  of  brightness   hm ,  we  get 

^t>  -  a^r/<l'{w))dh-  M  (562) 

If  we  integrate  from  r  =  0  to  r  =  <r,  where  there  are  stars  of  brightness  >/i,  we 
get 

^■/wtQ"-  ra(563) 


The  value  of   <r  may  be  found  from  the  equation 

a3        H 

<l>  (a)  ~  hm  ' 


M  (564) 


so  long  as   <r<ru  the  upper  limit  of  r ;    and  in  the  other  case   a  =  r1.     Therefore, 
on  putting    x  =  ——,  and  dh^^-Ydx,    we  have  the  two  equations 
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r    r 

a>  /  D(r)r*dr  /  <j>( 
"'ft  —J  -       1 


Am=  to  /  Di^r^dr  /  <\>{x)dx  r,  >  <r 

h 


<o  /  D(r)r*dr  /  <l>(x) 


*(r) 

M  (565) 


A„  =  to  /  D  (r)  r*  dr  /  <f>  (x)  dx  r^  <  o-  . 

r2 
V(r) 


0  "    fc_ 


In  the  same  way  the  mean  distance    ?mmi    of  the  stars  between  the  magnitude  m 
and  mx  becomes 


'H 


?mmi(Am  ~   \)  =  »/D{r)i*dr/<t>{x)dx  -  u>  / D{r)r*dr  f*{x)dx  .  [»]  (566) 


»0(r)  "i0(r) 


Here    o^   is  to  be  determined  from  equation  [17]  when   mx   is  put  in  place  of  m. 
If  we  prefer  mean  parallaxes     irmmi    in  seconds  instead  of    $>mmi     we  have 

^5(4.  -  4»J  =  w/D(r)rdr/*(z)dx  -  *  I D(r)rdr  I *(x)dx  .       [«]  (567) 


■<Hr)      .  "V(r) 


These  formulae  (1  ,  «•)  hold  so  long  as  rx>  a  >  cr^  .  In  other  cases  we  have 
o-j  <  rx  <  <r ,  and  in  the  first  integral  <r  =  rx ,  and  o-x  remains  unchanged. 
Finally  if  rx  <  al  then  upper  limit  of  the  first  integral  are  both  =  rx.  If  we 
introduce  a  new  variable  9  defined  by  the  relations 


and  call 


we  get 


91  =  W)    '    r  =/(?)'  W(568) 


J  (9)  =  D  5/(9)  J  (^)  V  (9)  ,  W  (569) 


'H 


Am=  <•>/  d(y)<fd§/  4>(x)dx     ,     m  <  n  ,J 
'0  «-Am  92 


-P 


W  (570) 


•tf 


Am  =  to/  J  (9)  fdg/  <f>  (x)  dx     ,     m  >  n. 
'0  «-Am92 


/(?) 


0".2 
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Herein    hn    represents  the  apparent  brightness  given  by  the   brightest  stars  at 
the  border   (r  =  r,)    of  the  sidereal  system.     In  the  same  way  [*]  becomes 

/%Jic  ,.    r"         aJ£;  , .    rH 

^[Am-Ami)  =  J  Jtojrl/  +  (*)<**-»/  ^(9)^ *  /  +  (x)dx.    [*]  (571) 

We  may  also  include  the  special  case  in  which    m  —  mx    is  very  small.     Since 

^(r)  =  -»'    we  get  the  formula 

9 

o  /w ,  [o]  (572) 

/^(?)^(*m9H 

which  in  practice  is  generally  sufficient  for  nearly  all  purposes.  This  fundamental 
formula  is,  in  fact,  included  in  [0],  but  in  a  slightly  different  form.  In  case  no 
absorption  takes  place,  we  have  \fi  (r)  ==  1  ,  r  =  9  ,  J  =  D  .  If  the  result  of 
enumeration  Am  is  known,  and  also  the  parallax  vm,  then  the  functions  J 
and  <t>  depend  on  the  data  of  observation,  by  means  of  [v]  and  [£],  which  are 
so-called  integral  equations.  Under  certain  circumstances,  the  two  integral  equa- 
tions [v]  determine  both  functions  <f>  and  J. 

To  take  account  of  absorption,  we  remark  that  if 

-*<?)-  ••*-*!  M  (573) 

then  it  will  follow  for  any  frequency  function    <t>  (i) 

Am  =  y.  Am»(1-3>  [9]  (574) 

Conversely  if  Am  is  given  by  this  formula,  then  it  follows  that  J  (9)  =  c  .?~x ; 
for  if  we  overlook  the  absorption,  we  shall  have  for     J  (9)  =  c  .  9~x , 


/   9"   x 


-JH 


-2-  r.  hj.  [>]  (575) 


0 
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That  is,  the  mean  parallaxes  7rm  for  magnitudes  m  <  n  are  proportional  to  the 
square  roots  of  the  brightnesses,  which  was  long  ago  remarked  by  Herschel. 
Parallaxes  which  proceed  according  to  equation  [<r]  are  called  "  normal "  parallaxes. 
Equation  [9]  naturally  carries  with  it  equation  [cr]  as  a  direct  consequence.  Ac- 
cordingly if  the  gauges  of  the  stars  confirm  equation  [9],  then  the  mean  parallaxes 
must  proceed  according  to  the  square  root  of  the  brightnesses.  If  this  does  not 
take  place,  there  must  be  absorption,  and  it  will  be  indicated  by  rigorous  mathe- 
matical relations. 

If  Am  follows  formula  [9]  only  approximately,  it  is  not  always  necessary 
for  the  7rm  to  fulfill  [<r]  with  equal  accuracy.  On  the  contrary,  it  may  be  antic- 
ipated that  both  the  integral  equations  [v]  and  [f ]  may  be  fulfilled  by  appropriate 
choice  of  the  functions  <t>  and  J,  when  absorption  is  neglected;  that  is,  a  repre- 
sentation of  7rm  can  be  forced,  but  this  can  happen  only  in  a  certain  range  for 
Am,  for  when  [9]  is  accurately  fulfilled,  [a-]  must  likewise  hold. 

It  follows  from  [v]  that  Am  is  determined  only  through  the  function  J  and 
not  through  D.  Wherefore  it  is  impossible,  even  with  a  knowledge  of  <£  to  sepa- 
rate the  spacial  density  D  from  the  absorption  so  that  both  may  be  determined 
from  the  apparent  distribution  of  the  stars.  The  attempts  which  have  actually 
been  made  with  this  end  in  view  are  frail.  Yet  such  a  separation  in  a  certain 
sense  is  possible  by  the  use  of  [v]  and  [£],  since  in  [£]  we  do  not  have    A  (9)    but 

A  (?)  Try     If  f°r  example   J  (9)  is  known,  it  follows  from  the  definition  equation  for 

J  (9)    that 

D{r) ~ ~    (Hr)r>        A {vW)J '  C]  (578) 

For    A?  =  <fl ,    for  example,  we  have 

and  when  we  postulate  the  simplest  case  of  general  absorption  \ft(r)  =e~" ,  it 
follows  that 


y       ,      •-» 


I)  (r)  =  r-x  M  +  -r\e  *       ■  [*]  (578) 

This  is  an  outline  of  Seeliger's  investigation  of  the  spacial  distribution  of  the 
fixed  stars,  substantially  as  given  in  Astronomische  Nachrichten,  No.  4359.  For 
further  details  the  reader  must  consult  the  original  memoir  of  Seeliger,  Betrach- 
tungen  uber  die  rdumliche  Verteilung  der  Fixsterne,  in  the  Abhandlungen  of  the 
Munich  Academy  of  Sciences  for  1898;  and  a  second  paper  with  the  same  title 
in  the  Munich  Abhandlungen  for  1909. 
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§  300.    Seeliger's  Principal  Conclusions. 

(I)  "The  number  of  the  stars  augments  with  the  magnitude  so  much  the 
more  rapidly  the  nearer  the  contemplated  region  of  the  heavens  approaches  the 
Milky  Way." 

(II)  "  The  number  of  the  fainter  stars  increases  in  regions  remote  from  the 
Milky  Way  very  slowly  and  in  an  excessively  slower  ratio  than  is  the  case  with  the 
brighter  stars." 

(III)  As  for  the  Herschel  stars,  Seeliger  shows  that  in  the  case  of  these 
faint  stars,  the  number  increases  with  decreasing  brightness  approximately  accord- 
ing to  the  law  holding  for  the  brighter  stars  only  in  the  Milky  Way;  while  out- 
side of  this  zone  the  number  of  the  faint  stars  increases  very  slowly,  and  the  phe- 
nomena of  the  Milky  Way  itself  forces  upon  us  the  conclusion  that  in  that  remote 
depth  of  space,  in  which  the  stars  producing  this  appearance  exist,  the  rigorous 
law  would  hold  true,  and  that  the  number  of  the  stars  in  the  Milky  Way  alone 
is  subjected  to  further  increase  (Kobold,  Der  Bau  des  Fixsterne  systems,  p.  176). 

This  reasoning  establishes  the  vast  extension  of  the  sidereal  universe  in  the 
direction  of  the  Milky  Way,  and  its  extreme  thinness  in  the  direction  perpendic- 
ular to  the  Galaxy. 

(IV)  Taking  the  magnitude  of  the  brightest  stars  as  — 2,  Seeliger  concludes 
that  the  boundary  of  the  sidereal  system  in  the  direction  of  the  poles  is,  in  round 
numbers,  500,  and  in  the  plane  of  the  Milky  Way  1100  Sirian  units  of  distance, 
each  corresponding  to  a  parallax  of  0".2,  or  about  16  light-years;  and  he  calculates 
the  total  number  of  the  Herschel  stars  at  27,000,000. 

(V)  He  concludes  that  the  hypothesis  of  the  extinction  of  light  in  space, 
advanced  by  Olbers  and  Struve,  is  natural,  plausible  and  well  adapted  to  explain- 
ing the  small  surface  luminosity  of  the  background  of  the  heavens,  but  not  adequate 
to  account  for  the  distribution  of  stars  of  different  brightness,  unless  we  also 
assume  a  bounded  system  with  finite  density  in  a  limited  space. 

(VI)  In  the  denser  portions  of  the  Milky  Way  there  is  more,  and  in  the 
vacant  portions  less,  matter,  than  in  the  average  of  that  zone,  where  attractive 
forces  are  at  work;  whether  the  clustering  tendency  is  due  to  the  cumulative 
effects  of  gravity  or  to  super-position  of  chance  phenomena,  he  does  not  decide; 
but,  like  Herschel,  he  notices  the  approximate  compensation  between  the  bright 
and  the  vacant  regions,  which  are  often  in  comparative  proximity. 

(VII)  In  our  immediate  neighborhood  the  density  of  stars  in  the  Milky 
Way  decreases  more  rapidly  than  in  the  direction  perpendicular  to  it;  but  at 
great  distances  this  proportion  becomes  reversed,  and  the  decrease  becomes  rapid 
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towards  the  poles  and  slow  near  the  Milky  Way.  This  is  illustrated  by  the  ac- 
companying figure  showing  curves  of  equal  stellar  density,  taken  from  Professor 
Kobold's  Bau  des  Fixsterne  systems,  p.  205.  The  small  circle  represents  the  region 
of  the  naked  eye  stars,  while  the  larger  circle  represents  the  distance  of  the  stars 
of  ninth  magnitude;  and  in  general  the  curves  of  equal  density  run  nearly  parallel 
to  the  plane  of  the  Milky  Way,  as  was  long  ago  imagined  by  Struve. 


0,02 


Fig.  46.     Kobold's  Investigation  of  the  Density  of  the  Stars. 


(VIII)  Seeliger  has  shown  also  that  the  Herschel  stars  follow  a  different 
law  from  the  brighter  stars  to  the  11.5  magnitude;  but  Kobold  remarks  that 
this  fact  is  not  yet  satisfactorily  explained.  The  following  table  shows  how  the 
ratio  of  the  Herschel  to  the  Durchmusterung  stars  varies  in  the  nine  zones  each 
20  degrees  in  width  between  the  Galactic  poles. 


()«S0    CONCLUDED   THEORETICAL   DISTRIBUTION    OF   STARS   TO   20TH    MAGNITUDE. 


Fig.  47.     Ratio  of  the  Herschel  to  the  Durchmusterung  Stars,  with  Theoretical  Ratio 
of  Stars  to  20th  Magnitude  to  the  Herschel  Stars,  Calculated  by  T.  J.  J.  See. 
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This  law  of  the  relative  increase  of  the  Herschel  stars  towards  the  plane 
of  the  Galaxy  is  so  regular  as  to  be  very  remarkable,  and  no  cause  for  it  has  yet 
been  assigned. 

It  would  seem  that  the  indefinite  extension  of  the  starry  stratum  in  the 
direction  of  the  Milky  Way,  thus  giving  a  certain  proportion  of  very  large  stars 
which  might  appear  at  very  great  distances  as  the  small  Herschel  stars,  owing 
to  the  effect  of  distance  and  the  extinction  of  light  in  space,  is  the  only  reasonable 
explanation  of  this  law  of  concentration  of  the  Galactic  light  towards  the  medial 
plane  of  that  luminous  zone.  If  this  explanation  be  admissible,  it  will  afford  a 
new  argument  for  the  indefinite  extension  of  the  starry  stratum  and  also  for  the 
extinction  of  light  in  space,  as  was  long  ago  inferred  by  Struve  from  the  excess 
of  the  calculated  stars  of  a  given  magnitude  over  those  actually  observed  by 
Herschel  in  his  gauges  of  the  heavens. 

The  accompanying  figure  illustrates  the  tendency  of  distribution  among  the 
stars  of  the  different  classes  to  the  20th  magnitude.  This  theoretical  deduction 
from  the  laws  found  to  hold  true  for  the  Durchmusterung  and  the  Herschel 
stars  constitutes  what  appears  to  be  a  legitimate  and  most  powerful  argument  for 
the  indefinite  extension  of  the  sidereal  universe  and  for  the  unavoidable  extinction 
of  light  in  space.  Thus  a  limit  is  fixed  to  the  space-penetrating  power  of  telescopes, 
and  the  most  remote  regions  of  the  universe  are  seen  to  be  veiled  in  the  blackness 
of  impenetrable  night;  but  obviously  the  borders  of  the  visible  universe  may  be 
pushed  back  with  each  increase  of  telescopic  power.  To  observe  stars  of  the 
20th  magnitude,  we  should  require  a  telescope  of  about  14  feet  aperture.  This 
is  within  the  range  of  our  modern  powers  of  construction  and  as  the  limits  of  the 
universe  would  be  expanded  by  65  per  cent.,  such  an  effort  for  nearly  doubling 
the  bounds  fixed  by  Herschel  cannot  be  too  urgently  recommended  to  the  atten- 
tion of  astronomers. 


CHAPTER  XXIV. 


The  Laws  of  Cosmical  Evolution. 

§  301.     The  Inadequacy  of  the  Detachment  Theory  as  Developed  by  Laplace  and 

his  Successors. 

This  concluding  chapter  will  consist  principally  of  a  summary  of  the  results 
at  which  we  have  arrived  in  the  course  of  the  present  volume,  and  although  such 
a  review  will  be  restricted  mainly  to  general  considerations,  it  will  not  be  without 
value  for  our  grasp  of  the  work  as  a  whole. 

In  Chapter  XV  we  have  considered  especially  the  origin  of  the  solar  system, 
and  have  adduced  various  criteria  which  show  the  inadequacy  of  the  detachment 
theory  to  explain  the  origin  of  the  planets  and  satellites.  Among  the  several 
independent  proofs  that  the  bodies  of  the  solar  system  have  not  been  detached 
from  the  central  bodies  which  now  govern  their  motions,  by  acceleration  of  rota- 
tion, as  imagined  by  Laplace,  that  based  on  the  mechanical  principle  of  the  con- 
servation of  areas,  and  known  as  Babinet's  criterion,  appears  to  be  the  most 
satisfactory,  and  least  open  to  any  valid  objection.  For  the  dynamical  rigor  of 
Babinet's  criterion  is  universally  recognized,  and  the  numerical  results  of  its 
application  show  that  the  planets  never  were  detached  from  the  Sun,  and  that 
the  satellites  never  were  detached  from  their  several  planets,  as  incorrectly  held 
by  Laplace  and  generally  believed  by  astronomers  since  1796. 

This  alone  is  sufficient  to  show  that  the  theory  of  Laplace,  which  has  dominated 
all  our  thought  in  Cosmogony  for  over  a  century,  is  quite  devoid  of  real  foundation. 
In  fact,  this  fatal  defect  in  Laplace's  theory  is  conceded  in  Nature  of  July  29, 
1909,  by  a  distinguished  reviewer  of  the  paper  on  the  cause  of  the  circularity  of 
the  orbits  of  the  planets  and  satellites  (A.N.,  4308).  It  is  true  that  a  criticism 
is  made  by  this  writer  in  Nature,  that,  because  detachment  is  disproved,  capture 
is  not  necessarily  established;  but  the  arguments  given  in  the  present  volume 
answer  this  objection  completely.  The  results  of  several  other  writers  who  have 
followed  the  general  conceptions  of  Laplace  need  not  be  considered,  since  the 
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work  of  their  great  master  is  shown  to  be  entirely  vitiated  by  a  false  premise. 
Thus  we  have  passed  over  the  writings  of  Faye,  Ligondes,  Andre,  Nolke,  and 
many  others  as  not  materially  contributing  to  the  subject,  except  in  variations, 
which  are  not  vital,  when  the  foundation  itself  is  unsound.  Dr.  Nolke  has  dis- 
cussed the  capture  theory  in  A.N.,  4374,  and  he  agrees  with  the  present  author 
that  the  irregular  satellites  are  captured,  but  thinks  that  the  regular  ones  may  have 
been  formed  in  the  atmospheres  of  the  planets.  The  weakness  of  this  position 
is  apparent. 

It  will  doubtless  appear  very  remarkable  to  future  investigators  that  we 
should  not  earlier  have  perceived  that  the  roundness  of  the  orbits  of  the  planets 
and  satellites  was  to  be  explained  by  the  secular  action  of  a  resisting  medium  and 
by  no  other  cause  whatsoever.  The  force  and  accord  of  traditional  opinion,  how- 
ever, was  so  great  that  for  a  long  time  no  one  recognized  that  a  false  premise  had 
entirely  vitiated  Laplace's  original  reasoning.  Babinet's  criterion  lay  buried  in  the 
Comptes  Rendus,  and  remained  unknown  to  Kelvin,  Newcomb,  Darwin,  Tisserand, 
Poincare  and  other  modern  investigators.*  And  even  after  I  had  investigated 
this  criterion  and  discovered  the  false  premise  in  Laplace's  argument,  there  were 
many  who  considered  it  rash  to  criticize  the  traditional  theory,  lest  the  author's 
views  be  rejected  as  heterodox  and  contrary  to  those  held  by  the  majority  of 
astronomers.  To  the  earnest  student  of  nature  such  arguments  plead  for  popularity 
rather  than  truth,  and,  when  I  was  fully  convinced  of  the  erroneous  premise,  I 
did  not  hesitate  to  attempt  the  permanent  overthrow  of  the  Laplacian  hypothesis. 
This  effort  has  been  so  satisfactory  that  probably  no  one  hereafter  will  ever  again 
give  serious  consideration  to  a  theory  which  is  shown  to  be  absolutely  untenable. 
In  the  place  of  it  the  explanation  that  the  bodies  have  been  captured  and  have  had 
their  orbits  reduced  in  size  and  rounded  up  under  the  secular  action  of  a  resisting 
medium,  is  established  by  rigorous  mathematical  criteria  which  leave  little  or 
nothing  to  be  desired. 

And  just  as  the  satellites  are  collected  near  the  centres  of  the  closed  spaces  about 
their  several  planets,  indicating  that  with  the  lapse  of  ages  the  orbits  have  been  reduced 

♦Asa  specimen  of  the  errors  heretofore  current  we  may  cite  the  following  passage  from  Loomis'  Treatise 
on  Astronomy,  edition  of  1880  : 

"  How  this  hypothesis  (of  Laplace)  may  be  tested.  ■ —  It  has  been  attempted  to  subject  this  hypothesis  to  a  rig- 
orous test  in  the  following  manner.  The  time  of  revolution  of  each  of  the  planets  ought  to  be  equal  to  the  time 
of  rotation  of  the  solar  mass  at  the  period  when  its  surface  extended  to  the  given  planet.  It  remains,  then,  to  com- 
pute what  should  be  the  time  of  rotation  of  the  solar  mass  when  its  surface  extended  to  each  of  the  planets.  It  has 
been  found  that  if  we  suppose  the  sun's  mass  to  be  expanded  until  its  surface  extends  to  each  of  the  planets  in 
succession,  its  time  of  rotation  at  each  of  these  instants  would  be  very  nearly  equal  to  the  actual  time  of  revolu- 
tion of  the  corresponding  planet;  and  the  time  of  rotation  of  each  primary  planet  corresponds  in  like  manner  with 
the  time  of  revolution  of  its  different  satellites. 

"  The  nebular  hypothesis  must  therefore  be  regarded  as  possessing  considerable  probability,  since  it  accounts 
for  a  large  number  of  circumstances  which  hitherto  had  remained  unexplained"  (p.  315). 
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in  size  and  rounded  up  under  the  secular  action  of  a  resisting  medium;  so  also  our 
planetary  orbits  were  originally  of  much  vaster  dimensions  and  greater  eccentricity 
than  at  present.  This  indicates  that  with  the  lapse  of  ages  the  planetary  system 
has  contracted  its  dimensions  enormously.  In  the  nebular  stage  the  original 
dimensions  of  the  system  may  have  been  one  hundred  or  one  thousand  times 
what  they  are  now.  The  theory  here  developed  is  therefore  profoundly  differ- 
ent from  that  outlined  by  Laplace,  in  all  its  main  features;  and  is  believed 
to  be  firmly  established  by  the  introduction  of  the  necessary  and  sufficient 
conditions  usually  required  to  establish  the  truth  of  theorems  in  the  Science  of 
Mathematics. 

In  this  most  exact  of  all  sciences  it  is  not  sufficient  to  show  that  a  given  cause 
will  explain  a  given  phenomenon;  it  is  necessary  to  prove  also  that  it  is  the  only 
possible  cause  which  may  be  assigned  to  account  for  it.  Then  we  have  an  argu- 
ment which  is  entirely  conclusive.  And  such  an  argument  we  have  endeavored 
to  develop  respecting  the  origin  of  the  planets  and  satellites. 

§  302.     The  Capture  Theory  Confirmed  by  the  Widest  Inductions  from  Nature. 

Before  proceeding  with  the  details  of  the  Capture  Theory,  it  is  desirable  to 
consider  how  far  it  is  supported  by  the  general  indications  of  Nature.  It  is  suffi- 
cient to  recall  the  following  facts: 

(1)  That  molecules,  meteorites,  satellites  and  all  kinds  of  bodies  are  captured 
and  gathered  together  in  nebulae.  For  a  nebula  is  formed  by  the  agglomeration 
of  fine  dust  expelled  from  the  stars  by  the  repulsion  of  their  light  and  by  the  electric 
forces,  and  when  this  is  collected  together  it  begins  to  condense  and  develop  into 
a  cosmical  system.  And  whilst  the  collection  and  condensation  of  cosmical  dust 
forms  stars,  the  expulsion  of  this  dust  from  the  stars  again  forms  nebulae,  and  the 
capture  of  cosmical  dust  is  the  ordinary  process  in  the  formation  of  nebulae. 

(2)  In  a  nebula  a  vast  number  of  meteorites  are  formed  by  the  precipita- 
tion of  ions,  whence  small  globes  develop,  and  as  the  mass  is  widely  scattered,  each 
small  globe  has  about  it  a  considerable  sphere  of  influence  within  which  its  at- 
traction is  supreme.  The  result  is  that  the  small  globes  grow  by  accretion,  and 
in  time  very  much  augment  their  masses.  This  again  is  a  process  of  capture, 
and  consists  in  augmenting  the  masses  of  the  bodies  forming  in  a  nebula,  and  in 
decreasing  their  number  correspondingly.  And  the  process  of  sweeping  up  small 
masses  thus  suggested  certainly  is  one  of  the  most  general  of  all  the  laws  of  nature. 
Every  meteor  consumed  in  our  atmosphere  is  a  visible  illustration  of  this  process 
of  capturing  small  particles  of  cosmical  dust,  while  the  craters  on  the  Moon  survive 
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to  tell  of   the  capture"   of   larger  masses,  and   of    their  great  abundance  in  our 
primordial  nebula. 

(3)  The  development  of  a  system  from  a  nebula  is  a  process  of  gradual 
clearing  up,  by  the  capture  and  absorption  of  the  smaller  masses  within  it.  The 
very  constitution  of  the  solar  system  thus  bears  impressive  witness  to  nature's 
all-ensnaring  process  of  capture  by  which  cosmical  systems  are  built  up. 

(4)  Moreover,  within  historical  times  comets  have  been  captured  by  the 
perturbations  of  the  planets,  after  the  system  was  practically  free  from  the  existence 
of  a  sensible  resisting  medium.  This  shows  that  even  when  no  resistance  is  at 
work,  a  system  may  gather  in  and  augment  its  mass  by  the  capture  of  small  bodies 
passing  through  it. 

(5)  In  the  same  way  a  cluster  captures  stars,  as  Herschel  long  ago  remarked, 
and  thus  arise  those  glorious  swarms  of  stars  scattered  so  abundantly  over  the 
face  of  the  sidereal  heavens. 

(6)  The  same  process  is  exhibited  on  a  stupendous  scale  by  the  formation 
of  star-clouds  in  the  Milky  Way. 

(7)  And  just  as  individual  stars  collect  into  clusters  and  star-clouds  in  the  Milky 
Way,  so  also  the  mutual  action  of  all  these  individually  complex  masses  causes 
them  to  circulate  as  a  Galaxy,  which  probably  is  the  highest  order  of  sidereal  vortex. 

(8)  At  the  other  extreme  of  the  physical  universe,  we  have  atoms  capturing 
electrons,  and  molecules  capturing  atoms;  while  vast  systems  of  these  small 
particles  connected  together  give  us  all  manner  of  physical  bodies. 

(9)  The  resisting  medium  aids  in  all  processes  of  capture,  under  central 
forces,  because  these  forces  cause  small  bodies  to  drop  down  towards  these  centres 
of  attraction. 

(10)  Under  repulsive  forces  matter  is  dispersed  instead  of  being  captured, 
and  in  actual  nature  both  processes  are  at  work  together. 

In  general,  nature's  process  of  capture  is  most  effective  on  comparatively 
large  masses,  because  attractive  forces  thus  come  to  predominate  over  repulsive 
forces ;  while  in  the  case  of  very  small  masses  or  particles  moving  under  repulsive 
forces,  diffusion  easily  predominates  over  centralization  and  attraction,  and  fine 
particles  are  dispersed  even  against  the  power  of  gravity. 

§  303.     The  Planets  Were  Formed  in  the  Outer  Parts  of  the  Solar  Nebula. 

We  have  seen  how  a  nebula  grows  by  the  gathering  together  of  cosmical  dust. 
Much  of  this  is  very  fine,  but  some  of  it  collects  into  larger  nuclei,  and  thus  arise 
bodies  such  as  the  satellites  or  planets.     Now  in  an  immense  nebula  the  condensa- 
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tion  goes  on  at  an  infinitely  great  number  of  centres,  and  the  solid  globes  thus 
arising  are  analogous  to  our  Moon.  When  the  larger  of  these  globes  have  gathered 
together  a  vast  number  of  moons  and  united  them  into  one  mass,  the  result  is  a 
planet.  But  in  the  early  history  of  a  nebula,  multitudes  of  these  moons  and  planets 
go  into  the  central  body  to  form  the  governing  sun. 

On  the  one  hand  this  builds  up  the  Sun's  mass,  while  on  the  other  it  clears 
up  the  inner  parts  of  the  nebula.  The  result  is  that  only  planets  with  orbits  of 
large  original  perihelion  distance  survive,  and  even  they  have  their  mean  distances 
and  eccentricities  greatly  reduced.  Accordingly  we  perceive  that  the  surviving 
planets  were  formed  at  a  great  distance  from  the  Sun,  or  in  the  outer  parts  of  the 
solar  nebula.  This  proposition  is  important,  and  follows  at  once  from  theorems 
regarding  the  decrease  of  the  major  axis  and  eccentricity  under  the  secular  action 
of  a  resisting  medium,  which  is  the  true  cause  of  the  roundness  of  the  planetary 
orbits.  We  have  already  remarked  how  untenable  it  is  to  consider  the  planets 
as  any  part  of  the  Sun.  But  along  with  the  fundamental  change  in  our  conceptions 
to  the  effect  that  the  planets  never  were  any  part  of  the  Sun,  it  is  necessary  to 
include  another  related  principle,  that  when  they  were  formed  in  the  outer  parts 
of  the  solar  nebula,  they  moved  in  much  larger  and  more  elongated  orbits  than 
at  present.  It  may  be  that  some  of  the  planets,  if  not  all  of  them,  had  begun  to 
form  before  they  entered  the  solar  nebula,  but  it  is  evident  that  the  masses  have 
since  been  enormously  augmented  by  the  capture  of  satellites. 

§  304.     The  Capture  of  Satellites. 

In  Chapters  X  and  XI  we  have  treated  at  some  length  of  the  capture  of 
satellites,  and  have  shown  in  what  a  variety  of  ways  the  small  body  may  come 
to  move  about  the  two  large  bodies  conjointly  and  become  permanently  attached 
to  one  of  them.  This  is  chiefly  by  dropping  down  nearer  and  nearer  these  centres 
of  attraction,  till  the  satellite  passes  within  the  closed  surface  about  one  of  the 
larger  masses.  When  the  neck  of  the  hour-glass  space  connecting  the  spheres 
of  influence  of  the  two  large  masses  is  narrow,  the  satellite  may  pass  from  the 
control  of  one  mass  to  that  of  the  other,  and  a  fixed  status  is  not  yet  established. 
But  if  resistance  or  disturbances*  occur  by  which  the  velocity  changes  and  the 
neck  closes,  the  satellite  may  abide  with  the  body  around  which  it  is  then  revolving. 
It  thus  ceases  to  be  a  temporary  and  becomes  a  permanent  satellite. 

♦Throughout  this  work  disturbances  by  a  fourth  body,  fifth  body,  etc.,  are  always  tacitly  grouped  under  the 
general  effects  of  a  resisting  medium,  since  the  resistance  is  supposed  to  be  nebular,  and  nebulae  are  proved  to 
contain  an  infinite  number  of  small  bodies,  some  of  which  attain  the  size  of  comets,  moons,  and  planets.  The 
roundness  of  the  orbits  is  a  direct  witness  to  the  action  of  a  resisting  medium,  and  this  property  is  so  fundamental 
that  all  actions  which  have  taken  place  are  naturally  included  under  the  corresponding  cause. 


RETROGRADE    SATELLITES.  687 

If  the  neck  of  the  hour-glass  space  is  just  closed  by  some  disturbance  of  the 
satellite's  relative  velocity,  it  is  clear  that  a  subsequent  contrary  disturbance  may 
cause  the  neck  to  open  again,  and  the  satellite  might  afterwards  escape.  Thus 
a  satellite  which  was  already  captured  might  be  again  released,  but  the  chance  of 
this  occurring  is  less  than  that  of  capture,  because  resistance  tends  to  bring  the 
satellite  nearer  and  nearer  the  centres  of  attraction.  And  after  the  capture  has 
been  effected  long  enough  to  cause  the  satellite  to  acquire  a  constant  of  the  Jacobian 
integral  larger  than  that  at  the  border  of  the  closed  Hill  space,  it  is  more  difficult 
for  such  a  satellite  to  become  lost  again. 

From  this  line  of  thought  it  follows  that  the  capture  of  satellites  is  easily 
possible  and  actually  has  taken  place.*  Under  different  conditions  the  satellite  may 
pass  very  near  the  planet  or  the  Sun,  and  by  the  shifting  of  the  orbit  the  body 
come  into  collision  with  one  of  the  larger  masses.  This  leads  to  the  absorption 
of  satellites,  which  has  so  much  augmented  the  masses  of  the  planets,  and  also 
rendered  the  Sun's  mass  seven  hundred  and  forty-six  times  that  of  all  the  attendant 
planets  combined. 

Accordingly  it  will  be  seen  that  the  capture  of  satellites  is  a  general  process 
in  nature,  and  as  applicable  to  the  systems  of  double  and  multiple  stars  as  to  the 
solar  system.  Cosmical  systems  exist  everywhere  among  the  fixed  stars,  and  in 
all  such  systems,  whether  made  up  of  planets  or  stars  of  binary,  ternary,  or  higher 
order,  or  clusters,  it  may  be  assumed  that  small  bodies  are  circulating  and  being 
captured  and  having  their  orbits  transformed. 

§  305.     Retrograde  Satellites. 

In  discussing  the  capture  of  satellites  we  have  pointed  out  that  in  passing 
from  the  Sun  to  Jove,  it  is  possible  for  the  satellite  to  cross  the  line  SJ  before 
coming  completely  under  the  control  of  Jove,  and  the  result  is  a  path  resembling 
a  figure-of-eight.  In  the  Monthly  Notices  of  the  Royal  Astronomical  Society  for 
December,  1909,  Professor  Sir  G.  H.  Darwin  has  treated  more  critically  the 
problem  of  the  transition  from  direct  to  retrograde  motion.  This  is  a  very  im- 
portant problem,  and  will  give  us  much  new  light  on  the  exact  dynamical  conditions 
which  lead  to  the  origin  of  the  retrograde  satellites. 

♦In  A.N.,  4408,  Mr.  Seliq  Brodetsky,  of  Cambridge,  England,  has  treated  of  the  problem  of  a  resisting 
medium  and  tried  to  make  it  appear  improbable  that  the  moon  was  captured ;  but  as  he  evades  nearly  the  whole 
of  my  argument  his  criticism  has  no  weight.  Moreover  he  concedes  the  possibility  of  capture  under  certain  con- 
ditions. It  may  be  a  hundred  years  before  mathematicians  work  out  all  the  conditions  under  which  capture  may 
occur;  but  for  reasons  given  in  this  volume  we  already  know  with  certainty  that  the  moon  never  was  any  part  of 
the  earth,  and,  capture  being  a  possibility,  it  can  therefore  be  nothing  else  than  a  planet  from  space.  Any  other 
origin  of  the  moon  is  an  absolute  impossibility.  Mr.  Brodetsky  is  unfortunate  in  writing  from  Cambridge, 
where  the  terrestrial  theory  is  taught. 
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In  the  case  of  actual  satellites  of  the  solar  system,  it  may  be  difficult  to  restore 
the  exact  processes  which  took  place.  It  is  evident,  however,  that  there  are  a 
number  of  possible  disturbances  which  might  give  retrograde  satellites.  Out  of 
all  these  satellites  only  a  few  would  survive  —  a  result  which  accords  with  the 
phenomena  observed  in  the  solar  system.  On  the  other  hand,  direct  satellites 
are  much  more  frequent,  and  consequently  direct  motions  predominate  about  our 
actual  planets,  the  direct  satellites  being  something  like  nine-tenths  of  the  whole, 
and  not  over  one-tenth  being  retrograde. 

These  considerations  are  important,  as  throwing  light  upon  the  magnitude 
of  the  vortices  about  the  planets,  and  the  influence  of  these  vortices  in  accelerating 
the  axial  rotations  of  the  planets.  This  influence  seems  to  predominate  over  that 
of  tidal  friction;  and  from  the  conditions  furnished  by  the  solar  system,  it  is 
possible  to  estimate  the  tendency  to  accelerate  the  rotation  of  a  planet  with  con- 
siderable accuracy. 

It  is  not  yet  possible  to  determine  the  exact  ratio  of  retrograde  to  direct 
satellites,  but  it  seems  likely  that  that  already  derived  from  the  observed  satellites 
is  a  fair  indication  of  what  takes  place  among  the  million  of  unseen  particles  circu- 
lating about  the  planets,  but  too  small  to  become  visible  in  our  most  powerful 
telescopes.  Thus  from  the  observed  satellites,  we  may  deduce  the  approximate 
ratio  of  the  retrograde  to  the  direct  orbital  motions  among  all  satellites 
whatsoever. 


§  306.     The  Rotations  of  the  Planets  on  Their  Axes. 

Among  all  the  particles  revolving  about  a  planet,  some  direct  and  some  retro- 
grade, there  is  a  preponderance  of  direct  motion,  as  we  may  infer  from  the  nature 
of  the  hour-glass  surface  about  the  planet,  and  from  the  motions  of  the  satellites 
observed  in  the  solar  system.  This  gives  a  direct  rotation  of  the  planet  on  its 
axis.  Moreover,  this  tendency  to  produce  a  vortex  with  direct  rotation  among 
the  particles  circulating  as  satellites,  will  exist  also  among  the  elements  of  cosmical 
dust  coming  from  a  great  distance  and  passing  near  the  planet.  This  follows  at 
once  from  the  nature  of  the  restricted  problem  of  three  bodies,  whether  the  particle 
be  attached  to  and  circulating  about  the  two  large  bodies,  or  be  in  rapid  flight 
about  the  Sun  and  accidentally  passing  near  the  planet,  for  the  tendency  to  develop 
a  vortex  with  direct  rotation  is  always  present.  It  follows  from  this  that  when 
such  passing  particles  or  meteoric  swarms  collide  with  the  planet,  they  accelerate 
the  rotation  on  the  axis  in  the  direction  of  the  planet's  orbital  revolution.  If  the 
planet's  rotation  be  not  direct,  there  is  a  tendency  to  make  it  so;  and  the  absorption 
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of  satellites  thus  swept  up  by  the  planet  tends  to  tilt  the  equator  into  coincidence 
with  the  plane  of  the  planet's  orbit,  as  in  the  typical  case  of  the  planet  Jupiter. 

In  the  course  of  recent  researches  on  the  motion  of  the  Moon,  Newcomb  and 
others  have  suspected  that  some  cause  is  at  work  counteracting  the  supposed 
retardation  of  the  Earth's  rotation  by  tidal  friction ;  but  it  does  not  appear  that  any 
one  has  heretofore  supposed  that  the  cause  at  work  was  of  such  primordial  character 
as  it  has  now  been  shown  to  be.  As  the  planetary  system  does  not  revolve  in  a 
perfect  vacuum,  but  in  a  space  still  filled  with  a  very  rare  medium  of  cosmical 
dust,  which  is  being  gradually  swept  up  by  the  planets,  as  witnessed  by  the  meteors 
consumed  in  the  Earth's  atmosphere,  we  cannot  suppose  that  the  cause  which  has 
established  the  rotations  of  the  planets  has  yet  ceased  to  act;  but  on  the  contrary, 
we  must  assume  that  it  is  still  at  work,  though  of  less  intensity  than  formerly.  It 
is  not  therefore  remarkable  that  there  is  no  observable  effect  traceable  to  the 
secular  effects  of  tidal  friction. 


§  307.     The  Equatorial  Accelerations  of  the  Sun,  Jupiter,  and  Saturn. 

Observational  evidence  of  the  existence  of  vortices  about  the  planets  is  fur- 
nished not  only  by  the  motions  of  the  individual  satellites  which  may  be  seen 
from  the  Earth,  and  by  the  motions  of  the  particles  of  Saturn's  rings  shown  by  the 
spectrograph,  but  also  by  the  recognized  equatorial  accelerations  of  the  Sun,  Jupiter 
and  Saturn.  These  three  globes  have  been  found  by  observation  to  rotate  most 
rapidly  near  their  equators,  and  for  a  long  time  this  fact  seemed  puzzling.  Attempts 
were  made  by  Wilsing  and  Sampson  to  account  for  the  equatorial  acceleration 
of  the  Sun,  by  the  shrinkage  of  the  mass  of  this  gaseous  globe,  due  to  secular  cooling. 

So  long  as  no  better  explanation  was  available,  this  traditional  view  seemed 
plausible  enough ;  but  the  theory  of  secular  contraction  due  to  loss  of  heat  has 
recently  fallen  into  some  disfavor,  by  the  discovery  that  other  more  dominant 
causes  are  at  work.  Thus  the  secular  acceleration  of  the  Sun's  equator  shows  that 
considerable  matter  is  falling  into  the  Sun;  and  the  constancy  of  the  length  of 
the  terrestrial  day  shows  that  another  cause  is  counteracting  tidal  friction,  which 
is  most  likely  the  downfall  of  cosmical  dust.  Such  a  cause,  and  such  a  cause  alone, 
enables  us  to  account  for  the  present  rotation  of  the  Earth,  with  a  speed  exceeding 
that  of  Mars,  in  spite  of  the  fact  that  the  tidal  friction  on  the  former  is  nearly  a 
thousand  times  more  powerful  than  on  the  latter.  And  the  phenomena  of  the 
Sun,  Jupiter,  and  Saturn  concur  in  indicating  that  the  vortices  about  these  planets 
are  of  appreciable  density.  The  descent  of  some  of  this  matter  against  the  sur- 
faces of  the  globes  is  the  easiest  and  most  direct  way  of  accounting  for  the  equa- 

44 
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tonal  accelerations  observed.  Near  the  surface  of  these  immense  masses,  a  particle 
would  have  a  large  velocity,  and  be  nearly  always  so  directed  as  to  conform  approxi- 
mately to  the  rotation  of  the  body  on  its  axis.  Thus  a  very  moderate  number  of 
particles  colliding  with  the  planet  would  keep  the  equatorial  region  rotating  more 
rapidly  than  the  polar  regions.  As  this  simple  explanation  accords  with  the  known 
processes  of  planetary  growth,  it  must  be  held  to  be  the  true  cause  of  the  phenomena 
observed  in  nature,  and  all  other  explanations  are  superfluous  and  improbable. 

§  308.     Acceleration  of  the  Earth's  Rotation,  Due  to  the  Fall  of  Cosmical  Dust. 

The  equatorial  accelerations  observed  on  the  Sun,  Jupiter,  and  Saturn  naturally 
represent  a  tendency  also  at  work  on  the  rotation  of  the  Earth;  and  as  the  Earth 
is  a  solid  body,  the  fall  of  meteorites  into  the  atmosphere  must  augment,  if  ever 
so  little,  the  eastward  movement  of  the  Earth  about  its  axis.  For  the  impulses 
communicated  to  the  atmosphere  are  transmitted  to  the  solid  body  of  the  globe 
by  friction,  and  there  thus  arises  a  small  secular  acceleration  of  the  Earth's  rota- 
tion. It  will  not  do  to  suppose  that  this  tendency  to  acceleration  is  overcome  by 
tidal  friction;  for  we  have  shown  that  tidal  friction  is  nearly  a  thousand  times 
more  powerful  on  the  Earth  than  on  Mars,  and  yet  Mars  rotates  forty-one  minutes 
slower  than  the  Earth, in  spite  of  the  latter 's  tidal  retardation  throughout  immeasur- 
able ages.  This  seems  to  indicate  that  some  cause  opposite  to  tidal  friction  is  at 
work  accelerating  the  rotation  of  the  Earth,  and  that  tidal  friction  has  left  no 
appreciable  trace  of  its  action  on  the  observed  periods  of  the  Earth  and  Mars. 
And  the  rotation  of  Venus  likewise  appears  to  be  thirty-five  minutes  faster  than 
the  Earth,  confirming  the  operation  of  a  similar  cause  nearer  the  Sun;  and  this 
cause  can  be  nothing  else  than  the  vortices  of  cosmical  dust  whirling  about  these 
planets,  and  by  impact  against  their  atmospheres  accelerating  the  axial  rotation. 

The  theory  of  the  outstanding  inequality  in  the  Moon's  secular  acceleration 
points  to  a  vortex  of  cosmical  dust  whirling  about  the  Earth  and  shortening  the 
day.  And  if  tidal  friction  should  now  be  partially  counteracting  this  acceleration, 
yet  as  the  observed  period  is  less  than  that  of  Mars,  it  appears  that  throughout 
past  time  the  accelerating  tendency  has  been  the  most  powerful.  Should  this  be 
so,  it  is  scarcely  possible  that  it  can  as  yet  have  ceased  to  act;  on  the  contrary, 
we  must  suppose  that  the  day  is  slowly  getting  shorter,  but  that  at  present  the 
change  is  excessively  small. 

The  question  of  the  uniformity  of  the  length  of  the  day  is  one  of  the  most 
important  in  the  Science  of  Astronomy;  and  whilst  some  progress  is  being  made 
in  its  solution,  it  is  not  likely  that  the  motion  of  Mercury  or  the  First  Satellite  of 
Jupiter,  by  which  Professor  Newcomb  attempted  to  test  the  constancy  of  the 
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length  of  the  day,  will  give  us  any  very  satisfactory  criterion,  because  of  the  doubt 
as  to  the  freedom  of  the  motions  of  these  bodies  from  disturbing  influences.  The 
vortices  about  the  Sun  and  Jupiter  might  affect  the  motion  of  Mercury  and  Satellite 
I,  as  these  influences  might  easily  produce  inequalities  in  the  movement  of  these 
bodies  of  higher  magnitude  than  the  supposed  changes  in  the  rotatory  motion  of 
the  Earth.  In  dealing  with  this  question,  therefore,  we  must  simply  wait  for  a 
measure  of  time  more  accurate  than  that  of  the  Earth's  rotation,  and  it  is  not  yet 
clear  what  that  will  be,  if  it  can  be  discovered  at  all.*  It  cannot  fail  to  be  very 
satisfactory  to  astronomers  to  find  that  the  day,  after  all,  is  of  very  constant  length. 

§  309.     The  Capture  of  the  Moon  by  the  Earth. 

In  Chapter  XI  we  have  given  a  somewhat  full  and  critical  discussion  of  the 
problem  of  the  origin  of  the  Moon,  and  have  shown  that  it  must  be  a  captured 
planet,  for  the  following  reasons:  (1)  The  other  satellites  were  captured  by 
their  several  planets,  and  there  are  no  grounds  upon  which  we  could  justify  an 
exceptional  mode  of  formation  in  the  case  of  the  satellite  of  the  Earth.  (2)  There 
are  no  forces  at  work  in  the  solar  system  which  could  give  the  Earth  such  a  rapid 
axial  rotation  as  to  bring  about  a  rupture  of  its  figure  of  equilibrium,  as  was  origin- 
ally imagined  by  Darwin.  (3)  If  such  a  rupture  took  place,  it  is  easily  shown 
that  the  result  would  be  a  series  of  fragments  or  groups  of  small  bodies,  which  could 
never  unite  into  one  mass.  (4)  Investigators  have  been  unable  to  trace  the 
Moon  back  to  the  Earth,  on  any  admissible  hypothesis,  so  that  an  unaccountable 
discontinuity  in  the  history  of  the  system  opposes  itself  the  moment  we  attempt 
to  trace  the  Moon  to  a  terrestrial  origin.  (5)  These  contradictions  indicate  that 
the  old  theories  rest  on  false  premises,  which  must  be  permanently  given  up ;  and 
that  the  Moon  is  a  planet  which  came  to  us  from  the  heavenly  spaces.  (6)  As 
the  capture  of  the  Moon  is  shown  to  be  possible,  and  similar  captures  occurred 
in  the  case  of  the  other  satellites,  we  must  hold  that  it  occurred  also  in  the  case 
of  the  satellite  of  the  Earth. 

The  theory  that  the  Moon  is  a  captured  planet  explains  all  the  phenomena 
of  the  Lunar-Terrestrial  system  so  satisfactorily  that  it  has  been  adopted  by  Dr. 
Nolke  in  A.N.,  4374,  and  a  similar  conclusion  seems  to  have  been  reached  by  all 
others  who  have  studied  the  question  closely.  If  one  still  clung  to  the  terrestrial 
theory,  it  would  be  nearly  if  not  quite  impossible  to  account  for  the  large  moment 
of  momentum  of  the  Moon's  orbital  motion;  whereas,  on  the  capture  theory,  this 
necessarily  would  result,  without  postulating  any  material  reduction  in  the  Earth's 

*  In  Astron.  Naehr.,  No.  4409,  Barnard  shows  that  the  cluster  variable  No.  33  of  Mbssier  5  (Libra),  with 
period  of  12h  2m  7V30219  ±  0".01781,  may  be  used  as  a  time  constant. 
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axial  rotation.  And  as  tidal  friction  is  nearly  1,000  times  more  powerful  on  the 
Earth  than  on  Mars,  we  cannot  postulate  such  a  reduction  of  the  Earth's  axial 
rotation  without  introducing  an  even  greater  anomaly  into  the  rotation  of  Mars, 
the  slowness  of  which  could  be  assigned  to  no  known  cause. 

A  celestial  origin  of  the  Moon  offers  the  only  escape  from  these  difficulties, 
and  fortunately  such  an  origin  is  indicated  also  by  the  craters  and  surface  phenom- 
ena, which  are  shown  to  be  due  to  collisions  with  asteroids,  probably  when  the 
Moon  was  revolving  as  an  independent  planet.  The  capture  of  the  Moon  by  the 
Earth  may  therefore  be  regarded  as  a  demonstrated  fact,  which  seems  destined  to 
become  an  accepted  item  of  scientific  philosophy. 

§  310.     Outstanding  Inequality  in  the  Secular  Acceleration  of  the  Moon's 

Mean  Motion. 

It  is  found  by  the  observations  of  eclipses  extending  over  the  past  3,000  years 
that  the  Moon  has  an  actual  secular  acceleration  of  about  8".2,  while  the  amount 
of  this  movement  which  can  be  explained  by  gravitational  theory  is  only  about 
6".2,  leaving  an  outstanding  inequality  of  2"  per  century  in  a  century.  It  was 
formerly  supposed  by  Ferrel,  Delaunay,  Darwin  and  others,  that  this  residual 
difference  was  to  be  accounted  for  by  the  retardation  of  the  Earth's  rotation  due 
to  tidal  friction,  which  would  give  rise  to  an  apparent  acceleration  of  the  motion 
of  the  Moon.  But  it  was  pointed  out  by  Oppolzer  that  it  was  very  doubtful 
whether  this  effect  would  result  from  the  friction  in  our  actual  oceans;  and  the 
alternate  hypothesis  of  a  secular  acceleration,  due  to  the  downfall  of  meteoric  dust, 
was  suggested  to  account  for  the  outstanding  inequality.  Oppolzer  accompanied 
his  suggestion  by  calculations  showing  that  the  postulated  effect  could  be  produced 
by  a  very  moderate  downpour  of  cosmical  dust. 

In  his  latest  researches  on  the  motion  of  the  Moon,  Professor  Newcomb 
reached  the  conclusion  that  some  unknown  cause  is  at  work  counteracting  and 
perhaps  exceeding  in  importance  the  effects  of  tidal  friction;  and  he  commended 
this  subject  to  the  attention  of  future  investigators.  The  examination  of  the 
problem  seems  to  show  that  both  Oppolzer  and  Newcomb  are  right;  that  the 
downfall  of  meteoric  dust  does  actually  take  place  and  produce  an  acceleration 
of  the  rotation  of  the  Earth  about  its  axis,  while  at  the  same  time  the  resistance 
to  the  Moon's  orbital  motion  and  the  increase  in  the  mass  of  the  Earth  and  Moon 
produces  a  small  outstanding  inequality  in  the  Moon's  mean  motion,  which  is 
shown  to  be  of  the  order  of  2"  per  century  in  a  century. 

This  explanation  is  confirmed  by  the  evidence  of  deposits  of  cosmical  dust 
on  the  older  lunar  craters  far  from  the  maria;   for  these  craters  show  the  clearest 
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and  most  unmistakable  signs  of  ageing,  their  features  becoming  rounded  and  indis- 
tinct, as  if  they  were  suffering  from  erosion.  But  as  erosion  is  not  present,  the  only 
known  cause  which  could  give  rise  to  a  similar  effect  is  the  downpour  of  cosmical 
dust.  If  this  ageing  effect  appeared  only  near  the  maria  it  might  be  explained 
by  the  dust  scattered  when  these  large  areas  were  vaporized ;  but  as  it  occurs  in  all 
parts  of  the  Moon's  surface,  and  is  a  sure  sign  that  the  formations  are  of  great  age, 
it  must  be  that  the  cosmical  dust  obscuring  the  outlines  of  the  craters  comes  in 
the  main  directly  from  the  heavenly  spaces.  Moreover,  if  the  satellites  producing 
the  craters  come  from  the  heavens,  it  would  be  strange  if  quantities  of  dust  did 
not  come  also ;  and  we  know  that  this  must  be  so  from  the  meteors  swept  up  by  the 
Earth.  Thus  the  secular  acceleration  of  the  Moon's  mean  motion  is  connected 
with  the  causes  known  to  exist,  and  to  produce  the  effects  found  by  observation. 

§  311.     The  Craters  on  the  Moon  Due  to  Impact  of  Satellites. 

One  of  the  most  remarkable  facts  established  in  this  volume  is  the  non-volcanic 
origin  of  the  lunar  craters.  Not  only  is  it  shown  that  the  craters  are  due  to  the 
impact  of  satellites  against  the  lunar  surface,  but  also  that  the  maria  have  had  a 
similar  origin  —  in  the  melting  of  whole  areas,  under  the  heat  of  great  conflagra- 
tions arising  from  the  impact  of  large  satellites.  And  we  have  shown  that  the 
maria  would  render  the  lustre  of  our  Moon  somewhat  variable  as  seen  from  a 
distance;  and  thus  we  have  connected  the  maria  with  the  variability  in  the  bright- 
ness of  the  satellites  of  Jupiter  and  Saturn,  the  cause  of  which  had  remained  very 
obscure.  The  fact  of  the  variation  in  the  light  of  Jupiter's  satellites  was  suspected 
by  Galileo.  It  is  fully  established  by  modern  research,  and  especially  by  the 
photometric  measures  of  Guthnick,  who  has  also  determined  the  fluctuations 
in  the  brightness  of  the  satellites  of  Saturn.  To  discover  the  cause  of  the  maria 
on  our  own  Moon,  and  thence  deduce  the  cause  of  the  variability  of  the  satellites 
in  general,  is  a  material  advance  in  the  interpretation  of  the  phenomena  of  the 
solar  system.  But  if  all  the  satellites  are  captured  planets,  and  essentially  of 
similar  character,  why  is  it  not  legitimate  to  assign  to  the  other  satellites  surface 
conditions  due  to  the  same  causes  which  have  been  at  work  on  the  Moon?  It 
merely  happens  that  our  Moon  is  the  only  satellite  near  enough  to  enable  us  to 
understand  the  details  of  its  surface;  but  when  this  is  once  made  out,  we  may 
confidently  ascribe  to  the  same  cause  the  fluctuations  in  the  brightness  of  the 
satellites  of  Jupiter  and  Saturn. 

The  mystery  so  long  hanging  over  the  origin  of  the  lunar  craters  is  very  remark- 
able, but  in  view  of  our  difficulty  in  discovering  the  true  cause  of  mountain  forma- 
tion on  the  Earth  and  the  natural  disposition  to  ascribe  the  mountains  on  the 
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Moon  to  the  same  cause,  we  readily  see  why  it  could  not  easily  be  overcome.  It 
is  not,  therefore,  strange  that  the  fallacious  volcanic  theory  should  have  persisted 
from  the  age  of  Galileo  to  our  own  time.  But  if  it  continues  to  find  adherents 
in  the  future,  it  will  simply  prove  to  us  that  the  love  of  mystery  is  stronger  than 
the  love  of  truth,  which  is  always  true  with  a  considerable  number  of  persons.  In 
his  History  of  Astronomy  During  the  Middle  Ages,  Delambre  remarks  that  the 
Arabian  sceptics  were  accustomed  to  employ  reasoning  which  was  vague  and 
chimerical.  Some  modern  writers  may  have  similar  mental  tastes,  but  they  seldom 
attain  to  much  real  grasp  of  the  physical  sciences  which  correctly  represent  the 
order  of  nature. 


§  312.     Craters  Similar  to  Those  on  the  Moon  Once  Existed  on  the  Earth,  but  Have 
Since  Been  Obliterated  by  the  Oceans  and  the  Atmosphere. 

It  is  very  remarkable  that  terrestrial  mountain  formation  was  long  ascribed 
to  the  shrinkage  of  the  Earth,  whereas  it  is  really  due,  as  was  first  shown  by  the 
present  author  in  1906,  to  the  secular  leakage  of  the  oceans.  Owing  to  our  de- 
ception in  regard  to  the  origin  of  terrestrial  mountains,  our  failure  to  understand 
the  origin  of  the  lunar  craters  was  natural ;  for  analogy  of  process  was  sought,  on 
the  premise  that  the  Moon  was  of  terrestrial  origin.  And  as  terrestrial  volcanoes 
were  explained  by  eruptions,  the  same  hypothesis  was  applied  to  the  lunar  sur- 
face, in  spite  of  the  fact  that  terrestrial  and  lunar  craters  were  strikingly  dis- 
similar. But  this  error  is  now  corrected  in  a  way  which  ought  to  be  lasting  and 
satisfactory. 

It  only  remains  then  to  speak  of  the  craters  analogous  to  those  on  the  Moon 
which  once  existed  on  the  Earth.  For  since  the  lunar  craters  are  due  to  impact, 
similar  impacts  of  satellites  in  remote  ages  must  have  indented  the  surface  of  the 
Earth  also.  Of  this  there  can  be  no  possible  doubt.  But  in  the  case  of  the  Earth, 
the  globe  is  enveloped  by  an  atmosphere  and  largely  covered  by  oceans,  so  that 
the  effect  of  the  impact  of  a  satellite  against  our  planet  would  be  somewhat  different 
from  what  it  was  in  the  case  of  a  barren,  airless  globe  like  the  Moon.  Moreover, 
on  the  terrestrial  globe,  the  greatest  changes  would  in  time  be  wrought  by  the 
erosive  effects  of  the  air  and  water.  Thus  craters  and  maria  which  might  be  pre- 
served almost  indefinitely,  on  the  Moon,  would  here  be  washed  away  and  wholly 
obliterated.  Accordingly  if  the  impacts  occurred  a  long  time  ago,  we  should  not 
expect  any  trace  of  them  to  survive  on  the  Earth,  but  they  would  still  remain 
comparatively  fresh  and  distinct  on  the  Moon.  Now  the  continents  of  the  Earth 
show  that  the  mountains  and  volcanoes  are  traceable  to  the  sea,  while  very  few  are 


OBLIQUITIES    OF   THE    MAJOR   PLANETS    MODIFIED    BY   CAPTURE    OF   SATELLITES.   695 

to  be  ascribed  to  satellite  impacts;*  which  seems  to  show  that  our  Earth  has  suffered 
few  collisions  since  geological  history  began.  The  phenomena  on  the  Earth  and 
the  Moon  are  therefore  in  entire  accord,  when  each  group  is  traced  to  its  true 
cause. 

§  313.     Obliquities  of  the  Major  Planets  Modified  by  Capture  of  Satellites. 

The  craters  on  the  Moon  illustrate  in  a  clear  and  unmistakable  manner  what 
results  take  place  when  a  small  satellite  comes  into  collision  with  a  solid  globe. 
And  as  the  Moon  is  literally  covered  with  craters,  one  would  be  justified  in  con- 
cluding that  the  absorption  of  satellites  by  collision  is  a  common  process  among  the 
planets.  The  large  planets,  like  Jupiter  and  Saturn,  however,  are  too  far  away  to 
show  satellite  indentations,  even  if  they  were  solid  globes;  and  as  they  are  gaseous 
to  a  great  depth,  it  is  impossible  to  discover  from  their  surface  phenomena  any 
evidence  of  the  capture  of  satellites. 

Is  there  no  other  evidence  of  satellite  capture  which  may  be  recognized  at 
that  great  distance?  Let  us  recall  the  obliquities  of  Jupiter  and  Saturn,  and  the 
rigorous  investigation  which  we  have  made  of  the  causes  there  disclosed.  We 
have  remarked  that  on  the  average,  satellites  moving  near  the  plane  of  Jupiter's 
orbit  and  colliding  with  that  planet  will  tend  to  decrease  the  planet's  obliquity; 
for  the  rotations  will  be  compounded  according  to  the  principle  of  the  parallelogram 
of  forces.  The  planet  will  tend  to  rotate  about  an  axis  becoming  more  and  more 
nearly  perpendicular  to  the  plane  of  his  orbit,  and  the  obliquity  will  tend  to  vanish. 
And  whatever  may  have  been  the  original  obliquity,  the  growth  of  the  planet  by 
the  absorption  of  satellites  will  tend  to  give  zero  obliquity,  as  is  observed  in  the 
case  of  Jupiter.  Considering  the  immense  influence  exerted  by  Jupiter  in  the 
capture  and  transformation  of  the  orbits  of  comets,  it  is  easy  to  see  that  his  capture 
and  absorption  of  satellites  in  the  past  has  been  enormous. 

In  order  to  leave  no  doubt  of  the  numerical  sufficiency  of  this  cause  to  tilt  a 
planet  over  towards  a  position  of  zero  obliquity,  we  considered  what  would  happen 
to  Saturn  if  that  planet  should  have  his  mass  made  equal  to  that  of  Jupiter  by 
the  capture  of  satellites;  and  we  found  by  rigorous  calculation  that  the  present 
obliquity  of  Saturn  would  vanish  like  that  of  Jupiter.  Accordingly  it  was  inferred 
that  at  one  time  the  obliquity  of  Jupiter  may  have  been  as  large  as  that  of  Saturn, 
or  even  larger,  but  has  been  made  to  disappear  by  the  capture  and  absorption  of 
satellites.  Therefore,  whilst  we  cannot  observe  satellite  indentations  on  the  outer 
planets,  owing  to  their  gaseous  constitution  and  great  distance,  yet  in  the  modified 

*  Such  as  Coon  Butte  and  Meteor  Crater  in  Arizona. 
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obliquities  we  find  visible  traces  of  the  capture  of  satellites  which  are  quite  as 
conspicuous  as  the  craters  on  the  Moon. 

§  314.     Modification  of  the  Obliquities  of  the  Other  Planets. 

Passing  beyond  Saturn  to  the  planet  Uranus,  we  find  an  obliquity  of  about 
97°,  and  in  the  case  of  Neptune,  145°.  Now  the  mass  of  Saturn  surpasses  those 
of  Uranus  and  Neptune  in  the  ratio  of  about  6.3  and  5.2  to  1,  and  if  their  masses 
were  correspondingly  increased  by  the  capture  of  satellites  moving  near  the  planes 
of  the  orbits  of  these  outer  planets,  it  is  certain  that  the  obliquities  would  be 
decreased  to  correspond  closely  to  that  of  Saturn.  Hence  it  has  been  inferred 
that  the  surviving  high  obliquity  of  the  two  outer  planets  is  due  to  the  failure  of 
those  two  planets  to  capture  an  adequate  share  of  satellites. 

In  fact,  it  is  clear  that  Jupiter  robbed  Saturn  of  building  material,  and  Saturn 
joined  Jupiter  in  robbing  Uranus,  while  all  three  conspired  in  robbing  Neptune; 
and  the  result  was  that  the  outer  planets  had  their  supply  of  satellites  so  far  cut 
off  that  the  obliquities  remained  large.  Accordingly  it  appears  that  Jupiter  and 
Saturn  exhibit  most  clearly  the  normal  type  of  development  of  planetary  obliq- 
uities; while  the  development  of  Uranus  and  Neptune  was  so  early  arrested  that 
their  phenomena  can  be  interpreted  only  by  means  of  the  other  phenomena  of 
the  solar  system.  But  as  Jupiter  and  Saturn  were  able  to  cut  off  the  supply  of 
building  material  for  the  outer  planets,  we  thus  obtain  an  indication  that  the  satel- 
lites traversing  the  solar  system  moved  in  orbits  of  considerable  eccentricity;  other- 
wise they  could  not  thus  be  intercepted  by  the  neighboring  planets. 

As  regards  the  terrestrial  planets,  Mars  has  the  highest  obliquity,  and  the 
Earth  next;  while  that  of  Venus  is  no  doubt  the  smallest  of  these  three  planets. 
This  is  what  ought  to  result  from  theory,  and  it  seems  to  be  confirmed  by  observa- 
tion ;  for  Schiaparelli  and  others  have  inferred  that  the  obliquity  of  Venus  does 
not  exceed  10°  or  12°.  It  seems  safe  to  predict  that  it  does  not  exceed  20°.  Ac- 
cordingly it  appears  that  there  are  many  phenomena  which  point  to  the  capture 
of  satellites,  both  in  the  outer  and  inner  parts  of  our  system:  and  in  the  observed 
obliquities  we  have  a  series  of  phenomena  which  bear  witness  to  this  process  as 
clearly  as  the  craters  and  the  maria  on  the  Moon.  These  indentations  alone  exhibit 
imprints  indicating  the  diameter  of  the  small  bodies  which  were  once  so  numerous 
in  the  solar  system;  and  the  swarm  of  small  bodies  thus  disclosed  gives  us  a  new 
and  impressive  light  on  the  constitution  of  a  nebula,  which  probably  could  not 
l>e  obtained  from  any  other  existing  source.  Thus  although  our  solar  nebula  has 
long  since  vanished,  we  still  have  traces  of  its  constitution  in  the  dents  preserved 
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in  the  face  of  the  Moon,  and  in  the  obliquities  of  the  planets,  which  can  sup- 
ply us  with  knowledge  that  never  could  be  obtained  from  the  existing  nebulae, 
owing  to  their  immense  distances.  The  study  of  the  survivals  in  the  solar 
system  is  therefore  of  the  utmost  value  in  developing  a  true  theory  of  cosmical 
evolution. 


§  315.     The  Observed  Rotation  of  Venus,  and  the  Theoretical  Reason  Why  This 
Planet  Should  Rotate  Faster  Than  the  Earth. 

We  have  discussed  the  older  observations  of  Venus,  and  the  resulting  periods 
of  rotation  thus  deduced;  and  have  shown  that  the  period  of  23h  21m  was  deduced 
by  careful  observers  who  were  free  from  any  theoretical  bias.  From  an  observa- 
tional point  of  view,  this  rotation  period  must  be  considered  the  most  probable. 
Some  such  short  period  is  distinctly  indicated  by  the  observations  made  by  the 
author  with  the  26-inch  refractor  at  Washington  in  1900.  And  now  it  has  been 
found  that  there  is  a  theoretical  cause  which  would  make  an  inner  planet  like 
Venus  rotate  somewhat  more  rapidly  than  the  Earth,  while  a  remoter  planet  like 
Mars  should  rotate  more  slowly.  This  brings  theory  and  observation  into  striking 
accord,  and  leaves  very  little  doubt  that  we  have  at  last  found  the  true  laws  of 
nature.  It  is  found  that  satellites  moving  in  eccentric  orbits  and  passing  Venus 
would  have  greater  velocity  than  when  passing  the  Earth;  and  therefore  when 
they  collide  with  Venus  they  tend  to  give  that  planet  a  greater  impetus  about  its 
axis  of  rotation.  The  result  would  be  that  if  we  integrate  the  effects  arising  from 
an  equal  mass  of  such  satellites,  colliding  with  two  such  planets  in  the  course  of 
ages,  the  cumulative  rotation  given  to  Venus  would  be  greater  than  that  given  to 
the  Earth;  and  in  the  same  way  the  rotation  of  Mars  would  be  still  slower.  Ac- 
cordingly if  we  admit  this  cause  of  planetary  rotation,  it  follows  that  Venus,  the 
Earth  and  Mars  ought  to  rotate  in  periods  of  increasing  length,  such  as  we  find  by 
observation.  On  the  other  hand,  if  the  rotations  be  as  here  indicated,  this  fact 
becomes  a  powerful  argument  in  support  of  the  capture  of  satellites  as  the  dominant 
process  in  the  formation  of  the  solar  system. 

It  is  shown  that  the  solar  tidal  friction  on  Venus  slightly  exceeds  that  due 
to  the  Sun  and  Moon  combined  on  the  Earth,  while  the  solar  tidal  friction  on  Mars 
is  nearly  a  thousand  times  smaller.  The  present  slow  rotation  of  Mars,  the  more 
rapid  rotation  of  the  Earth,  and  the  still  more  rapid  rotation  of  Venus  is  therefore 
strongly  adverse  to  the  view  that  tidal  friction  has  exerted  a  sensible  influence 
on  the  past  history  of  the  solar  system.  If  the  facts  be  as  here  assumed, 
we  shall   have   to  give  up  the  view  that  tidal  friction  exerts  a  sensible  effect 
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on  the  rotations  of  the  planets,  and  recognize  in  the  capture  of  satellites  a 
much  more  powerful  cause,  the  influence  of  which  has  everywhere  proved  to  be 
paramount. 

§  316.     Extension  of  the  Solar  System  Beyond  Neptune. 

We  have  seen  that  the  extreme  circularity  of  the  orbit  of  Neptune  is  a  distinct 
indication  that  the  solar  system  does  not  terminate  at  the  present  known  boundary, 
but  extends  much  further  out.  The  fact  that  this  orbit  is  so  round  shows  that 
the  resisting  medium  was  of  considerable  density  at  that  great  distance,  and  thus 
indicates  the  existence  of  several  planets  beyond.  The  orbit  of  Neptune  bears  a 
striking  parallel  to  that  of  Jupiter's  Fourth  Satellite,  which  was  long  supposed  to 
be  the  outer  limit  of  the  Jovian  system,  whereas  three  remoter  satellites  have  been 
discovered  since  1905.  We  can  therefore  no  more  believe  that  Neptune  marks 
the  outer  limit  of  the  solar  system  than  that  Jupiter's  Satellite  IV  indicates  the 
termination  of  the  Jovian  system,  or  that  Saturn's  system  terminates  with  Titan. 
It  is  impossible  to  say  how  many  more  planets  may  exist  beyond  Neptune,  but 
there  are  not  likely  to  be  less  than  three,  and  there  may  be  more. 

And  it  is  practically  certain  that  the  system  extends  to  a  distance  of  at  least 
one  hundred  astronomical  units,  or  over  three  times  the  present  known  dimensions. 
And  just  as  the  satellite  systems  have  contracted  their  dimensions  under  the  secular 
effects  of  a  resisting  medium,  so  also  the  solar  system  itself  must  originally  have 
been  of  much  vaster  dimensions  than  at  present. 

In  fact,  it  is  highly  probable  that  our  system  once  extended  to  a  distance  of 
not  less  than  1,000  astronomical  units,  and  has  since  contracted  its  dimensions. 
We  conclude  this  not  only  from  the  phenomena  now  observed  in  the  solar  system, 
but  also  from  the  comparison  with  the  angular  dimensions  of  other  nebulae,  all 
of  which  must  be  absolutely  of  immense  size.  And  whilst  our  nebula  evidently 
was  not  of  such  vast  extent  and  mass  as  some  of  the  larger  nebulae  which  we  see 
in  the  sky,  yet  it  must  have  been  enormously  larger  than  the  dimensions  of  the 
developed  planetary  system  as  we  now  behold  it.  We  may  therefore  fix  1,000 
astronomical  units  as  defining  the  order  of  distance  of  the  outer  border  of  the  pri- 
mordial solar  nebula,  though  the  comets  extend  still  further  out. 

The  present  vast  dimensions  of  certain  spiral  nebulae  and  their  conspicuous 
transparancy  indicate  that  they  may  hereafter  likewise  undergo  enormous  shrink- 
age. Thus  the  shrinkage  postulated  for  the  solar  nebula  is  but  a  special  case  of  the 
general  process  of  nature,  as  shown  by  the  appearances  of  the  nebulae  throughout 
the  sidereal  heavens;    and  this  again  confirms  the  theory  that  the  solar  system 
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extends  much  beyond  Neptune,  and  that  the  primitive  boundaries  were  much 
more  distant  still. 


§  317.     The  Capture  of  the  Asteroids  and  Periodic  Comets  by  the  Perturbations  of 
the  Planets  —  Views  of  Professor  H.  A.  Newton. 

The  subject  of  the  capture  of  the  periodic  comets  by  the  perturbing  action  of 
the  planets  is  very  familiar  to  astronomers,  and  thus  requires  no  further  treatment 
here.  But  the  capture  of  the  asteroids  by  Jupiter  has  been  much  less  discussed. 
It  is  obvious  that  just  as  the  planet  Jupiter  may  capture  a  comet  by  transforming 
its  orbit  so  as  to  lie  wholly  within  his  own  orbit,  so  also  this  great  planet  may  exert 
a  like  influence  on  the  orbits  of  the  asteroids  which  extend  beyond  the  Jovian  orbit. 
For  however  these  two  classes  of  small  bodies  are  classified  as  to  name,  the  dynam- 
ical effect  is  the  same ;  and  moreover  it  is  extremely  probable  that  the  asteroids 
once  were  rather  large  comets  which  have  since  lost  or  would  have  had  tails,  had 
their  perihelion  distances  been  smaller. 

In  addition  to  the  conclusion  already  cited  (§  94,  pp.  190-192,  and  §  177, 
pp.  376-378)  regarding  the  origin  of  the  Asteroids  and  Periodic  Comets,  that  these 
small  bodies  were  thrown  into  their  present  positions  by  the  perturbing  action  of 
Jupiter,  it  should  be  noted  that  a  similar  result  was  reached  by  Professor  H.  A. 
Newton,  of  Yale  University,  at  least  sixteen  years  ago,  although  the  writer  did 
not  recall  the  circumstance  till  two  years  after  he  had  independently  obtained  the 
same  result,  and  just  as  the  last  chapter  of  this  volume  is  going  through  the  press. 
Early  in  March,  1894,  Professor  F.  L.  Chase  and  the  writer  called  to  see  this 
eminent  mathematician,  and  found  him  quietly  working  in  his  study,  while  the 
snow  was  drifting  in  high  banks  about  his  house.  He  conversed  with  us  for  some 
time  on  the  perturbations  of  the  asteroids  and  periodic  comets,  on  which  he  was 
so  great  an  authority ;  and  then,  pointing  out  of  the  window  to  the  way  in  which 
the  drifting  snowflakes  were  being  thrown  in  behind  a  heavy  bank,  he  remarked 
that  in  a  similar  manner  the  small  planets  and  comets  were  gathered  by  Jupiter 
within  his  own  orbit,  the  region  beyond  being  one  in  which  they  could  not  main- 
tain stable  movement.  The  researches  of  Professor  Newton  thus  confirmed 
the  theory  early  entertained  by  Stephen  Alexander,  and  more  recently  verified 
by  Callandreau,  and  uniformly  adopted  in  this  work.  As  the  asteroids  are 
spread  over  a  wide  zone,  those  most  remote  from  Jupiter  show  the  cumulative 
effects  of  a  resisting  medium  most  clearly  —  the  decrease  in  the  mean  distance 
being  relatively  rapid  for  a  small  mass,  but  very  slow  indeed  for  a  large  mass  such 
as  Jupiter,  as  remarked  on  pp.  235,  236.     Carried  still  further  back  in  time  this 
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reasoning  indicates  that  the  nuclei  of  the  terrestrial  planets,  Mercury,  Venus, 
Earth,  Moon,  and  Mars,  once  were  thrown  within  the  orbit  of  Jupiter,  as  pointed 
out  on  page  399. 

Origin  of  the  Body  of  the  Comets  to  be  Sought  in  the  Outer  Parts  of  the  Primordial 

Solar  Nebula. 

If  it  be  asked  what  is  the  most  probable  origin  of  the  body  of  the  comets,  our 
answer  would  be  that  they  come,  in  all  probability,  mainly  from  the  outer  parts 
of  our  primordial  solar  nebula;  and  as  this  had  immense  dimensions,  it  is  not 
strange  that  the  body  of  the  comets  move  in  elongated  ellipses,  which  closely 
resemble  parabolas  in  the  parts  of  the  orbits  covered  by  observations. 

For  we  have  seen  that  ring  nebulae  and  spiral  nebulae  are  but  different  phases 
of  nebular  vortices  whirling  and  condensing  towards  the  centre.  And  we  have 
shown  that  most  of  the  matter  in  such  a  vortex  goes  into  the  central  star,  while 
small  masses  form  the  planets  revolving  around  it.  In  the  course  of  time  these 
planets  come  to  move  in  orbits  which  are  much  reduced  in  size  and  nearly  circular. 
But  comets  receding  to  the  original  border  of  the  solar  nebula  would  revolve  in 
very  long  periods,  and  therefore  some  of  them  might  escape  capture  by  the  planets 
and  still  revolve  in  orbits  with  very  large  major  axes. 

Accordingly  it  looks  as  if  the  comets  come  from  an  outer  shell  about  our  Sun, 
which  corresponds  to  the  original  border  of  the  primordial  solar  nebula.  This 
is  the  so-called  "  Home  "  of  the  comets  which  Professor  Peirce  and  others  have 
imagined,  but  never  fully  understood. 

If  such  a  connection  be  admissible  at  all,  the  explanation  here  given  has  great 
inherent  probability,  owing  to  the  analogy  with  other  nebulae.  Moreover,  it 
accounts  for  nearly  all  known  phenomena  in  a  very  satisfactory  manner.  The 
distribution  of  cometary  orbits  about  our  Sun  is  not  yet  fully  investigated;  but 
it  is  generally  believed  to  be  comparatively  equable  in  the  various  directions,  with 
about  as  many  orbits  retrograde  as  direct. 

Doubtless  this  is  only  approximately  true,  and  when  later  and  better  statistical 
data  are  available  it  will  be  found  that  there  is  some  preponderance  of  direct 
motion,  and  moreover,  some  preference  for  a  particular  zone,  corresponding  to 
the  principal  plane  of  the  solar  system.  Such  an  outcome  would  seem  to  follow 
from  the  theory  here  adopted. 

In  addition  to  the  comets  which  come  to  us  from  the  original  "  Home  "  at  the 
borders  of  the  primordial  solar  nebula,  there  may  be  a  very  few  of  these  masses 
which  enter  the  solar  system  from  the  regions  of  the  fixed  stars.     If  such  comets 
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exist  they  will  no  doubt  have  a  distribution  in  space  depending  on  the  secular 
motion  of  the  Sun,  and  of  the  nebulosity  in  the  neighboring  regions  of  space.  It 
seems  barely  possible  that  both  groups  of  comets  will  be  found  to  be  confused 
together;  if  so  it  will  be  some  time  before  our  knowledge  is  sufficiently  advanced 
to  enable  us  to  disentangle  them.  Consequently  the  theory  now  suggested  and 
more  fully  developed  below  must  be  regarded  as  provisional,  but  there  can 
scarcely  be  any  doubt  that  it  rests  upon  a  substantial  basis  of  truth. 

The  Zodiacal  Light  and  the  Gegenschein  Evidence  of  Cosmical  Dust  in 

Planetary  Space. 

The  current  theory  that  comets  and  other  fragments  of  our  primordial  solar 
nebula  are  now  disintegrated  and  scattered  over  the  interior  of  our  solar  system 
seems  to  account  for  such  phenomena  as  the  Zodiacal  Light  and  the  Gegenschein. 
Both  of  these  latter  objects  are  composed  of  cosmical  dust  so  situated  in  space  and  so 
well  illuminated  that  these  aggregations  of  particles  become  visible  from  the  Earth. 

The  Zodiacal  Light  about  the  Sun  is  evidently  produced  by  the  fragments 
of  comets,  meteor  swarms,  and  nebulosity,  reflecting  the  Sun's  light  with  sufficient 
intensity  to  be  observable  after  sunset.  The  matter  producing  the  Gegenschein 
is  of  similar  character,*  but  perhaps  finer,  and  certainly  much  nearer  the  Earth ; 
and  moreover,  rendered  visible  to  us  by  virtue  of  the  darkness  of  the  background 
of  the  sky  at  night. 

These  phenomena  prove  to  us  that  a  certain  amount  of  cosmical  dust  pervades 
the  whole  of  the  space  occupied  by  the  solar  system.  This  cosmical  dust  is  the 
same  kind  of  material  as  that  seen  in  the  meteors  daily  swept  up  by  the  Earth. 
In  the  course  of  ages  it  falls  in  such  quantities  as  to  cover  up  and  largely  obliterate 
the  older  craters  on  the  Moon ;  and  obviously  the  mass  of  the  Earth  as  well  as  the 
masses  of  the  other  planets  and  satellites  and  of  the  Sun  are  also  increased. 

The  deposit  of  cosmical  dust  increases  the  masses  of  all  these  bodies  and 
accelerates  their  orbital  motions.  It  may  be  said  also  that  the  Zodiacal  Light  and 
the  Gegenschein  establish  the  existence  of  vortices  about  the  Sun  and  planets  of 
the  kind  we  have  described ;  and  this  confirms  the  origin  of  the  axial  rotations  of 
these  bodies. 

§  318.     Historical  Sketch  of  the  Theories  of  the  Origin  of  Comets. 

In  §  178,  p.  382,  we  have  outlined  very  briefly  the  most  probable  theory  of 
the  origin  of  the  comets.     This  subject  is  so  important  for  a  comprehensive  view 

♦Compare  alBo  the  theory  of  Innes,  mentioned  in  the  footnote  on  page  62b\ 
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of  the  solar  system  and  of  the  nebula  from  which  it  developed,  that  we  shall  here 
consider  it  at  somewhat  greater  length.  Kepler  declared  that  there  are  as  many 
comets  in  the  heavens  as  there  are  fish  in  the  sea,  but  he  does  not  seem  to  have  developed 
any  theory  of  the  origin  of  comets.  Newton  recognized  that  they  range  all  over  the 
heavens  in  eccentric  orbits  and  are  a  sort  of  planet  (Principia,  Lib.  Ill,  Prop.  XLI, 
Prop.  XXI),  yet  he  assigned  no  reason  why  the  comets  should  depart  from  the  Zodiac 
in  which  the  planets  move,  and  the  illustrious  author  of  the  Principia  probably  had 
been  unable  to  develop  a  satisfactory  theory  of  comets.  In  his  original  formula- 
tion of  the  nebular  hypothesis,  1796,  Laplace  regarded  the  comets  as  foreign 
to  the  solar  system;  and  for  a  long  time  this  view  was  generally  held  by 
astronomers. 

Kant,  on  the  other  hand,  at  an  earlier  period,  1755,  declared  that  there  was 
no  essential  difference  between  planets  and  comets,  and  that  the  two  classes  of 
bodies  would  be  found  to  be  merged  together  by  insensible  gradations;  so  that 
the  differences  at  last  analysis  disappear.  He  saw  the  increase  of  the  eccentricity 
of  Saturn's  orbit,  on  the  outer  parts  of  the  solar  system  as  then  known,  and  thence 
inferred  that  the  remoter  planets  would  have  eccentricities  approaching  those  of 
the  comets.  "We  cannot  make  out  of  the  comets  a  special  species  of  heavenly 
body  which  is  entirely  distinct  from  the  family  of  the  planets.  Nature  works 
here,  as  elsewhere,  by  gradual  steps,  and  whilst  she  runs  through  all  degrees  of 
change,  she  unites  by  means  of  a  chain  of  connecting  links  the  remoter  properties 
with  the  nearer  ones." 

In  his  celebrated  "  Astronomical  Observations  Relating  to  the  Construction 
of  the  Heavens,  Arranged  for  the  Purpose  of  a  Critical  Examination,  the  Results  of 
Which  Appear  to  ThrowSome  Light  Upon  the  Organization  of  the  Celestial  Bodies," 
read  before  the  Royal  Society,  June  20,  1811,  and  published  in  the  Philosophical 
Transactions  for  that  year,  Sir  William  Herschel  devotes  Section  22,  p.  306, 
to  nebulae  that  have  a  cometic  appearance:     "Among  the  numerous  nebulae  I 

have  seen,  there  are  many  that  have  the  appearance  of  telescopic  comets 

It  seems  that  this  species  of  nebulae  contains  a  somewhat  greater  degree  of  con- 
densation than  that  of  the  round  nebulae  of  the  last  article,  and  might  perhaps 
not  very  improperly  have  been  included  in  their  number.  Their  great  resemblance 
to  telescopic  comets,  however,  is  very  apt  to  suggest  the  idea  that,  possibly,  such 
small  telescopic  comets  as  often  visit  our  neighborhood  may  be  composed  of 
nebulous  matter, -or  may  in  fact  be  such  highly  condensed  nebulae." 

The  views  of  Herschel  as  thus  set  forth  were  approved  and  adopted  by 
Laplace  in  the  Connaissance  des  Temps  for  1816,  p.  213,  but  this  did  not  greatly 
modify  the  views  already  announced  in  the  Systeme  du  Monde  twenty  years  before. 


Plate  XXVIII.     Illustrations  of  the  New  Theory  of  Comets  Developed  by  T.  J.  J.  See. 

The  Loweh  Figure  Illustrates  the  Vast  System  op  Small  Bodies  Circulating  About  the  Sun  and 
Constituting  the  Outer  Shell  of  the  Primordial  Solar  Nebula.  The  Inner  Portion  of  the 
Ancient  Nebula  Has  Been  Gradually  Eaten  Out  and  Rendered  Vacant  in  the  Formation  of 
the  Planetary  System,  Leaving  Only  the  Outer  Part  for  the  Supply  of  Comets.  A  Few  of 
These  Tiny  Wisps  from  Time  to  Time  Drop  Down  and  Come  Within  the  Range  of  Our  Vision, 
while  the  Vast  Majority  Remain  Forever  Invisible.  This  Confirms  Kepler's  View,  That  There 
Are  as  Many  Comets  in  the  Heavens  as  There  Are  Fish  in  the  Sea.  The  Upper  Figure,  from 
Lowell's  Solar  System,  Shows  the  Orbits  of  a  Few  Actual  Comets  Which  Have  Appeared  in 
the  Short  Interval  Since  Newton's  Famous  Comet  of  1680. 
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The  difficulty  of  •  accounting  for  the  different  types  of  cometary  orbits  has 
always  been  considerable,  and  the  supposed  existence  of  hyperbolic,  parabolic 
and  elliptic  paths  has  not  unnaturally  increased  the  mystery  attaching  to  comets. 
If  Laplace's  theory  that  the  comets  are  foreign  bodies  were  true,  we  should  expect 
to  have  a  great  number  of  cases  of  hyperbolic  motion,  unless  the  hyperbolic  comets 
pass  so  far  from  the  Sun  as  to  escape  observation,  which  was  the  view  tentatively 
adopted  by  the  great  French  mathematician.  This  theory  of  Laplace  is  dis- 
cussed in  §  68  of  this  volume  of  Researches,  pp.  126-129.* 

At  the  present  time  only  about  a  dozen  comets  are  known  which  were  supposed 
to  have  described  hyperbolas,  and  even  in  these  cases  the  true  state  of  fact  is  very 
uncertain,  in  all  except  two  or  three  instances,  owing  to  the  inferiority  of  the 
older  observations.  And  as  for  the  comets  assumed  to  be  describing  parabolas, 
it  is  now  well  known  that  all  or  very  nearly  all  of  these  paths  are  really  ellipses 
with  very  long  major  axes. 

We  may  therefore  dismiss  the  hyperbolic  comets  as  doubtful,  and  consider 
that  all  comets  move  in  ellipses  with  great  eccentricities  and  very  long  periods, 
so  that  they  resemble  parabolas  in  the  parts  of  the  orbits  near  the  Sun  over  which 
the  observations  extend. 

One  great  object  of  astronomy  to-day  is  to  follow  the  comets  as  far  into  space 
as  possible.  For  this  pursuit  we  need  telescopes  of  enormous  light-grasp,  on 
account  of  the  feebleness  of  the  Sun's  light  in  the  remoter  depths  of  space,  and 
because  of  the  shrinkage  of  the  head  and  disappearance  of  the  tail  of  a  comet  as 
soon  as  it  recedes  more  than  a  very  few  astronomical  units  from  the  Sun.  The 
insignificance  of  the  supposed  solid  nuclei  of  comets  and  the  darkness  of  the  outer 
regions  of  our  system  renders  the  pursuit  of  these  small  masses  to  great  distance 
extremely  difficult. 

In  the  investigation  of  the  nature  of  comets,  the  theory  of  foreign  origin 
proposed  by  Laplace  has  long  been  prominent,  though  of  late  years  astronomers 
have  begun  to  reject  it.  About  thirty  years  ago  Proctor  added  fresh  interest 
to  an  old  subject  by  proposing  an  ejection  theory  —  that  the  comets  are  small 
masses  of  matter  ejected  from  the  heavenly  bodies  by  eruptions,  as  in  the  ejection 
of  prominences  from  the  Sun.  There  may  be  some  mechanical  difficulty  in  con- 
ceiving the  comets  as  ejected  from  distant  suns,  but  since  the  development  of  the 
theory  of  the  repulsion  of  cosmical  dust  by  the  radiation  pressure  of  light  and  by 

*  Since  this  was  written  I  find  that  conclusions  similar  to  those  adopted  by  the  author,  as  to  the  nature  of 
comet  orbits,  have  been  reached  by  Schiaparelli  as  far  back  as  1871  (Mem.  dell'  Istit.  Lombardo,  t.  XII, 
p.  164),  and  more  recently  by  Fabry,  who  published  an  important  memoir  on  the  subject  in  1893  ("  Etude  sur  la 
Probability  des  Cometes  Hyperboliques,"  Annates  de  la  Facutie  des  Sciences  de  Marseille,  1893,  p.  158).  The 
reader  is  referred  to  the  memoir  of  Fabry  for  a  full  treatment  of  the  problem  of  the  entrance  of  comets  into  our 
system,  which  is  more  satisfactory  than  the  theory  of  Laplace  on  this  subject. 
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electric  forces,  such  arbitrary  ejections  of  matter  as  Proctor  imagined  are  al- 
together unnecessary,  because  it  is  simpler  and  more  natural  to  suppose  the  comets 
formed  by  the  precipitation  and  aggregation  of  the  cosmical  dust  diffused  from 
the  stars  under  the  action  of  Repulsive  Forces. 

Thirty  or  forty  years  ago  it  began  to  be  realized  that  most  of  the  comets 
belong  to  the  solar  system,  and  the  "Home  of  the  Comets"  was  a  subject  of 
investigation  by  Professor  Benjamin  Peirce,  the  celebrated  mathematician 
of  Harvard  University.  Other  astronomers  before  and  since  have  attempted  to 
solve  the  problem  of  the  origin  of  comets,  without,  however,  attaining  entire 
success.  Peirce  correctly  held  that  they  probably  come  from  a  "Home"  con- 
ceived as  a  shell  of  nebulous  matter,  at  a  great  distance  from  the  Sun,  but 
he  could  not  assign  any  definite  reason  why  the  comets  should  have  such  a 
"Home." 

§  319.     Confirmation  of  the  Origin  of  Comets  from  the  Solar  Nebula. 

As  it  has  been  proved  in  this  work  that  our  planetary  system  arose  from  a 
spiral  nebula,  and  that  the  planetary  orbits  were  originally  much  larger  and  much 
more  eccentric  than  they  are  now  —  having  in  the  course  of  ages  been  greatly 
reduced  in  size  and  rounded  up  by  moving  in  the  nebular  resisting  medium  form- 
erly pervading  the  system  —  it  is  now  known  that  our  primordial  nebula  once 
extended  at  least  a  thousand  and  may  be  ten  thousand  times  the  distance  of  the 
Earth  from  the  Sun.  Accordingly  it  would  appear  that  this  remote  shell  of  the 
old  solar  nebula  is  exactly  where  the  comets  come  from. 

We  observe  in  the  heavens  great  numbers  of  spiral  nebulae  of  vast  extent 
and  extreme  tenuity  produced  by  the  settlement  and  coiling  up  of  unsymmetrical 
clouds  of  cosmical  dust  under  the  action  of  universal  gravitation.  In  some  cases 
these  coils  close  around  and  produce  a  nearly  complete  ring  like  that  observed 
in  the  famous  ring  nebula  in  Lyra;  in  others  the  nebulosity  is  scattered  some- 
what equally  over  the  whole  surface  of  the  sphere,  as  in  the  planetary  nebulae 
so  much  studied  by  Sir  Wm.  Herschel.  This  suggests  to  us  a  very  good  con- 
ception of  the  shell  of  dark,  nebulous  matter  still  surviving  about  the  solar  system 
and  furnishing  us  an  abundant  supply  of  comets,  which  come  to  us  from  all  di- 
rections in  space.     Let  us  examine  the  question  a  little  more  carefully. 

If  we  conceive  a  nebula  to  be  made  up  of  cosmical  dust  gathering  from  various 
directions  in  space,  it  is  clear  that  in  the  settlement  under  gravitation  the  usual 
unsymmetrical  figure  will  produce  a  rotation  about  some  axis,  and  this  will  give 
rise  to  a  spiral  structure.     A  cosmical  system,  such  as  that  of  the  Sun  and  planets, 
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will  in  time  develop  in  the  centre,  while  the  orbits  will  become  smaller  and  smaller 
and  more  and  more  circular,  until  the  system  occupies  but  an  infinitesimal  part 
of  the  sphere  of  the  original  nebula.  Yet,  since  the  Sun  controls  the  outer  shell 
as  well  as  the  inner  sphere  into  which  most  of  the  matter  has  been  collected,  the 
remoter  wisps  of  nebulosity  also  will  circulate  about  the  Sun  with  extreme  slow- 
ness, owing  to  the  great  distance,  and  usually  remain  out  of  our  range  of  vision. 
Those  wisps  which,  for  any  cause,  drop  down  into  the  central  system,  however, 
will  have  their  orbits  transformed  by  the  action  of  the  planets,  as  in  the  observed 
case  of  the  comets.  This  explains  the  shell  of  dark,  nebulous  matter  giving  the 
mysterious  comet-dropping  envelope  surrounding  the  Sun,  the  nature  of  which 
heretofore  has  proved  so  bewildering  to  astronomers. 

Accordingly  the  study  of  the  spiral  nebulae  enables  us  to  make  out  the  nature 
of  the  "Home  of  the  Comets"  and  to  understand  the  character  of  their  orbits, 
which  have  engaged  the  attention  of  mathematicians  for  centuries. 

In  the  Philosophical  Transactions  for  1789,  Sir  Wm.  Herschel  has  a  "Cata- 
logue of  a  Second  Thousand  of  New  Nebulae  and  Clusters  of  Stars,"  in  which  he 
examines  the  constitution  of  clusters,  and  (on  page  219)  the  evidence  they  present 
of  the  action  of  central  powers  which  have  given  them  the  observed  globular 
forms.  He  cites  the  globular  figures  of  the  planets,  and  the  spherical  figures  of 
the  nebulae,  with  increasing  brightness  towards  the  centre  as  the  effect  of  gravity, 
and  estimates  the  age  of  a  cluster  by  the  state  of  its  condensation.  Herschel 
again  examines  these  questions  at  length  in  his  "Astronomical  Observations 
Relating  to  the  Construction  of  the  Heavens,"  in  the  Philosophical  Transactions 
for  1811,  and  there  shows  (p.  299)  that  the  tendency  to  spherical  arrangement 
observed  in  so  many  nebulae  can  be  explained  only  by  the  action  of  universal 
gravitation  (cf.  also  Phil.  Trans.,  1789,  p.  225). 

Now  the  solar  system  is  known  to  be  very  old,  and  if  the  dust  forming  the  primordial 
nebula  was  originally  assembled  from  all  parts  of  the  heavens,  the  outer  shell,  xohere 
hydrostatic  pressure  has  never  operated,  ought  still  to  have  its  elements  arranged  in 
a  haphazard  manner,  so  that  the  wisps  of  nebulosity,  dropping  down  to  us  as  comets, 
would  come  from  all  directions  indiscriminately.  And  if  the  comet-dropping  envelope 
at  first  were  not  entirely  symmetrical,  it  would  tend  to  become  more  so  in  time,  from 
the  effects  of  gravitation,  as  in  the  case  of  the  clusters  and  nebulae  considered  by  Her- 
schel. For  the  cometary  masses  surrounding  our  system  at  a  distance  of  thou- 
sands of  radii  of  the  Earth's  orbit,  would  be  essentially  a  feeble  cluster,  though  quite 
devoid  of  luminosity,  and  with  the  lapse  of  ages  thus  tend  to  become  essentially  globular. 

Accordingly  it  appears  probable  that  all  the  inner  parts  of  the  nebula  have  been 
cleared  away  in  producing  the  Sun,  planets  and  satellites,  but  that  many  small  masses 
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still  revolve  as  survivals  in  the  outer  shell  of  the  old  nebula,  and  these  are  the  comets. 
Hence  they  move  in  long  ellipses,  and  informer  times  it  was  not  unnaturally  supposed 
that  the  orbits  are  nearly  parabolic.  This  opinion  has  been  changed  by  later  re- 
searches, and  the  proof  of  elliptic  orbits  has  led  us  to  the  true  significance  of  comets 
and  of  the  comet-dropping  envelope  about  the  Sun.  And  although  it  has  taken 
astronomers  nearly  three  centuries*  of  research  to  develop  a  consistent  theory  of 
the  comets,  the  result  is  worth  all  the  effort  which  has  been  put  on  it.  Nor  has 
the  difficulty  been  greater  than  might  have  been  expected  in  dealing  with  the 
most  mysterious  of  all  the  heavenly  bodies,  which  were  long  believed  to  defy  the 
tendency  to  law  and  order  found  to  characterize  the  motions  of  the  planets. 

§  320.     Why  Comets  Have  Tails. 

The  discovery  and  proof  of  the  origin  of  the  comets,  from  the  outer  parts  of 
the  ancient  nebula  which  formed  the  solar  system,  carries  with  it  also  the  explana- 
tion of  why  comets  have  tails.  It  is  shown  in  these  Researches  that  the  nebulae 
are  formed  by  the  expulsion  of  fine  dust  from  the  stars.  This  cosmical  dust  is 
repelled  by  the  radiation-pressure  of  the  Sun's  light,  and  by  electric  forces,  and 
thus  drifts  about  hither  and  thither  till  it  collects  into  clouds  called  nebulae, 
which  settle  down  under  the  secular  action  of  universal  gravitation  and  form 
cosmical  systems.  The  spiral  form  in  the  nebulae  is  the  outcome  of  this  gradual 
settlement.  Now  all  the  matter  in  a  nebula  was  once  expelled  from  the  stars, 
and  therefore  any  wisp  of  nebulosity  will  have  a  volatile  part.  This  is  easily 
vaporized  when  the  comet  comes  near  the  Sun,  and  therefore  some  of  it  will  again 
be  driven  away  by  the  Sun's  repulsive  forces. 

If  the  comet  should  stay  permanently  near  the  Sun  it  would  soon  lose  all 
its  volatile  matter,  and  thenceforth  have  no  more  tail  than  a  satellite  or  an  aste- 
roid has  now.  But  as  the  comets  move  in  long  ellipses,  they  are  near  the  Sun 
but  a  comparatively  short  time,  and  the  tails  then  developed  cease  to  grow  as 
soon  as  the  comets  recede.  When  the  comet  is  far  away  in  space  it  gathers  up 
some  more  volatile  matter  before  the  next  return,  so  that  when  it  approaches 
the  Sun  it  can  again  produce  another  tail.  Most  of  the  short-period  comets, 
such  as  Encke's  Comet,  which  has  been  near  the  Sun  ever  since  its  capture  by 

*  As  illustrating  the  unsatisfactory  state  of  our  knowledge  of  the  origin  of  comets  up  to  the  present  time,  it  may 
be  mentioned:  (1)  That;  in  the  Halley  Lecture  at  the  University  of  Oxford,  May  10,  1910,  Dr.  Henry  Wilde, 
F.R.S.,  chose  as  his  subject  "Celestial  Ejectamenta,"  and  maintained  that  the  comets  originated  within  the  solar 
system,  by  explosive  discharges  from  the  planets,  especially  the  larger  planets,  in  the  process  of  cooling;  (2)  That 
in  Scientiu  for  April,  1910,  Dr.  A.  C.  D.  Crommelin  of  the  Royal  Observatory,  Greenwich,  considers  the  same  theory 
and  says  that  it  cannot  be  summarily  rejected.  He  mentions  also  the  theories  that  the  comets  may  be  ejected  from 
the  Sun,  and  that  they  may  be  fragments  of  the  solar  nebula,  but  is  unable  to  reach  a  definite  conclusion  on  the  subject. 
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Jupiter  ages  ago,  now  have  no  tails,  and  this  is  the  cause  of  it;  which  confirms 
the  present  theory,  and  shows  that  the  comets,  asteroids  and  satellites  are  all 
related  and  simply  different  products  of  our  ancient  nebula. 

The  comets  develop  tails  on  approaching  the  Sun  because  they  still  contain 
volatile  matter  which  is  repelled  when  they  are  near  the  perihelia  of  their  eccentric 
orbits;  whereas  the  asteroids  and  satellites  have  lost  all  their  volatile  matter 
long  ago.  Yet  it  is  not  to  be  doubted  that,  if  an  asteroid  or  satellite  had  its  orbit 
so  changed  as  to  come  very  near  the  Sun,  as  a  comet  does,  it,  too,  would  develop 
a  tail  like  a  comet.  The  connection  thus  established  between  comets,  asteroids 
and  satellites,  and  the  relationship  of  all  these  masses  to  the  fine  dust  expelled 
by  the  stars  to  form  the  nebulae,  completes  our  theory  of  the  evolution  of  the 
heavenly  bodies,  and  gives  us  beyond  doubt  one  of  the  greatest  laws  of  nature. 

Heretofore  we  have  had  no  satisfactory  theory  of  the  origin  of  the  nebulae, 
nor  of  the  comets;  but  all  these  masses  have  been  treated  as  distinct  and  isolated 
groups  of  bodies  without  mutual  relationship.  And  the  problem  of  why  comets 
develop  tails  has  remained  almost  as  mysterious  to  astronomers  as  the  objects 
themselves  have  been  to  the  generality  of  mankind.  The  complete  theory  of 
the  universe  involves  the  mutual  interaction  of  attractive  and  repulsive  forces,* 
which  is  so  beautifully  illustrated  by  the  phenomena  of  comets,  moving  in  orbits 
with  wide  range  of  eccentricity  and  developing  tails  of  amazing  length  and  variety. 

The  great  comet  of  1811  was  calculated  by  Sir  Wm.  Herschel  to  have  a 
solid  nucleus  428  miles  in  diameter,  and  therefore  probably  equal  to  the  largest 
asteroids  in  mass.  Not  all  comets  are  without  solid  nuclei;  but  the  fact  that 
many  of  them  are  is  the  chief  reason  why  we  have  treated  of  the  capture  of  satel- 
lites, etc.,  rather  than  of  the  capture  of  comets,  the  impact  of  comets,  etc.,  in 
the  theory  of  the  lunar  craters  and  other  phenomena.  All  these  bodies  are  parts 
of  the  ancient  nebula  which  formed  our  system,  and  they  should  not  be  viewed 
separately  and  in  isolation,  but  in  their  mutual  relation  as  different  parts  of  the 
solar  nebula.  This  was  strongly  suspected  by  Stephen  Alexander  in  1851, f  and 
more  recently  by  H.  A.  Newton  and  Callandreau,  in  the  case  of  the  asteroids 
and  periodic  comets;  but  the  subject  is  so  important  that  it  deserves  renewed 
emphasis  in  connection  with  the  larger  problem  of  cosmical  evolution. 

*  In  regard  to  the  intensity  of  the  repulsive  forces  observed  in  the  tails  of  particular  comets,  compared  to  gravita- 
tional attraction,  it  may  be  stated  that  the  results  vary  widely.  Thus  Bredikhine  finds  a  value  of  36,  Jaeoebmann 
80;  while  direct  measures  on  the  tail  particles  of  Comet  Morehouse  (1908  c)  led  Eddington  to  values  ranging  from 
100  to  800  (cf.  Monthly  Notices  of  the  Royal  Astronomical  Society  for  March,  1910).  Mr.  Eddington  also  obtained 
values  ranging  from  180  to  19,000,  and  thus  enormously  greater  than  had  been  previously  supposed  from  the  measures 
of  the  tail  material  of  comets.     This  is  a  subject  on  which  we  still  have  much  to  learn. 

t  "On  the  Similarity  of  Arrangement  of  the  Asteroid  and  the  Comets  of  Short  Period,  and  the  Possibility  of 
Their  Common  Origin,"  in  Gould's  Astronomical  Journal,  No.  19,  p.  147,  and  No.  20,  p.  181,  1851. 
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§321.     Concluding  Considerations  on  the  Origin  of  Comets. 

(1)  Owing  to  the  high  eccentricities  of  their  orbits,  it  has  never  been  held 
that  comets  were  thrown  off  from  the  Sun  or  other  bodies  of  the  solar  system, 
except  possibly  by  the  process  of  ejection,  imagined  by  Proctor. 

(2)  The  comets  were  not  ejected  from  our  Sun,  because  their  perihelia  usually 
are  too  remote  from  the  supposed  points  of  ejection  in  the  Sun's  globe,  to  which 
they  would  necessarily  return  at  the  end  of  a  revolution ;  and  from  the  wide  range 
of  the  aphelia  it  follows  that  they  are  not  ejected  from  the  planets. 

(3)  The  comets  are  not  strangers  coming  from  other  fixed  stars,  because 
nearly  all  the  orbits  are  sensibly  elliptical,  and  the  motion  periodic,  though  the 
periods  often  are  of  great  length. 

(4)  Being  neither  strangers  from  other  systems  nor  ejections  from  the  Sun 
and  planets,  the  comets  can  be  nothing  else  than  wisps  of  nebulosity  from  the 
outer  parts  of  our  ancient  nebula. 

(5)  As  the  periods  are  very  long  they  may  revolve  safely  for  many  millions 
of  years,  and  would  long  escape  destruction;  nevertheless  it  seems  probable  that 
their  orbits  would  be  gradually  transformed  and  the  comets  finally  disintegrated 
and  reduced  to  meteoric  dust. 

(6)  And  in  the  same  way  new  comets  now  invisible  from  the  Earth,  owing 
to  their  great  perihelion  distances,  may  from  time  to  time  be  brought  within 
the  range  of  our  vision,  to  take  the  place  of  the  comets  which  are  gradually  de- 
stroyed by  secular  action  of  the  Sun  and  planets. 

(7)  This  supply  of  fresh  nebular  material  from  the  outer  parts  of  the  system 
gives  us  meteorites  moving  with  essentially  parabolic  velocity,  which  might  be 
inferred  to  be  hyperbolic  in  certain  cases,  and  others  with  elliptical  velocity  appro- 
priate to  the  solar  system. 

(8)  Thus  we  have  a  simple  and  natural  explanation  of  comets,  meteors  and 
kindred  phenomena,  which  have  long  proved  bewildering  to  astronomers;  and 
the  whole  conception  is  a  necessary  result  of  the  development  of  our  system  from 
a  nebula  of  vast  extent. 
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§  322.     Spiral  Movement  Among  the  Nebulae,  Clusters  and  the  Milky  Way* 

The  spiral  character  of  the  movement  in  nebulae  is  impressively  illustrated  by 
the  plates  given  in  this  work.  We  have  also  discussed  quite  fully  the  theory  of  this 
movement,  and  shown  that  it  is  due  to  settlement  of  streams  towards  a  centre.  No 
other  theoiy  of  the  whirlpool  nebulae  is  tenable.  In  this  settlement  with  whirling 
motion  about  the  centre  we  see  the  operation  of  one  of  nature's  greatest  laws. 

Stars  and  planets  form  in  the  streams  as  they  coil  up,  and  eventually  the  orbits 
are  reduced  in  size  and  rounded  up  by  the  secular  effects  of  the  resistance  encoun- 
tered. These  whirlpool  nebulae  give  us  much  light  on  the  primordial  state  of  the 
solar  system ;  and  our  knowledge  of  the  solar  system  in  turn  enables  us  to  throw 
a  clearer  light  on  the  ultimate  fate  of  such  a  whirlpool  nebula. 

It  is  fortunate  for  Science  that  we  live  in  a  mature  solar  system  and  can  combine 
our  knowledge  of  its  mode  of  formation  -with  that  of  other  systems  just  beginning  to 
develop  and  therefore  still  in  the  nebular  stage.  If  we  lived  in  a  nebula  our  vision 
of  the  stellar  universe  would  be  obstructed  by  surrounding  nebulosity,  and  since 
the  planetary  systems  among  the  fixed  stars  necessarily  would  be  invisible,  as  at 
present,  we  could  form  no  correct  idea  of  the  essential  nature  of  a  mature  planetary 
system.  But  living  in  a  highly  finished  planetary  system,  we  have  been  able  to 
make  out  its  mode  of  formation  and  also  discover  its  primitive  state  from  the  study 
of  the  spiral  nebulae,  which  are  visible  on  account  of  their  continuous  streams  of 
nebulosity,  showing  the  nature  of  the  movement,  even  when  a  lifetime  is  too 
short  an  interval  in  which  to  observe  it. 

The  movement  in  the  clusters  and  in  the  Milky  Way  is  likewise  of  spiral 
character;  that  is,  the  bodies  move  in  streams,  and  there  is  rotation  of  the  whole 
mass  about  an  axis  and  motion  of  parts  along  the  stream  lines.  The  elements 
of  nebulosity  move  along  the  tangent  of  the  streams  very  gradually,  while  the 
stream  itself  is  wound  closer  and  closer  by  the  whirling  about  the  centre.  The 
nature  of  the  streams  is  different  in  different  cases,  so  that  a  great  variety  of  spiral 
movement  results. 

In  the  Milky  Way  the  scale  of  every  sub-galactic  system  is  so  immense  that 
the  circuits  can  hardly  ever  be  closed,  nor  is  it  easy  to  make  out  the  star  streams 
which  make  up  a  sidereal  vortex.     In  the  clusters,  however,  the  limits  of  the 

*  The  theory  of  the  spiral  arrangement  of  the  Milky  Way  adopted  in  this  volume  was  completed  in  February, 
1910.  Sib  David  Gill,  President  of  the  Royal  Astronomical  Society,  at  the  meeting  of  June  10,  1910,  has  since 
expressed  views  so  very  similar  that  we  quote  them  as  given  in  the  Observatory  for  July,  1910,  p.  272: 

"  For  these  and  other  reasons  I  cling  somewhat  at  present  to  the  idea  that,  if  we  were  to  view  our  universe  from 
a  sufficiently  distant  point  in  space  situated  in  a  line  nearly  at  right  angles  to  the  plane  of  our  Milky  Way,  we  should 
see  the  Milky  Way  as  something  like  the  great  nebula  in  Andromeda  or  the  spiral  nebula  in  Canes  Venatici,  and  that 
our  Sun,  together  with  its  surrounding  cluster  of  stars,  would  appear  like  one  of  the  condensations  in  these  nebulae. 
There  is  yet  no  proof  of  this  speculation,  it  is  merely  thrown  out  as  a  suggestion  or  guide  in  future  research." 
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systems  are  more  definitely  fixed,  and  the  circuits  are  essentially  closed,  though 
we  cannot  trace  them  except  in  the  case  of  nebulous  clusters.  Yet  the  nature 
of  the  movement  will  always  be  of  this  type;  and  the  same  principle  applies  to 
the  immense  movements  of  the  Milky  Way,  though  we  may  never  be  able  to 
make  out  the  details  of  their  true  character  with  much  certainty. 

All  Stars  Rotate  on  Their  Axes,  and  Those  Which  Appear  to  be  Single  Have 
Planetary  Systems  Revolving  About  Them. 

We  have  found  that  the  planets  were  formed  at  a  great  distance  from  the  Sun, 
and  have  since  approached  the  great  central  body  by  which  they  are  governed, 
warmed  and  lighted.  From  the  nature  of  the  mechanical  process  at  work  in 
condensation,  as  illustrated  by  the  vortices  observed  in  the  spiral  nebulae,  it 
follows  that  every  star  has  a  motion  of  rotation  about  an  axis.  It  is  absolutely 
impossible  for  the  nebulous  matter  to  form  a  star,  by  collecting  together  from  a 
state  of  wide  diffusion  into  one  of  much  compression,  without  producing  a  whirling 
vortex  as  it  condenses  towards  that  centre.  In  this  original  nebula  planets  begin 
to  form,  and  in  the  condensing  vortex  some  of  them  will  grow  by  accretion  and 
survive;  and  when  mature  they  will  have  captured  systems  of  satellites  like 
those  captured  by  the  planets  of  the  solar  system. 

It  should  be  noticed,  on  the  one  hand,  that  nebulosity  in  the  finest  known 
state  is  expelled  from  the  stars  and  drifts  hither  and  thither  through  the  universe, 
till  it  collects  into  cosmical  clouds  or  nebulae;  and,  on  the  other,  that  these  in  turn 
condense  and  form  fixed  stars  surrounded  by  cosmical  systems.  Thus  a  star 
captures  and  develops  a  system  of  planets,  and  the  planets  in  turn  capture  systems 
of  satellites.  This  is  the  inevitable  outcome  of  the  condensation  of  the  cosmical  dust 
expelled  from  the  stars;  while  the  dust  collecting  into  nebulae  is  originally  dispersed 
by  the  intensity  of  repulsive  forces  which  may  be  traced  to  the  high  temperature  and 
intensity  of  the  light  and  electric  forces  operating  in  the  stars. 

§  323.     On  the  Tendency  to  the  Development  of  Oblateness  in  a  Globular  Nebula 

with  Haphazard  Motion  of  Its  Elements  but  Having  a  Resultant 

Moment  of  Momentum  About  Some  Axis  and  Losing 

Energy  by  Collision  and  Radiation. 

With  the  conditions  here  specified  the  nebula  is  assumed  to  be  devoid  of  true 
hydrostatic  pressure,  and  while  the  external  figure  of  the  nebula  is  taken  to  be 
essentially  spherical,  it  is  not  supposed  that  the  velocities  of  the  individual  elements, 
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the  internal  distribution  of  density,  etc.,  are  such  as  to  give  the  whole  nebula  no 
resultant  moment  of  momentum  about  an  axis;  on  the  contrary,  it  is  assumed 
that  such  internal  irregularities,  with  a  resultant  moment  of  momentum,  do  exist, 
and  that  the  nebula  is  therefore  slowly  acquiring  a  motion  of  rotation  and  losing 
energy  by  collisions  among  the  particles  as  they  freely  circulate  in  all  manner  of 
directions.  The  paths  are  not  strictly  re-entrant,  owing  to  the  attraction  of 
neighboring  masses,  but  for  our  present  purposes  we  may  take  them  to  be  tempora- 
rily elliptical  orbits,  slowly  changing  their  elements  by  collisions,  nebular  resistance 
and  the  disturbance  of  neighboring  masses.  Here  are  the  most  important  results 
of  the  motion  of  such  a  non-conservative  system: 

(1)  The  total  moment  of  momentum  of  the  entire  system  remains  unchanged, 
however  much  energy  is  lost  by  collision  and  radiation,  and  whatever  transfers 
of  moment  of  momentum  may  take  place  between  the  different  bodies  of  the 
system.    . 

(2)  If  the  shrinking  globular  nebula  be  contracting,  from  loss  of  energy 
by  friction  in  collision,  the  particles  will  fall  towards  the  centre  of  attraction  of 
the  whole  mass,  which  usually  is  not  the  centre  of  figure,  but  some  point  in  the 
plane  of  maximum  areas  or  equatorial  plane,  and  thereby  acquire  accelerated 
angular  velocity,  in  order  to  keep  the  areas  constant,  under  the  central  forces, 
which   may  vary  in  any  manner. 

(3)  Those  particles  which  do  not  move  near  the  fundamental  plane  of  maxi- 
mum areas  will  by  mutual  collision  from  either  side  have  their  motions  compounded, 
while  retrograde  motions  are  destroyed,  so  that  most  of  them  will  come  to  move 
near  the  plane  of  maximum  areas.  Thus  the  globular  nebula  will  become  an 
oblate  spheroid  by  the  effects  of  perturbation,  collision,  and  secular  settlement.* 

(4)  The  energy  lost  by  radiation  from  the  system  is  potential  energy,  due 
to  condensation,  and  it  comes  about  by  the  particles  dropping  down  towards 
the  centre,  and  towards  the  plane  of  maximum  areas  where  most  of  them  revolve. 
The  dominant  attractive  force  is  not  central  strictly,  but  always  directed  to 
some  point  in  the  fundamental  plane,  where  the  particles  accumulate  to  form  the 
oblate  disc  into  which  the  globular  nebula  gradually  settles  by  development  of 
rotation. 

(5)  Therefore  at  the  same  time  that  the  resisted  particles  drop  nearer  the 
centre,  they  drop  also  nearer  the  plane  of  the  equator;  and  by  successive  collisions 
and  compositions  of  motion  are  made  to  take  orbits  nearer  and  nearer  that  plane. 

*  This  is  owing  to  successive  transformations  of  the  orbits  of  small  bodies  by  larger  ones,  as  in  the  case  of  the 
comets  which  pass  near  Jupiter.  Their  orbits  are  finally  made  to  have  but  slight  inclinations  to  the  plane  of  the 
disturbing  planet ;  and  as  many  of  these  small  masses  are  finally  absorbed  by  the  disturbing  body,  its  mass  is  thereby 
increased,  and  thus  there  is  a  tendency  for  the  total  mass  to  accumulate  in  the  fundamental  plane  of  the  system. 
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By  the  resisting  medium  of  diffuse  nebulosity  the  motion  is  gradually  communi- 
cated to  all  the  particles;  and  satellites  and  particles  are  drawn  more  and  more 
into  the  equators  of  the  planets. 

(6)  The  general  explanation  here  given  enables  one  to  grasp  more  easily 
both  the  oblate  figures  of  the  nebulae  shown  by  photography,  and  the  planar 
arrangement  of  the  solar  system  treated  in  §  182,  page  392,  and  it  aids  one  in 
understanding  also  the  equatorial  preference  of  the  satellites  observed  in  the  solar 
system.  The  satellites  are  captured  bodies  which  have  acquired  their  present 
positions  by  the  wear  and  tear  of  nebular  vortices  revolving  about  the  planets 
once  much  denser  than  they  are  at  present.  Most  of  the  nebulosity  has  been 
absorbed  into  the  planets,  though  a  little  has  gone  into  their  satellites  by  collisions, 
such  as  we  see  traces  of  in  the  battered  face  of  the  Moon. 

§  324.     Life  a  General  Phenomenon  of  Nature,  and  Almost  as  Universal  in 

Its  Distribution  as  Matter  Itself. 

If  therefore  the  laws  of  nature  are  such  as  to  form  planetary  systems  of  the 
cosmical  dust  expelled  from  the  stars,  through  precipitation,  condensation  and 
falling  together  under  the  attraction  of  gravitation;  while  on  the  other  hand  the 
dust  itself  in  a  finer  condition  is  originally  expelled  from  the  stars,  by  the  action  of 
the  repulsive  forces  arising  from  high  temperature,  intense  radiation-pressure  and 
powerful  electric  charges,  it  follows  that  there  is  a  cyclic  process  by  which  stars 
and  systems  arise  from  nebulae,  while  nebulae  in  turn  are  formed  from  the  stars. 
On  this  point  there  does  not  seem  to  be  the  slightest  doubt;  and  we  may  regard 
this  cyclic  process  as  perhaps  the  greatest  of  all  the  laws  of  nature.  Indeed,  it 
seems  to  operate  on  a  stupendous  scale  throughout  the  sidereal  universe. 

Since  therefore  the  starry  heavens  are  shown  to  be  filled  with  many  millions 
of  planetary  systems,  and  an  indefinite  number  of  habitable  worlds,  is  it  not  obvious 
that  these  worlds  as  a  rule  are  also  inhabited?*  From  the  uniformity  of  the  laws 
of  nature,  it  would  seem  that  this  must  be  true,  and,  so  far  as  one  may  now  judge,  this 
is  the  most  inspiring  message  yet  delivered  to  mankind  by  Modern  Science. 

Let  us  see  on  what  foundation  this  conclusion  rests:  (1)  Gravitation  operates 
according  to  the  same  laws  in  other  parts  of  the  sidereal  universe  as  upon  the  Earth ; 

*  In  his  thoughtful  address  at  the  dedication  of  the  Flower  Observatory,  Philadelphia,  May  12,  1897,  Professor 
Newcomb  discusses  the  plurality  of  worlds  as  follows: 

"There  is  one  question  connected  with  these  studies  of  the  universe  on  which  I  have  not  touched,  and  which  is, 
nevertheless,  of  transcen8ent  interest.  What  sort  of  life,  spiritual  and  intellectual,  exists  in  distant  worlds?  We 
cannot  for  a  moment  suppose  that  our  own  little  planet  is  the  only  one  throughout  the  whole  universe  on  which  may 
be  found  the  fruits  of  civilization,  warm  firesides,  friendship,  the  desire  to  penetrate  the  mysteries  of  creation." 
Again,  in  the  article  "Stars,"  Encyclopedia  Americana,  he  remarks  that  the  stars  in  clusters  may  have  planets  re- 
volving^around  them. 
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(2)  The  velocity  of  light,  and  electricity,  and  no  doubt  of  other  physical  agencies, 
is  the  same  in  all  parts  of  space;  (3)  The  chemical  elements  are  the  same  every- 
where, whether  the  light  involved  comes  from  a  flame  in  our  laboratory  or  from 
one  of  the  stars;  (4)  Mechanical  laws  are  the  same  in  the  solar  system  and  among 
the  nebulae  and  fixed  stars,  and  this  makes  possible  the  development  of  cosmical 
systems  of  the  same  general  type  throughout  nature;  (5)  Electronic,  atomic, 
molecular,  gravitational  and  electric  and  other  repulsive  forces  are  the  same  every- 
where; (6)  Life  depends  in  some  way  for  its  physical  basis  on  electronic,  atomic 
and  molecular  forces,  and  as  these  forces  and  the  elements  on  which  they  act  are 
the  same  everywhere,  and  the  universe  is  shown  to  be  full  of  habitable  worlds  made 
up  of  the  same  elements  subjected  to  the  same  forces  as  in  the  case  of  our  own 
planets  revolving  around  the  Sun,  it  follows  incontestably  that  life  is  a  general 
phenomenon  of  the  physical  universe,  and  almost  as  universal  as  matter  itself. 

It  is  true  that  the  psychical  and  spiritual  element  of  life  is  not  yet  fully  under- 
stood, but  whatever  be  its  character,  it  can  flourish  elsewhere  in  nature  quite  as 
well  as  on  the  planet  called  the  Earth  in  the  solar  system.  Our  Sun  is  simply  a 
fixed  star  of  very  ordinary  magnitude,  and  the  Milky  Way  includes  hundreds  of 
millions  of  such  centres  of  planetary  systems.  Accordingly,  in  view  of  the  estab- 
lished uniformity  of  nature's  processes  throughout  the  immensity  of  space,  who  can 
doubt  that  life  is  a  general  phenomenon  ordained  by  the  Deity  from  the  Creation 
of  the  World,  and  destined  to  develop  wherever  planets  are  forming  and  the  stars 
are  shining?  Whatever  be  the  nature  of  life,  it  has  as  much  right  to  develop  as 
planetary  systems  or  combinations  of  atoms ;  it  is  indeed  the  bloom  of  nature,  the 
culmination  of  the  highest  creative  forces.  To  hold  any  other  views  than  those  here 
announced  would  be  to  violate  the  doctrine  of  uniformity,  which  lies  at  the  basis  of 
Natural  Philosophy  as  formulated  by  Newton  in  the  Principia  (Lib.  Ill);  and  more- 
over lead  to  the  conclusion  that  life  upon  the  Earth  was  an  accident  and  a  mistake,  in 
violation  of  the  usual  order  of  Nature,*  which  is  infinitely  improbable  and,  in  fact, 
impossible  for  a  philosopher  to  admit. 

If  therefore  life  is  as  universal  as  the  stars  in  space,  it  is  evident  that  when  we 

*  If  life  on  the  Earth  exists  by  a  mere  accident  and  in  violation  of  natural  laws,  is  it  likely  that  it  would  have 
shown  such  power  of  propagation  and  of  resistance  to  adverse  conditions  as  it  is  known  to  have  possessed  through- 
out Geological  History?  It  seems  to  have  been  a  veritable  spark  which  simply  could  not  be  extinguished,  and  must 
therefore  have  been  burning  on  and  nourishing,  not  in  violation  of,  but  in  accordance  with,  natural  laws.  Those 
who  believe  that  life  is  an  accident  and  a  mistake,  a  noxious  development  nourishing  in  violation  of  the  laws  of  nature, 
may  with  consistency  deny  the  existence  of  life  throughout  the  universe.  But  having  shown  that  habitable  planets 
revolve  everywhere  about  the  fixed  stars,  in  orbits  which  are  nearly  circular,  and  rotate  so  as  to  give  alternation 
of  day  and  night,  as  on  the  Earth,  it  seems  to  me  more  philosophical  to  follow  the  example  of  Sib  William  Huqgins, 
in  regard  to  the  chemical  elements,  and  declare  that  life  exists  wherever  there  is  a  sun  to  warm  and  light  its  attendant 
planets,  and  therefore  wherever  a  star  twinkles  in  the  depths  of  space.  The  other  view,  that  life  is  an  accident, 
leads  to  a  reductio  ad  absurdum  fully  as  conclusive  as  those  employed  in  Geometry. 
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behold  the  starry  heavens  and  contemplate  the  glorious  arch  of  the  Milky  Way  on 
a  cloudless  night,  we  receive  from  distant  suns  and  worlds  ethereal  vibrations  which 
tell  us  at  the  same  time  of  living  beings  throughout  immensity.  Let  us,  there- 
fore, quietly  rejoice,  when  we  survey  the  starry  heavens  in  all  their  splendor,  and 
remember  this  sublime  message  telling  us  that  we  are  not  mere  dust  confined  to  this 
dark  planet,  but  a  part  of  the  flower  of  the  visible  creation,  which  blooms  every- 
where with  the  cosmic  order,  and  is  as  universal  as  the  stars  which  illuminate  the 
depths  of  immensity. 

Without  the  sublime  researches  of  Sir  Wm.  Herschel,  we  should  have  a  very 
inadequate  conception  of  the  profundity  to  which  our  telescopes  can  penetrate 
into  the  blackness  of  unilluminated  space,  and  thus  could  poorly  interpret  the 
message  of  the  universe.  But  this  great  astronomer  showed  that  the  stars  extend 
principally  in  the  direction  of  the  Milky  Way,  and  light  up  that  region  so  brilliantly 
that  we  can  extend  our  explorations  to  a  distance  which  it  would  take  the  light 
millions  of  years  to  traverse.  Thus  the  Milky  Way  is  like  a  great  but  somewhat 
narrow  corridor  lighted  up  by  the  stars  to  the  remotest  regions  to  which  our  tele- 
scopes can  penetrate,  with  no  indication  of  an  end  to  the  starry  stratum.  To 
realize  on  good,  substantial  and  indisputable  scientific  grounds  that  life  accompanies 
the  stars  to  the  remotest  depths  of  space,  and  that  we  can  look  out  upon  such  count- 
less worlds  from  our  tiny  abode  near  the  Sun,  and  thus  connect  the  feeble  life  of 
our  globe  with  the  universal  life  in  the  endless  order  of  inhabited  spheres,  is  not 
the  least  inspiring  message  in  the  Epic  Poem  of  Science.  It  is  indeed  a  message 
from  the  stars.  And  it  seems  to  me  that  if  Astronomy  had  achieved  no  other  result 
than  this,  it  would  more  than  justify  all  the  labors  which  have  been  bestowed  upon 
it  from  the  earliest  ages. 

This  message  from  the  stars  passeth  not  away,  but  endureth  unto  all  genera- 
tions. As  ageless  as  the  heavens  from  which  it  comes,  it  will  continue  to  travel 
downward  with  the  starlight,*  and  thus  awaken  new  life  and  hope  in  the  hearts  of 
mankind.  For  it  is  absolutely  impossible  for  this  order  of  mind,  life  and  intelli- 
gence as  widespread  as  the  stars  in  space,  to  have  been  established  throughout 
Nature  without  design  and  abiding  great  and  good  purpose;  and  therein  lies  the 
proof  of  the  existence  of  the  Deity.  The  teachings  of  true  science  are  therefore 
among  the  most  sacred  which  have  ever  been  delivered,  and  they  deserve  the 
veneration  which  is  always  due  to  Ultimate  Truth. 
• 

*  "Were  a  star  quenched  on  high, 
For  ages  would  its  light, 
Still  traveling  downward  from  the  sky, 
Shine  on  our  mortal  sight." —  Longfellow. 
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§  325.     Origin  of  the  Double  and  Multiple  Stars  and  Clusters. 

It  will  have  been  perceived  that  while  we  do  not  deny  the  occasional  existence 
of  partial  fluid  fission  for  the  separation  of  double  and  multiple  stars,  we  yet  believe 
the  general  process  of  nature  to  be  one  of  nebular  fission,  according  to  which  small 
masses  drop  down  and  collect  in  the  larger  centres,  under  the  secular  effects  of 
resistance,  but  are  not  thrown  off  by  rotation  as  was  so  long  believed  prior  to  the 
development  of  the  Capture  Theory.  The  resisting  medium  aids  in  the  process 
of  capture,  and  one  or  both  centres  of  attraction  grow  by  the  capture  of  satellites. 

The  distribution  of  the  satellites  may  be  such  as  to  give  two  principal  masses, 
as  in  binary  stars;  but  in  general,  it  is  probable  that  such  systems  contain  multi- 
tudes of  smaller  bodies,  unless  they  have  finally  been  destroyed  by  capture  and 
absorption  into  the  large  masses. 

In  binary  systems  with  two  powerful  centres  of  attraction,  planets  might  revolve 
about  either  large  mass,  or  about  both  together;  but  the  motion  would  not  endure 
for  an  indefinite  time.  The  large  star  and  companion  are  formed  and  grow  larger 
and  larger  by  the  capture  and  absorption  of  the  smaller  bodies;  and  as  the  large 
bodies  were  not  set  revolving  in  round  orbits  at  the  beginning,  the  eccentric  charac- 
ter of  the  orbit  is  especially  favorable  to  the  swallowing  up  of  the  smaller  masses. 

The  explanation  here  given  applies  to  the  spectroscopic  as  well  as  to  the  visual 
binaries.  And  in  the  case  of  the  triple  and  multiple  stars,  the  process  is  similar, 
the  principal  centres  in  such  nebulae  having  formed  far  apart,  and  their  companions 
developing  close  about  them.  The  secondary  companions  are  within  the  Hill 
surfaces  for  the  principal  components  just  as  in  the  case  of  the  satellites  of  the 
solar  system.  Owing  to  the  immense  extent  of  the  nebulae,  and  the  resulting 
possibility  of  the  development  of  many  nuclei,  the  origin  of  the  multiple  stars  pre- 
sents no  difficulty.  In  general,  the  companions  were  originally  nebular  nuclei, 
but  they  afterwards  grow  larger  by  the  same  process  of  capturing  satellites  and 
smaller  elements  of  nebulosity. 

The  development  of  star  clusters  is  similar  to  that  of  multiple  stars,  except 
that  the  primordial  nebula  is  correspondingly  larger,  and  the  process  of  capture 
more  extended  in  time  and  space.  The  star  clouds  of  the  Milky  Way  are  the  final 
product  of  the  capture  theory,  where  whole  streams  and  masses  of  stars  are  con- 
cerned and  so  circumstanced  that  they  pass  under  a  central  control.  This  leads 
to  the  highest  form  of  cosmical  system,  with  an  organization  too  complex  to  be 
understood,  but  yet  capable  of  existing  for  millions  of  ages,  owing  to  the  conserva- 
tive tendency  of  projectile  forces,  as  was  long  ago  remarked  by  Herschel.* 


cf.  Phil.  Trans.,  1785,  p.  217. 
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§  326.     Cause  of  the  Variability  in  the  Light  of  the  Stars. 

Variable  stars  have  long  been  an  object  of  research,  and  at  length  vast  masses 
of  observational  data  have  been  accumulated  by  labor  and  persevering  industry. 
But  in  spite  of  the  labors  of  many  eminent  men,  it  has  been  difficult,  if  not  impossible, 
to  assign  the  cause  of  stellar  variability.  The  causes  assigned  are  many,  and  of 
the  most  varied  and  unsatisfactory  character.  While  it  would  not  be  admissible 
to  suppose  that  there  is  always  and  everywhere  but  a  single  cause  at  work,  it  yet 
seems  certain  there  is  only  one  principal  cause  to  which  the  phenomenon  of  variabil- 
ity should  be  referred.  This  is  indicated  by  the  periodicity  of  the  light  fluctuations, 
and  by  the  groups  into  which  variables  may  be  arranged;  and  by  the  striking 
prevalence  of  certain  types  of  variability  as  well  as  by  the  connections  shown  to 
exist  between  the  different  classes  of  variables. 

It  is  not  permissible  to  go  into  much  detail  here,  and  we  shall  therefore  simply 
remark  that  an  examination  of  the  subject  indicates  that  the  resisting  medium  is 
the  principal  cause  of  stellar  variability.  Orbital  motion  of  one  or  more  companions 
through  such  a  medium  will  explain  the  nearly  constant  periods  of  the  variables, 
as  well  as  the  fluctuations  of  period  and  amplitude  occasionally  encountered.  It 
unites  the  Algol  and  the  Ant-Algol  variables,  and  connects  variables  with  the 
spectroscopic  and  visual  binaries,  by  recognizing  orbital  motion  as  the  principal 
circumstance  leading  to  the  fluctuation  in  brightness.  The  Ant-Algol  variables 
abound  in  certain  clusters,  and  may  usually  be  explained  by  close  companions 
moving  in  comparatively  eccentric  orbits,  so  that  the  brightness  suddenly  increases 
near  periastron  passage.  Various  situations  of  the  orbits,  size  of  companions,  and 
variation  in  the  law  of  density  of  the  medium,  will  account  for  the  fluctuations  from 
the  normal  types.  The  importance  of  the  resisting  medium  in  dealing  with  vari- 
ables has  been  recognized  by  several  recent  writers,  so  that  the  present  explanation 
is  not  entirely  new,  though  it  has  not  been  generalized  before. 

But  the  important  and  even  paramount  part  which  the  medium  is  shown  to 
play  in  the  development  of  all  cosmical  systems,  may  be  said  to  add  enormously 
increased  weight  to  the  theory  now  advanced.  If  the  resisting  medium  has  greatly 
transformed  the  orbits  of  the  heavenly  bodies,  it  necessarily  follows  that  the 
resistance  encountered  would  often  give  rise  to  effects  which  are  sensible  to  ob- 
servation. This  is  the  exact  state  of  fact.  The  light  of  every  star  is  changeable, 
but  it  is  only  in  certain  cases  that  the  fluctuations  are  conspicuous  enough  to 
justify  the  designation  variable.  The  details  of  this  large  subject  must  be  reserved 
for  future  investigation,  but  it  seemed  necessary  to  call  attention  to  the  most 
general  cause  affecting  the  changes  in  the  light  of  the  stars. 
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Table  of  Variable  Stars  in  Clusters,  from  Harvard  College  Observatory  Circular,  No.  33. 


Designation 

Position,  1900 
R.A.      ;         Decl. 

No.  of 

Stars 

Examined 

Area 

Examined 

in  Square 

Minutes. 

No.  of 
Variables 

Proportion 

Fraction 

1  in. 

N.G.C.  104,  47  Toucanae 

h        in 

0  19.6 

-72  38 

2000 

1257 

6 

0.003 

333 

362 

0  58.9 

-71  23 

675 

314 

14 

0.021 

48 

869  >  Double  Cluster  in 
884  J  Perseus  (Hipparchus) 

2  12.0 
2  15.4 

+  56  41  ) 
+  56  39  J 

1050 

10800 

1 

0.001 

1050 

1904,  Messier  79 

5  20.1 

-24  37 

200 

79 

5 

0.025 

40 

3293 

10  29.6 

-57  40 

724 

314 

0 

0.000 

4755,  k  Cruris 

12  47.7 

-59  48 

555 

314 

0 

0.000 

5139,  <i>  Centauri 

13  20.8 

-46  47 

3000 

1257 

125 

0.042 

24 

5272,  Messier  3 

13  37.6 

+  28  53 

900 

1237 

132 

0.147 

7 

5904,  Messier  5 

15  13.5 

+   2  27 

900 

1257 

85 

0.094 

11 

5986 

15  39.5 

-37  26 

289 

314 

1 

0.003 

289 

6093,  Messier  80 

16  11.1 

-22  44 

145 

79 

2 

0.014 

72 

6205,  Messier  13 

16  38.1 

+  36  39 

ioo'o 

177 

2 

0.002 

500 

6266,  Messier  62 

16  54.9 

-29  58 

960 

218 

26 

0.027 

37 

6397 

17  32.5 

-53  37 

487 

218 

2 

0.004 

244 

6626,  Messier  28 

18  18.4 

-24  55 

900 

314 

9 

0.010 

100 

6656,  Messier  22 

18  30.3 

-23  59 

1550 

218 

16 

0.010 

97 

6723 

18  52.8 

-36  46 

900 

314 

16 

0.018 

56 

6752 

19     2.0 

-60     8 

600 

218 

1 

0.002 

600 

6809,  Messier  55 

19  33.7 

-31   10 

440 

21S 

2 

0.005 

220 

7078,  Messier  15 

21  25.2 

+  11  44 

900 

1257 

51 

0.057 

18 

7089,  Messier  2 

21  28.3 

-    1   16 

600 

218 

10 

0.017 

60 

7099,  Messier  30 
Totals  for  23  Clusters 

21  34.7 

-23  38 

275 

218 

3 

0.011 

92 

19050 

20380 

509 

The  proportion  of  Variables  in  different  clusters  is  very  different,  Messier  3  being  the  richest, 
with  one  in  every  seven  stars.  The  tendency  to  variability  depends  on  the  presence  of  nebulosity 
sufficiently  dense  to  act  as  a  resisting  medium,  though  it  is  too  close  to  the  stars  to  be  seen  in  a 
telescope  or  on  a  photograph  of  a  cluster.  Accordingly  those  clusters  which  are  filled  with  variables 
are  still  nebulous,  while  those  more  free  from  variables  are  further  advanced  in  their  development. 
This  is  a  point  of  deep  interest  in  the  general  theory  of  clusters,  and  it  gives  us  a  criterion  which 
seems  likely  to  prove  of  great  value  in  the  future  study  of  these  dense  masses  of  stars.  At  the 
great  distances  of  the  clusters  it  might  never  be  possible  to  detect  the  presence  of  nebulosity  by  any 
process  of  direct  observation,  but  we  can  demonstrate  its  presence  indirectly,  through  the  phenomena 
presented  by  the  cluster  variables.  I  venture  to  think  that  this  is  not  the  least  interesting  result 
of  Modern  Astronomy.  It  opens  a  new  field  for  the  development  of  the  "Astronomy  of  the  In- 
visible," of  much  profounder  import  than  that  due  to  the  companions  attending  such  stars  as  Sirius 
and  Procyon,  which  was  justly  considered  so  wonderful  by  Bessel  seventy  years  ago. 
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§  327.     The  Relative  Probability  of  Collisions  Within  a  System  and  Between 

Separate  Systems. 

• 

In  Chapter  VI  we  have  considered  the  theory  of  collisions  between  the  stars, 
which  was  first  developed  by  Professor  A.  W.  Bickerton,  of  New  Zealand,  and 
afterwards  adopted  by  Lord  Kelvin  and  Professors  Rucker  and  Arrhenius 
and  many  others.  In  fact,  of  late  years,  the  collision  theory  has  been  widely 
adopted  by  writers  on  Cosmogony,  and  one  can  scarcely  take  up  a  popular  work 
on  Astronomy  without  finding  in  it  something  about  the  formation  of  cosmical 
systems  by  collision. 

It  would  be  going  too  far  to  say  that  such  catastrophes  as  stellar  collisions 
never  occur,  but  we  have  adduced  solid  grounds  for  holding  that  such  events,  as 
depending  on  the  mutual  approach  and  passage  of  separate  stars,  under  difference 
of  proper  motion,  must  be  very  rare  indeed.  In  fact,  such  collisions  would  be  so 
rare  that  it  is  impossible  to  believe  that  the  physical  effects  would  be  recognizable 
among  the  visible  phenomena  of  the  sidereal  universe.  A  very  few  nebulae  might 
arise  in  this  way,  but  not  the  vast  numbers  of  these  objects  now  known  to  exist 
in  the  depths  of  the  heavens. 

The  origin  of  the  nebulae  noticed  to  be  in  process  of  condensation  evidently  is  the 
same  as  that  of  the  thin  veil  of  hazy  nebulosity  seen  to  be  diffused  so  generally  over 
the  background  of  the  sky ;  and  this  latter  can  be  nothing  else  than  the  expulsion  of 
finely  divided  matter  from  the  stars  under  the  secular  action  of  repulsive  forces. 
When  this  widely  diffused  nebulosity  collects  here  and  there  into  dense  masses, 
it  passes  into  real  cosmical  clouds,  shining  with  a  whitish  or  greenish  light;  and  this 
is  the  origin  of  the  nebulae,  from  which  cosmical  systems  are  eventually  developed. 

But  while  collisions  between  separate  stars  and  systems  are  so  rare  as  to  be 
practically  negligible,  this  is  not  true  of  the  numerous  small  bodies  forming  within  a 
nebula.  Here  there  are  produced  an  indefinite  number  of  moons,  planets,  and 
comets,  by  the  condensation  of  nebulosity  at  many  centres;  and  as  the  system 
condenses,  these  bodies  traverse  their  orbits  millions  of  times  in  comparative 
proximity;  and  under  the  influence  of  perturbations  the  orbits  are  slowly  trans- 
formed, so  that  collisions  become  inevitable.  Millions  of  comets,  satellites  and 
planets  are  swallowed  up  by  the  larger  planets  and  the  central  sun  of  every  cosmical 
system.* 

The  new  or  temporary  stars  noticed  suddenly  to  blaze  forth  in  the  sky  are  no 
doubt  due  to  the  collisions  of  smaller  bodies  with  larger  ones;  and  we  have  pointed 

*  A  few  of  the  colliding  bodies  are  large  enough  to  produce  the  Novae  or  Temporary  Stars,  which  occasionally 
light  up  the  regions  near  the  Milky  Way. 
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out  that  collision  with  any  mass  is  greatly  facilitated  by  the  expanded  state  char- 
acteristic of  a  nebula.  Moreover,  there  are  many  dark  bodies  of  planetary  size 
wandering  in  space.  t  If  one  of  these  should  enter  a  small  nebula  the  result  might 
be  the  blazing  forth  of  a  new  star,  such  as  was  observed  by  Hipparchus,  134  B.C. 

The  Novae  are  of  such  short  duration  that  we  can  scarcely  attribute  them  to 
the  bodily  collision  of  globes  of  stellar  size.  Even  if  the  small  planetary  globes  be 
thousands  of  times  more  numerous  than  the  self-luminous  stars,  it  would  still  be 
difficult  to  account  for  the  Novae  by  collisions,  except  these  impacts  occur  with- 
in systems,  where  millions  of  small  bodies  revolve  close  together,  in  slowly  shifting 
orbits,  giving  in  time  countless  collisions,  some  of  which  might  produce  enough 
light  to  be  visible  to  the  inhabitants  of  our  planet. 

Accordingly,  with  this  necessary  modification,  we  may  adopt  a  part  of  Bick- 
erton's  theory  of  collisions;  but  deny  the  interstellar  collisions  heretofore  supposed 
to  occur  between  separate  stars.  The  grounds  for  rejecting  the  theory  of  inter- 
stellar collisions  is  that  the  stars  are  too  far  apart  and  the  chances  of  impact  too 
small.  Thus  the  theory  of  impact  becomes  very  important  within  a  cosmical 
system  composed  of  a  great  multitude  of  small  bodies  resulting  from  the  condensa- 
tion of  a  nebula;  but  is  scarcely  applicable  to  the  interaction  of  separate  stars 
upon  one  another. 

The  lunar  craters  impressively  illustrate  satellite  collision  within  our  solar 
system.  The  spiral  nebulae,  however,  evidently  have  not  resulted  from  the  impact 
of  separate  systems,  as  has  been  incorrectly  inferred  by  several  writers  who  have 
made  very  superficial  study  of  the  sidereal  universe.  The  promulgation  of  these 
latter  views  is  unjustifiable  and  wholly  detrimental  to  the  cause  of  science.  The 
collision  theory,  therefore,  must  be  accepted  with  considerable  reserve  and  only 
under  limitations  which  discriminate  sharply  between  interstellar  collisions  and 
collisions  occurring  within  systems  composed  of  an  indefinite  number  of  bodies 
crowded  into  a  very  limited  space  and  repeating  their  motions  in  slowly  changing 
paths  many  millions  of  times.  Interstellar  catastrophes  scarcely  ever  occur,  while 
collisions  among  the  bodies  of  a  system  are  inevitable,  and  actually  illustrated  by 
the  blazing  forth  of  Novae,  several  of  which  have  appeared  in  nebulae.  It  is  not 
by  chance  that  the  Nova  of  May  18, 1860,  appeared  in  the  nebula  Messier  80;  that 
of  August  16,  1885,  in  the  Great  Nebula  of  Andromeda;  and  that  of  July  18,  1895, 
in  a  nebula  in  Centaurus.  Moreover,  it  will  be  remembered  that  during  Sir  John 
Herschel's  sojourn  at  the  Cape  of  Good  Hope  Eta  Argus  blazed  forth  with 
almost  the  splendor  of  a  nova  of  the  first  magnitude,  exceeding  the  brightness 
of  Canojms  and  rivaling  Sirius  in  1843.  It  too  is  in  the  midst  of  a  great  nebula; 
and  this  celebrated  outburst  seems  to  give  a  suggestive  connecting  link  between 
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Novae  and  variables  of  very  long  period.  The  phenomena  of  Nova  Persei  No.  2, 
1901,  point  in  the  same  direction,  and  the  observed  transformation  of  the  spectra 
of  Novae  into  those  of  planetary  nebulae  shows  that  the  connection  between  Novae 
and  nebulae  is  undeniable. 


§  328.     The  Two  Streams  Among  the  Stars  Due  to  Spiral  Movement  in  the  Milky  Way. 

We  have  traced  the  two  streams  recently  discovered  among  the  stars  to  the 
spiral  movement  in  the  Milky  Way.  This  gives  a  natural  and  simple  explanation 
of  the  phenomenon,  and  shows  that  our  Sun  is  immersed  in  these  streams.  Differ- 
ence in  velocity  of  the  Sun  and  the  stars  produces  the  observed  effect,  which  is  also 
modified  by  our  position  in  the  streams.  It  may  be  a  long  time  before  we  shall  be 
able  to  make  out  the  details  of  this  movement ;  but  there  can  scarcely  be  any  doubt 
that  it  will  be  traced  to  the  spiral  movement  in  that  portion  of  the  Milky  Way  which 
is  comparatively  near  the  Sun.  Our  Sun  is  somewhat  eccentrically  placed,  being 
much  nearer  the  body  of  the  stars  in  Sagittarius  than  in  Monoceros;  and  hence  it 
is  natural  to  think  of  the  whirling  movement  as  about  a  centre  in  Sagittarius, 
Aquila  or  Cygnus.  This  would  account  for  the  preponderance  of  the  stream  to- 
wards Sagittarius,  and  the  lesser  stream  towards  Orion.  As  the  sidereal  stratum  is 
comparatively  thin  the  radiant  to  which  the  stars  converge  should  be  fairly  definite ; 
and  yet  it  ought  to  be  expected  that  some  stars  would  depart  from  these  general 
tendencies,  owing  to  the  special  position  of  our  Sun  or  to  the  action  of  neighboring 
groups  of  stars  unsymmetrically  placed,  the  Sun  having  a  proper  motion  in  our 
cluster,  and  thereby  sensibly  influencing  the  course  of  the  stars.* 

§  329.     Arrangement  of  the  Milky  Way. 

We  have  found  that  the  preference  of  the  clusters  for  the  Milky  Way  is  due 
mainly  to  an  effect  of  perspective  incident  to  the  great  extent  of  the  starry  stratum 
in  the  plane  of  the  Galaxy.  The  clusters  thus  seem  to  follow  the  Milky  Way, 
whereas  they  exist  throughout  the  starry  stratum;  but  owing  to  the  thinness  of 
that  layer,  are  usually  projected  upon  the  path  of  the  Milky  Way,  or  follow  its 
borders  very  closely. 

*  An  interesting  discussion  of  the  work  of  Hough  and  Halm  occurred  at  the  meeting  of  the  Royal  Astronomical 
Society  on  June  10,  lftlO,  reported  in  the  Observatory  for  July,  1910.  The  two  star-streams  are  confirmed,  and  it  is 
shown  that  the  irregular  distribution  of  these  streams  explains  certain  discordances  in  the  values  of  the  Precession 
Constant  found  by  Newcomb  and  Struve.  Sir  David  Gill  summed  up  the  results  by  saying  that  stream  No.  I 
seems  to  be  an  expression  of  the  motion  of  our  Sun  through  a  chaotic  star-cluster,  of  which  our  Sun  is  a  member, 
while  stream  No.  II  probably  is  an  indication  of  the  motion  of  that  cluster  as  a  whole  amongst  the  other  stars  of 
the  Galaxy.  This  is  essentially  the  author's  conception,  as  embodied  in  Plate  r,  and  may  be  strongly  commended 
to  the  attention  of  the  reader. 
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The  white  nebulae,  on  the  other  hand,  are  remote  from  the  Galaxy,  probably 
owing  to  their  formation  from  matter  expelled  from  the  Milky  Way;  and  they  are 
thus  collected  in  preponderant  groups  near  the  poles  of  the  Galaxy,  while  the 
irregular  large  and  diffuse  nebulae,  being  formed  of  matter  recently  expelled  from 
the  stars,  naturally  tend  to  follow  the  general  course  of  the  Galaxy.  That  this 
interpretation  of  the  universe  rests  upon  a  substantial  basis  of  truth  can  scarcely  be 
doubted.  It  accords  with  the  obvious  indications  of  nature,  and  is  not  contradicted 
by  any  known  law,  but  supported  by  true  physical  causes  known  to  be  at  work. 

The  clustering  power  noticed  by  the  elder  Herschel  is  gradually  breaking 
up  the  Milky  Way,  and  forming  vacancies  and  dark  rifts  and  holes  in  it,  and  clouds 
of  stars  of  various  degrees  of  density.  Whether  this  process  of  clustering  together 
continues  indefinitely  or  dispersion  again  follows  from  the  continual  interpenetra- 
tion  of  streams  of  stars  with  different  tendencies  cannot  at  present  be  determined ; 
but  it  seems  likely  that  the  clustering  power  is  largely  overcome  at  long  intervals 
by  an  opposing  tendency  analogous  to  the  operation  of  repulsive  forces;  by  which 
the  stars  are  again  dispersed  and  finally  scattered  with  some  average  degree  of 
uniformity  over  the  immensity  of  the  sidereal  heavens.  Unless  there  were  some 
such  corrective  process  at  work,  it  seems  unlikely  that  the  clustering  power  would 
not  already  have  made  greater  progress  in  the  complete  breaking  up  of  the  Milky 
Way  than  is  indicated  by  observation. 

This  eventual  breaking  up  of  the  Milky  Way  was  a  subject  of  much  solicitude 
to  Sir  William  Herschel  in  the  latter  years  of  his  life.  Assuming  the  process  to 
be  continuous  and  working  uninterruptedly  in  the  same  direction,  he  correctly 
concluded  that  the  clustered  aspect  of  the  stars  might  be  used  as  a  kind  of  chronom- 
eter for  measuring  the  relative  ages  of  the  clusters  and  star-clouds  composing 
the  Milky  Way.  The  grandeur  of  this  conception  is  worthy  of  the  genius  of 
Herschel,  and  constitutes  indeed  an  everlasting  monument  to  the  sublimity  of 
his  thought ;  but  it  still  remains  for  us  to  discover  whether  there  is  not  some  imper- 
fectly understood  cyclic  process  such  as  nature  so  often  presents,  by  which  these 
cumulative  tendencies  in  a  given  direction  are  finally  corrected,  and  a  permanence 
assured  to  the  mean  state  of  the  sidereal  universe,  as  the  matter  is  incessantly 
transformed,  producing  alternately  stars  and  nebulae  and  an  infinite  succession  of 
cosmical  systems. 

§  330.     The  Extent  of  the  Sidereal  Universe  and  the  Extinction  of  Light  in  Space. 

In  Chapter  XXII,  which  is  devoted  to  the  Milky  Way,  we  have  seen  that  the 
sidereal  universe  is  greatly  extended  in  the  plane  of  the  Galaxy,  and  much  more 
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restricted  in  the  direction  perpendicular  to  that  plane.  The  exact  ratio  of  the 
distances  to  which  our  telescopes  can  penetrate  in  the  two  directions  is  not  known, 
but  cannot  be  less  than  3  to  1  and  is  more  likely  as  5  to  1,  or  larger. 

Except  for  the  illumination  due  to  the  stratum  of  stars,  the  universe  is  veiled 
in  darkness.  The  stars  act  as  torches  for  lighting  up  the  corridors  of  the  universe, 
and  this  enables  us  to  look  out  to  a  vast  distance  in  the  plane  of  the  Milky 
Way.  The  stratum  of  stars  appears  to  extend  on  indefinitely;  but,  as  we  have 
seen  in  Chapter  XXIII,  the  amount  of  cosmical  dust  in  space  is  so  large  that 
at  great  distances  the  light  of  the  stars  is  cut  off,  as  by  a  haze  or  fog  in  our 
atmosphere. 

The  result  is  that  there  is  a  limit  to  which  a  telescope  can  penetrate,  and  that 
is  less  than  the  theoretical  distance,  and  the  number  of  stars  observed  less  than 
that  calculated  on  the  hypothesis,  that  light  decreases  inversely  as  the  square  of 
the  distance.  This  result  was  deduced  by  Struve  from  Herschel's  gauges,  and 
has  not  been  changed  by  more  modern  research. 

The  important  work  of  Seeliger  shows  that  the  Herschel  stars  obey  a 
different  law  from  the  Durchmusterung  stars,  and  we  have  seen  that  this  in- 
dicates the  indefinite  extension  of  the  universe  and  the  extinction  of  light  in 
space. 

The  preference  of  the  Novae  for  the  Milky  Way  points  in  the  same  direction, 
and  confirms  by  new  evidence  of  independent  character  the  theory  that  the  stratum 
of  stars  is  enormously  extended  in  the  direction  of  the  Milky  Way.  All  the  evidence 
derived  from  the  density,  distribution  and  brightness  of  the  stars,  and  from  the 
observed  distribution  of  Novae  concurs  in  establishing  the  great  extent  of  the 
sidereal  stratum  in  the  plane  of  the  Galaxy  and  also  the  extinction  of  light  in 
space. 

If  we  had  a  telescope  of  about  14-feet  aperture,  we  could  see  stars  of  the  20th 
magnitude,  and  if  the  law  found  to  hold  for  the  Herschel  stars  should  be  con- 
firmed, it  would  give  us  further  extension  of  the  sidereal  universe  amounting  to 
65  per  cent,  of  the  depth  heretofore  fathomed  in  the  plane  of  the  Galaxy.  Such 
an  exploration  of  the  now  invisible  regions  of  the  universe  is  greatly  to  be  desired ; 
and  until  this  work  can  be  carried  out,  there  will  necessarily  be  some  uncertainty 
as  to  the  indefinite  extension  of  the  starry  stratum.  This  great  work  is  to  be  com- 
mended to  the  telescope  builders  of  the  future.  It  is  obvious  that  its  importance 
can  hardly  be  overestimated.  The  completion  of  a  survey  of  the  stars  to  the  20th 
magnitude  would  give  us  a  second  epoch  in  sidereal  astronomy  comparable  to  that 
made  by  the  elder  Herschel,  which  has  been  the  basis  of  nearly  all  our  modern 
theories  of  the  structure  and  arrangement  of  the  universe. 
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§  331.     Remarks  on  the  Processes  of  Discovery. 

With  regard  to  many  of  the  important  problems  treated  in  this  volume  we 
must  for  the  present  preserve  an  open  mind,  and  earnestly  seek  for  more  light  on 
the  great  secrets  of  nature.  In  this  effort  we  shall  gain  but  little  knowledge  of  the 
true  system  of  the  universe  by  giving  undue  deference  to  the  inadequate  philosophy 
heretofore  current  in  intellectual  circles.  Our  dominant  scientific  thought  obviously 
has  been  lacking  in  breadth,  and  so  one-sided  that  it  failed  to  give  us  even  a  faint 
glimpse  of  nature's  greatest  laws.  Perhaps  this  should,  after  all,  occasion  no 
surprise  to  thoughtful  persons.  Many  writers  are  so  greatly  swayed  by  current 
opinion,  and  by  the  inducements  which  are  always  held  out  to  follow  the  beaten 
path,  that  they  do  little  for  the  advancement  of  true  physical  science. 

If  the  pioneers  in  the  history  of  Science  had  done  likewise,  perhaps  uncon- 
sciously preferring  temporary  popularity  to  the  Eternal  Truth,  Science  itself  would 
not  have  survived  to  tell  the  story.  It  may  be,  indeed,  an  unwelcome  task  to 
attack  and  overthrow  antiquated  theories  which  have  outlived  their  usefulness 
and  are  now  stifling  scientific  effort.  But  it  is  obvious  that  this  has  to  be  done,  in 
order  that  progress*  may  not  perish  from  the  Earth,  and  a  Stationary  Period  come 
over  us,  as  happened  during  the  Middle  Ages  and  during  the  supremacy  of  the 
Arabians. 

The  discovery  of  the  laws  of  Cosmical  Evolution  has  been  one  of  the  great 
aims  of  natural  philosophers  ever  since  the  foundations  of  Physical  Science  were 
laid  by  the  Greek  sages  at  Athens  two  thousand  three  hundred  years  ago.  In  view 
of  the  great  historical  importance  of  this  effort  of  the  centuries,  it  is  clear  that  we 
ought  to  make  an  earnest  endeavor  to  reduce  Cosmogony  to  the  basis  of  an  exact 
science,  and  thus  greatly  extend  what  is  undeniably  the  sublimest  portion  of  human 
knowledge. 

Our  age  is  a  peculiar  one,  in  that  with  the  progress  of  Astronomy  vast  masses 
of  observational  data  are  accumulated  by  the  persevering  industry  of  self-denying 
men  of  science;  but  so  long  as  these  data  cannot  be  put  together  to  yield  us  the 
long-sought  laws  of  cosmical  evolution,  the  outcome  is  almost  as  vain  as  the  weav- 
ing of  Penelope's  web.  Natural  philosophers  believe,  however,  that  the  time 
is  now  auspicious  for  a  great  advance,  not  merely  in  the  details  but  also  in  the  laws 
and  principles  of  exact  Astronomical  Science.  One  of  the  ultimate  aims  of  the 
Physical  Sciences  in  all  ages  has  been  the  discovery  of  the  laws  of  cosmical  evolu- 
tion.    If  with  the  modern  improvements  in  the  mathematical  treatment  of  the 

*  In  Physical  Science  to-day  nothing  is  more  needed  than  a  revival  of  the  sublime  Natural  Philosophy  of  Sir 
William  Herschbl,  and  we  have  therefore  labored  to  give  the  reader  some  conception  of  his  penetrating  remarks 
on  the  nature  of  the  Sidereal  Universe. 
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problem  of  three  bodies,  and  the  observational  data  derived  from  photographic 
study  of  the  nebulae  and  clusters,  as  well  as  from  the  visual  and  spectroscopic 
binary  stars,  this  progress  be  not  possible  in  our  time,  it  is  difficult  to  see  how  better 
results  can  be  expected  in  the  future.  Nearly  all  the  reasoning  in  Cosmogony  since 
the  time  of  Laplace  has  been  based  on  a  false  premise  to  the  effect  that  the  revolv- 
ing bodies  have  been  detached  from  the  central  masses  which  now  govern  their 
motion  by  acceleration  of  rotation.  When  this  false  premise  was  discovered  and 
confirmed  by  exact  calculations  based  on  Babinet's  criterion,  I  thought  it  worth 
while  to  attempt  to  reach  solid  ground  on  which  a  real  Science  could  be  established. 

§  332.     The  Process  of  Cosmical  Evolution  Concealed  from  Mortal  Sight,  and 

Therefore  Most  Difficult  to  Discover. 

Whatever  be  the  exact  process  involved  in  the  formation  of  the  solar  system 
it  seems  clear  that  when  the  planetary  order  was  essentially  complete  the  Architect 
of  the  Universe  removed  the  scaffolding  employed  in  the  construction,  and  allowed 
us  mortals  to  behold  chiefly  the  finished  structure,  without  any  obvious  suggestion 
as  to  how  this  beautiful  and  orderly  development  had  come  about.  The  laws  con- 
nected with  the  evolution  of  planets  and  satellites  were  withheld  from  our  sight, 
and  it  almost  seems  as  if  Nature  challenged  the  mathematician  and  natural  philos- 
opher to  unravel  her  securely  hidden  mysteries.  For  a  long  time  this  part  of  the 
riddle  of  the  Universe  remained  unread,  and  many  have  declared  that  the  secret 
could  never  be  penetrated. 

The  faith  of  the  writer,  however,  remained  unshaken,  and  in  May,  1908,  the 
time  finally  came  when  attention  was  turned  from  other  finished  researches  in 
natural  philosophy  to  certain  mathematical  problems  much  studied  by  the  ancient 
geometers,  and  particularly  by  Archimedes  of  Syracuse.  While  examining  the 
original  works  of  this  great  geometer  I  became  deeply  interested  in  the  spiral  of 
Archimedes.  As  vast  multitudes  of  spiral  nebulae  were  known,  but  no  adequate 
theory  of  them  yet  developed,  it  occurred  to  me  to  apply  this  celebrated  spiral  to 
the  figures  of  the  nebulae  as  revealed  by  astronomical  photography. 

After  considerable  attention  had  been  given  to  this  comparison,  and  the  con- 
viction gained  that  the  observed  coils  of  the  nebulae  are  chance  spirals,  and  not 
true  mathematical  figures  of  geometric  regularity,  it  was  easy  to  imagine  how  the 
condensation  of  such  masses  gradually  coiling  up  under  the  influence  of  their  mutual 
attraction  might  produce  various  kinds  of  bodies.  It  then  remained  to  work  out 
the  details  of  the  process  involved  in  the  suggested  cosmical  evolution.  The 
greatest  obscurity  still  attached  to  the  evolution  of  the  planetary  system,  with 
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nearly  circular  orbits  and  very  small  attendant  bodies  revolving  about  much  larger 
central  masses. 

For  several  weeks  the  writer  brooded  over  the  difficulties  encountered  by 
previous  investigators.  All  their  criticisms  lay  clear  before  him,  and  he  labored 
incessantly  to  reconcile  them  with  known  mechanical  laws,  and  with  the  general 
law  of  spirality  observed  among  the  nebulae  in  the  immensity  of  space.  In  the 
course  of  this  inquiry  every  premise  in  the  chain  of  reasoning  was  questioned,  every 
prejudice  and  preconceived  notion  freely  given  up.  Early  in  July,  1908,  many  of 
the  difficulties  began  to  give  way,  and  it  was  evident  that  a  solution  was  near  at 
hand.  But  the  difficulty  of  amounting  for  the  roundness  of  the  orbits  of  the  solar 
system  still  remained  and  it  seemed  stupendous.  Finally  on  July  14,  the  thought 
of  a  resisting  medium  producing  the  observed  roundness  of  the  orbits  of  the  planets 
and  satellites  came  to  my  relief;  and  I  saw  at  once  that  the  chief  difficulty  had 
been  overcome.  In  a  flash  I  saw  Jupiter  and  Saturn  moving  against  a  resisting 
medium  and  having  their  orbits  reduced  in  size  and  at  the  same  time  transformed 
into  nearly  perfect  circles.  With  this  idea  firmly  conceived,  the  darkness  and  con- 
fusion previously  existing  rapidly  cleared  away,  and  the  objections  to  the  new 
nebular  hypothesis  vanished  almost  immediately. 

Remembering  the  well-known  secular  effects  of  the  action  of  a  resisting  medium 
it  was  now  clear  how  the  planets  and  satellites  by  moving  for  long  ages  against  such 
a  resistance  had  acquired  such  perfectly  round  orbits ;  that  the  orbits  had  formerly 
been  much  more  eccentric  and  also  much  larger  than  at  present;  that  other  remote 
planets  of  the  solar  system  might  revolve  unseen  beyond  Neptune,  so  that  the  full 
extent  of  our  system  was  not  yet  realized ;  that  the  asteroids  were  a  vast  collection 
of  satellites  gathered  within  the  orbit  of  Jupiter,  those  which  extended  to  the 
regions  of  the  major  planets  having  been  absorbed  by  collision  and  reduced  by  the 
perturbing  action  of  this  giant  planet  and  finally  thrown  into  regions  of  stability 
within  Jupiter's  orbit;  that  much  of  such  waste  matter  had  gone  into  the  Sun  to 
make  up  its  immense  mass  of  seven  hundred  and  forty-six  times  that  of  all  the 
planets  combined,  and  hence  the  central  part  of  the  system  was  at  length  cleared 
of  nebular  wreckage;  that  the  orbits  of  the  terrestrial  planets  likewise  were  origin- 
ally much  larger  than  at  present,  and  also  much  more  eccentric;  and  that  while 
these  four  grains  of  cosmical  dust,  from  the  interior  region  of  the  solar  nebula,  had 
survived,  hundreds  of  thousands  of  similar  satellites  or  small  planets  had  been 
swallowed  up  to  produce  the  Sun's  preponderant  mass  for  governing,  and  heat  and 
light  for  warming  and  lighting,  the  rest  of  the  system;  that  the  planets  which 
survive  are  only  a  few  of  the  much  vaster  number  of  small  bodies  which  have  been 
destroyed  to  lay  the  foundation  of  our  system  on  which  the  planets  and  satellites 
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are  dependent;  that  even  the  comets  are  certainly  survivals  of  the  solar  nebula; 
that  the  satellites  too  are  survivals  of  the  system  of  small  planets,  just  as  the  large 
planets  are  of  the  small  planets  and  nebulosity  condensing  into  the  Sun;  that  the 
retrograde  satellites  of  Jupiter  and  Saturn  had  been  captured  while  moving  against 
a  resisting  medium,  as  shown  by  the  surviving  large  eccentricities  of  their  orbits; 
that  the  resisting  medium  is  verified  by  the  observed  motion  of  Phobos  and  the 
three  inner  Galilean  satellites  of  Jupiter,  so  prophetically  pointed  out  by  Laplace 
a  century  ago;  that  the  equatorial  acceleration  of  the  Sun  and  planets  gives  evidence 
of  the  vortices  of  cosmical  dust  still  revolving  about  these  bodies. 

In  short,  there  was  not  a  single  phenomenon  in  the  solar  system  the  explana- 
tion of  which  now  offered  any  great  difficulty.  And  moreover  the  formation  of 
our  solar  system  was  seen  to  harmonize  with  the  general  law  of  spiral  movement 
exhibited  by  the  photographs  of  nebulae  scattered  abundantly  throughout  the 
immensity  of  space.  It  was  noticed  that  if  the  solar  nebula  was  essentially  free 
from  hydrostatic  pressure,  the  objections  of  Babinet,  Kirkwood  and  Peirce, 
would  all  disappear.  And  as  this  would  explain  both  the  small  size  of  the  attendant 
bodies  and  the  circularity  of  their  orbits  —  the  two  leading  characteristics  of  the 
solar  system  —  there  could  no  longer  be  any  hesitation  in  concluding  that  the  true 
law  of  the  formation  of  our  system  had  been  discovered  and  confirmed  beyond  all 
doubt.  This  verification  of  the  new  theory  was  practically  complete  on  July  14, 
but  the  details  of  the  argument  have  been  worked  out  since,  and  the  mature  Capture 
Theory  arranged  in  form  suitable  for  publication. 

Such  was  the  essential  order  of  the  writer's  thought  in  the  development  and 
verification  of  the  Capture  Theory,  which  he  records  with  some  hesitation  and 
diffidence,  but  chiefly  in  the  hope  that  it  may  be  useful  to  others.  That  which 
relates  to  the  process  of  discovering  truth  is  as  valuable  as  truth  itself. 


The  Genesis  of  All  Classes  of  the  Heavenly  Bodies  and  the  Relationship  of  the  Nebulae 

to  the  Milky  Way  Explained. 

Under  the  action  of  attractive  and  repulsive  forces  —  the  heavy  bodies  always 
drifting  towards  centres  of  attraction,  and  light  bodies  being  dispersed  to  act  as 
a  resisting  medium  and  finally  precipitate  into  small  masses  which  are  used  in 
building  up  larger  ones,  in  accordance  with  the  Capture-Theory  —  it  will  be  seen 
that  we  have  succeeded  in  explaining  all  classes  of  the  heavenly  bodies: 

(1)  The  Stars,  when  the  condensation  of  nebulosity  produces  central  suns, 
with  the  resulting  formation  of  cosmical  systems  revolving  about  them. 
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(2)  The  Double  and  Multiple  Stars,  when  the  circumstances  are  such  that  the 
attendant  multitude  of  small  bodies  divides  so  as  to  build  up  two  or  more  com- 
parable suns. 

(3)  Planetary  Systems,  when  the  attendant  small  bodies  revolving  about 
central  nuclei  unite  into  many  minor  globes  of  planetary  size,  and  thus  produce 
what  appear  to  be  single  stars. 

(4)  Systems  of  Satellites,  when  some  of  the  smaller  planets  are  captured  by 
the  larger  ones,  as  in  our  solar  system. 

(5)  Asteroids  and  Comets,  when  small  fragments  from  the  outer  shell  of  the 
primordial  nebula  drop  down  to  visit  the  central  sun,  and  thus  describe  orbits 
which  are  nearly  parabolic,  a  few  of  which  are  transformed  into  movements  of 
short  period,  as  by  the  action  of  Jupiter. 

(6)  Diffuse  Nebulosity,  when  the  dust  expelled  from  the  stars  at  length 
becomes  a  faint  haze  spread  over  whole  constellations. 

(7)  Nebulae,  when  the  nebulosity  condenses  into  cosmical  clouds,  which 
may  be  irregular,  spiral,  annular,  elliptical,  or  planetary,  according  to  the  circum- 
stances of  condensation  and  the  stage  of  development  attained. 

(8)  Variable  Stars,  when  some  of  the  attending  companions  are  so  situated 
as  to  produce  eclipses  at  regular  periods,  or  revolve  in  eccentric  orbits  and  encounter 
enough  resistance  near  periastron  to  produce  periodic  fluctuations  of  the  starlight. 

(9)  New  or  Temporary  Stars,  when  some  of  the  companions  corresponding 
to  planets,  satellites  or  comets  come  into  actual  collision  with  their  central  stars, 
and  thus  produce  sudden  conflagrations. 

(10)  Clusters  of  Stars,  when  the  condensation  of  vast  nebulae,  and  the  gather- 
ing in  of  neighboring  stars  under  the  clustering  power  of  gravitation,  produce 
highly  compressed  groups  of  stars. 

(11)  Star  Clouds  of  the  Milky  Way,  when  millions  of  suns  come  to  be  aggre- 
gated together  and  more  or  less  dominated  by  their  mutual  gravitation,  but  show 
less  regularity  of  form  and  less  accumulation  towards  their  centres  than  do  the 
clusters. 

(12)  The  Milky  Way,  when  the  grand  aggregate  of  all  these  swarms  of  stars 
is  taken  together;  and  thus  the  Galaxy  appears  to  traverse  the  heavens  as  a 
clustering  stream,  here  and  there  attaining  a  perfect  blaze  from  the  intensity  of 
the  accumulated  starlight. 

The  action  of  repulsive  forces  explains  also  the  apparent  antipathy  of  the 
Nebulae  to  the  Milky  Way,  this  primordial  star-dust  having  been  expelled  originally 
from  the  Starry  Stratum,  and  therefore  inevitably  drifting  away  from  it,  and 
gathering  with  maximum  accumulation  near  the  poles  of  the  Galaxy  —  a  phenom- 
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enon  of  great  significance  in  the  theory  of  the  construction  of  the  sidereal  heavens, 
but  heretofore  unexplained  and  equally  bewildering  to  the  astronomer,  the  geom- 
eter and  the  natural  philosopher. 

When  the  nebulae  condense  into  stars,  it  is  probable  that  by  an  unknown 
circulatory  process  they  again  drift  back  towards  the  medial  plane  of  the  Galaxy. 
Thus  there  is  an  expulsion  of  dust  from  the  starry  stratum,  and  a  subsequent 
recovery  of  this  matter  in  the  form  of  mature  stars,  some  of  which  in  time  are 
absorbed  by  other  stars,  so  that  in  the  long  run  the  total  number  of  stars  and  of 
nebulae  remains  about  the  same.  The  gravitational  attraction  of  the  starry 
stratum  fixes  a  limit  beyond  which  the  dust  is  not  driven  by  repulsive  forces,  and 
this  natural  balance  between  the  opposing  tendencies  is  what  gives  the  sidereal 
universe  its  observed  aspects. 


§  333.     Lesson  Taught  by  the  Pioneer  Discoverers  Who  Laid  the  Foundation  of  the 

True  System  of  the  World. 

As  this  is  the  culmination  of  continued  labor  extending  over  more  than  a 
quarter  of  a  century  the  following  words  of  Kepler,  regarding  the  discovery  and 
verification  of  the  third  law  of  the  planetary  motions,  are  not  without  interest: 

"What  I  prophesied  two  and  twenty  years  ago  as  soon  as  I  had  discovered 
the  five  solids  among  the  heavenly  bodies ;  —  what  I  firmly  believed  before  I  had 
seen  the  Harmonics  of  Ptolemy;  —  what  I  promised  my  friends  in  the  title  of  this 
book  (On  the  Most  Perfect  Harmony  of  the  Celestial  Motions)  which  I  named  before 
I  was  sure  of  my  discovery; — what  sixteen  years  ago  I  regarded  as  a  thing  to  be 
sought;  —  that  for  which  I  joined  Tycho  Brahe,  for  which  I  settled  in  Prague, 
for  which  I  have  devoted  the  best  part  of  my  life  to  astronomical  contemplations ; 
—  at  length  I  have  brought  to  light,  and  have  recognized  its  truth  beyond  my 
most  sanguine  expectations." 

For  in  spite  of  the  perils  and  obstacles  which  always  attend  pioneer  effort  the 
true  process  involved  in  the  formation  of  the  solar  system  is  now  established  for 
the  first  time.  Moreover  the  laws  of  Cosmical  Evolution,  by  the  process  of  capture, 
thus  brought  to  light  are  proved  to  be  universal  and  shown  to  be  applicable  to  the 
various  types  of  nebulae  and  stellar  systems  observed  to  constitute  the  sidereal  universe. 

Discoverers  always  have  to  overcome  not  only  the  inertia  of  received  opinion, 
but  also  the  active  opposition  of  the  established  schools  of  thought,  which  often 
are  indisposed  to  Welcome  further  progress  brought  about  by  others.  Thus,  in  pub- 
lishing his  great  work, De  Revolutionibus  Orbium  Celestium,  1543,  Copernicus  says: 
"Though  I  know  that  the  thoughts  of  a  philosopher  do  not  depend  on  the  judgment 
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of  the  many,  his  study  being  to  seek  out  truth  in  all  things  as  far  as  that  is  per- 
mitted by  God  to  human  reason:  yet  when  I  considered  how  absurd  my  doctrine 
would  appear,  I  long  hesitated  whether  I  should  publish  my  book,  or  whether  it 
were  not  better  to  follow  the  example  of  the  Pathagoreans  and  others,  who  de- 
livered their  doctrines  only  by  tradition  and  to  friends." 

In  defense  of  Copernicus  against  the  charge  of  disrespect  to  the  ancients, 
Rheticus  writes  to  Scheiner:  "He  was  very  far  from  rashly  rejecting  the 
opinions  of  ancient  philosophers,  except  for  weighty  reasons  and  irresistible  facts, 
through  any  love  of  novelty.  His  years,  his  gravity  of  character,  his  excellent 
learning,  his  magnanimity  and  nobleness  of  spirit,  are  very  far  from  having  any 
liability  to  such  a  temper,  which  belongs  either  to  youth,  or  to  ardent  and  to  light 
tempers,  or  else  to  those  t£>v  /xeya  <f>povovvT(ov  eVt  dewpla  fiiKpy  ,  '  who  think  much 
of  themselves  and  know  little,'  as  Aristotle  says." 

W  he  well  remarks  that  this  deference  to  the  great  men  of  the  past,  joined 
with  the  talent  of  seizing  the  spirit  of  their  methods  when  the  letter  of  their  theories 
is  no  longer  tenable,  is  undoubtedly  the  true  mental  constitution  of  discoverers 
(Hist,  of  Inductive  Sciences,  Vol.  I,  p.  376). 

There  need,  therefore,  be  no  surprise  that  Copernicus  was  so  indifferent  to 
unjust  criticism  of  his  work:  "If  there  be  ju.eraioX.oyoi,  vain  babblers,  who 
knowing  nothing  of  mathematics,  yet  assume  the  right  of  judging  on  account 
of  some  place  of  Scripture  perversely  wrested  to  their  purpose,  and  who  blame  and 
attack  my  undertaking;  I  heed  them  not,  and  look  upon  their  judgments  as 
rash  and  contemptible." 

The  attitude  of  the  true  philosopher,  as  thus  described,  may  properly  be 
assumed  not  only  in  the  time  of  Copernicus,  but  also  in  our  own  time,  which  is 
so  filled  with  extreme  specialization,  half-learning  and  superficial  and  incompetent 
criticism  as  to  make  real  progress  exceedingly  difficult.  Those  who  have  failed 
to  solve  the  problems  of  Cosmogony,  after  having  written  much  on  the  subject, 
will  naturally  be  very  loth  to  admit  that  another  author  could  be  more  fortunate, 
and  will  seek  to  maintain  that  the  questions  under  discussion  are  still  unsettled. 
After  the  mathematical  and  observational  demonstrations  given  in  this  work  it  is 
felt  that  they  will  be  welcome  to  all  the  satisfaction  they  may  be  able  to  derive 
from  this  kind  of  argument. 


The  True  Object  of  Scientific  Criticism. 

In  order  tobeof  any  value,  scientific  criticism  should  have  two  principal  objects 
in  view:     (1)     The  correction  of  errors  and  fallacies  still  current  among  contem- 
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porary  writers  and  investigators,  in  the  hope  of  improving  the  state  of  Science; 
(2)  The  doing  of  exact  justice  to  investigators  of  our  own  and  of  former  ages,  to 
whom  we  owe  the  advancement  of  our  understanding  of  the  physical  universe.  If 
the  work  is  well  done  this  enables  the  whole  truth  to  be  brought  clearly  before  the 
reader.  It  must  be  left  to  others  to  judge  to  what  extent  this  object  has  been 
attained  in  the  present  volume.  In  estimating  the  effort  here  made,  however,  it 
should  be  remembered  that  the  labors  of  the  author  have  necessarily  been  those 
of  a  pioneer.  Whatever  defects  may  be  found  to  exist  in  this  treatment  of  a  hitherto 
undeveloped  subject,  it  is  only  right  to  say  that  the  criticisms  made  herein  are  deemed 
fair  and  just,  and  have  been  put  forth  solely  with  a  view  of  improving  our  knowledge; 
and  if  any  other  claim  is  made  by  those  who  are  not  equal  to  the  high  philosophic 
standard  set  by  Hipparchus  2000  years  ago*  who  unjustly  blame  my  undertaking, 
without  understanding  it,  I  too  shall  heed  them  not,  but  look  upon  their  judgments  as 
rash  and  contemptible. 

For  after  long  and  careful  meditation  I  have  concluded  that  unless  some  one 
has  the  courage  to  brush  aside  the  erroneous  doctrines  heretofore  current,  as  one 
would  the  accumulated  dust  and  cobwebs  of  ages,  we  shall  never  be  able  to  cut 
loose  from  antiquated  traditions  and  make  lasting  progress  in  reducing  Cosmogony 
to  a  scientific  basis.  It  has  already  been  remarked  that  owing  to  false  premises 
our  efforts  heretofore  have  been  almost  as  vain  as  the  weaving  of  Penelope's 
web;  and  the  necessity  for  getting  rid  of  this  dull  tread-mill  of  stationary  effort, 
has  appeared  to  justify  a  stand  not  one  whit  less  resolute  than  that  which  was 
taken  by  Copernicus  when  he  laid  the  foundations  of  the  true  system  of  the 
world. 

Concluding  Remarks  and  Acknowledgments. 

In  the  course  of  the  publication  of  this  large  volume  several  important  sub- 
jects have  been  developed  which  were  but  slightly  touched  upon  in  the  Introduction. 
It  scarcely  seems  necessary  to  dwell  upon  these  now,  beyond  remarking  that  what- 
ever differences  of  opinion  may  arise  from  the  study  of  details  of  the  treatment 
here  given,  there  will  be  a  general  agreement  that  these  sublime  subjects  are 
properly  brought  within  the  domain  of  the  science  of  Natural  Philosophy.  Until 
this  is  done  our  theories  of  the  Universe  will  necessarily  remain  very  incomplete; 
and  the  Laws  of  the  Starry  Heavens  appear  to  be  lacking  in  that  perfect  uniformity 
and  continuity  which  should  characterize  the  true  order  of  Nature. 

The  scope  of  this  volume  is  so  comprehensive  that  the  author  would  be  san- 
guine indeed  if  he  dared  to  anticipate  that  all  parts  of  it  would  prove  to  be  entirely 

*  Ptolemy  justly  describes  Hipparchus  as  avrjp  <f>i\6irovo<;  ko.1  <f>i\a\^0rj's,  "labor-loving  and  truth-loving 
man."     The  present  work  is  of  course  intended  only  for  persons  who  are  interested  in  truth. 
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satisfactory,  and  yet  he  entertains  the  belief  that  at  least  a  fair  start  has  been 
made  in  the  right  direction,  and  indulges  the  hope  that  whatever  is  found  to  be 
defective  may  be  not  so  much  reprehended  as  kindly  supplied  by  the  researches 
of  others  who  may  hereafter  take  up  the  treatment  of  these  profound  questions. 
Many  of  the  illustrations  included  in  this  volume  have  been  published  by  other  astron- 
omers before,  but  the  interpretation  here  given  is  so  different  from  that  heretofore 
current  that  a  new  light  is  thrown  upon  the  most  important  phenomena  of  the  heavens. 
It  is  one  thing  to  have  photographs  of  celestial  phenomena,  however  perfect  and  satis- 
factory in  themselves ;  quite  another  to  study  them  in  connection  with  a  rational  inter- 
pretation. In  this  work  we  have  accompanied  the  illustrations  by  an  interpretation 
based  on  a  simple  and  natural  hypothesis.  Nothing  is  more  certain  than  that  here- 
tofore we  have  had  the  most  unsatisfactory  basis  for  our  Theories  of  Cosmical  Evolution. 

The  Capture  Theory  is  so  overwhelmingly  indicated  by  the  most  diverse  phenom- 
ena of  the  Starry  Heavens,  that  I  cannot  doubt  that  it  represents  an  ultimate  truth 
of  the  very  first  order  of  importance.  The  repulsion  of  cosmical  dust  from  the  stars 
supplies  the  diffuse  primordial  matter  which  collects  here  and  there  into  clouds  and 
forms  the  nebulae;  the  settlement  of  the  irregular  figures  of  the  nebulae  thus  arising 
produces  chance  vortices  or  whirlpool  nebulae,  and  the  result  is  the  development  of 
cosmical  systems  from  the  condensation  of  these  spiral  masses.  The  most  varied 
celestial  phenomena  indicate  that  the  grand  order  thus  disclosed  probably  is  the  sub- 
limest  of  all  cosmical  processes. 

Solid  globes,  such  as  moons  and  planets,  have  such  large  masses  relatively 
to  their  surfaces,  that  they  are  scarcely  affected  by  repulsive  forces,  and  there- 
fore they  always  drift  towards  the  powerful  centres  of  attraction,  and  are  finally 
captured  or  absorbed ;  while  the  fine  dust  arising  from  the  vaporization  and  dis- 
integration of  the  various  masses  is  so  powerfully  repelled  by  all  central  stars  that 
it  is  diffused  throughout  immensity  and  gives  rise  to  the  formation  of  nebulae, 
most  of  which  finally  settle  down  and  take  the  spiral  form  as  the  result  of  the 
secular  action  of  Universal  Gravitation. 

No  slight  importance  is  attached  to  the  theory  of  repulsive  forces  as  here 
developed  and  applied  to  the  sublimest  phenomena  of  Nature.  The  cause  of  the 
congregation  of  the  nebulae  near  the  poles  of  the  Milky  Way  —  one  of  the  greatest 
and  most  fundamental  facts  of  the  Starry  Heavens  —  has  not  been  assigned  before. 
Indeed,  this  relation  of  the  nebulae  to  the  Galaxy  has  completely  bewildered 
astronomers  ever  since  the  law  first  became  imperfectly  known  to  Sir  William 
Herschel  in  1785,  and  was  more  fully  confirmed  by  Sir  John  Herschel  and 
others  about  the  middle  of  the  19th  century.  The  profound  significance  of  this 
great  order  of  the  sidereal  universe  is  not  to  be  doubted;   and  the  present  simple 
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explanation,  based  on  the  secular  effects  of  repulsive  forces,  is  the  outgrowth  of 
ten  years  of  careful  thought,  a  first  outline  of  which  was  given  in  an  address  entitled 
"Repulsive  Forces  in  Nature,"  delivered  at  the  University  of  Cincinnati,  by 
invitation  of  the  President,  Dr.  Howard  Ayers,  the  eminent  biologist,  April  7, 
1902;  and  published  in  Popular  Astronomy  for  December  of  that  year. 

Not  the  least  significant  fact  about  the  Capture  Theory  of  Cosmical  Evolu- 
tion is  the  way  in  which  each  part  of  the  theory  confirms  and  supports  the  other, 
so  as  to  make  a  finished  edifice  at  once  imposing  and  strong  enough  to  weather 
the  storms  of  the  ages.  Thus  the  established  origin  of  comets  gives  an  immediate 
connection  with  the  original  state  of  the  embryo  planets  when  they  were  developing 
at  a  great  distance  from  the  Sun ;  and  a  similar  mutual  support  is  afforded  by  every 
other  part  of  the  theory,  which  may  therefore  be  regarded  as  firmly  established . 

In  concluding  this  volume  the  author  acknowledges  gratefully  his  indebted- 
ness to  a  number  of  eminent  astronomers  not  sufficiently  mentioned  in  the  Intro- 
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of  the  Milky  Way;  Professor  Frank  Schlesinger,  Director  of  the  Allegheny 
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secular  acceleration;  Mr.  J.  K.  Fotheringham,  M.A.,  of  Oxford,  for  valuable 
suggestions  regarding  Ancient  Eclipses;  Professor  E.  W.  Brown,  the  eminent 
Lunar  Theorist,  of  Yale  University,  for  several  suggestions  regarding  the  motion 
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An  incident  in  the  rounding  out  of  the  Capture  Theory  should  be  noted  here. 
After  I  had  developed  the  theory  of  the  capture  of  the  satellites,  with  perhaps 
the  exception  of  the  Moon,  from  the  data  supplied  by  Babinet's  criterion,  I  had 
the  opportunity  of  discussing  the  whole  development  with  my  friend  Captain 
Chas.  E.  Fox,  U.S.N.,  at  Mare  Island,  December  10,  1908.  When  he  had  heard 
the  argument  regarding  the  development  of  the  planets  and  satellites,  he  remarked 
that  the  Moon  could  not  well  be  an  exception  to  the  general  rule  of  our  system; 
and  he  urged  me  to  make  a  further  examination  of  this  particular  case  before  the 
new  theory  was  published.  I  entered  upon  the  work  at  once,  but  owing  to  grave 
illness  beginning  January  11,  1909,  was  unable  to  complete  the  examination  of 
the  subject  till  May  24th,  when  the  result  was  cabled  to  the  Astronomische  Nach- 
richten  and  published  in  No.  4325. 

Whilst  the  author  is  deeply  indebted  to  these  gentlemen  and  others  who  have 
been  good  enough  to  aid  him  by  helpful  suggestions,  it  must  be  distinctly  under- 
stood that  not  one  of  them,  directly  or  indirectly,  is  responsible  for  anything  contained 
in  this  volume;  the  author  alone  assumes  full  responsibility  for  the  theory  here 
developed  and  for  such  defects  as  it  may  be  found  to  contain.  In  one  or  two 
instances  the  names  of  advisers  on  particular  topics  still  in  academic  dispute  have 
been  indicated,  not  with  any  thought  of  throwing  responsibility  on  others,  but 
simply  as  the  only  means  of  making  a  faithful  record  of  contemporary  activity. 
The  author  did  not  wish  credit  for  the  first  rejection  of  certain  erroneous  doctrines 
to  be  given  to  himself,  when  in  fact  this  honor  belonged  to  others.  This  point 
should  not  be  misunderstood  by  those  who  read  this  book. 

It  would  be  a  poor  appreciation  of  the  kind  interest  shown  in  the  author's 
scientific  efforts  for  many  years  if  he  failed  to  record  his  indebtedness  to  several 
eminent  public  men,  but  more  especially  to  the  friend  of  his  youth,  the  Honorable 
D.  R.  Francis,  of  St.  Louis,  the  foremost  citizen  of  Missouri,  and  to  the  late 
illustrious  Senator  W.  B.  Allison,  of  Iowa,  who  for  thirty-five  years  was  so 
great  an  ornament  to  our  Senate,  and  whose  enlightened  statesmanship  contributed 
so  substantially  to  the  development  of  the  scientific  life  of  our  country. 

Mr.  Lawrence  Tiernan,  the  efficient  assistant  at  the  Naval  Observatory, 
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T.  J.  J.  SEE. 

Starlight,  Blue  Ridge  on  Loutre, 
Montgomery  City,  Missouri, 
July  14,  1910. 
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Therein  he  wrought  the  Earth,  and  the  Heavens,  and  the  Sea, 

The  unwearied  Sun  and  the  full  Moon, 

And  all  the  constellations  with  which  the  Heavens  are  crowned, 

The  Pleiades,  the  Hyades,  the  strength  of  Orion, 

And  the  Bear,  which  they  also  call  by  the  appellation  of  the  Wain, 

Which  there  revolves  and  watches  Orion, 

But  is  alone  unwashed  by  Ocean's  briny  bath. 

—  Iliad,  XVIII,  483-489. 


—  FINIS. 
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